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AUTOSYNAR{ETIC SOLUTIONS OF DIFFERENTIAL 
EQUATIONS.* 


By D. C. Lewis.t 


1. Introduction. We are concerned with the differential system 









4) | dar/dt = f(t, 2) , 


where x and f are n-vectors and t is the scalar independent variable. We 
issume that f is defined and of class O’ in a suitably chosen region, which 
ye shall not need to specify in detail. 

' A simple and familiar example of the sort of thing we wish to study 
}, ‘curs when f is periodic in & with period T. This situation may be described 
-y saying that the transformation | 


1.2) s=t+T, y= z, ` 


rakes the equation (1.1) into the form 4’ ==f(s,y) where the accent denotes 
MZ ifferentiation with respect to s. This is just the original equation in a 
lifferent notation. If, now, it is known that a particular solution z(t) of 
1.1) has the property that z(0) =xz(T), it is immediately obvious that z(t) 
f nust be periodic with period T ; in other words, z(t) must satisfy a functional 
$ quation, - 

1.3) | a(t T) a(t), 


; least, if z(t) can be defined for all values of t. 
Suppose now that (1.1) is carried into itself by a more Does 
‘ansfotmation than (1.2), say by the transformation, 


1.4) s=P(1,2), y=h(t,2), 


P 4, ow, it is known that a certain solution z(t) has the property that A(0,æ(0)) 
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here P is a scalar and h a vector and both are of class C’ in t anu x. If, 
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—z(P(0,2(0))) it will turn out that x(t) must satisfy. the functiona 
equation, | | | 
(1.5) a(P(t,2(t))) —A(t,2(t)), 


at least, if s(t) can be defined for all values of 7. 

Evidently, if P(t, £) =t+T7 and h(t,2) =a, (1.4) and (1.5) reduc 
respectively to (1.2) and (1.3); so that the situation in which f(},z) 1 
periodic in ¢ is indeed a special case of what we wish to consider. 

An important problem concerning the simpler situation is the BEN 
tion of periodic solutions with respect to a parameter, a problem first considered 
by Poincaré. We shall show that the main features of this theory of Poincaré 
and his followers may be extended to cover the perturbation of a solution 
satisfying (1.5). Such solutions will be called autosynartetic; and we shall 
present theorems about the degeneracy of an autosynartetic solution, about the 
associated so-called bifurcation equations, about the influence of certains kinds.’ 
of first integrals on the degeneracy and on the bifurcation equations, and 
about phenomena associated with the presence of certain kinds of continuous. 
groups (or semi groups) of transformations which take (1.1) into itself. ‘Qj 

For instance, when the system (1.1) is autonomous (i.e. when f(t, tY 
f(x) is independent of t) and when therefore we may imbed the ane 
formation (1. 2) in the continuous group of transformations, 


(1.6) s=t+-T-+A, y =T, 


(where À is the parameter of the group) in such a manner that (1.6) equal 
with (1.2) takes (1.1) into itself, the well known fact, that any non-constant’ l 
periodic solution of dz/dt== f(z) must be degenerate, is just a simple special’ 
case of one of our theorems on general autosynartetic solutions. i 
Our theories, in addition to applying to the entirely new subject of | 
general autosynartetic solutions, may even yield a few new results about the ~ 
simpler cases already studied. Thus, for instance, to the best of the author’s 
knowledge, Theorems 8.4, 8.5, and 8.6, specialized to the periodic case, have -` 2 
not appeared in fully developed form in the literature, although partial results] 
along these lines are given in [4] (cf. the References at the end of the paper). 
Again, in some special non-autonomous periodic case, it might be possible to |, 
imbed (1.2) in some 1-parameter transformation group, ; 


Sea P(t, T, AÀ), y —=— h(t, 2, A), 



















with P(t,z,0) =t+T and h(t,2,0) =z. Our theory then says that any 
periodie solution of (1.1) must be degenerate, at least, if we impose one : 
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further mild condition on the periodic solution in question, which takes the 
place of the condition mentioned above in the autonomous case that the 
solution should not be a constant. 

We shall also discuss necessary and sufficient conditions that (1.4) 
should transform (1.1) into itself; using a definition which may strike the 
reader as a little peculiar, since it does not require (1.4) to posséss an 
inverse. This definition was adopted, since in the major part of the paper 
we never need to assume the existence of an inverse to (1.4). We shall show 
hat infinitely many such transformations always exist, in fact, even when 
P(t,z), as well as f(t,x), is prescribed. These transformations are, however, 
determined by the integration of a system more complicated than (1.1) and 
hence cannot be expected to be of any real help in any qualitative discussion 
of the solutions of (1.1). Such help is to be expected only when a particular 
transformation is more or less obvious from the structure of the equations. 
Thus, for example, the equations of celestial mechanics admit both rotational 
and translational symmetry. It often happens, under such circumstances, 
that the functional equation (1.5) merely expresses the fact that s(t) is in 
some sense a periodic solution, when suitable coordinates are employed (cf. 
“les trois sortes de solutions périodiques” of Poincaré [6], vol. 1, pp. 95-97). 
‘At other times it gives us periodic solutions possessing certain special prop- 
ties of symmetry. An indication of how this may occur is as follows: 

Suppose that, in (1.4), P(i,t) =t-+-T, while y—h{t,x) =h,(2) is 
independent of ¢ and generates a finite cyclic group of transformations of 
Srder k. Then the functional equation (1.5) implies that 


(t+ mT) = hn (x(t), 


where Am denotes the m-th iterate of hı. Since A, is the identity transforma- 
tion, we see at once that, under present hypotheses, our functional equation 
expresses the fact that z(t) is a certain special kind of periodic solution with 
period kT. 
f Another possibility may arise if y=h,(x) generates an infinite free 
group, such that, for any positive «e, we shall have |hm(r)—2z|<e for 
infinitely many values of m. We then get a recurrent solution, or, if Am(z) 
‘ecurs to an approximation of the identity in a suitably uniform manner, we 
would get an almost periodic solution. 

In spite of these trivialities in the presently contemplated applications, 
the transformations considered in this paper can be of a much more general 
type, well deserving serious study for their own sake. 
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2. Somé elementary theorems on the transformations of differential 
equations. | 


DEFINITION 2.1. To say that (1.4) transforms the system (1.1) into 
the system, 


(2.1) _ dy/ds= g(8,y), 


means that to every solution z(t) of the system (1.1) there corresponds a — 
solution y(s) of (2.1) such that — 


(2.2) LESE J ale, z(t) ]: 


Notice that this definition does not require (1.4) to Hase an inverse, 
although certainly one would ordinarily expect an inverse to exist in cases 
of principal importance. 


Turorem 2.1. If (1.4) T (1.1) into (2.1), the functions 
h(t,z) and P(t,z) must satisfy the vector partial differential equation, 
Ms) + helt, s) f(r) 
= g[P (t, 2), h(t, 2) ][Ps(t,2) + Polt, a) F(t, 2)], | 


at every point of the common domain of definition of f, P, and h. 


(2.3) 


Proof. Differentiate the identity (2.2) with respect to ¢ and use the : 
fact that dy(s)/ds=g(s,y(s)) with s—=P(t,x(t)). We also use the facts’ 
that dx(t)/di==f(t,a(t)) and consequently that i 

ds/dt = P, (t,2(t)) + Palt, z(t) )f (t, el). 
The result is | | 
gL P(t, x(t), yLPC, z(#))1] | 
[P(t, 2(t)) + Pet, 2(#)) f(t, DCI = hé, EC) + holt, fE TC). à 
Finally we notice that, by the existence theorem for the system (1.1), there 
is a solution through every point of the space where f is.defined. Hence the 
last identity in £, based on an arbitrary solution z(¢) of (1.1), becomes an 


identity in ¢ and z, if we eliminate y with the a of (2.2) and then en | 
æ(t) simply by x. | 


THEOREM 2.2. If P(t,2) and f (t,x) have the property that 


(2.4) P,(t,2) + P,(é,2)f (#2) 0 
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at every point of their common domain of definition and if h(t,x) is any 
vector function satisfying (2.3), then (1.4) transforms. (1.1) into (2.1). 


~ Proof. Let s(t) be any solution of (1.1). Then by (2.4) we have 
(d/dt)[P(t, e(t))] = Pift, 2(4)) + Palt, EFE, a(t) 0. 
Hence by the implicit function theorem, the equation 
(2.5) | s—P(t,æ(t)) 


may be solved for ¢ in terms of s. It is then easy to see from Definition 2.1 
that it will be enough to prove that the vector function y(s) defined as being 
the same as hlt(s),x(t(s))] is a solution of (2.1). Remembering that 
y(s))=hflt,2(t)), we see from (2.5) and (1.1) that dy(s(t))/ds(t) 
— (dy/dt)/(ds/dt) = (u(t, €) + ha (t, 2)f (t, 2) ] [Pılt, £) + Palt, 2)f(t, 2)]>, 
where we have, of course, used s as an abbreviation for z(t). We thus obtain 
from (2.3) the result that 


y(s(t)) = g[P(t, 2), h(t, 2)] = g[s(t),y(s(t))]. 


Changing the independent variable from ¢ to s, we obtain the desired result. 
Before passing to the next theorem, it is convenient to introduce the 
following further notation: Let - 


(2. 6) z= E(t, bo, Zo) 
be the solution of (1.1) such that 
(2. 7) E(to, Lo, To) = Lo. 


Let x= &(t, to, To) together with u = U (t, to, Zo, uo) be the solution of the 
following enlarged system of order 2n: 


(2. 8a) dz/di = f (t,x), 
(2. 8b) du/dt = G (t, x,u), 


' where G(t, 2, h) is an abbreviation for gLP (t,£), h] [P; (t,£) + Pa(t, x) f(t, æ)], 


‘so that consequently the partial differential equation (2.3) appears in the 
abbreviated form 


(2. 9) hi(t,&) + helt ©) f(t, 2) = G[t, a, h(t, 2)]. 
The function U(t, to, Zo, Uo) is to satisfy the condition 
(2. 10) U(t, to, To, Un) EEE tg. 
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The fact, that such functions £ and U, affording a solution of (2.8) and 
satisfying the initial conditions indicated by (2.7) and (2.10), actually exist, 
is, of course, a consequence of the known theory of ordinary differential 
equations. | 


THEOREM 2.3. The n-vector function 
(2.11) h(t, 2) == U[t, to, Elto t, 2), H (E(t, t, z)) | 


satisfies the partial differential equation (2.9) (which is the same as (2.3)), 
together with the initial condition, 


(2.38): ` h (to £) = H(x). 


Here it is understood that H (x) is an arbitrary n-vector function of class C7. 

The proof of this theorem may be left to the reader, since a theory for 
the equation (2.9) in which h is a vector may be formulated exactly as if 
h were a scalar. Such a theory in the scalar case is given by Kamke [3], 
vol. 2, pp. 40-42. It may also be remarked that the verification of (2.12) 
is immediate with the help of (2.7) and (2.10), and that the verification 
of (2.9), although somewhat more complicated, may be carried out in a 
straightforward manner by differentiation of (2.11) and by use of well known 
properties of the functions é and V. 


3. The transformation of a system of differential equations into itself. 
We continue the discussion initiated in the preceding section only for the 
special case in which Í 
(3.1) 9 (t,2) =f(t,2). 


We also shall assume throughout the rest of the paper that the inequality 
(2.4) holds. With this understanding the following theorem is an immediate 
corollary of Theorems 2.1 and 2.2). 


THEOREM 3.1. A necessary and sufficient condition that (1.4) transform 
(1.1) into ttself ts that 
(3.2) he) + helt, alt, à) — FLPE, 2), h(t, 2) J PAGE, ey + Palt, x) f(t, 2)] 

Similarly specializing Theorem 2.3 by (8.1), and using Theorem 3.1, 
we may state the obvious . 

THEOREM 3.2. When P(t,z) and f(t,x) are given, h may be found in 
infintiely many ways in such a manner that (1.4) transforms (1.1) into 
itself. In fact we may assign h(t, x) arbitrarily for any fixed ty. 
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DEFINITION 3.1. If (1.4) transforms (1.1) into itself, and if x(t) is 
any solution of (1.1), the solution y(t) of (1.1), (possibly not distinct from 
z(t)), which is such that 


(3. 3) y[P(t,2(t))]== A(t, s(t)), 


is said to be synartetic to x(t) under the transformation (1.4). If y(t) = z(t), 
we shall term x(t) an autosynartetic solution of (1.1) under (1.4). 


Notice that, under the assumptions of this definition, the existence of 
the y(t) mentioned above is guaranteed by Definition 2. 1. 


THEOREM 8.3. Assuming that (1.4) transforms (1.1) into itself, a 
necessary and sufficient condition that a solution y(t) be synartetic to a 
solution x(t) of (1.1) under (1.4) is that 


(3. 4) YLP (to, T(to))] om h (to &(to) ) 
for any fixed to. 


Proof. The necessity of (3.4) is obvious, since we may substitute to for 
t in (3.3). 

The sufficiency follows by an easy argument based, firstly, on the existence 
of a solution synartetic to a given solution, z(t), as guaranteed above, and, 
secondly, on the uniqueness theorem for equation (1.1). 

By considering the special case y—+, we get the following obvious 
corollary to Theorem 3.3, to which we must frequently refer in the later 
sections of this paper. 


THEOREM 3.4. Assuming that (1.4) transforms (1.1) into tiself, a 
necessary and sufficient condition that a solution x(t) of (1.1) should be 
autosynartetic under (1.4) is that 


(3.5) TP (to 7(t))] = h (to T(t) ) 
for any fixed ty. 
In the next section we tacitly assume the validity of 


THEOREM 3.5. Let z(t,a) be a family of solutions of (1.1) which is 
continuous and continuously differentiable with respect to the parameter a. 
Let y(t,a) be the family of solutions of (1.1) synartetic under (1.4) to 
a(t,a). Then y(t,a) is also continuous and continuously differentiable. 


Proof. We may, because of (2.4), solve the equation, s == P(t, z(t, a)) 
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for t==t(s,a). Hence the solution y(t,«), synartetic to æ(t,a), is given 
by the formula, y(s,a) —h{t(s,a),æ(t(s,a),a«)]. If h, P, and z are of 
class C’, so is t({s,a), and hence eventually y(s, a). | 


4. Properties of the variational system and of its adjoint. Let us 
consider an arbitrary solution z=--¢(t) of (1.1). The-equations of varia- . 
tion based on this solution are 


(4.1) _dé/dt Alle 
where 
(4.2) A(t) = falt, $(#)). 


The equations of variation have the following familiar fundamental property : 
If z==z(t,a) is a family of solutions of (1.1) depending on a parameter a 
in any manner and such that z(£,0)==#(t), then a = §r(t,0)/da is a 
solution of (4.1). 

Now let us suppose that (1.4) transforms (1. 1) into itself. Let us 
denote the synartetic solution of x(t,a) by y(t,a). Then (t) =dy(t,0),/d« 
will be a solution of the system dy/dt == A*(t)y where A*(¢) = falt, d*(t)), 
in which $*(¢) == y(#,0) is of course synartetic to z(t, 0) =&(t). Conse- 
quently, if &(t) is auto-synartetic, we shall have ¢*(¢t) = (t) and A*(t) 
==A(t); so that 7 satisfies the same system (4.1) as £. 

We now proceed to compute the relationship between é and y. Since 
y(t,a) is synartetic to a. a), we know that y(s,«) is obtained from the 
equations, 


(4.3) y-hlt,zlt,e)) | 

(4. 4) s=P(t,r(t,«)) 

by the elimination of t. Hence 

(4. 5) dy /da mm Oy /Ia +- (dy/0t) (d¢/8a) 


where partial derivatives obtained under the assumption that @ and t are 
independent variables are denoted by d, while those obtained under the 
assumption that a and s are independent variables are denoted by 8. From 
(4.3) we obtain 


ĝy/ða = ha (t, x(t, a) ) (8x/da) and 
dy/Ot—= hi (t,o (t,4)) + he(t, x(t, a) )f (t e(t, a)), 
where we have simplified the last expression by using the fact that x t, a) 


(4.6) 


i 
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is a solution of (1.1). We further transform the last expression with the 
help of (3.2), thus obtaining 


(4.7) ðy/ôt 
= f[P (t, a(t, a)), RE, a(t, @))] [Prt e(t, a)) + Palt =, Er a))]. 
We next compute dt/da from. (4.4) as follows: 
0 —83/8a | 
— [P:(t, 2(¢, a) + PE a(t, «))f(t, a, a))](84/8a) + Polt, w(t, a))(Ox/êa). 


te 


Hence 
8i/8a == — (d2/da)P a(t, x(t, a))[Pr(t, v(t, «)) + Palt, eZ, «)) f(t, a(t, a)) J7. 
Using this last result together with (4. 6) and (4.7) we see from (4.5) that 
by/Sa = [ha(t, a(t, a)) — FLP (E, z(t, a)), hC, a(t, «))]°Polt, a(t, a)) ] (02/82). 


Here, and oies the remainder of the paper, f°P, denotes the matrix 
of order n the element in whose +-th row and j-th column is the product of 
the i-th component of f by the j-th component of Pe. This is to be con- 
trasted with the scalar product P,f used also very frequently in this paper. 

Setting a—0, 2(1,0) = $ (t), 3y(s,0) /Sa—n(s) and ôe(t, 0) /ða = (t), 
we obtain 


(4. 8) n(s) = B(t) E(t) 
where the matrix B(t) is defined by 


(4.9) © BCE) = halt, e) — FPC, SO), A(t, HEIP, 60), 
or, since &(t) is autosynartetic, by 


(4.9 alt.) B(t) = halt, o(t)) —fLPE, $2), HP o(4))) Pelt, p), 

and where the s of (4.8) is related to the t by means of (4.4) with the 
a=—0, in other words by 

(4.10) s= P(t, p(t) ) = p(t). 


We interpret and summarize the main results of this discussion in the 
following: 


THEOREM 4.1. The variational system of (1.1) based on an auto- 
synartetic solution (t) of (1.1) under (1.4) is transformed into itself by 
means of the transformation 


(4.11) S==p(t), n—B(t}é 
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where the scalar function p(t) and the matric function Bit) are given 
respectively by (4.10) and by (4.9). 


Proof. According to Definition 2.1, we need only to show that to every 
arbitrary solution £(t) of (4.1) there corresponds a solution y(t) of (4.1) 
such that „(p(t)) =B(t)£(t), or, in other words, such that (4.8) holds 
with s given by (4.10). Our previous discussion therefore yields a complete 
proof, as soon as it is established that an arbsirary solution €(¢) can be | 
represented in the form d7(t,0)/da used above. This is an elementary detail 
` which we leave to the reader. 


An almost immediate corollary of Theorem 4.1 is 


THEOREM 4.2. Between the matrices A(t), B(t), and the scalar p(t) 
there is the following relationship: 


(4.12) dB(t)/dt + B(t)A(t) — A(p(t))B(2)(dp(t)/dt) =0. 


Proof. Since (4.11) transforms (4.1) into itself we may apply the 
partial differential equation (3.2), with appropriate changes of notation, 
to the present linear situation. In this way we obtain the result that - 
(dB(t)/dt)Eé+ B(t)A(t)E==A(p(t)) B(t)é(dp(t)/dt). But, since this is - 
an identity in the vector £, we obtain (4.12) at once. 

It is also possible to verify (4.12) directly from the definitions of A(t), 
B(t), and p(t) and from the fact that A satisfies (3.2). But the calculation 
is rather tedious. From such an alternative proof of Theorem 4.2, we also 
have an alternative proof for Theorem 4.1, which follows from Theorem 4. 2 
with the help of Theorem 3.1. 

At this stage, it is convenient to introduce the function q(t) which is 
the inverse of p(t), so that 


(4.13) p(q(t)) —q@(p(t)) =t. 
This is legitimate, since by (4.10) and (2.4), 


p(t) = Ps(t,$(t)) + Pelt, p(t) f(t o(2)) 
is never zero. We also introduce the matrix C(t) defined by 
(4. 14) C(t) = B(q(t))’. 


The accent is used here and in the remainder of the paper to denote the 
transpose of a matrix. 
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THEOREM 4.8. The linear system 
(415) ‘© dé /dt =—A(t)' or dé/dt——é#A(t), 


which is the so-called adjoint to the system (4.1), is transformed into tiself 
by means of the transformation, 


(4.16) emg), CO 

Proof. From Theorem 3.1, as in the proof of the previous theorem, 
we find that a necessary and sufficient condition that (4.5) be transformed 
into itself by (4.16) is the validity of the identity | 
(4.17)  dC(t)/dt—C(t)A(t) + A(qg(t))'C(t) (dq(t) /dt) = 0. 
If we replace t by p(t) and then multiply by dp/dt we get the equivalent 
identity, ' 

- [dC (p(t) )/dp] (dp(t) /dt) —C (p(t) )A (p(t) (dp(t)/dt) 

+ Alg(p(t)) VO (p(t)) (dg(pit))/dp) (dp(#) /dt) =0. 
This, with the help of (4.13) and (4.14), is seen to be equivalent to 
dB (t)'/dt —B(t)'A (p(t))"(dp(t)/dt) + 4 (#)'B(t)’=0. 


But this last identity is merely the transpose of (4.12). Thus we have shown 
that (4.17) is equivalent to the already established identity (4.12). 


THEOREM.4.4. In order that a solution £(t) of the variational equations 
(4.1) be autosynartetic under the transformation (4.11) it is necessary and 
sufficient that st satisfy the “boundary conditions,” 


(4.18) E(T) = BEé(0), ` 
where 
(4. 19) Tp(0) and B=B(0). 


Proof. ‘This is a special case of Theorem .3.4 applied to the linear 
system under (4.11) instead of to the general system (1.1) under (1.4). 
And, in making this application, we take tg = 0. 


THEOREM 4.5. In order that a solution £(t) of the adjoint system (4.15) ` 
be autosynartetic under the transformation (4.16) it is necessary and sufficient 
that it satisfy the boundary conditions 


(4, 20) | É(T)B = £(0) 


j 


where T and B are given by (4.19). 
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Proof. Again appealing to Theorem 3.4, we find that a necessary and 
sufficient condition that é(¢) be autosynartetic under (4.16) is that £[g(T)] 
—(C(T)é(T). In obtaining this result we take the à, of Theorem 3.4 to | 
be T. From (4.13) and (4.14), we find that q(T) — 0 and that C(T) = B’, 
whence it appears that (4.20) is an equivalent condition. 

Whenever we refer to autosynartetic solutions of the variational system 
or its adjoint, we always mean autosynarteticity under (4.11), in the case 
` of the variational system, and under (4.16) in the case of the adjoint system. 
Thus, according to Theorems 4.4 and 4.5, autosynartetic solutions of the 
variational equations are those which satisfy the boundary conditions (4.18) 
and autosynartetic solutions of the adjoint equations are those which satisfy 
the boundary conditions (4.20). With this understanding we have 


THEOREM 4.6. The macimum number of solutions in any set of linearly 
independent autosynartetic solutions of the variational equations (4.1) 18 
equal to the maximum number of solutions in any set of linearly independent 
autosynartetic solutions of the adjoint system (4.15). 


Proof. Let then X n matrix X (t) satisfy dX/dt = A(t)X and det X(0): 
>£0. Hence det X(t) 0. Corresponding to any arbitrary solution &(t) of 
the variational equations, there exists an n-vector c such that (t) = X OYA 
and, by Theorem 4.4, this is autosynartetic under (4.11) if and only if 
X(T)c=BX(0)c, which is equivalent to X¥(T)2[X(T) —BX(0*]o—0. 
Hence the number of linearly independent autosynartetic solutions of the 
variational equations is equal to the number of linearly independent relation- 
ships between the columns of the matris X(T)“[2(T) —BX(0)]. 

Now, if we set Y(t)’ =. Y(t), it is well known (and indeed 0 gee 
by differentiation of Y (tY X (t) =I) that dY/dt—— A (tY Y et Y(t) 
340. Hence, corresponding to any arbitrary solution &,(£) of the adjoint 
system, there exists an n-vector c, such that £ (t) —Y(t)c,, and, by Theorem 
4.5, this is autosynartetic under (4.16) if and only if [Y(T)c.]B=Y(0)c, 
or 4 Y(T)’Bmm c,¥(0)’. In terms of X(t) this condition appears (after 
some simple manipulations) in the equivalent form c,X(T)+*[X(T) — BX(0)] 
—=0. Hence the number of linearly independent autosyartetic solutions of the 
adjoint system ts equal to the number of linearly independent relationships 
between the rows of the matrix X(T)"[X(T) —BX(0)]. 

The theorem follows at once from the above two italicized sentences. 






5. ` Synartetic first integrals and so-called degeneracy. First integrals 
are defined in the usual way; namely a scalar function J (t,x) is called a first 


r 
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integral of (1.1), if its value is independent of t whenever x is replaced by 
any solution z(t) of (1.1). It is both obvious and well known that a necessary 
and sufficient condition that J be a first integral is that 


(5.1) Ji(t,2) + Jo(t2)f(t,2)—=0, 
at least, if J is of class C”. 

Tf (1.1) is transformed into itsef by (1.4), then with every solution 
x(t) of (1.1) there is associated a synartetic solution y(¢). Hence, if J (t, æ) 
is a first integral of (1.1), we see that J(s,y(s)) must be independent of s. 
Hence, setting s—=P(t,2(t)) and remembering that then y(s) A(t, x(t)) 
by definition of a synartetie solution, we see that J[ P(t, x(t)), A(t, z(#))] must 
be independent of t no matter with what solution z(t) we may be dealing. 
In other words, we have established | 


THEOREM 6.1. If J'(t,x) is a first integral of (1.1) and tf (1.1) is 
transformed into itself by (1.4), then J[P(t, x), h(t,x)] is also a first integral 
of (1.1). | 


DEFINITION 5.1. Under the assumptions of Theorem 5.1, the first 
integral J[P (t,£), h(t, x) | is said to be synartetic to the first integral J (t,£) ; 
and, tf tt happens that 


(5.2) ! J[P (t,£), h(t,2)]=J (t2), 
we shall say that the first integral J (t,x) ts autosynartetic under (1.4). 


THEOREM 5.2. Let (t) be an autosynartetic solution of (1.1) under 
(1.4). Let J(t,2) be an autosynartetic first integral of (1.1) also under 
(1.4). Then &(t) =J.(t, 6(t)) is an autosynartetic solution of the ean 
system (4.15) of the equations of variation (4.1). 


Proof. Differentiating (5.2) with respect to x and then setting z == ¢$(t) 
and p(t) = P(t, ¢(t)), we find that 


Jel p(t), A(t 6) Pe, 8) + Talp), A(t, sd) holt, HE) = Felt, DE). 
But according to (5.1) we know that 
Fel p(t), h(t, 6@))] =— Jel p(t), h(t, PEIRE, AG, 6@))]. 


Hence, eliminating J;[p(t),h(¢,¢(¢))] and remembering that h(t,¢ (t)) 
= p(p(t)), since & is autosynartetic, we find that 


Tal p(t), PPI halt, P) — FLPE), hlt, sd) Pat, $(2))] = Ialt, HO). 
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Thus, remembering that p(t) = P(t,¢(t)) and (t) =J,(t,¢(t)), we find 
from (4.9) that é(p(t))B(t) =£(t). Setting t—0, we find from (4.19) 
that £(t) satisfies the boundary condition (4.20). It remains to show that 
£(t) satisfies the adjoint system (4.15). Since this may be done as in the 
periodic special case, we leave this part of the proof to the reader. See Lewis 
[4], p. 542, lines 23-37, where, however, the notation as well as the context 
must be modified to fit present circumstances. 


Dane 5.2. The degeneracy of an autosynartetic Pe pt) 
of the system (1.1) is equal to the maximum number of solutions of the 
variational equations (4.1) in any set of linearly independent autosynartetic 
solutions of these equations or, what by Theorem 4.6 ts the same thing, 
the maximum number of solutions of the adjoint equations (4.15) in any 
set of linearly independent autosynartetic solutions of the adjoint equations. 


If there are no autosynartetic solutions of (4.1) other than the trivial 
solution é= 0, the degeneracy is of course 0 by the definition, and we then 
sometimes say that (t) is non-degenerate. 


TaxoREm 5.3. If the system (1.1) admits k “independent” autosynar- 
tettc first integrals, then the degeneracy of any autosynartetic solution (t) 
of (1.1) is at least k. 


Here the hypothesis that the & first integrals should be independent is 
interpreted as meaning that the rank of the jacobian matrix of the k integrals 
with respect to the components of x should be k when z= pt). This insures : 
the existence of & linearly independent autosynartetic solutions of the adjoint 
system as indicated in Theorem 5.2, so that no further proof is needed for 
Theorem 5. 3. 


THEOREM 6.4. I f (1.1) admits a k-parameter family of autosynartetic 
solutions, the degeneracy of any one of the solutions imbedded in the family 
ts at least k. 


Proof. Suppose the k-parameter family of autosynartetic solutions of 
(1.1) is represented by z = z(t, c), where c is a k-vector and x(t,0) —(t). 
Then the k columns of the ngk matrix z,(t,0) are obviously solutions of the 
variational equations (4.1) based on p(t). Moreover, since z(t, c) for each 
fixed c is given as autosynartetic under (1.4), we have from Theorem 3.4 


2[P(0, &(0, c)), c] = h(0, 2(0, ¢)). 
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Differentiating with respect to c and then setting c==0 and also using the 
fact that z(é,c) is a solution of (1.1) we obtain 


fLP(0, #(0)), [P(0, #(0))11°P4(0, #(0)}ze(0, 0) + 2.[P(0, #(0)), 0] 
— he(0, $(0))%0(0, 0), 
which, because of (4.9 alt.), (4.10), and (4.19), can be written 
Zo(T,0) = Bz,(0,0). 


Hence x,(t,0) satisfies the boundary conditions specified in Theorem 4.4. 
The fact that z(i,c) is actually a %-parameter family means also that the 
rank of the matrix z,(t,c) is k. Thus, the & columns of z,(t,0) yield k 
linearly independent autosynartetic solutions of the variational equations, 80 
that, by Definition 5.2, the degeneracy of ¢(¢) must be at least k. 


THEOREM 5.5. Assume that the set of all transformations which trans- 
form (1.1) into ttself contains a continuous family F of transformations of 
class C” satisfying the following three conditions: 


Pi. Every transformation of F commutes with (1.4). 
P2. F contains the identity transformation. 


P3. There is a solution h(t) which is autosynartetic under (1.4) but 
which is not autosynartetsc under any transformation of F close to the identity 
(except under the identity itself). 


Then h(t) has degeneracy Z 1. 


Proof. A transformation $ which transforms (1.1) into itself according 
to Definition 2.1 provides a mapping of the set of all solutions of (1.1) into 
itself. Namely S maps an arbitrary solution æ of (1.1) onto the solution y 
which is synartetic to x under 8. We express this mapping by writing ST == y, 
Let S* denote the transformation (1.4) and let 5, denote a transformation 
of F, where À represents a set of values for the parameters of F. We may 
suppose by P2 that S, is the identity transformation. 

By P3, we have S*p— 9. Hence Sato = Syp. Whence, from P1, we 
obtain 8*8 = Sap. Hence Sye is autosynartetic under S*. Hence by P2, 
& == So is imbedded in a continuous family of solutions {Sp} each of which 
is autosynartetic under 8*, i.e. under (1.4). Because of P3, S,A>4¢ for À 
close to 0, except for À=—0. Hence the number of essential parameters in our 
family of autosynartetic solutions is surely greater than zero. Hence by 
Theorem 5.4 the degeneracy of & is greater than zero, as we wished to prove. 
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In the above theorem the family F does not necessarily form a group. 
In fact, our Definition 2.1 does not require the transformations which “ trans- 
form (1.1) into itself” to have inverses: In fact, if {x} is the set of all 
solutions v of (1.1) and if S is a transformation transforming (1.1) into 
itself, the set {Sz} of all synartetic solutions under $ can be a proper subset 
of {x}. 

If, however, the transformation S* (i.e. (1.4)) is an element of a full 
differentiable continuous group G of transformations taking (1.1) into itself, 
we know from the theory of Lie that G possesses a one-parameter continuous 
abelian subgroup / also containing S*: Hence the conditions P1 and P2 are 
automatically satisfied in this case. This is the situation, mentioned in 
“ “Section 1, which occurs in the classical theory of periodic solutions of auto- 
nomous systems. 


6. Perturbation of autosynartetic solutions. We now suppose that the | 
system (1.1) contains a parameter „ and that the same may also be true of 
the transformation (1.4). We therefore write 


(6.1) da/dt = f(t, x, p) 
instead of (1.1), and | 
(6.2) s= P(t, 2, p), y= h(t, T, x) 


instead of (1.4). We suppose that the dependence of f, P, and k on p is of 
class C” and that (6.1) is transformed into itself by the transformation (6. 2) 
for each value of x, such that | n | < £. 


THEOREM 6.1. Let p(t) be a nondegenerate autosynartetic solution of 
(6.1) under the transformation (6.2) when u—0. Then there exists a 
positive number B* = B, such that (6.1), for |u| < B*, admits an auto- 
synartetic solution z(t,u) under the transformation (6.2). Moreover the 
dependence of z(t,u) on m ts of class C’ and a(t,n)>¢(t) as u—0, and 
T(t u) ts the only autosynartetic solution of (6.1) in a suitably chosen 
neighborhood of $(t). | 


Proof. According to Theorem 3.4 (with #—0), a necessary and 
sufficient condition that a solution s(t, p) be autosynartetic under (6.2): 
is that 


(6. 3) «| P(0, To; BR); p] — h(0, Lo; B) =» 0, 
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where Zo—ZTo(u) —#(0,u). Suppose Y(é,%,u) is the solution of (6.1) such 
that (0, Zo po) == To. Then (6.3) may be rewritten 


(6. 4) YLP (0, To, a)» To; p] a R[O, To; p] = 0, 


which we wish to solve for x, as a function of » for |p| sufficiently small, 
already knowing, of course, that (6.4) is satisfied by £= @(0) when p=0. 
A straightforward calculation of the Jacobian J of the left member of (6.4) 
with respect to 2 at p= 0, zo == (0), leads, with the help of (4.19), (4.10) 
and (4.9 alt.) to the result, J = X (T) —BX (0), where T == P(0, (0), 0) 
== p(0) and where X(t) =y,„(t,$(0),0) is a matrix solution of the varia- 
tional equations (4.1), set up using f({,x, 0) of (6.1) in place of the f(¢, 2) 
of (1.1). If det) were zero, there would exist a vector c5£0 such that 
LX(T) — BX(0)]c—0, and then according to Theorem 4.4, E(t) =X (f)c 
would be a non-trivial autosynartetic solution of the variational equations, 
contrary to the hypothesis that (t) is non-degenrate. Thus detJ £0, and 
applying the implicit function theorem, we write v(t, p) w(t, %(p),p). 
This z(t, a) is easily seen to have the properties stated in the theorem. 

Most of the details in this proof are left to the reader because of the 
similarity to the well known periodic special case. 


7. Lemmas on non-homogeneous linear systems. In order to give a 
satisfactory analysis of the perturbation of autosynartetic solutions which are 
not non-degenerate, we cite the following lemma which is a slight variation 
of Lemma 1 in [4]. 


Lemma 7.1. Consider the linear differential system 
(7.1) dé/di— A(t)é + f(t), 


where £ and f are n-vectors and À is ann Xn matric. A and f are known 
continuous functions of t, defined on the closed interval <0, T> between 0 and 
T (T may be either positive or negative, but not zero). Let X(t) be any 
m Xn matrix, such that dX/dt = A(t)X and det X(0) 540 (and hence also 
det X (t) £0 for any t on <0, TS). Let n—k denote the rank of then Xn 
matric BX(0)—X(T), where B is a constant nX n matrix. Thus k is 
the number of linearly independent solutions of the homogeneous system 
corresponding to (7.1) sn the “autosynartetic” boundary condition, 
BE(0) == €(T). 

Then there exist (independently of f) a kn matrix function &(s) 
and ann Xn matric G(t,s), both continuous, except that G(t,s) POSSESSES 
a finite jump at ts, having the following properties: 


2 
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(I) The system (7.1) possesses a solution satisfying the boundary 
condition BE(0) = €(T), tf and only +f 


(7.2) [acts 0. 


(II) If (7.2) is satisfied, the vector Function, 


EE = MCIOL 


is a solution of (7.1) and is, moreover, the only solution satisfying the 
boundary condition BE(0) == £(T) which is orthogonal to every solution of the 
corresponding homogeneous system taken with the same boundary condition. 


(III) Whether (7.2) is satisfied or not, E(t), defined by (7.3), satisfies 
the boundary condition BE(0) == £(T). 


(IV) The rows of E(s) are orthogonal to the rows of G(t,s). That ts, 
T ~ 
(7.4) f G (E 8) #(s)"de = 0. 
0 
(V) The kX k matrix, 


(7.5) = IÉCLOC 


is nonsingular. 


This Lemma may be regarded as well known. See for example [6], 
where however, the Lemma does not appear in exactly the desired form. 
In Lewis [4], pp. 537-540, will be found a complete proof? in the special 
case B=/. Only trivial modifications are needed in this proof to establish 
the lemma in its present form. Although we shall thus omit the proof of 
Lemma 7.1, we must record for future use certain supplementary facts. 

Since (n— k) is the rank of BÆ (0) —X(T), there is a k Xn matrix 
M and an n X k matrix 3, both of rank k, such that 


(7.6)  . U[BX(0)—X(T)]—=0, [BX(0)—X(T)]B—0. 


In terms of Y, the kX n matrix function Æ(s) of the Lemma may be 
taken as | 


* There is one formula in this proof which is in error. Namely the last formula on 
p. 689 should be R(t) = J" Gt, 8) 2 (8) 07de. This error fortunately does not effect 
the validity of the rest of the proof. 
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(7.7) E(s) = IX (T) (s)*. 


Cf. Lewis [4], p. 537, formula (2.9). The k rows of E(t) are also seen to 
afford a full set of linearly independent, autosynartetic solutions of the adjoint 
system (4.15). This is established with the help of (7.6), Theorems 4.5, 
4,6, and the well known fact that the rows of Æ(t) ? satisfy the adjoint 
system. 

Finally 


T 
(7.8) det] f. BX (t) X (t)B dt] LO. 

9 
Cf. Lewis [4], p. 538, formula (2.15) and the accompanying discussion, in 
which it is shown that the matrix in question is positive definite. 


Lemma 7.2. Under the same hypotheses as in the previous lemma and 
using the same notation, the following (n +Kk)X(n+%) matriz has a non- 
zero determinant: 


| y 
[BX (0) —X(T)] Í Z(T)X (s)"E(s)’ds 


— 


f PEEVE) dt A 


where the block in the upper left hand corner (viz. BX (0) —X(T)) is an 
nX n matriz, while the block in the lower right hand corner (viz. R) is an 
arbitrary k X k matrix. 


Proof. Suppose det M ==0. Then there would exist a linear relation- 
ship between the columns of Yt with coefficients which would not all be zero. 
In other words, there would exist an n-vector B and a k-vector a, whose 
components are not all zero such that 


(7.9) [BZ (0)—X (I)E + Lf -X(L)X(0)7B(s)/as]a—0, 
T 

(7.10) if YX (t)’X (t) dt] 8 —Ga—~0. 

Consider now the n-vector function __ 

(7.11) | E(t) —X(t)B— (TX) TE ade. 


This $(t) clearly satisfies the equation (7.1) in the special case that 
f(t) =—Ħ(t)'a. Moreover. (7.9) expresses the fact that £(t) satisfies. the 
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boundary condition, Bé(0) =£(T). Hence Lemma 7.1 assures us,‘ by 
means of (7.2), that 


fB()H(s)'ads — Piece 


Referring now to (V) of Lemma 7.1, we conclude that a==0. Thus 
£(t) = X(t) B, whereas (7.10) expresses the fact that £(¢), which we already 
know satisfies the boundary: condition, is also orthogonal to every solution, 
satisfying the same boundary condition, of the homogeneous equation 
. d(t)/dt = A (t)é(t). In particular (t) must be orthogonal to itself. 
Hence it must vanish identically, i.e. X(¢)B==0, and since X(t) is non- 
singular, we conclude that 8—=0. With both « and B necessarily reducing 
to zero, we have reached a contradiction of the above italicized statement 
resulting from the assumption that detW—0. This is all that is needed 
to establish the lemma. 


8. The bifurcation equations in the degenerate cases. Suppose that 
p(t) is an autosynartetic solution of (6.1) under the transformation (6.2) 
when a0. We consider the variational equation (4.1) with At) 
= f(t, p(t),0). We suppose that (t) has degeneracy k, which means that 
(4.1) has just k linearly independent solutions satisfying the boundary con- 
ditions (4.18). In referring in this way to the material of Section 4, we 
mean that the f(t, z), h(t,x) and P(t,x) of Section 4 are to be identified 
with the f(t,2,0), A(t,2,0), and P(t,z,0) respectively of this Section or 
Section 6. de 

We define the nX n matrix X(t) by the two conditions 


(8.1) dX (t)/dt=A(t)X(t), Z(0) I, 
and then. introduce the matrices Y, B, H(t) as in Section 7. 


THEOREM 8.1. Jt ts possible to define a unique n-vector function x(t, c, x) 
.and a k-vector function a(c,p) of class C’ for sufficiently small c and | «|; 


where c ts a k-vector, in such a manner that the following four conditions 
are fulfilled: 


(8.2) a(t, c, p) = f[ t, s(t, c, p) u] —E(t)’a(c, u) | 
(8. 3) æ[P(0,æ(0, C, u), L) ca] -— R[O, z(0, C, +); a] 


T 
(8.4) f, WE (t)’[x(t, Qu) —o (t) —X(t)Be]di—0 
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(8.5) a(t, 0,0) = ¢(t). 


Proof. We introduce the n-vector function y (t, Zo, &, p) in such a manner 
that 


(8.6) T= W(t, To, 4, u) 

is the solution of the differential system, 

(8.7) t= f(t, T, p) —Eli)'a 
which reduces to %, when t= 0. That is, 

(8. 8) W(0, Zo % p) = Lo. 


Other more or less obvious properties of y are the following: 
(8.9) w(t, 6(0),0,0) = $ (t). 
(8. 10) a(t, (0), 0,0) om X(t). 


(8.11) Ya(#,6(0), 0,0) =o (t) =— f X(t) X(s)7E(6)'as, 


where o is an nX k matrix which vanishes when ¢=—0 and satisfies the 
system do/dt=—A(t)>o— E(t)’. To give some indication of how these 
properties are derived, we remark that (8.9) follows from the uniqueness 
theorem for (8.7) and the definition of &(t). We derive (8.10) when we 
substitute w(t, to u) for z in (8.7), differentiate with respect to £a set 
Zo== (0), pe= 0, a0, and use the definition of A(t) —f,(t,¢(4),0) 
and (8.1). We get (8.11) in a similar manner by differentiting with respect 
to a. The expression for a(t), of course, comes from the Lagrange result for 
“variation of parameters.” 

We next try to find x, and a as functions of c and y in such a manner 
that, when the functions are inserted in (8.6),w(t,x(c,u),a(c,n),u) reduces 
to the required z(t, c, a) satisfying conditions (8.2), (8.3), (8.4), and (8.5). 
No matter how z,(c, p) and a(c, p) are chosen (8.2) is automatically satisfied 
because y was defined to be a solution of (8.7) ; and, if furthermore we require 
that 


(8. 12) &o(0, 0) —=¢$(0), 
(8.13) ` (0,0) == 0, 
we see that (8.5) is also satisfied because of (8.9). The other two con- 
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ditions (8.3) and (8.4) lead to the following vector equations for the 
determination of x, and a as functions of c and x. 


(8. 14) —y{P(0, y(0, To; Ay p)» E) Tos ap] + h[0, y(0, To, Q, RP); pl == 0, 


(818) J PIOVE 26.4, n)—4 (2) —X (Bed mo. 


We note first of all that, consistently with (8.12) and (8.13), the last two 
equations (viz. (8.14) and (8.15)) are satisfied when a= (0), a == 0, 
c == 0, and p= 0. This is because (8.9) and the fact that ¢[P (0, (0), 0)] 
— A[0, (0), 0], since & is given as an autosynartetic solution of T =. f(t, x, 0) 
under the transformation s == P (t,x, 0), y = h(t, z, 0). 

Hence, if we can show that the jacobian of the system furnished by (8.14) 
and (8.15) with respect to the components of z, and « does not vanish when 
Go =e (0), a==0, c = 0, and „== 0, these equations, (8.14) and (8.15), by 
the implicit function theorem, effectively give the required functions 2(¢, ù) 
and a(c,y) for sufficiently small values of c and a. Hence the proof of 
Theorem 8.1 will be complete as soon as we show that this jacobian is not 0. 

Differentiating the left member of (8.14) with respect to 2 and then 
setting t—¢(0), a0, p==0, gives with the help of (8.9) and (8.10) 
the following: 


he[0, (0), 01X(0) — LP (0, $(0), 0), 6(0), 0, 0]°P2(0, (0), 0) — X(P(0, #(0), 0)), 
which, from the facts that X(0)==J, that P(0,6(0),0)—T and that y 
satisfies (8.7) and (8.9), can be written in the form, 
[ho [0, (0), 0] . 
— f[P(0, (0), 0), #(P(0, (0), 0)), 0]°P,(0, 6(0), 0)1X(0) — X(T). 


Hence, from (4.9alt.) and (4.19), we find that the jacobian matrix of 
(8.14) with respect to the components of x, at the point in question is the 
n Xn matrix BX(0)—X(T), which is just the block of elements in the 
upper left hand corner of the matrix M of Lemma 7.2. 

Differentiating the left member of (8.14) with respect to a, using (8.11) 
and evaluating at m—=¢(0), a == 0, u = 0, yields 


[xx (syas 


which is the block of elements in the upper right hand corner of M. 
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Differentiating the left member of (8.15) with respect ái To yields in & 
similar manner the k X n matrix, 


f ” 9X (#)’X (6) dt, 


which is the block of elements in the lower left corner of M. 
Differentiating the left member of (8.15) with respect to x, yields in a 
certain k X k matrix ®, whose properties need no further investigation and 
which. furnishes the block of elements in the lower right corner of M. 
In other words, the jacobian we are interested in turns out to be det M, 
which we know from Lemma 7.2 is not zero. This establishes Theorem 8.1, 
except for a few details which we leave to the reader. 


THEOREM 8.2. If the k-vector c and the scalar m A the k-vector 
equation, 


(8.16) a(c, p) = 0, 


then the n-vector function z{t,c,u) ts an autosynartetic solution of (6.1) 
under the transformation (6.2). Here tt is understood that a(c,p) and 
t(t,C,4) are as introduced in Theorem 8.1. 


Proof. Because of (8.2) and (8.16), x(¢,c,) is a solution of (6.1). 
Because of (8.3) and Theorem 3.4 (with t)—0, etc.), z(t,c,u) is also 
autosynartetic. 


THEOREM 8.3. If Z(t) is an autosynartetic solution of (6.1) under 
(6.2) and if |u| and | x(t) —p(t)] are suffictently small, there exists a k- 
vector c such that (8.16) is satisfied and such that Z(t) =2(t,c, p). 


Proof. Using the function y(t, 2%, a,u) introduced at the beginning of 
the proof of Theorem 8.1 (cf. (8.6)), we see from the uniqueness theorem 
for differential equations that 


(8.17) z(t) = W(t, Z(0), 0, x). 

Since Z(t) is given as autosynartetic under (6.2), Theorem 3.4 shows that 

#[P(0,2(0),) ] =h(0,2(0),»), or, using (8.17), we get 

(8. 18) vLP(0,2(0), #),2(0),0, al = h(0,z(0), p). 

Since #(0) —#(0,2(0),0,u), we see from (8.18) that (8.14) is satisfied by 
We define the k-vector c by means of the system of linear equations 
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e19) f "wx (t)'[y(t,4(0), 0,4) —o(t) —X (4) Boldt == 0. 


The determinant of this system in the components of c is seen by (7.8) to be 
different from zero. Hence (8.19) gives a valid definition of c; and moreover 
|c| will be small if |a| and |£(0) —+#(0)| are sufficiently small. With 
this value of c we see, by comparing (8.19) with (8.15), that the latter 
equation is satisfied by t= 2(0) and g == Q, 

But the complete implicit function theorem contains a statement to the 
effect that there are no solutions near the given solution except those furnished 
by the implicitly defined functions. Applying this statement to the system 
(8.14)-(8.15), and using the notation æ(c,u), as well as a(c,a), intro- 
duced in the proof of Theorem 8.1, we find that £(0) =z,(c,a) and 
O—a(c,u). Hence by (8.17) we have 


v(t, 6, x) = yli, Lo{C, p), a(c,»), u] == 4 [¢, (0), 0, a] == Z(t), 
as we wished to prove. 


DEFINITION 8.1. The k-vector function a(c, p) being introduced as in 
Theorem 8.1, the k-vector equation (8.16) (or the system of k scalar equa- 
tions (8.16)) will be called the bifurcation equation (or equations) for the 
autosynartetic solution p(t) of degeneracy k. 


Theorems 8.2 and 8.3 may be summarized by the statement that the 
problem of the perturbation of an autosynartetic solution of degeneracy k 
can always be reduced to the problem of solving a system of k “ bifurcation” 
equations instead of the generally larger system of n equations like (6.4). 
An example of the advantage of using bifurcation equations is indicated in 
the following 


THEOREM 8.4. Suppose that the system (6.1) admits 1 independent 
autosynartetic first integrals of class C’ in t, x, and p. Suppose also that for 
p= 0, P(t) is a gwen autosynartetic solution of (6.1) of degeneracy k =l; 
and suppose that the k-vector function a(c,u) ts set up as in Theorem 8.1. 
Then there exists an L X k matrix function Q(c,u) of rank | (when |c] and 
| u | are sufficiently small), such that 


(8.20) Q(cu)a(c, p) =0. 


Proof. Let the ! autosynartetic first integrals be represented as the 
components of the l-vector A(t, z, u). From Theorem 5.2, we know that the 
rows of the X n matrix A,(¢,«,») evaluated for s=- (t) and p=-0 are 
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autosynartetic solutions of the adjoint to the variational equations. Since 
also the kX n matrix E(t) of (7.7) is such that its k rows afford a full set 
of linearly independent autosynartetic solutions of the adjoint system it is 
clear that the rows of A,(2,6(t),0) are linear combinations of the rows of 
Æ(t). In other words there exists a constant 1X k matrix D such that 


(8. 21) Aa(t, $ (t), 0) = DE(t). 


Moreover, since the } first integrals are independent A,(#, (t), 0), and hence 
D, must be of rank 1. If now we define the IX n matrix 


(8. 22) E(t, c, p) =Ae(t, x(t, ©, p), p) —DE(+), 
where z(t, c, u) has the meaning explained in Theorem 8.1, we see from the 
continuity of z(t, c, p) and of A,(t,2,y) and from (8.21) that ¿(t, c, p)—> 0 


uniformly on any finite t-interval as |c| and |x |— 0. 
Since A(t, T, p) is a vector first integral, we have 


A; (i, T, p) + Aalt T, u) f(t, z, p) == 0. 


In this identity, we replace z by the vector s(t,c,p) of Theorem 8.1 and 
integrate from 0 to 


(8. 23) T(c,«) == P(0,z(0, C p) p). 
We thus obtain 
T(o,n) 
f A(t, a(t, c, e), we) f(t, a(t, c, p), p)di 
(8.24) Top) 
+ Í, Ai(t, a(t, c u), p) dt =Q. 
Since A is autosynartetic, we have (by Definition 5.1) 
(8.25) A(t, 2, u) =A (P(t, 2, u), h(t tu) 2). 
Setting t=0, z=r(0,c,u), and remembering that A(0,s(0,c, p), g) 


==g(T (c, p), c, p) by Theorem 8.1 and. (8.23), we find from (8.25) that 
A[T (c, p) 2(T (0, p), cyp), p] — A (0, £(0, c, p), u) =0. Hence 


for” ara tat, eC c n), plito. 
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T (o): 
| [Alba on) ulel 6m) dt 
(8. 26) i Top) 
+f, Aa cp) #lat=0. 


Substracting (8.26) from (8.24) yields 


T(o,p) 
f Aclt, a(t, Cs H) p] [f (é, a(t, C pA)» p) — T(t, C, p) dt = 0. 
But, from (8.2), this last identity may be written 
» T'(c,n) 
Í, Alt T(t, c, u), u]E (tya (c, u) dt =0. 
We therefore obtain (8.20), if we let 


T(o,H) 
Q (cn) = f halt, 204, ou) a) E(t)’ 


Evidently from (8. 22) | 
Olen =D S EOR UHD [RE 


F(o,p) 
+f "E(t cn) Bt) at. 


Now T(c,u) > 7 (0,0) =T as c— 0 and p> 0 and £(t,c,a)—0 uniformly. 
T 
We also know that Í Æ(t)AÆ(t)’dt is a non-singular k X k matrix (cf. Lemma 
0 
7.1 (V)). It therefore follows that Q(c,») must, like D, have the rank } 
for |c| and |a| sufficiently small. 
A simple corollary of Theorem 8.4 is the following 


THEOREM 8.5. If there are l independent autosynartetic first integrals, 
the perturbation of any autosynartetic solution of degeneracy k (necessarily 
= 1 by Theorem 5.3) may be effected by the solution of k—1 of the bifur- 
cation equations, the other l bifurcation equations being then automatically 
satisfied. In particular, if k=l, the bifurcation equations are all identically 
satisfied. 


Proof. Since Q(c,u) is of rank l, we may solve (8.20) for l? of the 
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. components of a, say, a,’ ` :,a, in terms of the other components qu," * *, az 
so that we have equations of the form - 


. 
(c a) = 2 M(cn)a (ca), i=l, sh , 


Hence, if aj(c,u) =0 for J—}-41,: --,k, we also have ai(c, p) = 0 for 
ul," yl. 


THEOREM 8.6. Suppose that the system de/di=f(t,2,0) admits I 
independent autosynartetic first integrals of class C’ in t and z (even though 
the system dz/dt =- f(t, z, p) for »540 may not). Suppose also that e(t) 
is a given autosynartetic solution of (6.1) under (6.2) when p—0 and that 
the k-vector function a(c, u) is set up as in Theorem 8.1. Then there exists 
an 1X k matrix function Q(c) of rank 1, when | c| is sufficiently small, such 
that 
(8.27) Q(c)a(c, 0) = 0. 


Proof. Consider the modified system dz/dt—f*{{,x,u) where f* (t, z, u) 
=f(t,z,0) is a constant with respect to variation in x. Then the given l 
autosynartetic first integrals of ż == f(t,z,0), which are also independent of a, 
are autosynartetic first integrals of dz/dt==f*(t,z,n) under the modified 
transformation 8 = P*(t,z,u)= P(t,z,0), yom h*(t, z, a) == h(t, x, 0). Hence 
Theorem 8. 4 applies to the modified system under the modified transformation 
and we get an IX k matrix, Q*(c, u), of rank J for |p| and | c| sufficiently 
small, such that 


(8.28) Q* (c, p)a* (c, p) = 0, 


‚where a*(c, p) is to the modified system as a(c,) is to the original system. 
The fact that a*(c,u) =a{c,0) follows from the following two facts: (I) 
The equations for the determination of a*(c,a) and z*,(c,a), namely equa- 
tions (8.14) and (8.15) set up for the modified system, are seen to be 
completely independent of u, so that a*(c, p) ==a*(c,0). (II) These same 
equations are identical with the original equations (8.14) and (8.15) when 
a0, so that a*(c,0)—a(c,0). Thus, from 8.28), we find that 
Q*(c,u)a(c, 0) ==0, from which we get (8.27) by choosing Q(c) == Q*(c,0). 

We next turn to the consideration of properties of the bifurcation equa- 
tions not dependent on the existence of autosynartetic first integrals. The 
. general situation is exhaustively treated in the next two theorems. 
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THEOREM 8.7. The left hand member of the bifurcation equation (8.16) 
always possesses the following two properties: 


(8.29) a(0,0) == 0 
(8.30) (0,0) = 0. 
Proof. From (8.5) and (8.2) we have 

dep (t) /dt — fl t, p(t), 0] —B(t)’a(0,0). 


But (t) was given at the outset as a solution of (6.1) when p=0. Hence 


dp(t)/dt =flt, o(t), 0]. 


Therefore (t)’«(0,0) —0. From (7.7) we know that the rank of € is k. 
Hence a(0,0) — 0. 

Incidentally, this simple proof of (8.29) or (8.13) as a necessary 
consequence of (8.2) and (8.5) is one of the details left to the reader at 
the end of the proof of Theorem 8.1. It is a step in the proof of the 
uniqueness part of Theorem 8.1. 


We next establish (8.30) as follows: With the help of (8.8) we write 
equation (8.14) in the form, 


vLP (0, Lo, R), Lo, A, u] —h(0, Zo, p) = 0. 


This equation is satisfied by Tọ = To(c, p) and a ==a(c, u). Hence, upon 
setting a — 0, we obtain 


YLP (0, To (C, 0), 0), zo (6, 0), a(c, 0), 0] — h(0, To (C; 0), 0) ome (). 


Differentiating with respect to c, freely using the various properties of y 
indicated in formulas (8.6) to (8.11), and also remembering the definition 
of B(0) given by (4.9 alt.}, we find, on setting c— 0 and 2,(0,0) == ġ (0), 
that | 


— B(0)(ö20/öc) + X[P(0, $(0), 0)1(82/8c) 
+ o[P(0, (0), 0)](da(0, 0)/c) == 0. 


Since B(0) =B, X (0) — 7, and P(0,¢(0),0) = T, we therefore have 


LX (T) — BX (0) ] (8x./8c) + o (T) (8a(0,0)/ac) —0. 
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Hence, from (7.6), Yo(T) (6&(0,0)/ödc) =0, while from (8.11), (7.7), and 
(V) of Lemma 7.1, we see that 


No (T) = — Y f, ET) (0) E (8) ds = — Í, "(s)E(s)/ds 


is a non-singular matrix, so that (8.30) follows immediately. 


THEOREM 8.8. The bifurcation equations in general have no distinctive 
properties other than those spectfied in Theorem 8.7. More prectsely: 


Let B(c,p) be an arbitrary k-vector function of the k-vector c and the 
scalar p. Let B(c,p) be of class C’, and let tt vanish together with its first 
partial derivatives with respect to the components of c when c==0 and p =Q. 
Let n be any integer Z k and suppose T 1s any positive number. Then there 
exists a system (6.1) of order n such that f(t +T,2, p) =f (t, z, a), which 
possesses, for p==0, a periodic solution of period T and degeneracy k, and 
whose bifurcation equations are B(c, p) =. 


Proof. We proceed to set up such a system. For this purpose, the first 
k components of the n-vector z will be thought of as a k-vector 7’, while the 
last (n— k} components of x will be called the (n— k)-vector z”. Let A” (t) 
be any (n—k)xX(n—k) matrix of continuous periodic functions of ¢ of 
period, T, such that the linear system dg”/di == A” (t)x” has no non-trivial 
periodic solution. A”(t) could be a constant matrix, if desired. Then it is 
claimed that the system 


(8.31) dr /dt—B(x,u),  dr'/dt—A"(t}", 


admits, for u == 0, the periodic solution a” == 0, z” =a 0, and that the bifurca- 
tion equations (8.16) for the perturbation of this solution are such that 


(8. 82) a(c, u) =B(c,x), 


where, of course, it is understood that a(c,y) is to constructed so as to 
satisfy the conditions of Theorem 8.1. Since B, (0,0) =0, the variational 
equations take the form 


dë /dtm0, dé” /dt = A” (HE. 


The n X n matrix solution X(t) of this system such that X(0) =I is seen 
to have the form 
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r 9 
X(t) (4 +) 
where J’ is the k X k identity matrix while X”(t) is an (n—k)X(n—k) 
matrix, no linear combination of whose columns is periodic, while X”(0) = I”, 
the (n—k)X(n—%) identity matrix. In formula (7.6) the matrices B, 
N, and B should now evidently be interpreted as follows: 


B—I, W=(I',0), 8 (0). 


, 
From (7.7) we then find that Æ(s) = (7,0) so that aa (Tr) (6): 
Hence (8.2) becomes 
tel, cn), p) —a 


(I) "s(t, c, p) = A” (t) 2” (t, cp). 


The condition (8.3) reduces, of course, to 
(II) z (T, c, p) =T (0, C, u), z” (T, c, p) =x" (0,6, p). 


From the fact that ¢(¢) ==0 in the present example, a routine calculation 
shows that (8.4) reduces to 


T 

(III) [GE au) —e) dt =o, 
0 

while (8.5) is simply 

(IV) a(t, ,0,0) —0. 


According to Theorem 8.1, these conditions determine z(t, c, p) and a(c, p) 
uniquely. But we see by inspection that all conditions are satisfied, if we 
take z(t, c, u) == c, z” (i,c, p) =0, and a—a(c,n) = B(c,p). This com- 
pletes the proof of (8.32) and, therefore, of the theorem. 

We close this section with a brief consideration of the case when (6.1) 
is transferred into itself by a family of transformations, 


(8. 33) s= P(t, T, p, À), y = h(t, £, m, À), 


where the parameter À is a scalar, or, more generally an m-vector. The base 
solution #(¢) for p —0 is supposed to be autosynartetic under (8.33) for 
p= 0 and À=—0. We proceed exactly as in the earlier case when the trans- 
formation did not depend on À; only now our bifurcation equation (as well 
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as the function z(t,c,a) of Theorem 8.1) will depend on À We therefore 
write our bifurcation equation in the form, 


(8. 34) | _a(cuà)=0. 


Evidently the presence of the new variable À increases the probability of our 
being able to solve the bifurcation equations. Thus (8.34) may have no 
solution for which p540 and A==0, but it might very well have some for 
which #540 and A=«0.° In the latter case, we are led to an autosynartetic 
solution of (6.1) under (8.33) for values of À 0. 

The most familiar case in which this situation arises is in the perturba- 
tion of a non-constant periodic solution of an autonomous system. Some 
remarks about how this case fits into our general theory have already appeared 
in Sections 1 and 5. 


9. Miscellaneous comments, The reader may notice that the author 
has abandoned the method of integral equations used in his previous papers, 
especially [3]. The reason for this is primarily that the interval of 
integation, which would be between 0’ and P(0,2(0,),) is, in general, 
dependent on the unknown solution z(t,) as well as upon the parameter u. 
A secondary reason is that the autosynartetic boundary conditions for the 
variational equations are not the same (in general) for different autosynartetic 
solutions. In the special case, when P(t, s, u) is independent of both z and u 
and h(t,x) is linear and homogeneous in z, as is the case in the study of 
the perturbation.of nonautonomous periodic solutions, these objectioné are no 
longer valid. In such cases the integral equation method is entirely feasible 
and, indeed, would afford the best available method of Fran. the La 
interval over which perturbation is possible. : 

Likewise the reader will observe that only a part of Le 7.1 is 
essential for the purposes of the present paper. In particular no use is made 
of the “generalized Green’s matrix,” G(t,s). Nevertheless, for the sake of 
completeness and in view of the indispensability of this G (t, s) for the integral 
equation method in the fairly general case mentioned above when it is feasible 
and useful to employ this technique, it seemed desirable to take the oppor- 
tunity of presenting Lemma 7.1 in its complete form. 

Our theory of the bifurcation equation, when specialized to the periodic 
case, is seen to parallel very closely a theory outlined by Friedrichs [1]. 
Friedrichs, however, would seem to replace our condition (8.4) by a condi- 
tion of the form, 


(9.1) ox (0, C, p) = 0, 
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where w is a constant k X n-matrix, while c is a k-vector, as before. The 
present author felt that (8.4) was a more “natural” condition, perhaps 
because of his previous exposure to the work of Ernst Hölder [2]. It is 
probably possible to include both conditions, namely (8.4) and (9.1), under 
a more general condition, if we tamper somewhat with our Lemma 7.1, 
using a more generalized notion of orthogonality, which would involve the 
use of weight factors and Stieltjes integration. Such a generalization would 
probably be a mere tour de force devoid of substantially new results. 
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CALCULATION OF CLASS NUMBERS BY DECOMPOSITION INTO 
THREE INTEGRAL SQUARES IN THE FIELDS OF 2! AND 3.*: 


By Harvey Conn? 


12. Introduction. The results presented here are a continuation of 
earlier results on modular functions of two complex variables of the author 
[16] relating to the field of 24 and 3%. Their significance is that these results 
broaden the range of those modular functions which illustrate elegant prop- 
erties too refined to be concluded wholly from such vast theoretical structures 
as that of Siegel [15]. The results have, in addition, a useful relationship 
to class-number calculations, which we proceed to summarize. 


Consider the real. quadratic field R(D*) with discriminant D> 0, and, 
within the field, consider a totally positive integer u(>3>0) which might be 
specialized to be rational. (When D==1, the field will be taken as rational.) 
We assume p to be square-free for simplicity. We let H( Di, (—-u)#) denote 
the class number of R(D#, (—x)?) and we let A,(v) denote the number 
(possibly zero) of decompositions of type 


(12. 1) . y = 1° -+ é? + £a”, 


where & are integers in H(D4) and every permutation or change of sign in 
the triple (£1, és, és) is tallied as an additional decomposition. 
The class-number relationships which concern us, have essentially the 
form | 
(2.2) | Alan) — G- H(Di, (—y)i) 
p square-free and totally positive (>> 0), 


where D—1,5,8, and 12. The factor y* is needed in (12.2) because when 
D=8 or 12, v must belong to ©, the ring of integers v of R(D*) of form 
a-+ bDi. Thus even if € ©, we can concludé py? E ©, when we set 


* Received May 6, 1960. 

* Work supported by Research Grant G-7412 of the National Science Foundation. 
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* The numbering of sections and bibliographical items is consecutive with the earlier 
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y=1 for D=1,5, 

y=1 for D—8,12 and pe ©», 

y — 28 for D==8 and ne Da 

y==1-+ 84 for D—12 and ué Da 

The values of @ are given in the accompanying table. These values depend 
on the manner in which the ideal (2) factors in R(D#, (—u)#) into distinct 
prime ideal factors p, q. A list of cases based on easily recognized residue 
classes is given in the adjoining column: 


(12.8) 





D G Factors of (2) Residue classes of u 
1 0 pq i (mod 8) 
(Gauss) . 24 p 8 ” 
12 p* mise. 3 
5 96 ba 7,8, (13 + 58) /2, (9 + 8 : BA) /2 (mod 8) 
(Maass) 120 . pb 5 t 2- 5a, (5 = 51)/2, (9 + 5-5/2 ©“ 
12 p? misc. 
8 48 p2g? 1,54 2-2i (mod 4- 2%) 
96 p? 3,142- 2 cé 
24 pt misc. “= 
12 24* bq? | 7, b (mod 4(1 -+ 34)) 
48* p? 3,1 ge 
12* pt misc. i 


(* See further explanation below.) 


Here, for simplicity, we have further restricted u to the case where the 
fields R (D4) and R (D4, (— p)*) have precisely the same units. The exceptions 
are as follows (ignoring factors of # which are squares for R(D#)): 


p= 1,3 for D == 1, 5, 8, 12, 
(12. 4) retro for D == 5, 
u= 2 -+ Bi for D ==12. 

In the first three cases, a complex root of unity is introduced into R(DE, (— u)3) 
and in the last case a new fundamental unit (——- 2— 34)8 is introduced that 
was not present in #(D%). An independent calculation reveals that in the 
cases (12.4) the class number H (Dt, (—4)#) is unity, when D—1,5,8. 
(A formula of type (20.16) below, reconciles these exceptions.) 
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The basic formula (12.2) fails, however, when D=12 (see * in the 
table), and the formula (12.2) is an “approximation” valid only to the 
extent described in the next section. Considering D = 8, we know for any 
integers a, b with a> |b | 84, we can represent 


(12. 5) a+ 2B 2b = (a, + pr)? + (as + yat) + (vs + Yys2%)? 


in terms of integers x, y Thus a theorem for three squares supersedes the 
one for four squares in the earlier work [16]. The preponderance of numerical 
data [8] makes it impossible, however, to reject the hypothesis that three 
squares suffice for D = 12. 


13. Remarks on method. There are three different methods for estab- 
lishing a formula of type (12.2). The first method is the method of Gauss 
which is based on a direct connection between the enumeration of quadratic 
forms and representations like (12.1). This method as been applied with 
success only to the rational case, D — 1. | 

The other two methods involve the use of some kind of theta series @ (7r). 
The function @*(r) is, by some means or other, expanded into a “singular 
series” W(r) to yield identity (12.3) through a comparison of coefficients, 
as did Jacobi in his classic proof for ©*(r) in the rational field. 

There are differences, however, in general methods for establishing 
©? == Y, the basic identity. The “direct” method was applied (to the ©? 
case) by Kronecker [4; p. 109], (see Mordell’s version [23]), but in the 
rational case only, (D=1). 

We shall see that, in the quadratic case, @° and W satisfy a system of 
linear functional equations (like that in §16 below), which happens to make 
for a one-parameter family of solutions. This method could have been used 
for D==5 by Maass; we shall use it for D—8 (as done earlier [16] for ®*). 
Indeed, the identities in § 24 are almost identical to those that would emerge 
for D==5, so, in effect, an alternate proof of Maass’ result [12] is provided 
by this paper. 

The less direct but deeper method is due to Siegel [15] and is based on 
the fact that. the form £é? + é? + é? in R(D4) is the only equivalence class 
in its genus. The method was carried out by Maass for D—»1 [21], and 
D=5 [12]; (the discovery of the role of the ®-function and class number 
in modular functions is due to Hecke [17]). 

It should be remarked that, however straightforward it may be, the 
calculation of the singular series 8814-21 is a formidable matter, although 
the “proof proper” consists of 88 22-24, where it is proved that ® — Y = 0 
for D == 8, 
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. We shall see that when D=12, ®— Y is a cusp-form not identically 
zero as evidenced by the failure of equation (12.2), or more specifically by 
the failure at its source (20.16), below. The case D — 12, however, as the 
case of four squares, appears to be within the scope of some kind of ezact 
formula for (say) As(uy*). For example, preliminary calculations show 
formula (12.2) to be correct when D == 12, if a is a square-free rational 
integer > 1 and relatively prime to 6. 


A continuing study for three and four square representations when D — 12 . 


is being undertaken with exact formulas as a goal. 


Calculation of Singular Series. 


14 Notation. We continue the earlier notation with Greek letters ' 


denoting algebraic integers, Roman letters denoting rational integers (except 
for special function-theoretic symbols), and the generalized Norm N and 
Trace S applicable to conjugates in &(D4) and our two so-called “ conjugate ” 
continuous variables r and 7’, (each complex). 

We consider the two fields with given discriminant and generator: 


l D=8, q=, 


ited) Dele: „20 


They share thé properties of being Euclidean, having the fundamental unit 


(14.2) e=] +y 
and having the ring of all pa integers equal to 
(14.8) = [1, e] = [1,7], 


(which is required in setting up generators of the modular group, as in $2). 
In either case, 


(14. 4) (3°) = (2), N(y) =—2, 
(14. 5) De = [1, 27] = [1, DE]. 
We introduce the simplifying symbol 
e(£) = exp wi ({/D}) 
= exp rt({— ¢’) /Di.. 


(14. 6) 


In particular, 
(14. 7) e( [r + sy] /t) = exp ris/t; 


~ 
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thus for the algebraic integer p (in ©) 
(14. 8) 6(p) == 1 if and only if pE Da 


Finally, using the complex variables in the argument of e(p), we redefine 
the earlier g(r) as follows: 


(14. 9) @(d,c;7) = 2 6(vdn + [r + n/2}’r) 
¥ 

summed over all y in ©, where, 
Imr > 0, 

(14.10) Ta 20. 


The following transformation laws are determined from formulas: 


(14.11) @(d+2,¢;7r) =@(d,c-+2;r) —O(d,¢37), 
(14.12) @(d,c;er) =@(d,c;r), 

(1413)  @(d esr +n) —O(d + 1, 037) 0(0%y8/4), 
(14.14) @(d,c3;7-+1) = @(d + c,c;7)e(c*n?/4), 
(14. 15) @(d,c;—1/r) =e(cdy?/2)®(c,d;r)N (r)i, 


for the principal square root of N (r). 


15. Asymptotic relations. To calculate the singular series, we consider 
@(d,c;r) near r—=a/ß, (r’==a’/f’), an irreducible, algebraic rational in 
R(Dà). ; 3 


(15.1) @(d,c;a/B +A) = 2 e (vdy + [v + 07/2 Fa/8)e(Ty + n/2]%), 


where A, A’ are a new pair of complex variables satisfying condition (14.10). 
Then, writing 
(15.2) v == v1 + 2ßv;, (vı mod 28, va arbitrary), 
we find 
(15.3) @(d,c;a/B+A) 
= 2 e (v1dn + [ri + on/2]?a/B) Z e ( [v1 + 2Bv2 + 0n/2]*A). 


But the inner sum, according to the general method, is asymptotically inde- 
pendent of v, and co; thus 


(15.4) (0, 0, 48%A) —@ (0, 0,—1/ (46°A))/N (ap): 
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according to formula (14.9). pally, 
(15.5) @(d,c34/B+A) = Ga 4/8) | (2) QD 


where 


(15.6) Gao(a/8) = à, sry + (7+ 09/2)*4/8) 


At this point, we ‘examine the Gaussian-type sum Gael a/ B) more critically 
and note a new type 


(15.7) Ha,0(a/8) = à 1071277 
when 
(15.8) -> (@ + dy) (B + 69) E Ds 


Such a sum is characteristic of the cases D == 8, 12. In the work of Maass 
[22, p. 716], no condition like (15.8) arises. Indeed, unless (15.8) is valid, 
the residues (mod 28) y and y + 8 make cancelling contributions to the sum 
(15.7). Thus, calling Ha.(a/ß) —0 when (15.8) fails, we have 


(15. 9) Gao(%/B) = 4H40(4/B). 
Finally, changing variables, we say, for r, r near a/B, «’/ß', 

y = $ Hao(a/B)sgn N(B)/N(B)AN (Br — a), (if a/8 7 1/0); 
(15.10) Cd, 057) à | pe a/B=— 1/0). 
(The last item was inserted for completeness. Of course r, r’ approach 
infinity consistently with (14.10), and we use the conventional sign and 
delta function.) The square root will be principal, hence consistent with 


ro, oa along the aan and negative imaginary axes according to 
(14.10). . 


If we compare the asymptotic behaviors as applied to (14.11), (14.12), 
(14.13), (14.14), we find 


(15.11) Hast.c(4/8) = Haus (4/B) = Hao(a/B), 


(15.12) Hac(éa/8) =Hao(a/B),. 
(15.18) 0 Hau(/8 +7) ee 
(5:14) © Hao(a/B+1) (07/4) Hine 4/B), | 


which incidentally could 2 verified en pee y 2: A more > difficult se is 
the reciprocity: N m, ir. | 
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(15.15) Haa(a/8)/N (B)? = sgn (a; 8) (Ha,(— B/a)/N (a)8) e (cdy?/2). 


Here 
a « B 
(15.16) | a a Sar 
= + + 


. The reciprocity relation (15.16) is proved by the Cauchy-Hecke method 
of comparing (15.10) with 


(15.17)  O(c d;o) = H.a(— B/«) sgn N (a) /N (a)EN (ao + 8)? 


using (14.15) under the comparison or==— 1. The details are very similar 
to Hecke [18] except that we permit N (a)? to be imaginary, thereby forcing 
the “balancing” factor, sgn(a, 8), to be real. 

By virtue of identities (15.11) through (15.14) we can confine all our 
attention to Ho(a/8) henceforth abbreviated: 


(15.18) Hoo(a/8) =H (0/8) = F 0(#a/8) 
Unless | 
(15.19) aB € Da, 


we note H(a/B) is trivially taken as 0. 


16. Hecke’s modular function. The superposition of the elements 
(15.10) for @*(d,c;7) does not create an absolutely convergent series until 
k >4. To remedy this fact, Hecke created the series with convergence factor: 


(16.1) Y(d,c;r;k,s) 

mur a À" | N(Br—a)|*. 

Le 4 

Our interest shall center about k == 8, but the general integer k is momen- 
tarily useful. This series converges when 
(16.2) | k/2 -+ Res > 2. 
(We shall be spared the tedium of repeating the convergence majorants by 
virtue of the similarity with estimates valid for D ==5; see [21].) 


By virtue of the relations (15.11) through (15.15) we find, omitting 
symbols k, s when convenient, 


(16.3) Yd,c;r) =U(d4+2,c37) = (d,c 4+2;7), 
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(16.4) - Y(d,c;r) = Y(d,c;r), 

(16.5) Wid, e;r +) =Y (d,c;r)e(c7/4), 

(16.6) &(d,c;7+-1) = (d+c,c;r)ek(ctnt/4),- 

(16.7) Y(d,c;—1/r)=% (¢,d37) e*(cdy?/2)N (r)*? | N(r)}e. 


Hecke’s work [7] shows that the function Y has no finite singularities in s, 
hence by analytic continuation we can let s==0. In so doing, we obtain a 
function % satisfying the same functional equations as @*. The significance 
of this fact we leave until later on. Most important for computational purposes 
is the fact that the series (16.1) is susceptible to a fortuitous arrangement 
before making s—-0. Again we spare the reader the details on majorants, 
by referring to the similar case where D — 5. 

It suffices to restrict ourselves to the case d 0, c—0 and simply write 


(16. 8) G(r) = Y (0,0;r; k, 38). 


17. Rearrangement of series. We first write 
(17.1) Wir) 1+ 2 (H*(a/B)/| N(B)|**)2(a/8, 7), 
a/f mod 3 


BED 
where 


(17.8) WB) =EN (r— 0/8 +84] N (r— a/R + 29) | 


(Note that the sgnt N(8) of (16.1) disappears when N(B) is divided out.) 
By making use of the Poisson-Lipschitz formula, again, we find 


(17.3) D(a/ß, r) 
— (ADS f f e(—Pu)dPAP'/N (P —a/B + | N(P—a/8 +7) 
a di 


where P and P’ are real variables and p is summed over ©. Introducing, 
with Hecke, 


(19.4) Buff e—Pa)apap/N(P +8 | (P42) 
we find the singular series 
(17.5) F(r)=1+ 2(B (u, 7) /2D4) P(p), 


where 


(176) Pa) X H(a/Bje(—na/8)/2 |N(B) |“. 
ape Ds | 
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Now we know, in advance, that only totally positive x can be present in ®*, 
(although other u are present before we set s==0). We can see more clearly 
that all » entering into (17.5) are in ©, for, by (15.14), 
(17.7) H(a/B +1) H(a/8); 
but e(—a[a/8+1]) ——e(—aa/B) if pf Ou 

We next introduce the symbol | 
ar. 8) P(B8,u) | 

= 3 HF(a/B)e(—nx/B) + HE((a+ Bn)/B)e(—ula + Bn1/8), 

amod B,(a, B)=1 
aß € Da 

aware that H(a*/8*) =0 if a*8*£ ©, Then we find 
(17.9) P(n) =E P(8,#)/1N (8). 


The remarkable simplification now achieved is due entirely to the fact 
that if (Bas Ba) ea À, 


(17.10) H(a/B:B3) = H (21/81) H (as/ß,) for special a, as, 
(17. 11) P(B,, p) $ P (Ba, x) = P (Bifa p). 


À corresponding result was proved by Maass [22 ; p. 736] using a Lemma of 
Siegel. Actually, a direct proof (like the one in the case of elementary 
Gaussian sums [20]) can work if we strictly observe that we must have 
af € H in our choice of a, and a, in (17.10). 

Thus if we list the prime divisors in #(D4), denoted by p, we find, by 
unique factorization, 


(17.12) P(») =I P(e), 
where, 
(17.13) Py (u) =1 +È P (pt, u)/ N (p) o. 


On the other hand, as s— 0, when » 50, 
(17.14) Bu, r) > [4N (p) nt / DT (k/2)] e(ur) 


by use of the T-integral. Thus, making use of uniform convergence majorants 
[21] as s— 0, we find, when k==3 


toa. 2  8(ur)Z(z), 
0<c ne Ds 
Z (u) = 87° P(u) (N (x) / D°}. 


(17.15) 
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We have to next show @'==W and then to simplify P(u) to the Ze 
where it is pean We do the latter first. 


Quadratic Residue Properties. 


18. Basic formulas. It is apparent, by now, that we can deduce most 
of the results on H(«/f8) by analogy with Gaussian sums. We'can, of course, 
restrict ourselves to 8 a prime power. 

First we take m an odd prime in R(D), (m) 34 (n). We note r= q if 
(D/q) = — 1, for q-a rational prime and mr ==p if (D/p)—1, for p a 
rational prime. We now standardize + by the condition r€ %9, at least to 
within the factor = «e, (u integral), (by choosing er if r¢,). Thus, 
for D == 8, r == 3,5, 1 Æ 2: 24, 11,18, 5 + 2-28, - +, ete. For D=12, m == 3 
42- 3t, 5,7,1 12-34, 5 + 2-38, ete. (Note, (3— 2:34) = — (842-34) e*) 
The primes, of course, will not necessarily have positive norm. 

Next we observe a “polygon” theorem: 


| N(8)| if a/B is an integer, 
otherwise. 


(18.1) T e(2ta/B) 1" 
f mod £ 


The proof consists of showing if «/ß is no integer, the sum is unchanged by 
multiplication by SIR) (41 for a properly chosen &). Using this, 
we consider 


(18.2) H(a/nt)— 2 e(vta/at), #6 Ds 


We set y = mtr + va (vı mod r, y mod att) and we discover 
H (a/r*) = 5 6 (vz a/r") > 6 (Avıyza/m), 
ygmod rt mod + 
(18.3) H (a/n) = | N (x)| H(a/rt?), a E Da, t= 2. 
Since H (a) = 1, trivially, we concentrate on H (a/r). 


We next distinguish the quadratic residues moda by introducing the 
symbol 


(18. 4) — 1 if Ax modz, (A, 7) =], 
0 if (Ar) 51. 
Then if we consider p the residues mod r, (p/w) ==1, and y the non-residues 


mod, (v/r) =—1, we form 


| R= e( fx), 
ce a | 


1 if A=Ẹ modz, (A,7) —1, 
(A/a) = 
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since we can easily make p€ 0, (by.adding we). Clearly - 
(18.6) © H(i/r)=1+2e8, 
(18.7) Gere 


the latter following if we select p and v from the complete set of residues 2¢, 
(£ varying mod r), using (18.1). Thus, as in the Gaussian case, 


(18.8). H (1/7) = R—N = S(a/r)e(a/r), 
(18.9) | H(a/x) = (a/r)H(1/r), if a€ D 
We now need to evaluate only H(1/x). By quadratic reciprocity (15. 15); 
(18.10)  H(1/r)/N (=)* =sgn(1, x) H (—x/1)/1 sgn (1, 7). 
Hence, for odd t, | 
(18.118)  H(a/nt) = {(a/m)sgu(1,”)} | W(n)|"/*{sgn N(m)}3, 
while, for even t, 
(18. 11b) H(a/mt) = | N (x)|. 


Next take the even prime, 7. For B==y', we find that the expression 
H(a/B) makes sense, with (a,8) —1, exactly when t= 2. Even so, using 
the polygon theorem (18.1), we find by an argument similar to the one in 
the last section, 


(18.12) H(a/n) =2H (a/yi*) if t224. Here « need not belong 
to Se. Thus every value of H (a/t) can be computed directly from these: 


Hp) = 2; H(1/q*) = 2+ 2h, 


BR HG+ ), H (3/y*) = 2 - 2%, 


HEA) (2.5): 18-49") (© >) 


In cases where two values ( | .) are bracketed, the upper one belongs to 


D «= 8 and the lower one belongs to D==12. 
We also note the further results: 


(18.14) _  A(a/y ta) =H (8/7), t=% 
(18. 15) H (a/n? +9) =H (4/7?) e(@), 
(18. 16) H(a/ -+ 7) =—H(a/r). 
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The first follows from the observation that in the sum (15.18) for 
H (a/t) only the even v enter, the odd y cancel out to make possible (18.12). 
By formula (17.10) we can show, finally, 


(18.17) | H(a/8)| = | N (8) | 
if «BED, and a/ß is reduced. 


19. Quadratic reciprocity. The epitome of the theory is the deduction 
of quadratic reciprocity by the method of Hecke. Our principal variation 
consists in the restriction aß € D, in H (a/g). 

If +, and r; are odd primes in ©, by using (15.15), (18.9), and (18.10): 


(19.1) © (aı/as) (m/m) = (mi, ma}, 

where {71/73} = 8gn(1,7:)sgn(1,#72:)8gn (ri r2)8gn N (ri), or 
{1,772} =— 1 under the array of signs: 

+ =, mmay 0; N (m) <0, N (m) <0; 

— —, ma << 0; N (m) <0; 


{mi me} = + 1, otherwise. 


(19.2) 


tH 3 
HH à 


Then the first completion theorem also emerges in the process: 


(19.3) | (— 1/7) = sgn N (r). 


We can deduce the rational results: If +p denotes mr’, p > 0, then 
€ + 1= 0 mod is solvable exactly when z? + 1=0 mod p is solvable. This 
implies, in rational symbols, (D/p) = (—1/p) = + 1, hence p=1modD 
for D =8 and 12. Thus the elementary theory of quadratic forms yields the 
following expression, for an arbitrary p==1(mod 8): 


(19. 4) p = Uy? — 8017 = N (m), Ta = Uy + 2- Qn, 
and one (not both) of the following for p==1 (mod 12): 
Ug? — 120: == N (m) Te = Ua +23, 
19.5 — i á 
( ) P a — BU," a N (ms); Tg 77 Alla +. Bay... 


Clearly, mı, 72, and (2 + 34), all € Da, verifying (19.3). Conditions (19. 4) 
and (19.5) are clearly necessary and sufficient for (—1/r) — 1, when r is 
not a rational prime. | 

À less simple case is the second completion theorem. We apply the 
reciprocity formula (15.15) to Æ(7°/—+x) and obtain a set of values of 
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(n/—w) as related to H(+ 2/7), which is determined by x (mod 27%), (not 
mod», by (18.16)). Since the steps are finite in number, we omit tedious 
details: | 


(19.6) (4/7) = sgn (1, —x)ega (x°, — r) H(x/n°)/2 2, (r € Da). 
Thus from formulas (18.13) and (18.16) for D —8 or 12: 


= + sgn a’ if r=1,1 +7,8, 3 +7 (mod 4»), 
(19.7) (w/m) De if m= 5, 5 + n°, 7, Y + 7° (mod 4). 


The final completion law is found by doing likewise with H (en°/—#) 
and finding (en/r). Omitting details, we note 
(19.8)  (en/x) == sgn (1, —r)sgn(en, — r) H(x/e7°)/8 AI—N (e) J, 
(x € Da) » 


Thus, as before, with « defined in (14.2),.we find the remarkable result for 
D — 8, we Day 


(19.9) (e/m) =s8gn x if r=1,8 + 2y mon) 
(19.10) (e/a) =—— sgi r if rl + 27,3 (mod 4), 
and for D == 12, m E Ds, 

(19.11) (e/t) == 1 if r=1,8 (mod 4), 
(19. 12) (c/w) me — 1 if el + 9,34% (mod 4). 


We note that lines (19.10) and (19.11) represent the odd residue classes for 
which #=:—-£*mod4. The pattern emerges again for the table in § 12 (above). 


20. The zeta series, We next consider the various series Pp(p), starting 
with P(p*,u), of $17. 

If + is odd, in expression (17.8) for P(x',u) we note if « and mr € Ds, 
then we have simply (for k==8), 


Para) 2 H°(a/nt)6(—nx/r'), t= 1) 
(20.1) x) 
— | N (x) |?" [sgn N (x) ]7?sgn‘ (1, m). 2 ,(a/r)'e(—na/rt). 


The inner sum is recognizable again as a character sum, not unlike (18.8), 
except for the fact that x could divide u. Let us write 


(20.2) Butt (a*m) =], | (m= 0), 
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then we find after an elaborate effort: 


| 0 | t odd 
|N (x)| (1 —1/|N(r)|) t d tists, 

(2.3) Phat, p) =- | N(x) |C#92(— p/n) add 
u Al t even R 
| = t>m-+1. 


The interesting cases are where x is square-free so m0 or 1. In either 
case, following a familiar pattern [12, p. 190] 


(20.4) Pr) = (1— | N (m) (1 — (— a/r) NEN, rn 


The contribution of 7 is more complicated. First of all, the analogue of 
(20.1) is the more complex expression 


P(n, u) = À A CAM ua/n°) 


(20. 5) (anes 
HH? (a/n + n)e(—na/n — pm). 
We therefore see that if u is odd, „€ Da, by (18.14), Pf, Jet if t24 


The problem is then finitary and details can be omitted. We introduce the 
characters 

1 if — u = £ mod 4, 
(20. 6) TEER —] ae — p mod 4. 
(Clearly Q——1 necessarily if pg Oz). Since w>>0, this character is 
consistent with (19.9), ete, (if r=— p formally). We introduce the 
further character, | 

1 if — p= Ẹ (mod 44), x odd; 
(20.7) Q(—m) = À —1 if —p (mod 4y) but —p=¢ (mod 4), y odd; 
| 0 if —uséé mod 4, or (un) Al. 


The characters OQ(— ue) and Q(— mq) are like the rational characters 


(—1/p) and (p/2). 
Now we can verify that if » is square-free, and u>> 0, uE D, 


(20. 8) P(n, u) = 169 (— me), 

(20.9) Pa) = 1280 (— m7), 

so that for „E D2, square-free, totally positive, Py (u) = Po(u), where 
(20. 10) Polu) =1 +Q (— u €)/4 RH Q(—un)/4 RS. 


We more generally consider py? defined according to (12.3) to cover cases 
where u € Da. Then it can be seen 
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(20.11) Pole?) = Pol). 
We consider terms of the special type with coefficient defined as shown: 
(20.12) U(r) = Ze(uyr)Z (ay) +: 


We then make a series of substitutions to obtain a convenient formula for 
Z(uy*). The details are lengthy, but we might just dwell on properties of 
the field R(DB, (—y)#) as a relative quadratic field over #(D4). Thus the 
zeta function 


(20.13) Ha — | N(x) FF?) 1674C/D88, (Cs = 1/48, Cy, = 1/24), 
from $5. We also note the relative zeta function [18] for the adjunction of 
(—u)% to R(D) is 

II da ae (1—@(—1)/2)? 
(20.14) edd 

— H (D3, —)4) (at /w) / (log | «|/log | E |) (4/D)3, 

where A is the discriminant of R(D4, (—„)3), w is the number of complex 
roots of unity and E is the fundamental unit of this larger field. We can 
now write, if we let s— 0, in the terminology of (12.2), 
(20.15) Zu) = BD, (—y)i)G 


where, for re: totally una L 


2\ 732 log T | 
Cp (A/N (xy°)D?)# log || 
This is substantially the G of (12.2), if we find A according to the usual 


theory of relative-quadratic fields. Referring to (20. 8), the relative basis is 
(for D = 8,12), | 


(20.16) G= 


(20. 17) Hd nl Pot Poe Lace. 


[1, (—u)il, if pf Ds 
Of course, in the first two cases y — 1, while in the third N (y) ==2. To com- 
plete the explanation, we might add that w==2 and le|=|E| except in 
cases cited in (12.4), which we exclude. : 
As a concluding remark to this section we observe that the progress from 
formulae (17.12-17.15) to (20.15) depends heavily on Gaussian sum manipu- 
lations. Here many details were not needed, particularly those typified by the 


iE (£+ (—#)#)/2], if 0 (—m e) = 1, 
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reduction of such sums to “normal form” and the use of the “ zero-rule,” 
as, for exemple, in Hasse’s work [16a; p. 14]. The zeta-function manipu- 
lations, however, are still best derived as ad hoc extensions of Maass’ work 
[12]; while the identification of the modular forms will be done by a more 
direct method, starting in § 22 below. 


21. Singular series for four squares. Before proceedings to the proof 
that ©? == Y, we note in retrospect how the singular series could be developed 
for the fourth power. In the earlier paper, [16], formula (51a) yields, 
essentially, for D == 8,12, that the singular series for @,o(r) is 


(21.1) Qoo(r) = {441 (r) + 6440(47) + 440(r) — 2440 (2r)}O +1 


where 
Ae(r) = Lim I [N (rr +n) J" |N (r+ a)l, 
(21.2) ep, (mod?), — 
(v) (0), 
and | 
(21.3) Cp! =m D /482*C p. 


It is no great difficulty to evaluate the singular series (16.1) for k==4 
and obtain the matching series | 


21.4 0,05734, 8) == tT — g) |" t— g) j-e, 
21.4) WO) 14 BEV (Br—a)]#[(6r—a)| 


This can best be done using formulas (17.10), (18 ae (18.13), which 
assures UB 


(21.5) © H&B) =N (B) 


We pause here to note that the summation condition “a8 € ©, for a/B 
reduced” actually encompasses the rather complicated coefficients in (21.1). 
In fact, examining Götzky’s work equally critically we note, for D == 5, 


(21.6) [Ee(#r)]t= {84o(r) + 12849(4r) — 164, (Ar) ] D /xt +1. 


Again, this fairly complicated expression of Götzky could have been written 
as (21.4), (s—> 0), with the restriction a/B be reduced and a and B not be 
both odd. (The last restriction, of course, enters Jacobi’s well-known demon- 
stration involving four rational squares. ) 
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Equality of Theta Series and Singular Series. 


22. Modular forms. The functions W(d,c;r,3,0) and ®(d,c;r) 
satisfy the same functional equations (14.11)-(14.15) and (16.8)-(16.7). 
Are they proportional? 

We revert to the procedure of 87. We note that @({d,c;r) can vanish, 
within its functional domain, only on a well defined zero-manifold. This 
manifold exists only for d==c==1 and is the complex (two dimensional) 
manifold 


(22.1) Ua () 


in new complex cooridnates (u,v) defined as follows: 


, 
09, T =m —eu-t, 
ees) dis 


22.8 A 
er i ote for D—12. 
Furthermore, on this manifold, the zeros are simple, (see §7), or, 


(22. 4) 08 (u,v)/8v 40 for all u, (at v = 0). 


We need only show that W(d,c;r,3,0)/®°(d,c,r) has no poles in the 
fundamental domain by establishing a third order zero for Y when d==c==1 
and v=0. We can draw our conclusion (that ¥ and ®° are proportional) 
from Theorem 4 (82). 

We define #(d,c;r) as a system of four modular functions (as d, c vary) 
in r and 7’, having no finite singularities and satisfying the system (16.3)- 
(16.7) with k==8, (dimension — 3/2), and s==0. Then we conclude 


(22. 5) shah a a 

| E(1,1,7—e’) —=—1#(1,1,7), for D—8; 
(22.6) j (1,1, — 1/7) =2(1, 1,7) N (7) 

8 (1,1,7-+7—1) =—8(1,1,r), for D—12. 
We next define 


(22. 7) U (u,v) (1,137) =E(1,1;7,7), 


Tu) = (0/0v)'T (u,v) at v0. 

Then let j denote the integer = 0, for which 

(22. 8) Ty (wu) =r; (u) = <  =T,(u)=0; Pa (u) 560. 

Then since N (r) = —-u?, on the zero manifold while 9/0v — 8/3r + 6/8r’, ote., 
for tS j, 
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T.(u+ +) — — I; (u), 
Ty (—1/u) =— i; (ujus, 
T;(u) — 0, as u— t0, for D == 8; 


Ba = — Tu), 


(22.9) 


(22.10) Ti(—1/u) = — i (u) a7, 


T;(u) — 0, as u> 10, for D =12. 
If we could show j= 3, we shall then have established that y == OP? 
We can do this only for D == 8 (and with an additional bit of special informa- 
tion, distinguishing this case from D == 12, as we now develop). 


23. Special Fourier expansions. We first shall estimate the order of 
magnitude of I;(u) as u>wm. To do this we expand w(1,1;7;%,8) by the 
Poisson-Lipschitz formula as in $17. The only difference is that, whereas 
earlier H (a/8) == Hoo(@/8) = Ho,.(a/B + 2v), now we must use 


(23.1) Hi1(a/B + 2r) = e (1/2) Hy. (4/8) 


Thus we must insert the factor e(vy?/2) into the numerator of the fraction in 
the summation of (17.2). This produces the result (in contrast to (17.15)), 


(23.2) ¥(1, 152, 8,s)=—= 2 e(p*r) 82? P*(p) (N (a*) D-?)4, 
K> 

where 

(23. 3) aut, BED, 

and 


23.4) Pr} D Bra (0/8)e(—u*a/B)| N(B) 0 
where H., has meaning, of course, only when 


(23.5) (tm) (B-+7) € Où. 


We now have to separate the cases: When D — 8, we write, in the notation 
(22.2), 


N (ec 8,5) 
=r D [N (p*) exp riu(a—b 44) expribo- P*(ut), 
with the restriction 
(28. 7) pt =a 4 b24 4550. 
When D == 12, we write in the notation (22.3) 


(23. 8) 4. 137338,8) 
(2n*/3) 3 [N (a*) ] exp iu(a + 5)/3%- exp ri(b pe 'P*(a*) 
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with the restriction 
(28:9) ptm (a+b) + (b + #3 0. | 
Now if we are interested in the behavior of T(u, v) in u, (as u—iw), 


we must arrange „* in order of increasing values of a—b + $ when D==8 
and a -4-b when D ==12. Thus, for D «m8, the first few terms are 


u* = 1/2, 2/8 +5; 3/2, 5/2 +, EN 22, 9/2 +3- - Qh. 
and 
(1/n7)¥ (1, 1575 3, 8) — herp (riu/2) [P* (D Pen Pg +2] 
4. exp (Brin /2) [3/2P* (3/2) + 1%8/2P* (5/2 + exp riv 
4 178/2P* (1/2 + 2-2) exp div + 3/2P* (9/2 + 3: 24)exp 3riv] 
id | o 
For D == 12, the first few terms are 


(23. 10) 


p* = 1 + 34/2, 1— 38/252 + 88/2, 2 — 3/2; - ; 


and 
(8/227) #(1,13753,8) | 
(98.11) T $ exp(miu/ 3) LP*(1 + 34/2) + exp(—miv/2)P*(1—84/2)] 
+ 135/2 exp(2miu/3#) [P*(2 + 34/2) + exp(—riv/2)P#(2 — 33/2)] 
We next observe that for D = 8, 
(23.12) -  P*¥(p)=0 if a=ebmod?. 


This is true because of a symmetry in the formula (23.4). For instance, if 

a/ß has the property - (23.5), so does.a/8+ (1+ 7). Now when a/f is 

augmented by I+n, H%,:(a/B)e(—u*a/B) is multiplied by 
Pe(—p#[1+n]) =—e([a+b]q), 

which equals — 1 when a = b mod 2. Thus all terms of type exp ri(4s —1)u/2 

vanish in (23.10), and, in particular, differentiating with respect to v (at 

v= 0), we find, condition (22.9) supplemented by the strong result 


(23. 18) a T; (u) = O (exp 3riu/2) a8 U—> 100, 


if we start by letting Z==W(d,c;r;3,0) in equation (22.7). 
Turning our attention to.D — 12, we are less fortunate; 


(23. 14) P*(u*) — 0, if as&b mod ?, 
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since H*,1(a/B)e(—u*a/B) becomes multiplied by +¢([a+ bly) when 
«/B is augmented by 1+7. Thus all terms of type exp 2twiu/3* vanish in 
(23.11). Thus (22.10) can be supplemented only by the comparatively 
weak result 

(23.15) Tru) == O (exp riu/34), 


if we start with Z == Ÿ in equation (22.7). 


24. Completion of the identity for D — 8. We first take the case D — 8 
where the rational modular group has the famous Klein invariant J(u). 
The factors —i in system (22.9) serves to forecast the presence of radicals. 
To simplfy matters, we take fourth powers: 


(24. 1a) rf (u-+1) =T;*(u), 
(24. 1b) Té (—1/u) = T; (u utte, 
(24. 1c) Iy (u) = O[J-8(u)] as u— ic, 


the last expression coming from (28.18). Thus 


(242) Dé(u) = T (T (uw) WV (wu) BET (u) — 1% 
where, in the notation of “integral part” [- - -], 
(24.3) i= 4 -+ [8/3],  ta=2t +38, 


‘and the degree of f is St, + t: — 4t — 9, by the usual method of Poincaré 
[2]. 

Beyond these considerations I;*(w) must behave like a perfect ai 
power near every finite complex value of u: 


t t, ta max degree f 
0 8 — À 
1 6 5 — À 
2 9 7 1. 
3 2 9 0 
Thus the first instance is, at t == 8, 
(24. 4) Tat (u) — const. J’ (u)28J (u) [J (u) —1]". 


The right-hand member indeed is a perfect fourth power. This will not 
necessarily imply that T,(u) transforms with the factors required in (22.9). 
(This requires continuation.) We have nevertheless established that in the 


- 
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terminology of 822, 7223 for D—8. Thus 7/0? is free of singularities and 
finally by Theorem 4, 


(24. 5) Y (d, 3738, 0) —@*(d, 037), 
(24.6) Al) =Z (p). 

We can justify anew the assertion that 
(24) DP (u) =J (u) BII (u) — 1177 (u) 


must necessarily satisfy the properties (22.9). For instance, such a T(u) 
exists because ® has only a simple zero and starting with A=W in (22.7) 
we must necessarily arrive at a Ts 5é0. 

Continuing along the lines of the earlier part [16], we turn our attention 
to dimensionalities: The modular forms B(d,c;7r) described by equations 
(16.3)-(16.7) with k == 3, s = 0, are of dimension one if they are bounded at 
infinity. To see this, we note that even in the absence of the special informa- 
tion in 823, we can conclude that T;(u) —=O(J~/*(u)), from equations 
(22.9). Yet we could conceivably have more forms I';*(w), since the degree 
of f[J/(u)] can now be t + tı—4t—Y. We still insist T,(w) must be 
single-valued in u regardless of how it transforms under the modular group. 
We then find these additional forms for rt, T34, T,* are the only possibilities: 


I/II (u)*[F(u) 115, PAI (u)*[ FT —1]", 
J (u)®/I (u) [7 (u) — 11". 


Even though these are fourth powers, their fourth roots are of the form 
[J (u) —1]T,*(u) (Rat. Funct. of J’, J). Thus since [J (u) —1]# acquires 
a sign change when u->u +1, it follows that the only solution to system 
(22.9) is still (24.7). 


25. Failure of the identity for D — 12. Here we consider the trans- 
formation (22.10) for which Hecke’s invariant J(w) is most natural (see 
810). It has the properties | 


I(t + 84) — I (u), 
I(—1/u) =I (u), 
(25.1) I (u) == const: exp — 2rtu/33 + O (1), as u> io, 
I (u) = const: (u — t)? + 1+ O(u—t)3, as u— i, 
I(u) <= const: (u — exp 2a1/6)° + O (u — exp ?ri/6)". 
as u — exp 21/6. 
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We note , = | | 
| T; (u + 3) =T (u), 
(25.2) T (— 1/u) = Tit (uju, 
T (u) == O[I (u) ?] as uto. 
Then by the usual method 
(25.8) Tu) = (u) 1 wi (u) [I (u) 1%, 
where | 
(25.4) t = 5 + [10/8], tom 2t -4-3 
and fi is a polynomial of degree = St -H — a 8. We then obtain the values 
t i. ts max degree f 
0 5 8 0 
1. 8. 56. 1 
R > . 7? 2 
3 15 9 4 


While there are now plenty of polynomials, more important, many are fourth 
powers in the u-plane. For {…0,1,2 we have the following exact fourth 
powers: l | | 


(24.5) ` © Tož (u) = I’ (u) 1 (u) [I (u) — 1], 

(24. 6) Py (u) 7 (u) "I (u) U (u) — 1] 
(24. 7) 13% (u) =T (u) “I (u) PL (u) — 1], 
(24.8) r*+ (u) =P (uT (u) (u) — 1] 


. We can verify that To* (u) = const + O (u — ti) hence comparing ree 
at u = i, To* (u) does not satisfy the required sign condition, i. e., IT, (— 1/u) 
= -+ iI')(u)u®, Moreover, T,* and T,* œ const(w—7+), hence they satisty 
conditions (22.10), but T,** must be excluded since T,**(u + 34) — + Ty**(u) 
from its order at to. Thus the modular forms E(d,c;r) described by equa-. 
tions (16.3)-(16.7) with k= 3, Sem( are a vector space of dimension two, 
or three if they are bounded at infinity. 
We know that &(d,c37;38,0) = @%(d,c;r) because Z(1) == 84 A;(1) 
= 6, so the coefficients of e(+) do not match when d==c==0, The third 
independent solution of the # system is not apparent, if it exists at all. 


26. Rational results. If we take the coefficient in © for (npr), 
namely Z(r°u), there is a very simple relation with Z(4) in the case where 
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€E D is an odd prime not dividing the square-free totally positive x. Using 
formulae (20.3) and (20.4) we find 


(26.1) Pleat) en IN, Med 20 


This is the only factor of P(u) in (17.12) that changes, and the value of 
N (uw) of course also changes when m” replaces u. Thus it is easy to see that 
for D == 8, 12, 


Z(p)| N(x) |, N(x)> 0, 
(26.2) Zur?) = chat ride +2], N(r) <0. 


In the case where D mu 8, Z(u) =As(u) and (26.2) gives us a theorem on 
the comparative number of representations of „ and r°u by three squares. 
Such theorems would not be easy to prove directly. 

For example, we might start with 4,(1) =6 and a prime 
(26.3) p==8K +1, 
so that in R(2#) | 
(26.4) | ch pean’. 
Then using some of the results of (19.4) and (26.2) we learn the equation, 
in R(23), 
(26. 5) a == 6 À ba" + bs" 
has 48K non-trivial solutions (the triviality ==? counting for six addi- 
tional ones). If 
(26. 6) p= + 8 (mod 8), 
so that p is prime in #(24), the equation 
(26.7) , P = 67 + E + Es? 


has 6(p?°—1) non-trivial solutions. 

It would be irrelevant to our goal to attempt to categorize the ensuing 
wealth of non-analytic results. 

In concluding, we might note that starting with hyperelliptic integrals 
and using Hermite’s analysis, Humbert [19] discovered that D — 5,8, and 12 
all enjoy a favored role in theta-function theory, but he did not press the 
matter far enough to discover any number theoretic results of intrinsic interest. 
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POINTS MULTIPLES D’UNE APPLICATION ET PRODUIT 
| CYCLIQUE REDUIT.* 


par ANDRE HAEFLIGER. 


Le but essentiel de cette note est de déterminer la classe de cohomologie 
universelle modulo p duale au cycle des points p-uples d’une application f- 
d’une variété V dans une variété M, p étant premier et les points p-uples 
étant considérés comme des points du produit cyclique de V. Cette classe 
peut aussi s’interpräter comme une obstruction à trouver dans la classe d’homo- 
topie de f une application sans point p-uple. Elle est en relation étroite avec 
la classe de plongement ®, de Wu (cf. [13]). 

La méthode utilisee donne une determination explicite de la cohomologie 
modulo p du p-produit cyclique réduit V*, d’une variété V. C’est dans la 
cohomologie de cet espace que se trouvent des obstructions au plongement de 
V dans une variété M (cf. [13] et [7]). Nous retrouvons les conditions 
données par Wu pour l’annulation des classes 6, lorsque M est l’espace 
euclidien. 

Je tiens à remercier vivement le Prof. N. E. Steenrod qui m’a commu- 
niqué ses résultats avant leur publication. 


1. Définitions. Ce paragraphe rappelle essentiellement les notions 
introduites dans [5]. 


1.1. Point p-uple de type x d’une application. Soit f une application 
continue d’un espace V dans un espace M. Un point p-uple de f est une 
suite Tı,’ ° ",%r de p points distincts de V tels que f(z,) ==; > `= f (zp). 
Mais il est naturel d'identifier deux telles suites si l’une se déduit de l’autre 
par une permutation. Soit donc + un groupe de permutations de p objets; 
il agit sur le produit V? par permutation des facteurs et, par restriction, sur 
le sous-espace V?, formé des suites de p points distincts de F. Soit Vs le 
quotient de Vr, par l’action de m: deux points (2, ` *, 2p) et (Za: + +, 2’) 
de V”, définissent le même point {zı,° : -,#,} de Vr si l’une des suites est 
obtenue à partir de l’autre par une permutation appartenant à m. Par défi- 
nition, un point p-uple de f de type m est un point {z,,: - `, £p} de V°x tel que 
f (21) =: + +f (ap). 


* Received June 8, 1960. 
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1.2. Classe universelle des points p-uples. Supposons que M soit une 
variété de dimension m. Soit Hx—> By un espace fibré universel de groupe 
structural m. Soit MPs le fibré Ex Xr MP associé à Hy de fibre M? sur laquelle 
m agit par permutation des facteurs. La reunion des diagonales des fibres 
forme un sous-fibré trivial Mr == Be X M: le sous-fibré diagonal. 

On peut définir la classe AM, duale à My dans M?, de la manière suivante. 
Soit E’x— B's un fibré universel de groupe = pour une grande dimension N 
et tel que E’z et B's soient des variétés; alors le fibré M, associé à F's de 
fibre M? est une variété ainsi que le gous-fibré diagonal M's. Soit A’, la 
classe duale à la classe d’homologie de M’?„ représentée par la sous-variété M's; 
c’est un élément de He™(M’?,), les coefficients étant les entiers modulo 2 
si M est non orientable ou un faisceau d’entiers tordus si M est orientée. 
Tl existe une représentation définie à ’homotopie près de M’?, dans M?s; elle 
induit un isomorphisme de HO)"(M?,) sur H@)™(M’?,) si N est assez 
grand. Par définition AM, sera V’élément de H®»)™(M?,) correspondant à 
A’, par cet isomorphisme. 

_ La classe A”, (ou plus simplement Ar) sera la classe universelle, des 
points p-uples de type x pour les applications continues dans M. Cette termi- 
nologie est justifiée dans les paragraphes qui suivent. 


1.3. La classe Oly. L'espace VF”, (cf. 1.1) est un revêtement de 7% 
et peut être considéré comme un fibré principal de groupe structural +. 
Soit alors comme plus haut Æ le fibré associé à V?, de fibre Mr et soit D le 
sous-fibré diagonal formé de la réunion des diagonales des fibres. Toute 
ae continue f de V dans M définit une section f%x de E et le point 
T= {T1 * *, 2p} de V°, est un point p-uple de f si et seulement si fx(x) 
appartient à D. 

Si V est un espace assez raisonnable (par exemple un polyèdre), il existe 
une représentation A de Æ dans l’universel MP, x unique à l’homotopie près. 


Par définition la classe Of, est égale à f*zh*(AM,). Il est clair que Of, 
ne dépend que la classe d’homotopie de f. 


PROPOSITION. Si f est homotope à une application de V dans M sans 
point p-uple,alors Oly = Q. 


En effet, si f est une application sans point p-uple, alors Af’. applique 
V°, dans M?, — My; d’autre part l’image de AM, par l’homomorphisme induit 
par l’injection de M?,— Mer dans M?s est nulle, car AM, est D ene par 
une cochaine de support Mr. 

La classe Of, représente dans un certain sens une première obstruction 
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à trouver dans la classe d’homotopie de f une application sans point p-uple 
(cf. [7], 187). | 


o LA- Interprétation de la classe Of, dans le case differentiable. Soit f 
une application différentiable d’une variété V dans une variété M présentant 
sous forme réguliére les points p-uples, c’est & dire que pour tout point p-uple 
(v1," * *, Zp) de f les images par f des espaces tangents à V en 2%,° : +, 2p sont 
en position générale dans l’espace tangent a Men y= f(z) ==" - + =f (Zp). 
Ceci équivaut à dire que fr: Vr-> MP est transverse (cf. [11]) sur la diagonale 
de M? en tout point de Vr, C V?, ou encore que la section f° du fibré E est 
transverse sur le sous-fibré diagonal D. Dans ces conditions, les points p-uples 
de type m de f forment une sous-variété dans Vx représentant une classe 
d’homologie duale à Oly. Cela résulte immédiatement de la définition de Of, 
car AF(AM,) est la classe duale à D dans E. | 

On peut remarquer (cf. [5], I, 3) que l’on peut toujours approcher une 
application donnée par une application différentiable qui présente sous forme 
régulière les p-uples sur un ouvert de V°, qui en est un rétract par déformation. 


1.5. Produit cyclique réduit V*, et classes de plongement df,. Soit 
p un nombre premier. Suivant la terminologie de Wu [13], appelons p- 
produit cyclique réduit de V le quotient V*, de Vr—Y (p-produit de V 
privé de sa diagonale V) par l’action du groupe w des permutations cycliques 
des facteurs. Comme p est premier, l’espace V?—- V est un revêtement à p 
feuillets de V*, et peut être aussi considéré comme un espace fibré principal 
de groupe structural +. On peut donc construire comme plus haut (1.2 et 
1.3) le fibré associé (de base V*,) de fibre Af? et l’on a une représentation Ah 
de # dans l’universel Mrz; toute application continue f de V dans M définit 
une section f, de P. 


|, Par définition la classe ġ'p € HOm(V*,) est égale à F*,h*(AM,). 


On remarquera que Of, est l’image de 4’, par Phomomorphisme induit 
par l’injection du sous-espace V°, dans V*,. : Naturellement pour p—2, 
l Ole ne DD. 


. PROPOSITION. S1-f est homotope à un plongement de V dans M, alors 
pip = 0. | | Ze 


La démonstration est la méme que celle de la proposition précédente. 

Les classes #f, généralisent au signe près les classes de plongement 
pom, définies par Wu lorsque M est l’espace euclidien A” (cf. [13], IT). _ 

On pourrait aussi définir, suivant Wu (cf. [13], II), les classes d’im- 
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mersion y’p en prenant l’image de #’, dans la limite inductive des cohomologies 
des voisinages de la diagonale dans le p-produit cyclique réduit de V. Sif est 
homotope à une immersion (c. à d. une application localement biunivoque), 
alors Wf, =Q. 


2. Résultats de Steenrod. Dans tout ce qui suit, p est un nombre 
premier et r est le groupe des permutations cycliques de p objets; T est un 
- générateur de m. Tous les groupes de cohomologie considérés sont à coefficients 
les entiers modulo p. 


2.1. L'anneau de cohomologie du classifiant B pour le groupe w sera 
noté H* (r) (cf. [3], Chap. XII). 


Pour p=2, H*(r)=—=P(z), où P(u) est Panneau des polynomes sur 
Z, dans la variable pE H+ (x). 

Pour p> 2, H* (r) = P(n)@ÆE(v}), où P(u) est Panneau des polynomes 
sur Zp dans la variable p€ H*(r)} et E(v) l’algèbre extérieure engendrée par 
un élément ve Hi (r). 

La cohomologie de tout espace fibré g: E>B à groupe structural + est 
une H*(r)-algèbre: soit A l’application (définie à une homotopie près) de 
B dans Bs qui définit la classe de FE; si z€ H*(E) et a€ H*(r), par définition 
GT == G*h* (a)U a. 


2.2. Calcul de H*( Ms). Soit M un complexe fini et soit Afr, le fibré 
associé à Hy de fibre MP sur laquelle m agit par permutations cycliques des 
facteurs (cf. 1.2). 


THEOREME (Steenrod). Il existe un isomorphisme naturel de H*(r)- 
algèbre p: H*(MP?x) > H* (r, H*(M)?). 
La projection naturelle de H*(r,H*(M)?) =m $, H" (r, H*(M)r) sur 
rend 


H (x, H*(M)?) identifié au sous-groupe des éléments invariants de H*( M)’ 


— H* (M?) correspond à Vhomomorphisme r*: H "Aa —> H* (M?) induit 


par l'injection de la fibre Mrs. 


Dans cet énoncé, H* (Af)? est consideré comme un r-module (c. à a. un 
module sur Panneau Z(r) de =), x agissant par permutation cyclique des 
facteurs du produit tensoriel H*(M)? avec le changement de signe usuel 
(cf. [3]). 

2.3. Avant d’esquisser la démonstration, explicitons la structure de 
H* (x, H*(M)r) 


4 
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Soit D le sous-groupe de H*(M)? formé des combinaisons linéaires des 
éléments diagonaux (z) =c@r@---@z2, où ce H*(M); le groupe r 
laisse fixe les éléments de D. Comme r-module, H* (M)? est somme directe 
de D et d'un sous-module libre. Soit en effet (a) une base de H*(M); 
les éléments a,®---@a, forment une base de H*(M)r. Les éléments 
mI: -Qa forment une base de D et les autres éléments de la base engen- 
drent un sous-module z-libre que l’on peut écrire sous la forme Z,(r)® 8, où 
8 est l’espace vectoriel sur Zp engendré par une z-base. 

Ainsi H*(M)? == D + Zp(r)® 8 et donc 


H* (m, H*(M)?) = H* (1) D +N, 


où N désigne l’image de H*(M)? par Popérateur norme N:1+T+---+ Tr 
(cf. [3], Chap. XII). 

Le H*(r)-module H* (r, H*(M)P) est donc engendré par le sous-groupe 
D+N des éléments de r-degré 0 (un élément de Hr(r, H*(M}r) est de 
r-degré r); de plus H*(r) agit trivialement sur les normes N (cf. [3], 
Chap. XII). | 

La structure multiplicative est déterminée en remarquant que les éléments 
de r-degré 0 forment un sous-anneau isomorphe à celui des éléments invariants 
de H*(M)? et que H*(r)@ D est une sous-algèbre produit extérieure des 
anneaux H*(r) et D. On remarquera enfin que l’application de H*(M) 
sur D faisant correspondre à un élément z sa p-ème puissance tensorielsle 
(x)? est un homomorphisme d’anneaux modulo N. 


2.4. La démonstration du théorème est en gros la suivante (pour plus 
de détails, voir [9]). 

Soit W le complexe des chaines de B (résolution acyclique libre du w- 
module Z) et soient C,(M) (resp. C*(M)) le complexe des chaines (resp. 
des cochaines) à coefficients Zp de M. Alors H*(M?,) est la cohomologie du 
complexe double Hom(W@,C*(M}?,7,) qui sidentifie canoniquement au 
complexe double Hom»(W,C*(M)r). Comme les coefficients sont dans un 
corps, il existe une équivalence naturelle (à l’homotopie près) entre le com- 
plexe de chaines C*(Af) et H*(M) considéré comme un complexe de chaines 
avec opérateur bord zéro; il en résulte également que les r-complexes de 
chaines C* (MM)? et H*(M)* sont équivalents. Donc Hom»(W,C*(M)r) est 
équivalent (comme #-complexe) au complexe simple Homs(W, H*(M)?) 
dont la cohomologie est par definition H*(x,H*(M)?). Il existe done un 
isomorphisme naturel ¢: H*(M?,) > H* (x, H*(M)*) de H*(r)-modules. 

La deuxième partie de l’énoncé résulte immédiatement de la définition 
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de ¢. Ceci montre que la restriction de $ aux éléments de r-degré 0 est un 
homomorphisme multiplicatif; comme H*(M)? est engendré comme H*()- 
module par ses éléments de 7-degré 0 (cf. 2:3), il en résulte ae & est aussi 
un isomorphisme d’anneaux. 


2.5. L’homomorphisme i*: H*(M?,) > H + (Mr). Soit Mx le sous-fibré 
diagonal de H?+ (cf. 1.2) ; il est isomorphe au produit By X M. 

Avec l'identification du Théorème 2.2 et l'identification de H*(Ms) avec 
H*(r)}@ H*(M), Vhomomorphisme i* induit par l'injection de Mr dans 
MP, sera un homomorphisme de Z*(r)-algebre: 

1%: H*(m, H*(M)P) > H* (r) H* (M). 

Il suffira de connaître 1* sur le sous-groupe D +N = H? (r, H*(M)?) 
qui engendre H*(#, H*(M)r). Comme H*(x) agit trivialement sur N et 
que H*(r)@ H*(M) est un H*(r)-module libre, on a i* (N)—0. La valeur 
de 1* sur D est donnée par le | 

THÉORÈME (Steenrod). Soit x un élément de HI(M) et (z)P 


=O: Qr. Ona p==2, HOT ETES | 


| [g/2 | a 
p> 2 emo © (—1) Dpr S (—1) tyMe-29-+1, Big, 
3 2 | = 


où les Pt (resp. les Sq*) sont les p-èmes puissances cycliques r-duttes (resp. 
les carrés) de Steenrod (cf. [8]); 8 est Vhomomorphisme H*(M,Z,) 
— H**(M,Z,) de Bockstein ; h == (p—1)/2 et. == (—1) 0? ou (—1) Ih} 
suivant que q est pair our impair. 

Pour la démonstration, cf. [9]. On remarquera que i* est injectif sur 
le sous-module H*(r)® D. | E 


8. Détermination de la classe universelle des points p-uples. 


8.1. Soit M une variété connexe de dimension n, compacte, avec tin 
bord B. Nous supposerons M orientée si p > 2. Pour tout nombre premier 
p et tout entier 7 positif, WU a défini (cf. [12]) les classes U/(,) apparte- 
nant à HG D (M, Zp) pour p > 2 ou à HI (M, Z) pour p = 2 par les relations: 

< Sqia, M > — < Ulm U a, M >, a = p=, 
< Pia, M > = < U4 ip) U a, M >, | | ‘ p> Ry 
pour tout élément a appartenant à H*(M-mod B, Zp) ; le symbole < y, M > 
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désigne la valeur (indice de Kronecker) de y€ Hr(M,Z,) sur le générateur 
de H„(M mod B, Zp) défini par orientation de M. Remarquons que < y, M > 
= Q0 si rm. 

Pour rester dans le cadre de la théorie précédente, nous HA ROSE TON que 
M est un complexe. 


8.2. THéoRème. La classe As modulo p duale au sous-fibré diagonal M 
de Mr est 


Sn/2 | = 
Ar= 2 DS (Utia)? + ba | ph, 
=0 
zm/äp 
Ar=A (1) Mean (Un)? +85 p>2, 
j=0 


où 8, est la classe duale dans M? à la classe d’homologie représentée par la 
diagonale, h == (p—1)/2 et X= (—1)™? ow (—1) Ph! suivant que m 
est pair ou impair. 


Pour exprimer Ax, on a identifié H*(Ar.)à 
H* (x, H*(M)?) = S HE(x) @D+(D+N) 
k>0 
(cf. 2.8). 


3.8. DEMONSTRATION. Prenons pour Er le complexe standard qui a p 
cellules dans chaque dimension += 0: e, Ten’: <, Tate, l’operateur bord 
étant défini par den (1H TH... 4 Titles, et Denis = (ire, 

Remplaçons le fibré E-—> Br par le fibré E’,— B's obtenu en enlevant 
de Hs toutes les cellules de dimension plus grandes que (p—1)N—1, où 
N >m. Nous obtenons ainsi une décomposition cellulaire de la sphère 
S@-UN-1 et B's est un espace lenticulaire de la même dimension. Soit M7, 
la restriction du fibré MP, à B’s. 

Le même raisonnement que dans 2.4 montre qu’il existe un.isomorphisme 
naturel de H*(r)-module ¢’ tel que le diagramme suivant soit commutatif : 


H* (Me) ——> H*(B'x, H*(M)?) 
j* j 
$ | 

H* (MP) ——> H*(By, H*(M)®) 


où les homomorphismes verticaux j* sont induits par Vinclusion de M? 
dans Mr, et B’„ dans Be resp.; j* est bijectif pour r < (p —1)N — 1, injectif 
pour r= (p—1)N—1 et zéro pourr > (p—1)N—1, r désignant le +-degré 
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(cf. 2.3). De plus ¢’ est aussi multiplicatif (tout au moins sur l’image de 
j* puisque & et j* sont des homomorphismes d’anneaux). — 

Choisissons un générateur 9 de Hipan- (B'r, Zp) tel que < p, J > =] 
si pax 2 et < pV), S>—1 si p> 2; soit Me H,,(M mod B, Zp) le géné- 
rateur défini par Vorientation de M. Alors les éléments S@M et SOM? 
sont des classes d’homologie qui définissent des orientations modulo -p de W's 
et M’?, respectivement. 

Soit Aw la classe duale à M’„ relativement à ces orientations. Pour tout 
ze [{@-1)N-1+m ( f’?,), on à 


3. 4. <it(z), SOM > =< TU Ar, SOMr > 


car par définition Ar N (JO Mr) = (IOM) et <zU Ar, SOM? > = 
<z, Ar N(SOMr) >= <27,t,(93@M)> = <i*(z), SOM> (cf. [10]). 

La formule 3.4 permet de calculer A» modulo les normes N en appli- 
quant mécaniquement 2.3 et 2.5. Montrons-le dans le cas p==2%. Posons 
Ag == >) ™9F( VI)? modulo N, où Vie HI(M). Soit «ce H™+*(MmodB) et 
soit z= p m+2i-1 ( oy) 2, D’après 2.5, on a (x) =>) BEN HAS GS a mes UNIS gta 
pour raïson de dimensions. De même, d’après 2. 8, 

TU Ag == D pta- (Pig)? me uN- (WIE), 

Done 


LA (x), SQM > om < Sota, M > et < TU Ar, 8O M? `> =< Via, M > 
d’où Vise PAP 
Un calcul analogue donne dans le cas p>2 


Ari > (— 1)/ „mn {U p) )? modulo N. 
0SjSm/ap 


‚Pour déterminer Ar, il suffit de connaître so composante de r-degré 0 (cf. 
2.3). ` Remarquons pour cela que l’injection r de la fibre Mr dans M’r, est 
transverse sur la sous-variété M’s et que r (M) est la diagonale de Mr. 
Donc r*(Ar) est la classe duale 8, à la diagonale dans MP (cf. [11]) ; comme 
r* est injectif sur les éléments de -degré 0 et les identifie aux éléments 
invariants de H*(Mr) (cf. 2.2 et 2.3), le théorème est démontré. 


3.5. Classes caractéristiques de WU. Posons 


Wi = X SHIU a 
j 
et 
Op) = 2 PIU (gy, p> 2. 
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Les classes Wt sont les classes de Stiefel-Whitney de M et les classes 
Qt») € HP (M,Z,) (notées aussi Q*) sont les classes caractéristiques de 
Wu. Si M est une variété différentiable, ces classes sont des polynomes dans 
les classes de Pontryagin de M réduites modulo p (cf. [6]). 

Considérons la classes i*(A„) restriction de Ar à Mx; elle peut s’inter- 
pröter comme la classe duale à la self-intersection de la “sous-variété” My 
de Mr, ; dans le cas différentiable, i*(Ar) est la classe d’Euler du fibré normal 
à Mz dans MP, (cest à dire la réunion des fibrés normaux aux diagonales des 
fibres ou encore la limite du fibré normal à M’, dans M’?, lorsque N tend 
vers linfini). | 


8.6. COROLLAIRE. 
i* (Ar) = Sens, | p=? 
4 E 5 
* (Ar) =A 2 (—1) Fuhr) p AT (— 1) Fu) BOE ig), DDR. 
| k | k an 


Ces expressions se calculent immédiatement en appliquant 2.5 et 3.2. 
Lorsque M est une variété différentiable, alors BQ*(p,)—=0 car les Q* sont 
la réduction modulo p de classes entières (polynomes dans les classes de: 
Pontryagin) (cf. [11], p. 63). 

Les classes i*(A») s’interpretent aussi comme classes universelles d’im- 
mersion dans M (cf. 1.5, 6.4). 


3.7. Expression de o!,. Remarquons tout d’abord que V?,-—V, a le 
même type d’homotopie que le p-produit cyclique réduit V*, de V. En effet 
V?,— Ve = Er Xr(VP—-V) est fibré sur V*, avec une fibre contractile Er. 
La projection g de cette fibration induit un isomorphisme naturel de H*(V*,) 
sur H*(V?%—Vsx); avec cette identification, 7*: H*(Vr,) > H*(V*,) 
désignera l’homomorphisme induit par l’injection 7 de V?;—V; dans Vx. 

Toute application continue f de V dans M induit une application con- 
tinue dr 1 Xr f? de V’r == Hy XV? dans M? = Er Xr V”. Avec les 
identifications de 2.2, ##*, n’est autre que l’homomorphisme de H*(r, H*(M)*) 
dans H*(+,H*(V)?) induit par l’homomorphisme f*r: H*(M)?—> H*(V)?, 

On vérifie aisément (notations de 1.6) que Med est mn à prj. 
Donc dr, == 7*[dP#rAr]. 

Pour p== 2, on aura par exemple 


planes 7% [> pm-t (f*U*)? + px (5,)]. 


L’homomorphisme j* sera explicité au paragraphe suivant dans le cas. 
où V est une variété. 
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4. Cohomologie modulo p du p-produit cyclique réduit d’une variété. 


4.1. Suites exactes associées à une sous-variété. Soit V wie sous-variété 
fermée de codimension q d’une variété paracompacte M. Dan:ce paragraphe 
lhomologie ou la cohomologie sont à coefficients entiers ou modulo 2 suivant 
que les variétés sont orientées ou non, et la famille des supports est celle de 
tous les fermés. En utilisant la cohomologie définie par A. Borel dans [1] 
(cf. aussi [2]), U étant un voisinage ouvert de V, on a la suite exacte suivante: 


> H(V)—- HU) HLU—V)-H3:(V)—::- 


où le premier homomorphisme est induit par l’injection 1 de V dans U et le 
second par la restriction à U—-V des chaines de U. Si U’ est un voisinage 
ouvert de V contenu dans U, cette suite exacte s’envoie par restriction dans 
la suite exacte analogue pour U’, En posant d’une part U = M et en passant 
d'autre part à la limite directe suivant l’ordonné filtrant des voisinages de V, 
on a le diagramme commutatif et exact suivant: 


— H,(V) > HM > H,(M—V)> 


-> H,(V) > lim. dir. H,(U) > lim. dir. H,(U—V)> 


Passons à la cohomologie par dualité de Poincaré (cf. [2]). L’injeetion 
de V dans U induit un isomorphisme de lim. dir. Hr(U) sur Ht(V) (ef. [4]). 
Avec cette identification et en notant H'(M \V) la limite directe de H'(U — V) 
lorsque U parcourt les voisinages ouverts de V dans M, on a 


4.2. Proposirion. Le diagramme suivant est commutatif. 


+ 


Hr(M)— > Hr(M—V) 
ET À IN 7 
| ArT) 
Le j* 7 N. 
Hr(V)—— Hr(M\V) 


Les lignes horizontales sont exactes, p est Vhomomorphisme de Gysin déter- 
mine par l'injection i de V dans M, j* est induit par l'injection de M —V 
dans M. L’homomorphisme p, est déterminé par le cup produit par la classe ` 
*(V*), où V* est la classe duale à V dans M. 


Na) 
4 


Ii reste à vérifier ce dernier point. Comme lim. dir H*(U) = ii*(V), 
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pour tout «€ H*(V), il existe un voisinage ouvert U de V et un élément 
BE H*(U) tel que t*y7(8) =a, où ty est Vinjection de V dans U; si dv 
désigne l’homomorphisme de Gysin déterminé par ir, on a po(a) =— t*¥ y¢y(a) 
==t* by (t*y 8) ty (BU V*) a U tt (y*). 

Remarquons que si V est une sous-variété différentiable de M, alors 
H*(M\V) s’identifie à la cohomologie du bord (espace fibré en sphères) 
d’un voisinage tubulaire de V et la deuxième suite exacte n’est autre que la 
suite exacte de Gysin. 

On peut complèter le diagramme ci-dessus par des suites exactes verti- 
cales en faisant intervenir le groupe H*(M mod V). 


4.3. Application à la “ sous-vartété” Ms de MP. Comme dans 3.3, 
réalisons Hy (resp. Br) par une sphère (resp. un espace lenticulaire) de grande 
dimension (p—-1)N-—-1. Ecrivons les suites exactes de 4.2 associées à la 
sous-variété Mf’, de M’?, et passons à la limite en faisant tendre N vers l’infini. 
Nous obtenons les suites exactes: 

+ 


j 
H'(MPr) i H" (M?s— Mz) 


Ed \ 7 
[e Hr-(p-1)m+ (Mr) 
N 


= jo 7 
H’(M.)—— Hr(M,\M.) 


Nous avons vu dans 3.7 que MP%,— Me a même type d’homotopie que 
le p-produit cyclique réduit M*, de M. Le méme raisonnement montre que 
H*(M?<\M,) est canoniquement isomorphe à H*((Mr/r)\M), où MP/r est 
le p-produit cyclique de M (quotient de M? par l’action de x) et où M est 
identifié à la diagonale de M?/z. 

D’autre part &, est donné par le cup produit par la classe i*(Ar). Or le 
terme de r-degré maximum dans i*(Ar) est »™ (cf. 3.6); il en résulte que 
si GE HF(M+) est 540, alors a U i*(Ar) est 40, done que &, est injectif. 
En vertu de la commutativité du diagramme, & est aussi injectif. 


N 
Hr-@-t)" (M,) 
7 


Désignons par r* (resp. r*,) les homomorphismes induits sur la coho- 
‘ mologie par l’injection de la fibre M? (resp. Af) dans Mr, (resp. Mx) par y 
lJ’homomorphisme de Gysin déterminé par l’injection de la diagonale M 
dans MP. 


4.4. Compte tenu de ce qui précède, on a le diagramme commutatif 
et exact horizontalement : 
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a Er (MP) 
0> Hr) (Af) | r* 


r* 


0 H" (MPa) IT ar (ar, 
i* | I 0 


0> HP" (Be X DIE jt ar 
| H' (Bs X M) —— Hr((M?/x)\M) 


4.5. Tutortur. L’homomorphisme j*: H*(M?s) > H'(M*,) est sur- 
jectif. L'image par j* d’un élément a € H*(M?4) est nulle si et seulement st 


a) il existe un élément u tel que i" (a) = BU 4*(Ar) 
(B est alors unique) et 

b) yr*o(8) =r*(a). 

Les conditions a) et b) sont évidemment nécessaires d’après la commu- 
tativité de 4. 4 et le fait que o est donné par le cup produit par 1* (Ar). 

Réciproquement, supposons qu’il existe B tel que 1* (a) == 8 U i*(Ar); en 
vertu de 4.4, (8) —a appartient au noyau de i*; or ce noyau est contenu 
dans le sous-groupe des éléments de r-degré 0 de H*(M?,) = H* (r, H*(M)?) 
(cf. 2.5); comme r* est injectif sur ce sous-groupe (cf. 2.2), la condition 
TE (D(B) — à) mm O, équivalente à b), entraine a = ¢ (8), donc 3*(@) == 0, 

Ce théorème permet le calcul explicite de H*(M*,) compte tenu des 
identifications H*(M?,) == HY*(r, H*(M)P), H*(By X M) == H*(")® H*(M), 
des expressions explicites de ı* (cf. 2.5), de r* (2.2) et de t*(Ar) (cf. 3.6). 

Quant à y, il est déterminé par la formule y(y) = (y®@1- - -@1)U8,, 
où dp est la classe duale à la diagonale M dans M? (on a identifié H*(M?) 
à H*(M})r); en effet, si t est l’injection de la diagonale M dans MP, 
y—t#(p@1:::@1) et la formule résulte de le propriété multiplicative 
de y. 


5. Conditions pour l’annulation des classes de plongement ¢/,. 


5.1. Classes caractéristiques normales d’une application. Soit f une 
apphcation continue d’une variété V de dimension n dans une variété M 
de dimension m. Soient W == $, Wt (resp. WS W+) la classe totale de 
Stiefel-Whitney de V (resp. M) et Q—== Qt (resp. Q’== 5 Q) la classe 
caractéristique (totale) modulo p de Wu de V (resp. M) (cf. 3.5). 

La classe totale de Stiefel-Whitney normale de f est la classe W; = S Wty 
= WU f*(W’), où W est défini par WU W—1. 
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La classe an modulo p de Wu normale de f est la classe 
Q= E G= QU f(Q), où Q est défini par Q U Q =1. 
Désignons par dp (resp. &,) la classe duale à la diagonale de Pp? 
(resp. Mr). 
5.2, Tutortue. La condition b',—0 est équivalente aux conditions 
a) Wim, k> m-—n pour Dm?, 
Qt, = 0, k > (m—n)/2 pour p>2 
et l 
b) (W™*,@1)U 8, <= f2*(8,) pour p= 2, 
o (Qmm) @ 1: -@L)U 8p = fP* (F7) pour p>2 


où o—1 ow (—1) 4/2 suivant que m et n sont tous deux pairs ou impair. 


5.3. Démonstration. Reprenons les notations de 3.7, 4.4 et 4.5. La 
restriction de ¢?s à Vy est une application dr de Vy dans Ms. On a vu (3.7) 
que d'p = 7*pP*¥sA™,, D’après 4.5, ġ'p==0 si et seulement si a)’ il existe 
Be H*(By XV) tel que Mr (ort, AM) = BU it (Ax) et si b)’ yr*,(8) 
—1*(pP*eA“,). Ces conditions a)’ et b)’ sont équivalentes respectivement 
aux conditions a) et b) de 5.2. “Montrons le pour p ==2. 

En effet, ort, (Ar) = ri (AM) == X pift (W). La condition 
a)’ s'exprime sous. la forme 


a)’ Samp) = BUS ews, 

Multiplions les deux membres par Yur’W’. On obtient la condition 
I ar WE, ug qui équivaut à W*,==0 pour k > m—n. 

On voit aussi que r*,(8)—composante de r-degré 0 de B= Wr, 
Dans le cas p > 2, on a r*,(ß) — oQy"-m/2, La condition b)’ est bien équiv- 
alente à b) d’après la fin de 4. 5. 

5.4. Les classes d'immersion yf,. Il suit de cette démonstration que 
yt = 0 est equivalent aux conditions a) de 5.2. En effet pp == Toh trit (ANS), 


5.5. COROLLATIRE (Wu). gi f est une application de V dans l'espace 
euchdien R”, la condition dl, = 0 est équivalente à 


Wi—0 pour k= m—n dans kanga 


Q == pour. k= (m—n)/2 dans le cas p> 2. 


5.6. Le cas différentiable. On sait alors (cf. [6]) que la classe normale 
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O*, de f modulo p est un polynome dans les classes de Pontryagin normales 
öte H*4(V) de f réduites modulo p. Plus précisément, si pf; est formelle- 
ment la ième fonction symétrique élémentaire o;(2%1,-- :,2°,), alors Qt, 
est la k-éme fonction symétrique élémentaire a. (ar, © >, z?*,). Un calcul 
immédiat montre que la condition Ọ*; == 0 pour k > (m—n)/2 est équivalente 
à (5%,)* <= 0 modulo p pour k > (m—n)/2 et qu’alors Qj)? m= (p(m-n)/3)À 
modulo p, où h= (p—1)/2. 


INSTITUTE FOR ADVANCED STUDY. 
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FINITE GROUPS ADMITTING A FIXED-POINT-FREE 
AUTOMORPHISM OF ORDER 4.* 


By DANIEL GorensTe and I. N. HERSTEIN. 


Recently, in a remarkable piece of work [4,5] John Thompson has proved 
a result which implies as an immediate corollary the well-known Frobenius 
conjecture, namely that a finite group admitting a fixed-point-free auto- 
morphism (i.e., leaving only the identity element fixed) of prime order must 
be nilpotent. However, non-nilpotent groups are known which admit fixed- 
point-free automorphisms of composite order. In all these cases one notices 
that the groups in question are solvable. Although the sample is rather 
restricted, it is not too unnatural to ask whether the condition that a 
finite group admit such an automorphism is strong enough to force solv- 
ability of the group. This question is related to another problem, which seems 
equally difficult, which asks whether a finite group containing a cyclic sub- 
group which is its own normalizer must be composite. 

In the present paper we shall prove that a group @ possessing a fixed- 
point-free automorphism of order 4 is solvable. Although many of the ideas 
used carry over to the case in which ¢ has order pq, and especially 2g, our 
key lemmas use the fact that ¢ has order 4 in a crucial way. 

The proof depends upon a theorem of Philip Hall which asserts that a 
finite group @ is solvable if for every factorization of o(G) into relatively 
prime numbers m and n, @ contains a subgroup of order m. We show 
(Lemma 7) that a group @.which has a fixed-point-free automorphism of 
order 4 satisfies the conditions of Hall’s theorem. 

Once we know that @ is solvable it is not difficult to prove that its 
commutator subgroup is nilpotent (Theorem 2). This fact was also observed 
by Thompson. Eas 

Graham Higman has shown [3] that there is.a bound to the class of a 
p-group P which possesses an automorphism ¢ of prime order g without fixed- 
points. This does not carry over to automorphisms of composite order, for 
at the end of the paper we give an example due to Thompson of a family of 
p-groups of arbitrary high class each of which admits a fixed-point-free auto- 
morphism of order 4. 


* Received July 8, 1960; Minor revision December 8, 1860. 
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1, We begin by recalling a few well-known elementary results concerning 
a finite group G which admits a fixed-point-free automorphism ¢ of order n 
and in particular when n—4. First of all, for any prime plo(@) there is a 
unique p-Sylow subgroup P of G which is invariant under ¢. We shall call 
P the canonical »-Sylow subgroup of @ (with respect to ¢). Furthermore, 
for any z in G we have the relation rp(z)#?(z) : - p(s) =1. 

If n—4, each orbit under except for that consisting of the identity 
contains either 2 or 4 elements, hence Œ is necessarily of odd order. The set 
of elements of G left fixed by #? is a ¢-invariant subgroup of G, which we 
denote by F. If F 1, the restriction of ¢ to F is an automorphism of F of 
order 2 without non-trivial fixed elements. This implies that F is Abelian 
and that ¢(f) =f" for all fin F. Finally, we shall denote by I the set of 
all h in @ for which ¢?(h) =A“. It is worth observing that I need not be 
a subgroup of @. 

Throughout the paper @ will denote a finite group having a fixed-point- 
free automorphism ¢ of order 4, F will denote the subgroup left elementwise 
fixed by ¢? and Z'the subset consisting of those elements of G which are 
mapped into their inverses by #?. | 


Lemma 1. Gee FI <= IF. 

Proof. If z=ı1r'6?(z) for some x in G, then ¢?(2) = ¢?(z")¢*(z) 
— *(271)ee=-21, whence zE I. Furthermore, æ1#?{(x) =y*¢?(y) implies 
that #*(zy!) = vy? and hence that xy 1€ F. Thus J contains at least [G:F] 
elements. 

To complete the proof, it will clearly suffice to show that distinct elements 
of I lie in distinct right (or left) cosets of F. If ha = fh, hi, ha€ I, FEF, 
it follows by applying ¢* that A," fh. Combining this with the previous 
relation gives Ay 'fhı =a ft, Since @ is of odd order, this forces f—1 and 
hence hı = ħa. Similarly, we show that h,=h,f implies h, = ho. 

Lemma 2. If f1, fa in F are conjugate in G, then fı == fa. 


Proof. Suppose tft t== fz. Since F ia Abelian, we may assume without 
loss, in view of Lemma 1, that s€ I. Applying ¢* gives x4f,2 = f, whence 
x? centralizes f,. Since G is of odd order, x centralizes f,, and consequently 


fim fa. 
As an immediate corollary, we obtain 


Lemma 8. Any subgroup of F is in the center of its normalizer. 


Lemma 4 If REI, h commutes with o(h)._ 
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Proof. This lemma follows at once from the relations h(j’ (h)? (h) =1 
and (A) = h>. 


Lemma 5. For any plo(G), F normalizes the canonical p-Sylow sub- 
group P of G. 


Proof. If FQ P—1, $° is an automorphism of P of order 2 without 
non-trivial fixed elements, whence ¢7(z) == x> for all ve P. Thus PCI. Let 
fE F and consider P =fPf. If y = frft with re P, P (y) =fr fi yt, 
which implies that PCI. 


Suppose P’54P; choose y in P’ and not in P. The subgroup generated 
by y and its image under & is #-invariant and, since y € I, it follows from the 
preceding lemma that this subgroup is a p-group. Let P, be a maximal ¢- 
Invariant p-group containing y. If P, were not a p-Sylow subgroup of G, 
the unique ¢-invariant p-Sylow subgroup P of Na(P;:) would have order 
greater than o(P,) and would contain P, and consequently y. Since this 
would contradict our choice of Pi, Pı must be a p-Sylow subgroup of G. 
Since P is the only ¢-invariant p-Sylow subgroup of G, Pı =P, which is 
impossible since y € P,, y¢ P. We conclude that P’—fPf1—P. Since f 
was arbitrary, FCNe(P). 


Suppose, on the other hand, that FN P1. In this case we shall 
prove the lemma by induction on o(@). Since F is Abelian, FN P is a ¢- 
Invariant p-group which is normalized by F. If Pı is a maximal ¢-invariant 
p-group which is normalized by F, it follows first of all as in the preceding 
paragraph that P, C P. Suppose Py < P. We must have NG(P,) = G, for 
otherwise by induction # normalizes the unique ¢-invariant p-Sylow sub- 
group P, of Ne(P,) and o(P.) > o(P,). Thus P, 3G. Set G==G/P, and 
let & be the image of ¢ on G. & has no non-trivial fixed elements and is of 
order 2 or 4. If P, P denote the images of P, F in G, it follows by induction 
(or from the fact that G is Abelian in the case ¢?=-1) that À C N@(P). 
Thus FC NG(P). 


Lemma 6. If À, B are two d-invariant subgroups of G which are each 
normalized by F, then ABF is a d-invariant subgroup of G of order dividing 
o(A)o{B)o(F). 


Proof. Since BF is a subgroup, ABF will be a subgroup if (BF)A 
= A(BF). Since F normalizes A, it will suffice to show that BA C ABF. 


Since A is ¢-invariant, it follows from Lemma 1 applied to A that for 
any a in A, a=af,, where EINA and f,€ FN A. Similarly, for any b 
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in B, b =— fb’, hEFNBandbEeINnB. Clearly, ba = f;b'af, € ABF if and ` 
only if b'g € ABF. 

Now bta- fh for some f in F, h in I; applying ¢? gives 0’ gi = fht, 
Since h= @’b’f from the first relation, b’a’ = fa’b’f = ab" f, where a” € A, 
b€ B. Thus ABF is a subgroup as asserted. The remaining parts of the 
lemma are immediate. 


Lemma 7. Let pi, pa: °°, pe be a set of primes dividing o(G) and let 
Pı, Pa: + °, Pp be the corresponding canonical Sylow subgroups of G. . Then 
P,P,: > Pu ts a subgroup of G. 


Proof. By induction on k we may assume that H pp. * Pha 18 84 
subgroup of G. Clearly H is ¢-invariant. By Lemma 5 F C Ng(H) and 
FC N@(Pz), so that S —HP,F is a d-invariant subgroup of G by Lemma 6. 
Since o (9) |o(H)o(P,)0(F), a g-Sylow subgroup Q of F for any prime q+ m, 
i= 1,2, > +, k, is a g-Sylow subgroup of S. By Lemma 3 Q is in the center 
of its normalizer in S, so that by a well-known theorem of Burnside 8 
possesses a normal g-complement Z,. Since L, consists of the elements of 8 
of order prime to q, L, contains H and Py. Repeating this argument for each 
such prime glo(F), we readily conclude that (| L= HPy = P, P3: Pu 


alo(F) 
t 


which, being an intersection of subgroups, is a subgroup. 
Lemma 7 leads at once to our main result. 


THEOREM 1. If G 18 a fimte group admitting an automorphism of 
order 4 leaving only the identity element of G fixed, then G is solvable. 


Proof. It follows from Lemma 7 that for any factorization of o(G@) into 
the product of relatively prime numbers m and n, @ contains a subgroup of 
order m. By a theorem of Philip Hall ({2], Theorem 9.3.3, p. 144), this 
implies that @ is solvable. 


2. We shall now examine the structure of @ more closely, For our 
main result we need several lemmas. 


Lemma 8. If G= HM, where H is nilpotent, normal in G, (o(H),o(M)) 
— 1, M ts invariant under p and M N F =1, then G=HX M. 


Proof. Let &(H) be the Frattini subgroup of H and set G== G/®(H) 
== HM. Since (o(H),o(M))—1, it follows from the properties of the 
Frattini subgroup that G— Æ X M implies G= H X M. Hence, without 
loss, we may assume that H is elementary Abelian. Since ¢? leaves only the 
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identity element of M fixed, M is Abelian. If either H contains.two disjoint 
ġ-invariant subgroups normal in G or ¢ does not act irreducibly on M, the 
lemma follows easily by induction. Hence we may assume that & acts irre- 
ducibly on M and no proper ¢-invariant subgroup of H is normal in G. In 
particular, this implies that H is an elementary Abelian p-group for some 
prime p. 

The holomorph of ¢ and M is represented irreducibly on H regarded as 
a vector space over the prime field Kp with p elements. Let H* be the corres- 
ponding vector space over the algebraic closure K*, of Kp. If M does not 
centralize H, it follows from Lemma 3.1 of [1] that with respect to a suitable 
basis of H* the matrix of ¢ assumes the form 


$1 0 
a 
| 2 

(0 $ 

where : 
010 0 

0 0 1 Q 

MEAT 0 0 0 1 
b 0 0 0 


with be K*p. Since ġ*== 1, df= 1 and hence b==1 for all 1. But this 
means that 1 is a characteristic root of ¢ and hence that ¢ leaves some element 
of H other than the identity fixed. This contradiction forces M to centralize 
H, and consequently G == H X M, as asserted. 


Lemma 9. If G= HM, where H is nilpotent, normal in G, (o(H), o(M)) 
— 1, M is invariant under $ and Ca(H) CH, then MCF. 


Proof. By Theorem 1 G and hence M is solvable. Let K be a maximal 
+-invariant normal subgroup of M. By induction applied to HK, K CF. 
Let M — M/K and let $ be the image of p on M. If ¢?—=1 on M, it follows 
readily that M C F. Hence we may assume that & has order 4 on M. Since 
M is elementary Abelian and ¢ acts irreducibly on À, ¢?(¥) = % for all 
ÿ in M. Thus for all y in M, (y) —=y 2, zE K. Now if sE K, yry =r 
for some #€ K. Applying ¢* gives y`zsz*y =z. Since K is abelian we 
easily conclude that y? and consequently y centralizes æ. Hence K is in the 
center of M. | 


As in the previous lemma we may assume without loss of generality that 
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H is elementary Abelian. By Lemma 1 applied to M, M == (F N M) N M), 
and under our present assumptions I N M £1. By induction we may suppose 
that no ¢-invariant proper subgroup of H is normal in H; and we shall then 
derive a contradiction by showing that I N M centralizes H. 

Now Cg(K) is ¢-invariant and contains M, since K is in the center of M. 
Since Hi =HNCe(K) Uc(K),Na(H;) contains M and H, whence 
H,<G. Since H, is invariant under ¢, the minimality of H implies that 
either H, == 1 or Hı = H. ` 

Suppose first that H, = 1. Since K C F and F is Abelian H N FC Ce(K), 
whence H N F==1 and consequently HCI. If ye MOI, seH, yry“ =r 
for some + in H. Applying ¢?, we obtain y ir ty == gt, which together with 
the preceding relation implies that z and y commute, Thus IN M C'Üa(H) 
as asserted. 

On the other hand, if H, == H, K centralizes H, whence K —1 and 
INM=M. Since MNnF=1, G==HXM by Lemma 8 Thus INM 
centralizes H, completing the proof. 


Lemma 10. G has p-length 1 for all plo(@). 


Proof. Since G is solvable by Theorem 1, the statement of the lemma is 
meaningful. The proof will be by induction on o(@). Let M be the maximal 
normal subgroup of @ of order prime to p, and assume first that M #1. 
M is -invariant since it is characteristic in G. Let $ be the image of ¢ 
on G=G/M. If g?=—1 on G, @ is Abelian. If & has order 4 on G, it 
follows by induction that @ has p-length 1 and hence that a p-Sylow sub- 
group P of G is normal in G. In either case we conclude that G has pene 1. 
We may therefore suppose that M — 1. 

Let P, be the maximal normal p-group of G and consequently g-invariant. 
Let P be the canonical p-Sylow subgroup of G and P its image in G == G/P.. 
If K is the maximal normal subgroup of @ of order prime to p, it follows 
by induction that the image of P in G/K is normal in G/K whence PK < G. 
If PK < G, its inverse image Ge < G, and hence by induction has p-length 1. 

Since P, contains its own centralizer in G ([2], Theorem 18. 4. 4, p. 332), 
Go contains no non-trivial normal subgroups of order prime to p and hence 
P < Go. But then P < PK, and since P is characteristic in PR, we conclude 
that P <q G, whence P <1 G. | 

We may therefore assume that G— PK. The inverse image G, of É is 
of the form P,K, where K has order prime to p. Since G, is solvable, any two 
subgroups of G, of order o(K) are conjugate ([2], Theorem 9.3.1, p. 141). 
One can now show by the same argument which proves the existence of 
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canonical p-Sylow subgroups that there exists a unique conjugate of K in G, 
which is invariant under ¢. Without loss we may assume K itself is ¢- 
invariant. Since Ce, (P1) C P,, the previous lemma implies that K C F. 
But then by the argument of the first paragraph of the lemma K is in the 
center of @, whence P 4 G and Pq G. 


THEOREM 2. If G possesses an automorphism œ of order 4 leaving only 
the identity element fixed, then the commutator subgroup of G is nilpotent. 


Proof. G is solvable by Theorem 1. Assume first that G contains two 
minimal ¢-invariant normal subgroups N, and Na. Since the image of & 
on G/N, and G/N, has no non-trivial fixed elements, the commutator sub- 
groups [G/N;, G/N,| of G/N, t= 1,2, are nilpotent by induction. Let H; 
be the inverse image of [G/N,@/XN;] in G and set H =~ H, NH, Clearly, 
H< G and [G,@]C H. Furthermore, if x and y are elements of relatively 
prime order in H, their images in G/N, 1—1,2%, commute, and hence 
y'zyrTe N,N, Since N, and N, are distinct minimal normal ¢-invariant 
subgroups of G, Ni N N: = 1, and consequently z, y commute. Thus H and 
hence [G, @] is nilpotent. 

We may therefore suppose that G contains a unique minimal normal 
g-invariant subgroup N,. N, is a p-group for some prime p and @ contains 
no non-trivial normal subgroups of order prime to p. Since G has p-length 1 
by Lemma 10, a p-Sylow subgroup P of G is normal in G. Now Ce(P) dG 
and Ca(P) =2Z(P) x K, where K has order prime to p. Since K is charac- 
teristic in Üs(P), K is normal in G, whence K = 1 and Ca(P)C P. Further- 
more, @ == PM for some subgroup M of G, and we may assume M is invariant 
under ¢. Since (o(P),o(M)) ==1, we can apply Lemma 9 to conclude that 
M CF. Thus M is Abelian, and consequently [@,@]C P is nilpotent. 


3. We conclude with an example of a family of p-groups of arbitrarily 
high class each of which has a fixed-point free automorphism of order 4. Let 
p be any prime such that p==1(mod4) and let P, be an elementary Abelian 
p-group of order p*, where {== pd, d an arbitrary integer, and let £i, Za’ °°, 2; 
be a basis for P,. We construct an extension of P, by adjoining a new letter 
y satisfying the relations: 


7) Y= 1, yoy? = Thy, t=], 2, yb 1, yay == Tr. 
These relations define a p-group of order tp? and of class t. 


Since p==1 (mod 4), there is an integer « such that @®==— 1 (mod p). 
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We define an automorphism 6 of P by setting 6(y) =#y"*, 6(a:) ==a;%. For 
6 to be an automorphism, its value on +, must be such that 


COR y0 (21) y = 8 (4) 8 (Eu). 


Assume 6 has been defined on z; for 4 > + and that #(z,) is in the sub- 
group generated by 2, Li’ - ",Tı. We shall show that 6(2;) can be defined 
satisfying (**) and subject to the restriction 6(2,) = eta, time + om It 
follows at once from (**) that we have ag > -gpt oO (Tui) y. 
Since these relations have a solution for a, @41,° * +, @:-1 (for any choice of &), 
the automorphism @ exists. 

Regarding P, as a vector space, it is easy to see that the matrix of 
6 with respect to the basis 2,,2,,:-:-,2 has the form aD-+-N, where 
D — diag(1,—1,1,—1,: ::,1) and N is a strictly triangular matrix. It 
follows that the order of # on P, is 4p* for some sd. Setting d= 6", 
& has order 4 on P, and since ¢(y) — y>, ¢ has order 4 on P. The charac- | 
teristic roots of @ are + «, the same as those of 6, Since a 46 + 1, ¢ leaves 
only the identity element of P, fixed. Since ¢(y) — y", this implies that ¢ 
leaves only the indentity element of P fixed. 
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ON INDUCED REPRESENTATIONS.* 


By ROBERT J. BLATTNER. 


1. Introduction. The purpose of this paper is threefold: to lay the 
foundations of a theory of induced representations of (not necessarily separ- 
able) locally compact groups, to prove a sharpened form of an intertwining 
number theorem due to Bruhat, and to prove a disjointness theorem for 
representations of Lie groups induced from compact subgroups. G. W. Mackey 
in [10] developed a notion of induced representation when the group @ 
induced up to is separable and the inducing representation L is in a separable 
Hilbert space U. Because the construction rested on the choice of a quasi- 
invariant measure in-the relevant homogeneous space and because the existence 
of such measures is problematical when @ is not separable, this definition is 
not suitable for generalization to the non-separable case. The definition we 
employ, which is equivalent to Mackey’s when G and © are separable, is a 
modification of the one used by F. Bruhat in [8]. The chief novelty is the 
way in which the Hilbert space structure is defined on the function space # 
in which the induced representation U? operates, a way which owes much to 
Mackey’s notion of intrinsic Hilbert space. Section 2 deals with the basic 
properties of induced representations, EENE with the theorem on induc- 
tion in stages (Theorem 1). 


In Sections 3 through 5 we are concerned with the problem, already 
considered by Bruhat, of finding the intertwining number of two inductions 
when Gis a Lie group. Our method is based on two facts: (1) any function 
fin & which is in the domain &, of all the operators of the differential 
representation OU? of the enveloping algebra € of the Lie algebra of @ is 
essentially continuous; (2) if X € € is elliptic as a left invariant differential 
operator on @ and has sufficiently high order, then f(e) may be estimated 
in terms of 8UF(X)f when fE Ya. Our estimate of the intertwining number 
(Theorem 8) is in terms of the dimension of a certain space of distributions, 
the order of which is usually much lower than that needed in Bruhat’s theorem. 
This would seem to result from our use of unttary representations throughout 
our discussion and our replacement of Schwartz’s kernel theorem by the facts 
on elliptic operators mentioned above. The importance in other connections 
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. of the theory of elliptic operators for Lie group representation theory has 
been established in recent papers by Stinespring ([15]) and Nelson and 
Stinespring ([12]). In Section 6 we prove a disjointness criterion for induc- 
tions to Lie groups of finite dimensional representations of compact subgroups 
(Theorem 4). This is accomplished by applying direct integral techniques 
to the results of Section 5. The paper concludes with an example in Section 7. 


Notation. If f is a numerical function on a set S, | fs LUB[| f(s) |: 
sé S]. If O is an open subset of a topological space and if & is a topological 
linear space, C(O;%) denotes the class of all continuous functions from 
O to % and C(O; 9s) denotes the subclass of C(O;2) consisting of 
functions with compact support. A superscript oo (resp. +) indicates restric- 
tion to indefinitely differentiable (resp. non-negative) functions. If Y is 
another topological linear space, $(%;Y) is the space of all continuous 
linear maps of % into Y equipped with the topology of bounded convergence. 

The author wishes to acknowledge his indebtedness to R. S. Phillips for 
several conversations on partial differential operators. 


2. Induced representations. Let G be a locally compact group, T a 
closed subgroup of G, and Z a unitary representation of T on the Hilbert 
space Y. Let right Haar measure be chosen in @ and T, and let their 
respective modular functions be A and ô. Let #* be the set of all functions 
f from G to Ÿ such that: (1) f(-) is Bourbaki measurable (see [2], p. 180); 
(2) f (Gr) = A(€)48(€)4Lef(z) whenever EET and 2€ G; (3) [f(-)|P is 
locally integrable. Let M G/T (right coset space) and let + be the 
canonical projection of Gon M. As in Lemma 1.5 of [10], | f(-)|? defines 
a positive Radon measure py on M via the equation 


LG ad fd. 


where g€0o(@) and (rg)(x(2)) = f g(€2)dé. Set |f]—#(4)3 and 


F= [fe F*: | f |<]. One easily sees that F*and F are linear spaces. 

If f,g € F, then (f(-),g(-)) is Bourbaki measurable ([2], Proposition 
10, p. 193) and (f(-),g(-)) defines a finite complex valued Radon measure 
on M, call it yy», in the same way that | f(-)|]? defines py. We set (f,g) 
== uy(M). (:,:) is a positive semi-definite Hermitian form on F and 
lf (f,f)% Clearly | f | — 0 if and only if f(-) — 0 locally almost every- 
where (l.a.e.). Thus, if we st Y — F/[fE€ F¥:f(-) —0 l.a.e.], we may 
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transport (-,:) to Y and & is then a pre-Hilbert space. (In the sequel, we 
shall often willfully confuse F and %.) 

In order to show completeness, we need the following estimate, which is 
also useful in other connections. 


Lemma 1. For each compact subset K of G, there is a constant Ax such 
that, for all fe F, 


RROLIN 
K 


Proof. Choose ge Cot (G) such that g==1 on K. Then 
J OPES f IOE f(a) O) deto) SIF Pha Var 


Set Ax = (|| 7g |lar f dz)* and apply the Schwarz inequality. 
K 
PROPOSITION 1. & is complete. 


Proof (after Riesz-Fischer). Let {fa} be a Cauchy sequence in F. As 
usual it suffices to show {f,} has a limit in F under the added assumption 
that | fn— fmi | <2. First we show that for locally almost all ze G, 
Lim fn(z) exist in U. In fact, let K be a compact subset of G. Lemma 1 


tells us that f | fn (T) — fan (2) || de < 2*Ax, whence 
K 


J, GIF (© fou (2) I) de < Ax. 


Therefore for locally almost all zeK, {f„(z)} is Cauchy in Y. Set f(z) 
= Lim fu (2) or 0 according as this limit exists or not. 


Clearly f satisfies properties (1) and (2) for ¥*. We must show that f 
satisfies (3), that |f] <œ, and that |f,—fl—0. Let ge O,*(@). 


Iterating the parallelogram identity for V, we see that 
Jia TORE STE itala) fut P92) de 
=>» Uns — fres 17 ll rg Jar 2272 || og [ae 


By Fatou’s lemma, f | f(x) —f (2) |? g (£)de £22 | rg |u. Letting K 
be compact in G and setting g==1 on K, we see that EC) — $C) is 


6 
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integrable on K. Hence fe $*. Letting g be arbitrary in O,*(@), we see 
that || f-—f |] <2, whence fE F. Finally, | fr —f]>0. 

The following is a restricted form of Bruhat’s version ([3],§4) of a map 
first introduced by Mackey ([10], §3). Let fe C,(@) and v€ Y. Form 


0) (2) = f KOT (Ea) Le dé 


The support of e(f,v) is contained in TK if the support of f is K. Letting 
F. denote the subspace of F* consisting of ‘functions which are continuous 
and have compact support modulo T, we have FoC F. Clearly e(f,v) € Fo 
and is bilinear. Two important facts about « are summarized in the following 
lemma (cf. [10], Lemma 8.1 and 3.5). 


Lemma 2. (a) If K is the support of f, |e(f,v)|]SAx|lflel el. 
(b) If D is total in ©, then «(Co(@)X D) is total in H. 


Proof. (a) Choose AE Co(G@) so thatrh—1onr(K). Letge F. Then 
(<(f,9),9) = | h(x) (e(f,0) (2), 9(#)) dx | 
: G . | | 

— f f, PEHA (Sif Ee) Le, g (2) ) déda. 


Using the Fubini theorem and the invariance properties of Haar measure, 


this becomes f | h(é=)f(2)(0,9(z))déde— f f(z) (v,9(2))de by the 


choice of h. Lemma 1 and the Schwarz inequality give |(e(f,v),g)| 
= Ax | f llel gi vi and our result follows. l 


(b) Suppose (e(f,v),g) =0 for all fE C (Œ), ve D. 


The calculation in (a) shows that for each vE D, (v,g(-)) = Olae. Using 
[2], Proposition 10, p. 193, we see that g(-) —0 Lae. 

Remark. If Gis a Lie group, the above proof shows that e (CO, (X Y) 
is total in X. 

For any function f on G, define R,f by (R,f) (x) =f(zy). Clearly Ry 
carries #* into $*. We assert that | Rf | = | f | for ye G, fe FF. In fact, 
let ge C,(@). Then 


J CO inne) — f, NP) (ea (a) de 
= J 1O Eg) (2) dam f (Ryg) (o) duso) 
— f, Bo) (p) du (p), 
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where (R’,h) (p) = h (py) for any function h on M and any y€ G. Taking 
the sup over all g such that 0 = rg <1, we have our assertion. 
For y € G, let U%, be the unitary map of ¥ onto itself defined by Ry. 


PROPOSITION 2. The map UL sending y— U¥, ts a continuous untiary 
representation of Gin X. i st 


Proof. The representation property is clear. For continuity, let f, g € Fa 
and let N be a compact neighborhood of e-in G. The supports of all the 
measures pyg ÿ € N, are contained in some common compact subset K of M. 
Choose AE Co(G) so that rh—1 on K. Then, for yc N, 


(Usf, g) = f h(E) (fay), g(e) ac 


which is a continuous function of y by standard theorems on integration. Our 
result follows because +, is dense in F by Lemma 2. 

UL is called the representation of G induced by D. If it is not clear 
from the context what group is being up to, we shall write „UF. 


Remark. In case G and M are separable, our definition of UE and 
Mackey’s ([10]) are equivalent. In fact, let v be a quasi-invariant measure 
on M defined by a p-function p ([10]), Lemma 1.4). If f€ Fo, it is readily 
seen that pif € 4QE (110]), §2) and that the map f— pif is isometric. The 
image of #, under this map is easily seen to satisfy the conditions of Lemma 
3.3 in [10]. Because of that lemma and our Lemma 2, the map extends to a 
unitary map of % onto #9”, which sets up the required equivalence. We 
note that our definition of induced representation is fixed once Haar measure 
has been fixed in G and T. Moreover, for different choices of Haar measure 
we obtain the same % with the norm changed by a multiplicative constant. 
Thus the problem in [10] of showing that all ways of defining the induced 
representation are equivalent is trivialized. 

We end this section by proving the theorem on induction in stages: 


. . Tneorem 1. Let T, and T, be closed subgroups of G with T, CTs. Let 
L be a unitary representation of T; on VY and denote the inductions of L to 
T; and G by M and U respectively. Then U is unitarily equivalent to UM. 


Proof. Let d,, &, and A be the modular functions for T,, T,, and G 
respectively. Let #4), ¥@, and F denote the spaces for the inductions from 
Yr, to Ta, T: to G, and T, to G respectively, corresponding to the space F in 
our construction. Let f€ F, with support in I,K, compact. For nET,, 
ze G, set f(y, T) == 017) 4A(n) tf (ne). Let » be fixed. ‚Then 


(Em T) = ô, (£) 8, (é) Lef (nz), EEIE Ta | 


Bro} 
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Moreover f{-,zx) is continuous with support in T, (Kr! NT). Thus f(-,2) 
is a member of .F >, which we denote by f(z). Now. 


(mtr) = 8:(8)3A (€) BP (nf, 1) 
for LET, £E G, so that (le) = (EA (E) IMS (2). The support of 7(+) 
is in T,X. To prove continuity, let N be a compact neighborhood of e in 4 


and choose rE C,(@) 80 that f h(éc)dé—1 on TKN. Then f h (ér) dé 
— ] for y€ T (KNT NT). Hence i 
IE) WI [| bre) F642) Poy) dy 
= Í. a (7) A (9) (ne) f (ne) — f (ny) |? dn 


whenever ys E€ N, and the continuity of f follows from the uniform con- 
tinuity of fon compact sets. Thus f(-) is a member of #@),, which we denote 


by 7. Now ol f make) I fC) l dy. Choose ke Co(6) 
so that Í k(ne)dy=1 on TK. Then, using the Fubini theorem and the 


invariance of Haar measure, 
18 MOHOL 
= f, J, EUDAR fra)? drda 
— f, J, EDB AEN F(@) IP ded 


= f Maite NLS Cr) dr) de — 1 1° 
G Fa 


by the choice of A and k. Thus f— f is an isometry of F, into F0).. 
We next assert that the image of F, in $®, is dense. Let ge Cy(Ty), 


hE O(G), ve Ÿ, and set k(x) = Í. BCE) PA(E)g (hlr) € Co(Q). 
Then | 


e(k,v) (£) = Í, J. 8, (£)-882(£) PA (£é)ag (C4) A (tér) Leo dédé so that 
0)" (me) ff d (6) 38 (en) da (Len) Ag (0) A (ene) Lev dee 
= Í. Í. 8, (E) A8, (LE*) 4A (fag (Et) h (Lx) Lew dédé 


— f 8:60) 3 (68 (Lo) [ f EEE) (En) Leto de a 
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Letting «, « be the e-maps for the inductions from T, to Ta. I; to G 
respectively, we see that e(k,v)" —e(h,e(g,v)). By Lemma 2; the set 
elC (C) X a(o (TX Ÿ)) is total in F%), proving our assertion. Finally, 
we see that the map f— f extends to a unitary map of F onto #® which 
sets up the desired equivalence. ; 


3. The representation ôV. Let G be a Lie group and let V be a 
unitary representation of G on the Hilbert space X. Let X€g, the left 
invariant Lie algebra of Œ, and let (+) be the one-parameter subgroup of 
G such that (Xf) (y) = Deflye(t))lıo for all fe Co (G). dV(X) will 
denote the skew-adjoint infinitesimal generator of the one-parameter unitary 
group Vec) in K. We will denote by Ka the largest submanifold of K con- 
tained in (|[dom(dV(X)): X€ gq] and invariant under dY (g). Ka is 
invariant under V because dV(X)V,=—= VydV ( (ady) X), X Eg, YEG. 

Let 4V be the restriction of dV to Ke. 


LEMMA 3. Keats dense in K and dV is a representation of g in the Lie 
algebra of all skew symmetric linear transformations of Kae into itself. 


Proof. Let D be the linear space spanned by all vectors of the form 
f f(z) Var da for FE Co (G), vE K. 


Gärding has shown ([5]) that D C [dom(4V (X)): X€ g], is dense in K, 
and is invariant under all dV (X), and that the restriction èV of dV to D 
is a representation of g. Therefore D C Koa and Ka is dense in K. Segal 
has shown ([13]) that èV (X) is essentially skew-adjoint, X € g. 

Let X,Y €g. Then 99 (X) +09 (VY) D8(XY+4+ VY) and [8V(X),0V(Y)] 
— 8V([X,¥]). Since the left hand members are skew-symmetric, they must 
be contained in the closures of the respective right hand members. Restricting 
these closures to Kæ, we have our result. 

Let € be the enveloping algebra of the complexification of g. Lemma 3 
allows us to extend ôV to be a representation of € in the algebra of endo- 
morphisms of Ke If + is the unique involutory conjugate linear anti- 
automorphism of € such that At X for LE g, it is easy to see that 
oV (KH) CAV (X)* for XE E (cf. [12]). 


Lemma 4 Let V! and V° be unitary representations of G on K+ and K? 
respectively. Let À € R (V+, V?), the space of operators intertwining V! and 
Vv? ([10],88). Then AK*.C HK’. Moreover AIVı(Y) C0V?(X)A for 
Zee. 
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Proof. Let X € g and let x(-) be the one-parameter subgroup of G under- 
lying X. We have V7aA—=AVay, ER. Hence, if ve dom(d¥'(X)), 
AvE dom(dV?(X)) and dV3(X)Av=—AdV'(X)v; i.e, dV*(X)A D AAV*(X). 
We conclude that AXK*,C[dom(dV?(X)). X€qg] and that AX, is 
invariant under dV?(g). Therefore AK*, Ka. It follows that A9V1(X) 
C9V:(X)A for XEg. The same statement for X € € is immediate. _ 

In the next two lemmas, we return to the situation of Section 2. G is 
a Lie group. We shall denote by F,” the space of all infinitely strongly 
differentiable functions in Fe. z ; 

Lemma 5. Fo CHo Moreover OUL(X)\f == Xf for all LEE, fE Fo. 

Proof. Let X€g and let z(-) be the one-parameter subgroup of G 
underlying X. Let fe $,*. There is a compact subset K of M such that 


«*(K) contains the supports of Xf and Raf, |t| 51. Choose he Cyt(G) 
such that rh = 1 on K. Then | 


[Unf xt S DIE ed) —7(0)) — (AN Pay 
‘for O0<|¢|<1. But 


ed) —f(y)) — CAP) GER | Ff (ye(t)) Fr 
+2 | (Xf) (y) I? S 2 supl ll (Xf) (e): | |S] 
+ 2 (LP) (9) 1? S 4 (LP) Ye. 


The bounded convergence theorem applies to show that dU“ (X)f = Xf.. From 
this the lemma follows exactly as in Lemma 4. 


Lemma 6. Let FEO"(G), ve VU. Then e(f,v)€H.. Moreover 
OULIX }e(f,v) =( Xf, v) for all XEGE. 


Proof. Let X€q and let z(-) be the one-parameter subgroup of G 
underlying X. There is a compact subset K of G containing the supports 
of Af and Ram f, | t | = 1. Then 


Ii (Tacne(f, v) —e(f, v)) —e(XF,») | 
= || (E (Baf —f) — Xf, v) | SA NÉ (Raf —f) —Xf Je | v | 


if 0<|¢| 1, using Lemma 2 and the fact that Ryoe =o (Ry XI), yé G. 
We conclude that dU"(X)e(f,v) = «(Xf,v), and the lemma follows as in 
Lemma 4. 
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COROLLARY. Let fEC,°(G), ZEE. Then v>6U"(XL)c(f,v) is a 
bounded linear map from U to &. 


Proof. From Lemmas 2 and 6. 


4. Certain elliptic operators. Let Y; be a finite dimensional Hilbert 
space and Ty (Xi, um) be a measure space, t==1,2 (m is a- measure 
defined on the o-field %; of subsets of X4). Hi, == L: (14; Vi) will then be the 
Hilbert space of all measurable functions f from X, to V, such that | f || 


= ( f | f(x) |7 du(z))5 <œ (modulo those for which | f | =0). £(V1; Vi) 


is also a Hilbert space under the norm ||P ||==trace (T*T)? so that we 
can form the Hilbert space Wiz == Lo (Ts X T23 £(Vi;Ve)). IE cE Wi, and 


fe Ha, then o(-,f) = f o(-,z)f(æ)du(x) is in Hi Therefore the map 
f—o(:,f) is in L(W:; W.). It is easily seen that its (operator) norm is 
<|o|. Letting Wu Lilo XTı;L(V.;Vı)), we easily see that the 
adjoint of f>o(',f), cE Wis, is the map g—>o*(-,g) where o* € Wa is 


defined by o* (2, y) =o{y,r)* for (2, y) EX, X X, The next lemma deals 
with certain special kernels o. 


Lemma 7. Let X, be an open subset of R”, $; the Borel field of Xi, 
and m Lebesgue measure on Di, 1—1,2. Let o€ Wir have the following 
properties: (1) there ws an he L,(R*) such that | o(2,y)| Sh(2—y) for 
(x,y) €E £1 X Xa; (2) there is a null set NCR" such that o ts continuous 
on [ (2,4) € XX Xq: 0 —yEeN]. Then, for all fE Manol, f) € C(X:; V) 
and Jof, Pln SA fl. 


Proof. 


lo AIS f tole IF W)I dy 
<(f enr) (trav) tent. 


Now if f € Go(X2; U2), we have o(x, f) = f (2,0 + y)f(c+y)dy. Except 
for y € N, the function 2> o(z,2-+ y)f{z-+ y) is continuous from X, to Vj. 


Moreover, if B is bounded open subset of X, and § is the support of f, then 


[oleet yf y) E hly) If lX (y) € £,(R*) for al ce B. Hence 
the bounded convergence theorem applies to give the continuity of o(-,f) 
when fE Co(X2; U2). The same for general f follows from the estimate 
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Lot. Plz RTI for fe W: and from the fact that Co(X.; Va) is dense 
in We. 


Remark. If o is a kernel of the above type, so is o* (with interchange 
of X, and X, ete.). 

We shall apply this lemma in proving a result on analytic elliptic linear 
differential operators with coefficients in £ (V; V), V a finite dimensional Hil- 
bert space. Let J, denote the non-negative integers. If {== (n't, r) € R" 
and Se (31° - -,8,) € Ji”, we put JT &%. Moreover, if |s | = >) s, then 
ÿlel/0x will denote the operator 6%/@2,%- - -ÿn/fx," on all complex valued 
Cll functions defined on open subsets of R". Let O be an open subset of R” 
and let mE J,. Let A.(-) E C*(0;2(U;V)), |s| sm. The analytic linear 
differential operator aa z A,(+)él#!/az* in O of order m will be called 

sem 


elliptic if, for every zE O, Q(z;f) = > A,(x)€* is singular only if ¿== 0. 


Although this definition of ellipticity is more restrictive than that given in 
[8], it is independent of basis in % and suffices for our purposes. 


PROPOSITION 3. Let L be an analytic elliptic linear differential operator 
of order m with coefficients in L(V; V) and defined in the open set O of R". 
Suppose m > n/2. Let V be an isometry of L:(0 ; V) into a Hilbert space K. 
Let T be a densely defined operator in K such that VO,” (0; V) dom(T) 
and TVf=s VLf for fE Co? (O;V). Then: (1) V*(dom(T*)) C O(0; YV); 
(2) for every compact subset K of O there is a constant Cx such that 
| V¥e |e SCr(| V*T*Fo | + || Vu ]) for all v€ dom(T*). 


Proof. We follow closely the proof of Lemma 2.1 in [6] (cf. [15], 
Theorem 1). Let z€ O. Let O, be a bounded open neighborhood of x, such 
that L has a fundamental solution H defined on O, X O, with the properties 
(see [8], Chapter III): (a) HE C°(D; £(Y;Y)), where 


D = | (x,y) € 01 X .0,: cy]. 
(b) | H(a,y) | = Ol c—y |[***) for all «œ> 0, where | x | is the Euclidean 
norm of æ in R*; (c) for all y E O,, LH(-,y)=0 on O, except at y; 
(à) gL | A(-,y)9(y)dy for all g € 0%” (01; V). From [8], Chapter VII, 
we know that f H(,y)g(y)dy € 0° (0; V) for al gE, (0Y). 


Choose kE Co® (O,) such that k1 in an open neighborhood O, of 2. 
Exactly as in [6], we see that 
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AL OECD) + | OOED) 
on O, for all g € 0o” (0:2; U). 


For (z,y)EOXO, set &(2,y) == k(£)H (x,y) or 0 and set n(z,$) 
== L| (1—k(z))H(z,y)] or 0, according as sE O, or not. Properties (a) 
and (c) of H imply that y is a bounded continuous function on O X O, and 
so is a kernel of the type considered in Lemma 7. So is € by virtue of properties 
(a) and (b) of H and the choice of m. Note also that €(+,g) € Co” (0; V) 
whenever g € Co” (0:2; U). | 

Let ve dom(T*). Then, for allge C,” (0,;%), we have 


(V*v, g) = (Vu, Lé(-,g)) + (Pau n(';g)). 
The first term 
— (v, VLE(-,9)) = (v, TVEC, 9)) = (PAT EU, EC, g) = (EF (-, V*T*v), g), 


while the second term = (y*(-,V*v),g). We conclude that (V*v) (z) 
== EX (x, V*T*v) + n*(z, V*v) for almost all ze O, From Lemma 7 and the 
remark following it we conclude the truth of our assertions in O;. The 
general statements are immediate because of the arbitrariness of zo. 


We now apply Proposition 3 to prove the key result needed for our inter- 
twining number theorems. A member of # will be called elliptic if it is 
elliptic regarded as a left invariant (analytic) linear differential operator. 
We use the notation of Sections 2 and 3.° 


THEOREM 2. Suppose dimY<o. Then As C(G; V). Suppose, 
moreover, that X, is an elliptic element of € of order m>n/2, where 
n=~dim M. Then for every compact subset K of G there ts a constant Cx 
such that || g |x SCx(||@U"(Xo)g | +g |) for all ge He. 


Proof. Clearly there is nothing to prove if n==0 (in fact, in this case, 
the assumptions of ellipticity and order are unnecessary— we may take X, =~ 0). 
So assume n = 1. Let p, € M and let ¢ be a C® diffeomorphism from the open 
unit sphere O, of R” to an open neighborhood of p, in M over which there is 
defined a O” cross-section g into G. Set B==aog and y =por. The map 
w of T X O, onto w7(01) defined by w(£, p) —é8(p) is a O” diffeomorphism. 
Let » be right Haar measure on G and set v=u0uw, a Radon measure in 
TX 0, Let À be the Cartesian product of right Haar measure in T and 
Lebesgue measure in O,. If y is the density of v with respect to À, clearly 
0 <yele(TxX0O,. For & ET and (é,p) eT X 0, set é (é, p) — (&é, p). 
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Then it is clear that v(8,9) —A(é,)v(S) and A(&S) = 8(é)A (S) for all 
é € T and all Borel SCT X O.. It follows that y (46, p)8(é.) = y(é p)A (£1) 
for £, &, € T and p € O,, so that y(e, p) = 8(E)A(E) y (é, p) for (6p) ET X On 

Now let O == (4)0, and choose À € Cot (y= (01) ) so that rh == 1 on (0). 
If.f€ L,(0;Ÿ), define fon G by - 


f(x) =r(e, vw) Jta (28 (y (2) >) la (28 (4 (2) ) +) Lagen ye) ) 


or 0 according as z€ y (0) or not. Clearly f satisfies properties (1) and @) 
in the definition of $* (Section 2). Moreover 


J EDI 
= f, Í, IFC) lve, p) 78 (EA (E) y (& p)h (EB (p) dédp 


by the choice of h; and this, by the Fubini theorem and the definitions of y 
and 7, is | 


AUCO EBD) AED) — | FIRE) de 
Txo l G 


This shows that | 7(-) ||? is integrable on compact subsets of [z: h(x) > 0] 
and therefore of lc: h(x) > 0] > [@: (rh) (x (z)) > 4] 2 Le: f(x) #0]. 
Therefore f is locally integrable on G and | f]==||fll.. Setting Vf? for. 
fe L,(0;V), we see that V is an isometry of L,(O;®%) into X. A similar 
calculation shows that (V*g)(-) =A(e,:)ig(8(-)), ae. in O, for ge F. 
It is clear that V maps Co” (0; UV) onto the subspace of F,” consisting of 
functions whose supports Cw*(O), a subspace C dom(ôUZ(X)) and in- 
variant under H9UF(X) for all XE €. | 

If f is a complex valued C” function defined on an open subset of T X O, 
we set wf=fowt, Xet is elliptic. The analytic elliptic linear differential 
operator wo Xotow we write as Lo 2, rel p) Ori /Oer bps in some 


neighborhood of {e} X O adapted to the en decomposition of T X 2 
Then, if fE Ca” (0; U), we have 


(V*8U" (X+) VE) (p) rl, p)*(Xo'f) (B(p)) 
= 2 y(ep)ia,(e,p) 


Irl+lalSm 
[ (alrl/aé) (8(E) 8A (E) ELE) Je (ölel/öp*) (y (e, p) #f(p)) 
— 2 4.(p) (0/0) fC), 
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where the 4,€ C*°(0;£(V;V)). The operator sc = A,(-Jolel/öpe is 
elliptic. In fact, if |s|—=m, A,(p) =@s(6,p)I. Hence 
Q(p;¢) = Aa A= PGG ped, 


which is singular only if {==0 by the ellipticity of Lo. 


Proposition 3 says: (1) if FE e, then V*fEeC(O;V); (2) for any 
compact subset K, of O there exists a constant C’,, such that | V*f [x © Or, 
(| eU4(X.)f I + fil) (we here make use of the fact that 6U%(X,) 
C §6U4(X,*)*). Thus f(8(-)) is continuous on O and we conclude that 


> f(x) == 8 (2B (wa) )*) 4A (2B (y (x) )*) Lagan (B(Y (2) ) 


is continuous on #1(0). From the arbitrariness of po and the existence of 
elliptic members of € of arbitrarily high order (see, e.g., [15]) we conclude 
the truth of the first assertion of our theorem. Moreover, the second assertion 
holds for any compact K Cy"(O): we need only take Cg = C'yi. 


LUB[8(aB (4 (2£)) =) 3A (zB (W(x) )) Ay (6, px) ) 4 ] Lost |: ze X). 


The second assertion for general K follows easily from this and the arbitrari- 
ness of Po. 


5. An intertwining number theorem. Let. T, and T, be closed sub- 
groups of the Lie group G with modular functions 5, and 8, respectively. 
Let L™ be a unitary representation of I; on the Hilbert space h, +== 1, 2. 
UL® operates on S{, We shall assume that dimU.<o. For each 
AER(UL®,TUL®) we define a linear map ra from C,*(G@) to the linear 
maps of %, into UY. as follows: for each fE Ce” (G) and ve Y, set ra(f)v 
— (Ae(f,v))(e). This definition makes sense: in fact, e(f,v) € Am, by 
Lemma 6, which implies that Ae(f,v) € SC), by Lemma 4, so that Ae(f, v) 
€ C(G;Ÿ) by Theorem 1 and the value of Ae(f,v) at e is well determined, 
For (é, 2) €Tı X T; and for any function fon G, we set (pg, 2.) = f (Etr), 
ze G. We may now state our main theorem. 


THEOREM 8. Let X, be an elliptic element of € of order > 4dim(G/T;). 
For fE Co? (G), set |flx— || Xof le + fle. For each relatively compact 
open set O of G, give Co*(O) the topology induced by |-[]x,; give Co” the 
corresponding inductwe limit topology [1]. Let In == the subspace of maps 
ZE LOCO); LV; V2) ) such that 


Z (pgs eof ) = 51 (E1) 882 (Ea) aA (ér) iLO; Z (f ) LE) po 
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for all (é é) ET, XT: and all FEC,”(G). Then the map A>rı 18 a 
faithful linear map of R (UL”, UL®) into M. 

Proof. Let ve V, AE R(UL®,UL®), and fe C,*(O), O a relatively 
compact open subset of G. By Theorem 2, 

I ra(f)o | = Ce (|| BU (Xo) Ac(F, v) + | Ae CF, v) I). 

But 9UL® (X,)Ae(f,v) — AOÛUL® (Xo)e(f,v) = Ac(Xof,v) by Lemmas 4 and 
6. Therefore 

lra Ae | = Ce À ICT (Lf, ») f+ ef, v) I) 

Æ Ci 14145 gol Lof le + I file) = Cts | AT 1 7 x À vl. 
| This proves that ra € £(Co” (G); L(VUs3Us))- 
Suppose ra =0. Let fe 05° (G) and vE Yı. For all sE G we have 

(Ae(f v) ) (2) = (UTP e Ac(f,v)) (e) = (AU s e(f, v) ) le) = ra (Baf) v = 0 


because UL", 0 e= c0 (Ry XI). Therefore A is 0 on e(Co*(G)X UV), & 
total subset of ¥® by the remark following Lemma 2. 

To show that r4€ M, let fe (GG), ve Vs, and (4,6) E T1 X Ta 
Then ra(pe af) 0 = 14 (Repenef) v= (Ae(pésof, v) (S2) exactly as above, and 
this = §,(&)#A(&) Le ra (pof) by property (2) for functions of F*. 
On the other hand, 


Apr) SEO (EEs) Lexode 


u Si 8: (€:€) BA (RÉ) (ér) LO g-2g, 008, (£) dé 
=, (€1) 8A (E,) Be (f, LOgav) (2). 
Therefore rı € M. 


If V and W are representations of G, dim R (V, W) is called the inter- 
twining number of V and W and is denoted by I(V, W) ([10]). Theorem 3 
has the following consequence. 


COROLLARY. I(UL®, UL) € dim M. 


6. Inducing from compact subgroups. For notation, terminology, and 
facts about direct integrals of Hilbert spaces, we refer the reader to [4]. 
Let X be a separable locally compact space and let u be a positive Radon 
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measure for X. Let t—> S(t) be a field of separable Hilbert spaces and let 
G be a separable locally compact group. A field of (unitary) representations 
of G is a map which assigns to each TE X a representation U(t) of Œ on 
A(t). If t— M(t) is measurable, then t—> U(t) is called measurable if 
t—U,(t) is a measurable operator field for each se G. We know ([10], 


B č Ð 

that 2— f U,(t)du(t) is a representation of Œ on f H(t) dp(t), which 
p 

we denote f U(t)du(t). 


If V and W are representations of G,J(V,W) will denote the dimension 
of the subspace of all Hilbert-Schmidt operators in #& (V, W) and will be 
called the weak intertwining number of V and W ([10]). 


Lemma 8. Let (X,u) be atom free, let i> H (t) be a measurable field 
of Hubert spaces, and let t-> U (t) be a measurable field of representations 
of the separable locally compact group G. Let V be a representation of G 
on the separable Hilbert space K. Then the Y =— [te xX: J(U(t),V) > 0] 


p 
is measurable. Moreover xÍ U(t)du(t),V)==0 or co according as 
a(Y) mwa 0 or > 0. 

Proof. Let K’ be the conjugate space of X and let V’ be the repre- 
sentation of G in K’ defined by V’,==*V,1. The field of Hilbert spaces 
t—> H(t) XK’ is measurable in a canonical fashion which sets up a unitary 

@ ® 
equivalence of f (H(t) © K’')du(t) with Cf H(t) du(t)) D K ([4], Ch. 
II, §1, Section 8). The field of representations > U (t) @ V’ is then measur- 
able (ibid., §2, Section 1) and the above unitary equivalence then give a 
p a 
unitary equivalence of f (U(t)@ V’)du(t) with gi W(t) du(t)) @ V’ 
(ibid., §2, Section 6). Now J(U (t), V) = number of times U (t) © V” dis- 
cretely contains the one-dimensional identity representation of G and similarly 
© | 
for rf U(t)da(t),V) ([10], Lemma 8.1). Our lemma now follows from 


[10], Lemma 18.1. 

We are now in a position to prove the main result of this section. We 
return to the situation of Section 5. Two representations are said to be 
disjoint if no non-0 subrepresentations of one is unitarily equivalent to any 
subrepresentation of the other. 


THEOREM 4. Suppose that T, and T, are compact and that dim Y, and 
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dim V, <0. For each z€ G, let „L® be the representation of zT," defined 
by gL gaa LP 1, ge aD. Suppose that, for locally almost all ze G, 
the restrictions of L® and „L® to T, (21.2) are disjoint. Then UF” 
and UL -are disjoint. | ee 


= Proof. Let B'be a positive definite bilinear form on g invariant under 
the action of T, on g via the adjoint representation of G on g. Choose a 
basis {X,} of g, orthonormal with respect to B. Exactly as in the discussion 
of the Casimir operator in [14], Exposé n° 4, we see that A= X” is 
invariant under adT, (where the adjoint representation of G has been 
extended to €). Moreover 1—A is an elliptic operator on G such that 


f Taare f | f |? for all fe Co” (6) (see, for instance, [15]). 


Now suppose UZ® and UL® are not disjoint. Then I(UL®,UL®)> 0. 
Let k be an integer > (4)dim(@/T,) and set X, == (1—A)* Using X, 
to define M, we see from the Corollary to Theorem 3 that dim >0. The 
map (z, (&,&)) > & 2a: of G X (T, X Ta) into G gives the pair (G,Tı X Ts) 
the structure of compact analytic transformation group. Hence there is a 
ZE M and a relatively compact open set O invariant under. the action of 
T, XT, such that Z |C.” (0) 540. Let I be an integer > k + (4)dim(@) 
and: let § be the linear operator in Z,(0) with domain Ceo” (0) defined by 
Sf == (1—A)'f, f€ Co” (0). SZI on C,°(0) and so is univalent. We 
define a representation P of T: XT: on L,(O) by setting Pe ef = pe tif, 
feL,(0). Now Acp==poA because A is left-invariant and is invariant 
under ad T,. Therefore SP£ eg, Pe S so that SP st Pet 4 for all | 
(£ £2) er, X Ty. Setting T == Z8, we have a mapping T from a sub- 
manifold of L,(0) to £(V:;V:) such that TPe af — LO, (TH) LO, for all 
fe dom(7). If we identify L(V:; V:) with VO Vi’, we therefore obtain 
the relation TPg.24,—-VeeT, (éé) ET X Ts, where Ve,g== 1%, @ LU 
(see [10], $5). Let 9, = (1—A)!| Co” (G) and S: = (1—A)**| Cy" (G), 
operators which are symmetric and = I in Z,(G). Applying Proposition 3 
to 8, and S+, we obtain constants C, and O: such that | fio & 0, | S.f | and 
lf los Cal Saf | for fe Co" (G). Since 8, = 9,X,— 8 on Cy,” (0), it follows 
that [fx | Xof lo + If lő S (Ci: + Cs) Sf for all fe C,°(0). We 
conclude that T is continuous. Therefore, since dom(7') is invariant under 
P, the unique bounded extension T° of T to L,(O) which vanishes on dom (T yt 
belongs to R(P,V) >0, and I(P,V) >0. Since dim(®,® V7) <a, it 
follows that J(P,V) > 0. 


O, being open and relatively compact, is a separable locally compact 


ON INDUCED REPRESENTATIONS. 95 


space. Let % be the space of orbits of O under the action of T, X Ti. 
% is also a separable locally compact space in the usual topology. We put a 
Radon measure y on each (compact separable space) tE X% as follows: pick 


a point % € ¢ and then set f f(z)dn(z) = f f(Er*toba) d (én &) for all 
TXT | 
fe C(t), where Haar measure on TF, XT, is normalized so that f 1d(&, £a) 


—1. The two-sided invariance of Haar measure on compact kroups shows 
that +; is independent of the choice of z€ t. We also define a measure u on 


% by setting f Mad f (For) (z)dz for each fEC,(X), where 
x 0 

m is the usual projection of O on %. Let Y(t) = L(t, v), a separable 

Hilbert space for each ¢€ %. Each fE C, (O0) defines a vector field 6f, where 

(Of) (t) =f |t. If f,g€ C(O), then 


(COPE) ), (8g) (w()) = È PEtat) g (Era) (Es ba), 


whence > ((6f) (t), (8g) (¢)) is continuous on %. Moreover, if {fa} is a 
multiplicatively closed sequence of real functions in (,)(O) which separates 
the points of O, the Stone-Weierstrass theorem implies that the sequence 
 {(8fa) (¢)} is total in ¥ (t) for all re %. Thus the field of Hilbert spaces 
t—> H(t) has a unique measurable structure such that all vector fields in 
G,==00,(0) are measurable. Now 


efit f OD O de(t) 
= f Jol f (Erté) |? d(é, en Í, | F(x) |? dz = || f |3, 


for all f€ Co(O), by the Fubini theorem and the invariance properties of 
& 
Haar measure on @. Therefore we may identify L,(O) and f UY (i)da(t). 


For each t€ 26, we define a representation P(t) of I, XT, on (t) by 
setting Pe, ¢,(t) f= pe gf for fE H(t), (fn é) ETX Ty. Since 


Prés (E) (Of) (E) = (Pf) (E) 


for each (£,4) ET X Ta, f€ Oo(G), and t€ 9%, we see that the field of 
representations £—>P(%) is measurable and that P may be identified with 


D 
f P(t)du(t). From Lemma 8 and the fact that V is of finite degree we 
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conclude that the „-measurable set Y — [tE W: I(P (t), V) > 0] has positive 
p-Measure. 

Fix t€ % and pick z€ t. The sen subgroup of z, under the 
action of IX Te is u, = [sn tin): EE TN (2m *)]. If fe H(t), 
define xf on I X Ta by (Xf) (és éa) =f (Er tofs). It is easy to see that 
X: identifies P(t) with the representation of T, XT, induced by the one- 
dimensional identity representation of Is. Therefore, according to the 
Frobenius reciprocity theorem for compact groups ([16], pp. 82-83), 
I(P(t), V) = number of times V restricted to Ta contains the one-dimen- 
sional identity representation. But this is just the weak intertwining number 
of the restrictions of L@ and „L® to Ti N (2801) ({10], Lemma 8.1). 
We conclude that the restrictions of L@ and „L® to Ty N (ar77) are not 
disjoint whenever ze w*(Y), a measurable set of positive measure in the 
compact set O. Our theorem is thereby demonstrated. 


Remark. As usual (cf. [10]), the intertwining number of the restrictions 
of L® and z2® to DN (rsr!) depends only on the T,: T} double coset 
Tzr; to which x belongs. 


7. An example. Let G be the group of (possibly improper) rigid 
motions of the Euclidean plane I, let PEI, and let Tr be the group of 
(possibly improper) rotations of II about P. Let L® (resp. LA) be the 1- 
dimenstional identity representation of T (resp. the 1-dimensional represen- 
tation of T which assigns to EET the value of + 1 or —-1 as £ is proper or 
improper). If T is the subgroup of translations of I, G == TT shows that 
each T: T double coset of @ contains a member of T. Let exe T. Then 
ala is the group of (possibly improper) rotations about zP, so that 
I'M (2a) is the group consisting of e and reflection in the line through P 
and zP. Therefore the restrictions of LO and ,L to TN(zTr*) are dis- 
joint, and by the remark following Theorem 4, this holds for all sé r. The 
same holds if zET, for then T N (Tr!) =T. From Theorem 4 we conclude 
that UL® and UL® are disjoint. 


We can derive the same result from Mackey’s reciprocity theorem. Since 

G is a regular semi-direct product of the abelian normal subgroup T and T, 
we may apply the analysis of ([10], § 14) to obtain the following information 
about the irreducible representations of G. Let T be the character group 
of T and let r act on T according to the rule (xé) (x) —=x(é#é*) for gET 
xeT,zeT. Let Q be the space of orbits of T under T and, for each w€ Q, 
choose X,€o. Let T, be the stationary subgroup of Xe in I. Then each 
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irreducible representation of G is uniquely specified by a w€ Q and an irre- 
ducible representation M of Te, and conversely. Calling this representation 
VeM, the restriction of Ve to T is the representation of T induced by M. 
Now if œ= {e}, then T,=T; and if o {e}, then Te is the subgroup con- 
sisting of the identity and the unique reflection in T leaving Xo fixed. More- 
over if M is an irreducible representation of Te, we have that rU™ contains 
L® exactly as many times as the restriction of L® to T, contains M (the 
Frobenius reciprocity theorem for compact groups). Thus in any case rU™ 
contains L“ if and only if it does not contain LO. Finally from results of 
Godement ([7], Theorems 5 and 7) and Kaplansky ([9], Theorem 7), we 
know that the regular representation of G is of Type J. Therefore Mackey’s 
reciprocity theorem ([11], Theorem 5.1) applies, and we deduce that UL” 
and UL” are disjoint. 

It is instructive to note that in order to apply Mackey’s reciprocity 
theorems to verify the conclusion of our Theorem 4 in any particular case one 
needs to know (1) how the regular representation of G decomposes into factors 
and (2) how these factors, when restricted to r, and I, decompose into 
irreducible representations. Even in so simple a case as the motion group 
considered above, the machinery needed to dig out these facts is quite formid- 
able. Thus the reciprocity theorem would not seem well suited in general 
to handle the disjointness question dealt with in Theorem 4. 


UNIVERSITY OF CALIFORNIA, 
Los ANGELES. 
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ON CHOW VARIETIES OF MAXIMAL, TOTAL, REGULAR 
FAMILIES OF POSITIVE DIVISORS.* * 


By J. P. MURRE. 


Introduction. In this paper we study the Chow variety of a maximal, 
total, regular family of positive divisors on a non-singular projective variety 
F. An algebraic family U of positive divisors on V is called maximal if U 
is not a proper subset of another algebraic family; it is called total if for 
every divisor Y on V,.algebraically equivalent to zero, and for an arbitrary 
fixed (i.e. independent of Y) X, €U there exists an ZEU such that 
Y ~— X — X, (~ means linear equivalence) ; finally, it is called regular if for 
every pair £, X’ € U we have 1(X) == 1(X’), where 1(X) denotes the dimension 
of the linear system determined by X. These definitions are introduced, and 
the existence of such families is proved, in [6,7] (in [6,7] such families are 
called maximal, regular, complete instead of maximal, total, regular in this 
order). 


If V is embedded in projective space PN, then the Chow points are con- 
structed by means of the hyperplanes in PY, and therefore we must expect 
that there is some connection between the properties of the Chow variety U 
of U (for instance the non-singularity of U) and the way V is embedded in 
PN (or to be more precise; the properties of the linear system of hyperplane 
sections on V). Our main purpose is to show that, under a mild condition © 
on the embedding of V in PN, the Chow variety of a maximal, total, regular 
family is non-singular. As a preparation to this result we first study the Chow 
varieties of linear systems on V and it turns out that, under the same con- 
dition on the embedding of V in PY, the Chow variety of a linear system is 
non-singular (Proposition 1). | 

As we have just mentioned we have to assume some properties for the 
linear system of hyperplane sections on V in order to be able to prove the 
non-singularity of U; if these properties are fulfilled, we shall say that V is 
adaptable embedded in PN (see the definition in Section 2). However, this 
is not a very serious restriction, for we shall see in Section 2 that the embedding 


* Received July 25, 1960. 
ı This work was supported at. Northwestern University by the National Science 
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V’ of V by means of the hypersurface sections of degree m (m > 1) in PN 
always has these properties (Lemma 5). This result can also be interpreted 
in the following way. If we construct the Chow points by. using hypersurfaces 
of degree m (m>1) instead of hyperplanes, then the Chow varieties of 
maximal, total, regular families (and also of linear systems) are non-singular. 

In Section 1 we study the degrees of Chow varieties; the Lemmas 1 and 
2 are generalizations of results of Chow in [3]. 

I am very grateful to T. Matsusaka for his valuable help and encourage- 
ment during the preparation of this paper. 


1. All varieties under consideration are assumed to be projective varieties; 
therefore the degree of a variety is defined. The ambient projective space of 
a variety is usually denoted by PN and Zo, Z,,--:,Zy are used as letters for PY; 
the ambient projective space of the Chow variety of a system of positive cycles 
(of a certain dimension and a certain degree) in PN is usually denoted by P*, 
and for Pt.we use the letters Yo, ¥1,---:,Y;. If X is a positive cycle in PN, 
then its Chow point is denoted by Ch (X ); the degree of a aed V is 
denoted by deg V. 
| If PN is a projective space and if uy (g==0,- -, Nil, n) is a 
set of elements of the universal domain Q, then we mean by the linear variety 
defined by the set of elements (us) (or sometimes shortly (u)) the variety 


defined by the set of equations SuZo (i= 1, .,n) in PN, 


First, we. mention some facts which will be used frequently in the 
following. - Let V” be a variety in PN defined over a field & and of degree h. 
Let (tyo) -(7=0,- °°, N3+=1,--:;n;0==1,:--,r, where r is some 
integer) be a system of independent transcendental elements over k, and let 
Lo, (o==1,: + :,r) be the linear variety defined by the set (wo) (o fixed). 


À ` 
Then Lo: V = À Qoa, where all the Qoa are different from each other. ‘If 
a=1 i ' 


Ko denotes the field obtained by adjoining to k all the (u;r) with r>£o, 
then Qoa and Qog (854) are independent generic points of V over Ko 
[5, Chap. VIII, Prop. 10]. Therefore, given two arbitrary sets of indices 
(a ',%) and (But: +, Br) with 1< a, 8;<h, there exists a k-automor- 
phism of the universal domain transforming Qoa, into Qogs (o==1,: < *,r). 
Furthermore, let U be the Chow variety of an algebraic system of nositive 
divisors on V. Let Ho be the hyperplane in the ambient projective space Pt 
of U defined by the equation Sip Mp(uyo)¥p—=0 (for some fixed c), where 
the Mp(Uy) range over the monomials of a suitable degree in the Uy (the 
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monomials occurring in the Chow forms of the divisors in the algebraic system 
associated with U). Such a hyperplane will be called a hyperplane derived 
from the set (wo). Then we have by the properties of Chow coordinates 
(see [1]) for a divisor X in the system that Ch(X) € U N Ho if and only if X 
(or better the point set | X |) contains some point Qoe. 


Lemma 1. Let V” be a complete variety, non-singular in codimension 1 
and of degree h. Let Ur be the Chow variety of an algebraic family “U of 
positive divisors on V. Then deg U = hr. 


Proof. Let k be a field of definition for V and U. Let (wo) =D, 
cet N;4=1,:°-:,n;o0=m=1,-°-,1r) be a set of independent transcendental 
elements over k. If Lo (o—1," * *,r) is the linear variety in the ambient 


k 
projective space PN of V defined by the set (tuo) and if Leo: V = $, Qoa, 
Os]. 


then we can apply to this intersection the remarks preceding the lemma. Let 
furthermore Ho (a—1,: - -,r) be the hyperplanes, in the ambient space Pt 
of U, derived from the sets (tijo). 

First of all, we want to show that U-H,---.-+-H, is defined. Clearly, 
it suffices to show that U H, is defined. Let X be a divisor in U and algebraic 
over k. Since every Qia is generic over k on V, it follows that X contains no 
point Qia. Therefore (see the remarks preceding the lemma) Ch(X) ¢ UN H;, 
ie. U Œ Hy, i.e. U-H, is defined. 

Since UN Hin: ::QH,s*@ for dimension reasons and since V is 
complete and non-singular in codimension 1, it follows that there exists a 
divisor X in U and a set of indices (a, > -,a,) such that Qoa,€ |X| for 
o—1,:::,r; let us assume for convenience that «o == 1, i.e. that Qo, € | X | 
foro==1,---+,7. Given any two set of indices (a,,: > -,a,) and (Bu: © -, Br), 
we have seen above that there exists a k-automorphism of the universal domain 
transforming Qoa, Into Qog,. Since there are precisely h such sets, it suffices, 
in order to prove the lemma, to show that, for some set of indices (a,,- © +, a,), 
there exists a divisor X* of U such that Qoa, € | XF | for o==1,---,r but 
Qop¢|X*| for all Bas (o—1,: ::,r). In order to see that, let Lo’ 
(o =1,: > ,r) be a linear variety in PN defined by a set (Wio) which is 
such that: 


1. De’ goes through Qo, (vel,' * *,r), 


2. over the field K = k(Qiu Q22 © °,Qn,Ch(X)) the set (w) is a 
generic set which fulfills the condition 1. 


Since the Qo: are r independent generic points of V over X, we clearly have 
over & the generic specialization (u) > (w), where (u) stands for the entire 


h 
set arg 5+ 4 uv) and (u) similar, Let Le - VEN I 


A= 
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with, say, Q'o1 = Qo1; from the remarks preceding the lemma it follows that 
Q' ca 18 a generic point of V over K for «£1. Extend the generic specializa- 
tion (u)— (w) to a generic specialization (w’, Q’, X) — (u,Q,X*) over k, 
where the set (Q) contains all the Qoa, and (Q’) similar. Let under this 
specialization Q’o correspond with Qoy Now Q’ci€ | X |; but since Q’oa for 
x41 is a generic point of V over K = K (Ch(X)), it follows that Qoa¢ |X | 
for a541 and o=m1,--+:,r. Therefore it follows that Qo,,€|X*| but 
Qop¢ |X*| for BA yo (o—1,:::,r). This completes the proof. 


Lemma 2. Let V” be a complete variety, non-singular in codimension 1 
and of degree h. Let.Ur be the Chow variety of a linear system £ of divisors 
on V. Assume that Æ is without fixed component. Then deg U =F. 


Proof. Let k be a field of definition for V and U and such that the 
linear system has a module in the function field* which has a basis of func- 
tions defined over k. We have to consider two different cases. 


Case 1. Suppose a generic je of Æ has no multiple Bee 
Let Lo (o—1,: ::,r) be the linear varieties in. PN defined by the sets of 
elements (uyo) (j==0,:-:°,N31,---,n), where all the ay are transcen- 


i h 
dental and independent from each other over k. Let Lo: V == 3) Qca; then we 
à œ=1 


have noted above that Qca and Qog (a548) are two independent generic points 
of V over the field Ko (introduced above). Furthermore, for any set of indices 
(@1,°°°,@-) with 1S as S h, we have that Qian. - *, Qre, is a set of r indepen- 
dent generic points of V over k, and therefore there is precisely one element 
X in the linear system going through Qian’ © *,Qa,.. If we denote this X 
by Xa,- a, then Xa, a, 18 rational over the field Ka,- a, = k (Qiap’ °°, Qra,). 
Since, as we have seen above, Qog for Bs4 ao is a generic point of V over 
this field, it follows that Xa,..«, does not contain Qop. Therefore Xa,..-c, 
Xp- p, U for some o the ao Bo. 

Next, let Ho (o =1,- : +,17) be the hyperplane in the ambient projective 
space of U derived from the set (t,o). Then we have, according to the 
remarks made above, that Ch (Xea, EU QH: N: : NH, for every set of 
indices (@,°* °,a-) and moreover these are the only points in this inter- 
section. Since we obtain in this way precisely hr (different) points, it suffices, 
in order to complete the proof, to see that every point has multiplicity 1 in 


"Let 2 be a linear system on V; let Q be the universal domain and 0(V) the 
function field of V. We shall say that a vector space M C2Q(V) over Q is a module 
tor £ if there exists a (fixed) divisor Y on V such that (f)+ Ye £ for all functions 
feM and if conversely for every X € £ there exists an f €M such that X = (f) + Y. 
Such a module always exists; in particular, if we take an X,€ 2, then the set L(X,) 
= {fIfen(V) such that (f) = X — X, with X € £} is a module for £. 
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this intersection. From the fact that X a,- a, contains the points Qian’, Orc, 
which are r independent generic points of V over k, it follows easily that the 
point Ch(Xa.-.«,) is generic on U over k; therefore it is in particular simple. 
Since (as is easily seen) the Xa,...«, are conjugate to each other over the field 
obtained by adjoining the coefficients uyo of the Le to the ground field k, 
it suffices to consider only one of the Xa,...«,, and let us write X instead of 
Xaa, We have to show that H,-----H, is transversal to the tangent 
space to U at Ch(X). Since the H,,---,H, are r independent generic 
derived hyperplanes over the ground field k, it suffices to show that there are 
some r derived hyperplanes H’,,- - -,H’, such that H’,:- - --H’, is defined 
and transversal with the tangent space to U at Ch(X) (for then over the 
specialization H,— H’; over k there is an Xg,...g, specializing to X and hence 
Hı: ++ -H, is transversal to the tangent space to U at Ch(Xg,-..2,), which 
is sufficient since Xoq,...c, and Xg,...g, are conjugate). However, now we 
contend that the intersection of all the derived hyperplanes through Ch(X ) 
is Ch(X) itself, which is clearly sufficient. for the existence of r derived hyper- 
planes H’,,- - -,H’, with the above mentioned property. In order to see that 
the contention is true let Ch(X) = (c,) and let (d,) be an arbitrary point 
in the ambient space Pt of U. Consider the Chow form }}4M)(U) = F(U) 
and the form YAM, (U) —G(U). We must try to find a set (w) such that 
F(u’) = 0 and G(u’) 540. However, if (a) (d), then the existence of 
such a set (u) follows from the fact that F(U) has no multiple factors 
since X has no multiple components. 


Case 2. Suppose a generic member X (over k) of Æ has multiple 
components. According to [9, Th. 1.6.3] we have X=peX’, where X’ has 
no multiple components and p is the characteristic of the universal domain. 
In order not to interrupt the arguments later on we first state an auxiliary 
lemma. 


Lemma 3. Let U be a projective variety defined over a field k of charac- 
teristic p and let P be @ generic point of U over k. Let U* be the locus of 
P® over the field k®, where P® is the point obtained by ratsing the coordt- 
nates of P to the p*-th power. Then deg U — deg U*. 


For the proof of Lemma 3 it suffices to remark that we obtain U* from 
U by applying the Frobenius automorphism p— p?* to the universal domain 
and that by this automorphism hyperplanes go over in hyperplanes. 

Returning to the proof of Case 2 of Lemma 2, take a fixed divisor X, 
in £ and let k be an algebraically closed field over which V and U are defined, 
over which X, is rational and such that the function module L(X,) of Æ has 
a base of functions defined over k. Let X be a generic member of £ over k: 
then we have X == p°X’ as we have seen above. Let U’ be the locus of the 
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Ch (X’) over k. If Ch(¥’)€U’, then Ch(p*¥’)€U, and conversely if 
Ch(Y) €U, then Y= p*Y’ with a Y’ such that Ch(¥’) € U’; in particular 
X,—9p°X with Ch(X,’)€U’. By [9, Prop. 1.6.4] we have L(X,) 
C (Q(V))®, where Q is the universal domain and 0(V) is the function field 
of V over Q. If Ch(Y¥’) € U’, then p*Y’ == X, + (f) with fe L(X,) and hence 
Yis (f7) with fre Q(V), and hence Y’~ X,’. Moreover, it is 
then easily seen that U” is the Chow variety of a linear system Æ’ without 
fixed components, a generic element X’ of which has no multiple components. 
Let P* be the ambient space of U’. Let(c,) == Ch(X’) and (d,) = Ch(X); 
then we can rearrange the coordinates d, such that d, = c,? for y= 1, - +, 
and d,—0 for pt +1,:::,t. Therefore there is a projection of the. 
ambient space Pt of U onto P” such that the image of U is the variety U*, 
where U* is the locus of (Ch(X’))® over k and clearly deg U — deg U*. 
By Lemma 3 deg U* deg U” and deg U” == hr by Case 1, which completes the 
proof. 


2. Let V” be a complete, projective variety defined over k. 


Lemma 4 Let bea linear A of divisors on V having the following 
properties : 

1. If P, P’ are any two simple points on V, then the linear subsystem 
L(P,P’) of £, consisting of all divisors of £ going through P and P, has 
no base points (except P and P’). 


2. If KD kis any field such that L has an associated function module 
with a basis of functions defined over K and if ¥1,- + -,¥, are n independent 
generic members of £( P,P’) over K(P, P”), then Y, -Yn ts defined and 
equal to 1-P+1-P’+ W, where W is a cycle not containing P and P. 


Under these assumptions, 1f Xi’ °’, Xn aren independent generic members 
of £(P) over K(P), then: i 


a. Xir >e Xn ts defined and equal to 1-P+1-Q,+:---+1:Q,, 
b. ifi j, then Qı and Q, are independent generic points of V over K(P). 


Proof. First, we remark that if A is a subvariety of V algebraic over 
K(P) and different from V itself, then ÆZ,N::-NX,MA=@. For it 
follows from 1. that £(P) has no fixed points and therefore a generic Xi 
does not contain A, and it follows that the dimension of every component of 
X,A is smaller than the dimension of A. By repeating the argument we 
see that A NX NN: NAN AO. Now let Qe XN: N Xa (QP); 
then it follows from the above remark that Q is a simple point on V. Next, 
let Ya, +, Yn be as in 2. for £(P, Q); we have (X:,: - +, Xn) > (Fi, - -, Ya) 
over K(P). Therefore X,--- --X, is defined, and P and at least one other - 
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point in X, "X, have multiplicity 1. Put K,—K(P); let p1,° ' +, ¢y 
be a base for a function module of ¥(P) such that all $; are defined over 
K,; moreover, we can assume that all 4, are defined at Q and that at least 
one pi say 1, is such that ¢:(Q) 40 (since Q is no base point for £(P)). 


N 
Let X;— ($ ttipdp)o, t= 1,' * +, n, with the wp independent transcendentals 
p=1 
over K,. We have dimg, K, (u, Q) = dimz, Kı (u) =Nn. Since 
ty, € Ka (Q; tia, * + yt) for 1m 1, on, 


we see that dims, q) Ki (Q, u) <= (N—1)n. Then it follows from the tower 
K, C K,(Q) C K,(Q,u) that 


dimr, K, (Q) =n and dimz) Ki (Q, u) = (N—1)n. 


Then X,,---,X, are n independent generic members of £({P,Q) over 
K(P,Q); for, the dimension of £(P) being N and Q being not a fixed point 
of (P), the dimension of (P,Q) is N—1. Then a. follows from 2. 
applied to £ (P,Q). Now let Q, and Q; be as in b. From what we just have 
seen it follows that X,,: - -,X, are n independent members of Æ (P, Q,) over 
K(P,Q,). If the locus of Q; over this field has.a dimension smaller than n, 
then, since (P, Q:) has by assumption no base points (except P and Qi), 
it follows ‘by the same argument as in the beginning of this proof that 
XN: N Xa has an empty intersection with every component of the locus 
of Q; This being a contradiction, it follows that Q; has dimension n over 
K (P ? Qı) ‘ 

Lemma 5. The linear system La (m>1) of hypersurface sections of 
degree m on V is ample and has the properties 1. and 2. of Lemma 4. 


Proof. It is well known that £n is ample. Given P and P'E V and an 
arbitrary point Q in the ambient projective space PY of V, then there clearly 
exists a hypersurface of degree m (if m >1) through P and P but not 
through Q. As to property 2., let 27,9 = LO 4 HH, ,%, (—=1,---,2), 
where L(® is a hyperplane through P and H,,,“) is a hypersurface of degree 
m— 1 through P’, and moreover we take generic LM and Hm- with these 
properties and all independent from each other (over a field K(P, P’) as in 
Lemma 4). Since in particular Z® does not go through P and H® not 
through P, we have if we put V H,, — Xr that X,- - --X,’ has property 
2 in Lemma 4, go certainly for generic X; we have this property. 

Definition. À variety V” is adaptable embedded in projective space PY if 
YV C PN and if this embedding has the following property. If k is a field of 
definition for V and P a simple point on V rational over k, and if LN# is a 
linear variety through P but otherwise generic over k, then: 
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A P 
1. VL=P+2Q with Q; #0; for 1545 (h= deg V), 
=% 


2. for every pair (1,7) with 1544, the points Q; and Q; are independent 
generic points of V over k. 
Lamma 6. Let V" be a variety in projective space PN. Let V’ be the 


embedding of V into projective space P™ by means of the hypersurface sections 
of degree m (m œ> 1). Then V’ ts adaptable embedded in PM. 


Proof. Instead of considering V’-L in PM we can consider in PN the 
intersection V-H, where H is a complete intersection of n hypersurfaces of 
degree m, independent generic from each other over the field k in considera- 
tion (except for going through the given point P). The lemma follows then 
from Lemma 5 and Lemma 4. 


3. Lemma”. Let U be the Chow variety of an algebraic system of 
positive r-dimensional cycles in PN, defined over a field k with a generic 
element X over k. Let Z be a k-rational positive r-dim. cycle. Let W be the 
locus of Ch(X + Z) over k. Then there ts an everywhere biregular birational 
transformation between U and W. 


t 
Proof. Let U be in P*. Let 2 éM (U) be the Chow form of X and 
=0 


let F(U) = S6&*M)(U) be a form with generic (&*) over k. Suppose 
+ a,V,(U) —G(U) is the Chow form of Z Put F(U)-G(U) —H(U) 


8 
= Dba (7). Then W is in P*. Furthermore, ņa = pa(é*), where the pa 


are linear forms in the £*. These forms define a projective transformation 
of Pt into Ps; since it follows clearly, from the way the ņa are defined, that 
there is no (&) such that all pa (£) are zero, it follows that Pt is transformed 
in a one-to-one manner to a subspace of Ps, W is then clearly the projective 
transformation of U.? 


PROPOSITION 1. Let V be a complete variety, non-singular in codimen- 
ston 1 and adaptable embedded in projective space. The the Chow variety 
of a linear system is non-singular. 


Proof. Let U” be the Chow variety of a linear system £; let deg V” == h. 
By Lemma 7 we can assume that £ has no fixed components. Let X€ Z; 
since £ has no fixed components, there is a point P € | X | which is not a base 
point for £; we can assume that P is simple on F. Let k be a field of 
definition for V and U, such that X and P are rational over k and such that 
Æ has a function module with a basis of functions defined over k. Let LN-" 


* It follows from this that the assumption in Lemma 2 that £ has no fixed com- 
ponenta can be omitted. 
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be a linear variety in the ambient space PN of V, going through P but 
otherwise generic over k defined by a set of elements (u) (j=0,: °°, NV; 


h 
im, jn). Let V'L=P+ SC (by assumption on the embedding 
4-2 


XÆQ;<P). Let H be the hyperplane in the ambient space Pt of U 
derived from the set (w); U N H consists of all divisors in Æ which contain 
at least one point of V N L. Denote by £p, resp. Lo, (12, > *,h), the 
linear subsystems of Æ consisting of all divisors through P, resp. Qi. £p is 
a proper subsystem of £ (since P is not a base point) and also the £q, are 
proper; in fact, X é Lo, since Q; is generic on V over k and X is rational 
over k. Moreover, for 1547 we have £g, 53€ Æq, since Qi and Q; are inde- 
pendent generic points of V over k (since V is adaptable embedded). Let 
Up, U; (t= 2,:--,h) be the Chow varieties of Æp and Yo, respectively. 
Then the above stated properties can be translated as follows 


UNH—=UpU UU: -UUs Ch(X)¢U, (i= 2,-- -,h) 


and deg U= h (1=2,:--,h). Therefore we most have 


A 
U-H=1 Up + a Ui 
4=2 


By the criterion of multiplicity 1 [8; VI, Th. 6] the proposition is proved 
if dim U —1, and if dim U > 1, it suffices to prove (since Ch(X) ¢ U,) that 
Ch(X) is simple on Up. Therefore proceeding by induction on dimT the 
proof is complete. 


Proposition 2.° Let V” be a complete, non-singular projectwe variety. 
Let U be the Chow variety of a maximal, total, regular family U of positive 
divisors on V. Lei XEU; then the Chow variety of the complete linear : 
system (X), determined by X, is a simple subvariety of U. 


Proof. Let Ch(X,) be a simple point of U and let k be a common field 
of definition for V, U and the Pic.(V) over which X and X, are rational. 
Consider the rational mapping A: U-»Pic.(V) defined by A(Ch(X*)) 
— Class(X*— X,), where X* is a generic element of U over k; h is defined 
over k. Let T, be the graph of h on U X Pic.(V). Let Ch(X*) be a generic 
point of U over k, put n* == Cl. (X* — X.) and y=ClL(X—X,). If we 
denote by £(X*), resp. (X), also the Chow varieties of the complete linear 
systems determined by X*, resp. X, then we have by [6, I, Prop. 10 and Cor.] 
Tr (PIX n°) = SAT) & n° and TN (PP! Xn) = L(Z)Xn. Since U is a 


3 The writer owes this proposition to T. Matsusaka; it is of special interest for it 
follows from this proposition that the Picard variety can be constructed in precisely the 
same way as the Jacobian variety is constructed by Chow in [3]. (See the remark 
following this proposition.) 


4 


108 J. P. MURRE. 


regular family, all the linear systems have the same dimension, and then it 
follows by Lemma 2 (and footnote 2) that the corresponding Chow varieties 
have the same degree. Therefore we must have Ta: (P’ &y)—=¥¢(X)X 4 
(and not a multiple of that cycle since this contradicts the fact that 
Tr (PtXn) is the specialization of Ta: (PX y*) over the specialization 
7* — n with respect to k). Hence by the criterion of multiplicity 1 [8, VI, 
Th. 6] we see that £ (X) X 7 is a simple subvariety of Ta. It suffices therefore 
to show that the mapping h is regular (in the sense of [8]) at the subvariety 
(X) of U. 

Let C be a generic 1-section of V over k, J the Jacobian of C and¢: C7 J 
the canonical mapping. Let B be the abelian subvariety of J generated by 
the points S#((X*—2X,)-:C). Then by [4]* B is a model for the Pic.(V) 
and the mapping k’: U—B defined by h’(Ch(X*)) = 8d((X¥* —X,)-C) 
is the canonical mapping; hence we can take Pic.(V)—B and heah’. If 
K D k is such that C, J, & are defined over K, then we must show that h’ is 
regular at Ch(.X’), where Ch(X’) is a generic point of £(X) over K. In 
view of its application in the next theorem we state the next lemma. 


Lemma 8. If Cts a generic 1-section of V over k(Ch(X’)) and if J, 4, 
B and h’ are introduced as above, then h’ is regular at Ch(X’). 


Proof. Instead of considering h’ we can consider f: U—>J defined by 
f(Ch(X™*) ) == Sp(X*-C) since À’ and f differ only by a constant on J. Let 
deg(X*:C) be d. Then we have the following commutative diagram: 


E ag 


\ /+ 


Ow 


“Since [4] is still unpublished, we indicate how the proof here can also be obtained 
from Chow’s results. It is irrelevant for our considerations that Pic.(V) is embedded 
in one Jacobian, an embedding into a product of Jacobians is sufficient. By the so-called 
regularity theorem [Lang, Abelian Varieties, VIII, Th. 9] there is such an embedding, 
However, we must also have a connection between the natural mapping X > Cl.(X — X,) 
and the intersection of X with the generic l-sections. In fact, we must have commu- 
tativity in the following diagram (where we can restrict to one Jacobian), 


where À is the natural mapping X > CL(X— X,), A, is the canonical mapping of the 
k(u) /k-trace Pice.(V) to Jy and ¥(Oh(X)) = Sp((X—X,): 0,). This commutativity 
follows essentially from Th. 12 and Th. 4 in Lang’s book, Chap. VIII. 
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where O® is the Chow variety of positive divisors of degree don ©, g is the 
- g 

mapping g(Ch(X*)) = Ch(X*-C) and y is the mapping y (2 P;) = Sẹ (P;), 
Ja 


where P, are points on C. Since C@ is non-singular," it suffices to prove that 
g is regular at Ch( X’). Let the Chow form of X’ be Xa &M@)(U) where the 
M,(U) are monomials in the letters Uy (7==0,---,N;%+=-1,--+-,n2). Let 


C be the intersection of V with a linear space L defined by À vy) —0 
(s=-1,---+,n—1) with vy independent transcendentals over CORC’). 
Putting LX SP with Pa== (Dao °°, Pan) we have by the definitions 
of the Chow ee, X’ and X’: L the relation 


2 Mu, Un) — p (O) TIC Unpas) = p (V) Za aN a (U), 


where p(v) is a rational function in the v’s and Xy naNa (U) is the Chow form 
of XY’: L (in the letters Un). Therefore the 7, are polynomials in the & (with 
coefficients in k(v)) and since, of course, not all these polynomials are zero, 
the mapping g is regular at Ch(X’). 


Remark. It follows from Proposition 2 that the variety W of [6, II, 
page 59] is itself a model for the Pic.(V). It follows from the properties 
stated there that is suffices, in order to show this, that W is non-singular. 
W is the Chow variety of the family of linear systems (X) on U. Since U 
is regular, every linear system has the same dimension and therefore by 
Lemma 2 the same degree. Therefore we have an involutional system in the 
sense of [2]. By'a theorem of Chow [2, p. 258] it suffices to show that each 
£(X) is a simple subvariety of U, but this is precisely the assertion of 
Proposition 2.° 


THEOREM. Let V be a complete, non-singular variety, adaptable embedded 
in projective space. Then the Chow variety of a maximal, total, regular family 
of positive divisors on V ts non-singular. 


Proof. Let U be the Chow variety under consideration; let Ch(X) € U. 
Let Ch(X,) be a simple point on U. Consider as in the proof of Proposition 2 


5 There is an oversight on page 472 of [8] in the proof of the non-singularity of 
O (in case the divisor has multiple components). However, by using the same argu- 
ments as in the proof of Proposition 1 this can be corrected; the essential point being 
that we know the degree of the Chow variety O in terms of the degree of O. 

° The method of Matsusaka for constructing the Picard variety can also be used to 
construct the so-called “ generalized Picard varieties ” in the sense of Tate (see L, Lang, 


Abelian Varieties, page 176). We hope to return to this question on some future 
occasion. 
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the mapping k: U — Pic.(V) defined by h(Ch(X*)) = C1.(X* —X,), where 
Ch(X*) is a generic point of U (over a field k of definition for V and U over 
` which X and X, are rational). Let y—=Cl.(X — X.) ; then, if T, is the graph 
of h, we have seen that I, (P? X n) = SX) X n (Pt is, as usual, the ambient 
space of U, £(X) is the Chow variety of the linear system determined by X). 
First, we want to show that Ch(X)X » is simple on Ty. By [8, VI, Th. 6] 
it suffices to show that Ch (X) X y is simple on £(X)Xn. This follows from 
the fact that (X) is non-singular by Proposition 1. Therefore it suffices 
to show that À is regular at Ch(X). Introducing a generic 1-section C of V 
over k and J and B and A’ as above we can take by [4] Pic. V = B and h = RW. 
Then h’ is regular at Ch(X) by Lemma 8. | 
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ON THE ALGEBRA OF REPRESENTATIVE FUNCTIONS 
OF AN ANALYTIC GROUP.* 


By G. Hocusonmp and G. D. Mostow. 


1. Introduction. Let G be a real or complex analytic group. If p is 
an analytic finite dimensional representation of G, and if ¢ is a linear func- 
tional on the algebra of all linear endomorphisms of the representation space 
of p, then the composite to p is called a representative function on G associated 
with p. Throughout, R, or R(@), if the group is to be exhibited, denotes the 
algebra of all complex valued representative functions on Œ. In the analysis 
of R, a special role is played by the group Hom(G,(C) of all analytic homo- 
morphisms of @ into the additive group C of the complex numbers. By 
composition with the exponential map of C into the multiplicative group C* 
of the non-zero'complex numbers, we obtain the subgroup Q == exp(Hom(G, C)) 
of the group Hom (G, C*) of all analytic homomorphisms of G into C*. It is 
a fundamental feature of the generalized Tannaka Theorem (see [2], [3], [4]) 
that the departure of the representation theory of G from that of an algebraic 
linear group depends entirely on the non-triviality of Q. It is for this reason 
that Q is singled out in a natural way in the structure of R. 

A subalgebra B of R will be called a basic subalgebra if it satisfies the 
following conditions: (1) B contains the constants, (2) B[@]—R, (3) the 
elements of Q are free over B, (4) in the real case, B is stable under the 
complex conjugation of R. It is known from [3] and [4] that there always 
exists a finitely generated basic subalgebra. However, this result is inadequate 
in as much as it ignores the G-module structure of R. Actually, we shall 
show in Section 3 that there always exists a basic subalgebra that is stable 
under the left G-translations and, in fact, has the additional stability property 
that-its ‘semisimple part’ is stable under both the left and the right G-trans- 
lations. Although it is easy to see (Section 3) that all basic subalgebras 
are isomorphic as algebras, they may differ radically in their behaviour under 
the action of G. On the other hand, we shall show in Section 4 that the 
normal basic subalgebras, i.e., the basic algebras that are left stable and whose 
semisimple part is two-sidedly stable, can be classified into orbits under the 
right G-translations, which correspond in a natural 1-1 fashion to the con- 


* Received August 10, 1960. 
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jugacy classes of the decompositions of @ into semidirect products of the type 
described in Section 2. 

In Section 6, we analyze the group of the proper automorphisms of À 
(i.e., the automorphisms leaving the constants fixed and commuting with the 
right translations) by means of a stable basic subalgebra. In particular, we 
show that this group is a semidirect product of a subgroup naturally isomorphic 
with Hom(Q,C*) by the normal subgroup of the left translations (com- 
plexified, in the real case). Section 7 is a direct application of the existence 
of stable basic subalgebras and concerns the representations of @ as closed 
subgroups of full linear groups. 

In Section 8, we show that the two-sidediy stable basic subalgebras (which 
do not always exist) correspond in a 1-1 fashion to the rational equivalence 
classes of faithful representations of the complex analytic group G as an 
algebraic linear group. In particular, it follows from this and the corréspon- 
dence between normal basic subalgebras and decompositions of @ that any 
two such ‘algebraic structures’ of G are conjugate by an analytic auto- 
morphism of G, whence we obtain a description of the set of all algebraic 
structures on @ which exhibits this set as an affine space in a natural way. 
On the level of the decomposition theory of G, the conjugacy result is due 
to B. Kostant (Theorem 8.4). 

The statements of the results obtained here and the main features of. 
their proofs are intelligible without reference to our previous papers ([2], 
[3], [4]) on this topic. Nevertheless, we lean heavily on the notions and 
techniques of these papers, and we have not covered all the details of the 
proofs by explicit references. 


2. Nuclei and decompositions. For later use, we review some known 
results concerning decompositions of analytic groups into semidirect products. 

We shall say that a (real or complex) Lie group @ is reductive if G has 
a faithful finite dimensional analytic representation and if every finite dimen- 
sional analytic representation of G is semisimple. By a nucleus of a Lie 
group G we shall mean a closed, normal, solvable and simply connected 
analytic subgroup K of @ such that G/K is reductive. Let N denote the 
radical of the commutator subgroup @ of G. Then every finite dimensional 
analytic representation of G is unipotent on N. Now suppose that Œ has a 
nucleus K. Then @ has a finite dimensional semisimple analytic represen- 
tation whose kernel is exactly K. Since the restriction of a semisimple 
representation to a normal subgroup is still semisimple, we conclude that 
NCK. Thus N ts contained in every nucleus of Q. 
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If G is an analytic group that has a faithful finite dimensional analytic . 
representation then G has a nucleus. Moreover, if K is any nucleus of G 
then Q is a semidirect product H-K, where H is a closed analytic subgroup 
of G and, of course, 1s reductwe. 


In the complex case, the existence of a nucleus K for an analytic group 
G implies the existence of a semidirect product decomposition G—H-K, 
even when it is not assumed that G is faithfully representable, and the existence 
of a faithful representation is then a consequence of the existence of a nucleus 
[4, Th. 3.6]. In the real case, the proof of the second assertion above is. 
contained in the proof of [2, Th. 9.1]; one merely has to observe that any 
given nucleus of G may take the place of the group K used in that proof. 
The first of our two assertions above, in the real case, is part of [2, Th. 9.1]; 
in the complex case, the existence of a nucleus is part of [4, Th. 4.2]. 

In our later applications of nuclei, we shall use the fact that the Lie 
algebra of K can be written as a sum of the Lie algebra of N and another 
nilpotent Lie algebra that lies in the centralizer of the Lie algebra of H. 
What we shall need is contained in the following lemma. 


Lemma 2.1. Let © be a Lie algebra that ts a semidirect sum § + Ñ, 
where & is a solvable ideal and § is a complementary subalgebra that is 
reductive in ©. Let N—[G, 8]. Then there is a nilpotent subalgebra $ 
of & such that [§, R] = (0) and Ra B+ M (not necessarily semidirect). 


Proof. Let 2 denote the centralizer of § in . Since & is semisimple 
as an -module (under the adjoint representation), it is clear that R == © + J. 
For x € &, denote by 2? the subspace of all elements of X that are annihilated 
by some power of the inner derivation effected by x. If we choose x so that 
R? is of the smallest possible dimension then 2» (is a Cartan subalgebra of 
X and, in particular,) is a nilpotent subalgebra $ of Q. By Fitting’s Lemma, 
we have R= + 6, where © is a subspace such that [,&]=6. Hence 
© CR, and we conclude that R == V- MN, completing the proof. 


3. Basic subalgebras. We begin with two elementary facts concerning 
basic subalgebras that are important for our purpose. 


PROPOSITION 3.1. Let U and V be any two basic subalgebras of R. 
Then there exists a unitary C-algebra isomorphism of U onto V. 


Proof. For every f € R, write f == Dgegtalf)g, with v,(f) € V. Similarly, 
define the maps ug: R— U, for each qE Q. Now define the map ¢: UV 
by $(f) = Zi oequa(f). Then ¢ is evidently a unitary C-algebra homomorphism 
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of U into V. Interchanging the roles of U and V, we obtain a unitary C- 
algebra homomorphism y: VU. Let fEU. Then we have 


HEN) eu) = Baa ta (re (F) ) 
= Daa Uae (va (F)) 
== La te (De Ve (fT) 
= Dig Ua(f) —f. 
Thus yo is the identity map on U, and similarly Poy is the identity map 
on V. Hence ¢ is a C-algebra isomorphism of U onto F. 


PROPOSITION 8.2. Let U be a basic subalgebra of R that is stable under 
the left (or right) translations with the elements of G. Then Hom(G,C) CU. 


Proof. Let hE Hom(@,C) and write hm È egua (h)g with u,(h) E€ U. 
Translating on the left with an element sE G, we obtain from this 


h(t) +h = Z cg (7 YA) )g(2)g. 

Comparing coefficients, we get 
ug(h) = (@-ug(h)) q(x), for every gl. 
Now evaluate at the identity element 1 of G. This yields 


tug(h) (1) == ug(h) (z)g (2). 


Thus, for every g<1, u,(h)g is a constant. We conclude that w,(h) —0, 
for every g541, whence h == u, (h) € U, q.e.d. 

In studying the algebra E == R(G) of the complex valued representative 
functions on the (real or complex) analytic group G, we may assume (in 
virtue of [2, Th. 7.1] and [4, pp. 89-90]) without loss of generality that @ 
has a faithful finite dimensional analytic representation. This assumption 
will be in force from now on. Let G—H-K be a semidirect decomposition 
as discussed in Section 2. Let ©, §, & be the Lie algebras of G, H, K, 
respectively. Let N be the radical of the commutator subgroup @ of G. 
Then NCK, and the Lie algebra N of N coincides with [G,R]. Let 
Ti, * > Tm be a basis for 9. Let zen"  :,æ, be elements of the nilpotent 
algebra P of Lemma 2.1 such that z,,° + *, 2n is a basis for &. Now every 
element of G can be written uniquely in the form i 


h exp (Cyt) =. * XP (Cmm) XP (2 42%); 


where À € H and the cj are real or complex numbers (note that N is simply 
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connected and nilpotent). We define functions u,’ ' ,#, on @ such that, 
for each 7, the value of u, at the element of G written above is c; Let § be 
the algebra of functions that are generated by the constants and wi," © *, tin. 
Let RX denote the subalgebra of R that consists of the elements left fixed by 
the translations with the elements of K. The analysis of R made in [3, 
Section 4], which would be the same in the complex case as it was in the real 
case, has shown that RES is a basic subalgebra of R (the notation of [3] is 
such that our present RX is there denoted R?(G); the notation we adopt 
here is based on the principle that if W is any left module for a group A then 
W4 stands for the submodule of the A-fixed elements of W). 

We claim that S is stable under the left translations with the elements 
of G. For j>m, we have we Hom(G,C), so that g:uj;meu(g) + uj € 8, 
for every ge G. Now suppose that jÆm. Let ve H. Then v commutes 
with every exp (cxt) with k > m. Hence, if GER and v* denotes the auto- 
morphism of N that corresponds to v under the adjoint representation, 


h exp (Catu) * * "EXP (Cmm exp (t)v 
== AV EXP (CaTn) * © "EXP (Cwm) ut exp (t)v 
ext AV EXP (CnTa) * * * EXP (Cmm )exp (v*(t)). 


We see at once from this that v-u, is a linear combination of w,’ © +, tm. 
Now let s€ 9, and let us consider the translate exp(s) u, The nilpotency 
of NR implies that, if FEN, we have 

exp(¢)exp(s) ==exp(f(s,t)), 


where f is a polynomial map of SE N) into N. Hence it is clear that 
exp(s) u, is a polynomial in t,’ ° : , um 

There remains to consider the translates exp(dxi) u; where k>m 
and dx is an arbitrary real or complex number. Since $ is nilpotent, we 
have 


exp (Cat,) °° "EXP (Cm lm ene: | 
m= EXP (Catn) © © -exp( (Cp + dy) Tg) e * EXP (Cmim ) EXP (8), 
‚where s is a linear combination of basis elements of [®, 8] whose coefficients . 
are polynomials in Cm ` ',C and du. Writing t for À om, we have 
hexp (rtm) ` ` *exp(mutmu)exp (t) exp (drr) 
—hexp(cz,): + -exp((cy + dy)ax)* * * exp(Cms:Umss)exp(s)oxp(exp(diex)*(t)). 
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Since sE N, the product of the last two factors is the exponential of 
f(s, exp(dyt,)*(t)), which is a linear combination of z,,' + -,2 whose 
coefficients are polynomials in ¢,,- - ',c„ (the dependence on d, being ignored). 
Hence exp (dits) u; is a polynomial in t,’ + +, tn. 

Thus we have shown that S is stable under the left translations. Evi- 
dently, RX is stable under the left and the right translations. Moreover, RX 
is canonically isomorphic with the algebra of all representative functions on 
the reductive analytic group G/K. By [2, Th. 9.2] (for the real case) and 
[4, Th. 5.2] (for the complex case), RX is therefore finitely generated as a 
C-algebra. Hence RES is finitely generated as a C-algebra. Put B RES, 

It is easy to see (cf. [3, Section 4]) that the canonical map RE 8o 8 -> RAS 
is an isomorphism. We recall that a representative function f on G is called 
semisimple if the representation of @ by left translations on the space spanned 
by the translates of f is semisimple. The semisimple elements of B con- 
stitute a subalgebra B, of B that is stable under the left translations. We 
claim that B,==— RX, Evidently, RX C B, Conversely, let f€ B, We can 


r , : 
write f = >) pis, where p,,° : -,p, are C-linearly independent elements of RE 
i=1 + 
and the s€ 8. Then we have, for every € K, s: f= > mx 8). Since, for 
=i 


given Pı’ ` ',Pr, this representation of æ-f is unique, it follows that, for 
each +, the K-module spanned by the left K-translates of s, is a K-homomorphic 
image of the K-module spanned by the left K-translates of f. Since K 
is normal in G, the K-module generated by f is semisimple. Hence the 
K-module generated by s; is semisimple, for each %.- On the other hand, N 
is unipotent on every finite dimensional N-submodule of R. Hence s must 
be -left fixed by the left N-translations, and it follows that the restriction 
of s, to K may be regarded. as a representative function on the vector 
group K/N and, as such, is a semisimple representative function on K/N. 
Hence the restriction of s, to K is a C-linear combination of elements of 
exp(Hom(K/N,C)), i.e., it coincides with the restriction to K of a O-linear 
combination of elements of Q =exp(Hom(G,C)). However, it is clear from 
[3, Section 4] that the restriction homomorphism R(G)—>R(K) is a mono- 
morphism on S[Q]. Thus we conclude that s€ C[Q]. Since the elements 
of Q are free over 8, this implies that s; is a constant, whence f € RK. 


It is convenient to introduce the following definition: a normal basic 
subalgebra of R is a basic subalgebra B such that B is stable under the left 
_ translations and B, is stable under both the left and the right translations. 


The algebra B constructed above has been shown to be a normal basic 
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subalgebra. Since B is finitely generated as a C-algebra, it is clear from 
Propostition 3.1 that every basic subalgebra of R is finitely generated as a 
C-algebra. Next, we observe that the kernel of the representation of G by 
left translations on B, is the nucleus K of G. Indeed, since B, == AK, this 
kernel contains K. Since G==H-K, and since the representation of H by 
left translations on RX must be faithful (because H has a faithful finite dimen- 
sional representation and RX is canonically isomorphic with the algebra of all 
representative functions on H), it follows that the kernel must coincide 
with K. 

Now let D be any basic subalgebra of R that is stable under the left 
translations. We claim that R,=D,[Q|. Evidently, D,[Q]C Es. Con- 
versely, let f € R, and write f = 2. gta (f)q, with d,(f) € D. Then we have, 
for every z€ G, oT Z eott da(f))g(z)g; and z:d(f) €D. Denote by 
G- f the space spanned by the left translates of f, etc. Then (@-d,(f))q is 
a G-homomorphic image of @-f, for each g, and hence is semisimple. Evi- 
dently, the G-submodules of (G-d,(f))q are the G-modules Vg, where V 
ranges over the G-submodules of G-d,(f). Hence we conclude that each d,(f) 
is semisimple, i. e., that d,(f) € De. Hence f € D,[Q], and our claim is proved. 

Let ¢ denote the coefficient sum isomorphism of B onto D, as in Proposi- 
tion 3.1. It follows at once from what we have just seen that (B) C Da 
Similarly, ¢*(D,)C B, Hence ¢ maps RX —B, isomorphically onto D, 
For ze G, define the map ġa: RE —>C by &(f) =¢(f) (z). Then ¢, is an 
algebra homomorphism leaving the constants fixed. Furthermore, in the real 
case, $s evidently commutes with the complex conjugation. By [2, Prop. 2.5], 
$s defines a unique proper automorphism £ of RX such that £(f) (1) == ¢,(f). 
In the real case, £ commutes with the complex conjugation. Moreover, it is 
clear that the map x £ is continuous, so that, in the real case, £ belongs 
to the connected component of the identity in the group of the real proper 
automorphisms of AX. Now RE may be regarded as the algebra of all repre- 
sentative functions on the reductive analytic group H. Hence it follows 
from [2, Th. 1.1.1] (for the real case) and [4, Th. 5.2] (for the complex case) 
that £ is the left translation by an element z,€e H. Thus we have ¢(f) (x) 
ea f(2,), for every f € RE. 

Now let dE D, and write d= D eota(d)q; with f€ B= RS. Then 
d(t1) = (cafe) (z), because g(z,) == 1, for each g, since z, € H. Thus 
d(z,) = b(2,.ofa(d)) (2) == d(x), by the proof of Proposition 3.1. 

Now suppose that D is a normal basic subalgebra. ‘Then, for every dE D, 
and every yE G, d-y€D,, and hence (d-y)(t,) = (d-y)(x). Hence we 
have t,-d==2-d, for every dE Da. Now let L denote the kernel of the 
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representation of @ by left translations on D,. Then our last result shows 
that G= HL. Moreover, the isomorphism ¢: R&D, is evidently an H- 
module isomorphism. Since the representation of H by left translations on 
RE is faithful, it follows that the representation of H by left translations on 
D, is also faithful. Hence HM L= (1), and G is the semidirect product 
H.L. Clearly, N C L, and L/N is isomorphic with G/(HN) and hence 
with K/N. Hence L is solvable. Moreover, since H: L =H- K, it follows 
that L is homeomorphic with K, and thus is simply connected. Hence L is a 
nucleus of G. Now construct a normal basic subalgebra E of R as above, 
but using the nucleus L. Then F, == RL, and D,[Q] —R,—H,[Q]. Since 
D, C E, and since the elements of Q are free over #,, this implies that 
D, A = RL, 


We may now summarize our results as follows. 


THEOREM 8.1. Let G be an analytic group having a faithful finite 
dimensional analytic representation. Let R be the algebra of the repre- 
sentative functions on G, and let K be a nucleus of G. Then there exists a 
normal basic subalgebra B of R such that BB— RK and K is the kernel of the 
representation of G by left translations on B, If D is any normal basic 
subalgebra of R then the kernel of the representation of G by left translations 
on D, is a nucleus L of G, and D, — À? 


We observe that tf @ is ait then every basic subalgebra of R that 
ts stable under the left translations is a normal basic subalgebra. Indeed, 
if @ is solvable we have G’ == N, so that G/N is abelian. Now if Bisa left 
stable basic subalgebra of R then the elements of B, are left fixed by the left 
translations with the elements of N. It follows that, for every f € B, and every 
zE G, f-c==2z-f, which proves our assertion. 

In general, this last result does not hold, as is shown by the following 
example. Let H denote the group of all 2 by 2 complex matrices with deter- 
minant 1, and let G ==H XC. Leta, B, y, 8 be the functions on G that 
associate with each element of G the entries of the matrix component of that 
element, so that a8 — By=—1. Let p be the projection of G onto C with kernel 
H, and put g==exp(p). Then it is easily seen that a left stable basic sub- 
algebra of R is given by 


B =m C| ag, Bq, vq 87", p] 
We have 
B, = Olaq, Bq, YT’, ôq*], 


and one verifies directly that B, is not stable under the right translations. 
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Moreover, the kernel of the representation of G by left translations on B, is 
discrete, in this case, and thus is certainly not a nucleus of G. 


4. Relations among normal basic subalgebras. — 


Lemma 4.1. Let B be any normal basic subalgebra of -R, and let K 
be the kernel of the representation of G by left translations on Be Then 
BN == RE| Hom (G, C) |. 


Proof. From a semidirect product decomposition G == HK, we see that 
G/N is the direct product of the reductive group (HN)/N by the vector 
group K/N. Hence R(G/N) may be identified with the tensor product of 
R(G/N)ÆEIN and R(G/N)@MIN, Now R(G/N)ŒNIN is canonically iso- 
morphic with R(K/N) —C[Hom(K/N,C),exp(Hom(K/N,C)]. Hence we 
have : | 

R(G/N) EMN = C[Hom (G/N, C), exp(Hom(G/N,C)]. . 


None Memento (G/N) onto BCG) we td 
RN = RE Qo C[Hom(G, C), Q] = RE [Hom (G, 0), Q]. ` 
Thus we have 
RE [Hom (G, C)]C BN C RE&[Hom(6,C)1[9]. 
Since the elements of Q are free over BY, this implies that 
BN == RE [Hom (G, C)]. 


Now let B be the normal basic subalgebra of R constructed from the 
nucleus K as in Section 8. B ==- RK[u,,- - - ,u,], and (un, * `, Uy) is a C- 
basis for Hom(G,C). Hence B= RÆ[Hom(G,C)l[u,, < tm]. Let Z 
denote the center of N. The elements 4, - `, um were defined with reference 
to a basis 2, ` ",zm of the Lie algebra of N. Choose this basis so that 
2," ` p is a basis for the Lie algebra of Z. Then it is clear from the 
definition of the functions u, that u€ BZ, for every 1>p. Hence 


B == B7 lu, ` *, Up]. | 


If we consider the natural action of the Lie algebra of Z on B, we see imme- 
diately that, for +—1,---,p, 4% annihilates BZ, while z,(u,) == 84 Hence 
we see from the familiar partial differentiation argument that the monomials 
in the functions u` - -,u, are free over B?. Moreover, if we examine the 
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argument of Section 3 with which we showed that 8 is stable under the left 
translations, we see that, actually, the free B4-module 


BZ + Blu, +--+: ++ Blu, 
is stable under the left translations. 
Now we are in a position to prove the following theorem. 


THEOREM 4.1. Let G be an analytic group, R the algebra of the repre- 
sentative functions on G. Let A and B be two normal basic subalgebras of R 
such that As==B,. Then there is an element ze N such that B-x—A. 


Proof. We make an induction on the dimension of N. Let Z be the 
center of N. If Z=N we have A7 == BZ, by Lemma 4.1. If ZN we 
consider G/Z, identifying R(G/Z) with RZ. Then BZ and AZ become iden- 
tified with normal basic subalgebras of R(G/Z), and (BZ): = B, = A, = (A7), 
The radical of (G/Z)’ is evidently N/Z. Hence, assuming that the theorem 
is proved in lower dimensions (to start the induction, note that if N is trivial 
then À == B, by Lemma 4.1), there is an element x € N such that (B7) - z == AZ. 
Replacing A by A x, we may therefore assume that BZ == AZ. Moreover, 
it evidently suffices to prove the theorem in the case where B is as described 
above, which we shall now assume. | 

Every element f € R may be written uniquely in the form 


f = D egt (f) 


with a,(f)€ A. Then a, is evidently a G-module homomorphism (but not 
necessarily an algebra homomorphism) of À into A, and a, is the 
identity map on B7—A%, Let « denote the restriction of a, to 
BZ + Bly, +--+ +--+ B?u,. Since the monomials in w,’ ` -, up are free over 
B2, we can extend a to an algebra homomorphism 8: B— A which, like a, 
commutes with the left translations. We extend 8 to an algebra endomor- 
phism y of R such that y(q) =q, for every q€ Q. Clearly, y still commutes 
with the left translations. Furthermore, since Hom(@,C) C BZ, y leaves the 
elements of Hom(G,C) fixed. Hence y(exp(f)) ==exp(y(f)), for every 
fe Hom(G,0). Finally, we note that, in the real case, a, commutes with the 
complex conjugation, whence also y commutes with the complex conjugation. 

In the complex case, it follows at once from [4, Th. 5.1] (with left and 
right translations interchanged) that y is the right translation by an element 
zE G. Since y leaves the elements of B? fixed, we have, in particular, f: t ==f, 
for every f € RE[Hom(G,C)]==BN. From this we conclude first that ze K . 
(because RX separates the elements of @/K) and then that sre N (because 
Hom(G,C) separates the elements of K/N). 


ANALYTIO GROUP. 121 


In the real case, we appeal to [3, Th. 5.1] to conclude that there is an 
element z in the universal complexification Gt of @ such that y(f) =f'z, 
for every fE B. Now G* contains the universal complexification N* of N, 
and it follows as just above, from the fact that y leaves the elements of 
RX[Hom(@,0)] fixed, that ze N*. Finally, since y commutes with the 
complex conjugation, it follows that rE N. 

Thus, in either case, there is an element & € N such that B-s CA. Since 
both B-z and A are basic subalgebras of k, this implies that B:x 14, so 
that our theorem is proved. | 

Theorems 3.1 and 4.1 give a one to one correspondence between the set 
of nuclei of G and the set of right G-orbits of normal basic subalgebras of 
R. In particular, the two-sidedly G-stable subalgebras of R that are generated 
by the normal basic subalgebras associated with a given nucleus K of G all 
coincide with one and the same two-sidedly G-stable finitely generated sub- 
algebra of R, which is thus invariantly associated with the nucleus K. In 
the general case, the representation-theoretical significance of this is not 
clarified. Moreover, this correspondence is not reversible; the same two-sidedly 
stable subalgebra may be associated with several, even non-isomorphic, nuclei. 
This is shown by the following example. 

Let G be the group of 7-tuples (a, b, c, Z, T, 8, t}, where z, r,s, t are arbitrary 
complex numbers, a,b,c are non-zero complex numbers, and the multiplica- 
tion is given by 


(a, b, C, 2, T, 5, t) (a, b’, €, Zz, Le s, t) 
== (a8, bb, ee, z +H rAr bs et). 


For every integer n, we define a nucleus K, of G; K, consists of the elements 
(exp(z),exp(—z),exp(nz),z2,r,s,t), where 2,r,s,t range over all complex 
numbers. We define the functions @, B, y,¢,p,0,7 on @ by a(a,b,c,z,r,s,t) 
=a, etc. Let q—exp(£). It is easily seen that HX» is generated by the 
functions ag, 8q, yg” and their reciprocals, and that R&*[£, p,o,7] is a normal 
basic subalgebra of R; in fact, it results from the construction of Section 3. 
Now one verifies easily that the two-sidedly stable subalgebra generated by this 
normal basic subalgebra is Ca, B, y, q, q7, a7, 87, yt, t p,o,r]. This is the 
same for all n. On the other hand, if n40 then K, is not isomorphic with 
Ko, because (K,)’ is of dimension 3 while (K,)’ is of dimension 2. 


5. The unipotent hull. For our present purpose, it will be convenient 
to assume, to begin with, that G is a complex analytic group. Let A be the 
group of all proper automorphisms of R, and let U denote the kernel of the 
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natural representation of A on R, We- shall call U the umipotent hull of G. 
_ We claim that, for every finite dimensional left G-stable (and hence 
also A-stable) subspace S of R, the natural representation of U on 8 is 
unipotent. In order to see this, let us consider a composition series 
(0)=8 C H C: CSN for S as a G-module Let & be a linear 
_function on $ that vanishes on 8,:, and.let s E€ S; Then the function t/s, 
where (4/3) (2) = 4(z's), for every zE G, is a representative function asso- 
ciated with the representation of G on 81/81, and hence belongs to Rs Hence 
ult/s) == t,/s, for every uE U, whence t(u(%)) = %&(%), for every u € U. 
Since this holds for all % that vanish on S;, and since 8, is U-stable, this 
implies that w({s,) —s€ Sys, for every u€ U. Hence S is unipotent as a 
U-module. 

We may choose a finite dimensional two-sidedly stable subspace S of R 
such that S and the elements of Q generate À and the representation of the 
subgroup GU of A on $ is faithful. This is done as follows: let f,,-: -, fx 
be a maximal set of linearly indpendent.elements of Hom (G, C), and put 
fo == Cfa +: -+ Cafn, Where Cu’ - -,¢, are rationally independent complex 
numbers. Put g=exp(f;). Then, if K is any nucleus of G, qi, * :,qn 
separate the elements of K/N. There is a finite subset T of R containing a 
set of generators of RX and such that TU Q generates R. We let $ be the 
smallest two-sidedly stable subspace of R that contains Hom(G,C), T, and 
Jo>' * ‘sn We claim that S satisfies our requirements. 

There remains only to show that the representation of GU on S is faithful. 
Suppose that € G, u€ U, and zu leaves the elements of 9 fixed. Write 
G—H-K, with H reductive, and z = hk, with h€ H and ke K. We have 
DU (qu) = 2: q= Qi(r)qie G(k)g Since € S, we have zu(g) — gq; Hence 
we conclude that qi(k) == 1, for 4» 0,1,- > :,n. By the choice of the q, this 
implies that ke N. Since N C U, this means that we may now assume that 
rE H. If fe RX then fER, so that œu(f) —zx'f. On the other hand, 
f belongs to the algebra generated by S, whence œu(f) =f. Thus «-f—f, 
for every f€ RX. But this implies, since ve H, that z=1. Now Hom(G,C) 
CS, so that u(f) =f, for every f€ Hom(G,C). Since exp(f) € Ea we have 
u(exp(f)) —exp(f). By [4, Th. 5.1], it follows that u is the left translation 
by an element of Œ. Since 8 and the elements of Q generate R, this implies 
that u == 1, q.e.d. 

Now let Ag and Ug denote the restrictions to S of A and U. By [2, Props. 
2.6 and 2.9], Ag is the algebraic group hull of Gg. We claim that Us coin- 
cides with the kernel, Vg say, of the semisimple representation associated with 
the representation of Ag on 9. 
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In order to see this, we consider the family of all finite dimensional two- 
sidedly stable subspaces T of R. By the standard decomposition theorem for 
algebraic linear groups [5, Th. 6.1], the algebraic group Ar is a semidirect 
product Mr-Vr, where Mr is fully reducible. If 7, CT, the restriction 
from T, to T, is a rational group epimorphism pr r, Of Ar, onto Ar. By 
[5,. Prop. 3.2], pr r,(Vr,) is unipotent and pr,r,(Mr,) is fully reducible. 
Hence Ar, is the semidirect product of these two groups, whence it is clear 
that pr,7,(Vr,) = Vr, Now let or,r, be the restriction to Vz, of pr r, and 
consider the inverse system of the rational group epimorphisms or,r, Evi- 
dently, the inverse limit of this system is precisely U.. Hence we conclude 
from [%, Prop. 2.8] that Up== Vr, for every T, which proves our above claim. 

In particular, we have a semidirect decomposition Ag == Mfg: Ug, where 
Ms is a fully reducible group of automorphisms of 8. Now we may identify 
GU with its image in Ag, and then we have GU = M -U (semidirect), where 
M =Ma N(GU). Evidently, GU is a normal subgroup of As, whence M is 
a normal subgroup of Ms. Hence M is a fully. reducible group of auto- 
morphisms of 8. It follows that the action of M on the algebra generated 
by $ is semisimple. Since S and the elements of Q generate R, it follows 
that the action of M on # is semisimple. Thus M is R-reducttwe, in the sense 
that À is semisimple as an M-module. 

Now suppose that G is a real analytic group. In this case, we shall define 
the unipotent hull U of G to be the kernel of the representation on R, of the 
group A, of the real proper automorphisms of R, i:e., the proper auto- 
morphisms that commute with the complex conjugation. Now we choose the 
space S used above so as to be stable under the complex conjugation, and 
we consider the inverse system of the or,7, obtained by admitting only those 
subspaces T that. are stable under the complex conjugation. Let (Ar), be 
the subgroup of Ar consisting of the elements of Ar that commute with the 
complex conjugation of T. Then (Ar), is a real algebraic subgroup of the 
group of all real linear automorphisms of 7. Since Ar is the algebraic hull 
of Gp C (Ar)r, it follows that the Lie algebra of Ar is the tensor product 
extension over C of the Lie algebra of (Ar), Now Fp is the analytic sub- 
group of Ar whose Lie algebra is the set of all nilpotent elements of the radical 
of the Lie algebra of Ar. Hence the Lie algebra of Vr is spanned over O 
by the set of all nilpotent elements of the radical of the Lie algebra of (Ar),. 
Hence (Vr), is the kernel of the semisimple representation associated with 
the representation of (Ar), on T. By considering the corresponding Lie 
algebra map, we see that orr, maps (Vr,), onto all of (Vz,),. Now it follows 
from the same inverse limit argument we used above (replacing [2, Prop. 2.8] 
with [2, Prop. 2.11]) that (Vr), = Um 
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We may now continue exactly as in the complex case to conclude that 
GU is a semidirect product M- U, where M is an #-reductive subgroup of Ap. 

From now on, G may again be either complex or real. Since the analytic 
group M has a faithful finite dimensional semisimple analytic representation, 
M is a direct product P X V, where V is a vector group and P is a reductive 
analytic group ([2, Th. 7.2] and [4, Th. 4.1]). Now V-U is a simply 
connected, solvable, normal, closed ‘analytic subgroup of GU, and GU is the 
semidirect product P-(V:U). Hence P is a maximal reductive analytic 
subgroup of GU. 

Now we recall that if L is a linear analytic group, M a maximal fully 
reducible analytic subgroup of Z, and T any fully reducible analytic subgroup 
of L, then there is an element ¢ of the radical of Z such that Tt CM 
(see [5, Th. 4.1]). | | 

Let K be a nucleus of G, and write G = H-K, with H reductive. Since 
(GU) lies in the algebraic hull of Gg, we have (GUY = 4. Hence we may 
conclude from the general theorem just quoted that there is an element t€ N 
such that tHt* CP. Since G==tHt"-K, it follows that GC MK. 

Let re Mandy¢ K. Then syx*y*¢€ (GUY =G. On the other hand, 
syry is contained in the radical of G. Since there is a continuous arc of 
such commutators joining zyz*y* to 1, we conclude that zyz4y lies in the 
connected component of the identity of the intersection of @ with the radical 
of @, and thus lies in the radical N of @’. Since N C K, we have therefore 
vys € K. In particular, we conclude that M N K is a normal subgroup of M. 
Hence M N K is R-reductive. Since Hom(G,C) separates the elements of 
K/N, while the representation of G on C + Hom(G,C) is unipotent, this 
implies that MNKCN. Thus MNECHMNT, so that MNK = (1). 
Hence MK is the semidirect product M- K. 

We have obtained the following result. 


THEOREM 6.1. Let G be a real or complex analytic group, and let U be 
the untpotent hull of G. Then GU is an analytic group having a faithful 
finite dimensional analytic representation, and U is a nilpotent, simply con- 
nected, normal, closed analytic subgroup of GU. There is an R-reductive 
closed. analytic subgroup M of GU such that GU ts the semidirect product 
M-U. If E ts any nucleus of G then G is contained in the semidirect product 
M-K. | 


COROLLARY 5.1. The dimension of the untpotent hull U is equal to the 
dimension of any nucleus K. 


Proof. Since U” C @ N U = N, it is clear that U/N is a vector group. 
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We show first that Hom(U/N, C) is isomorphic with Hom(G,C). In doing 
this, we shall identify Hom(U/N,C) with the subgroup Hom(U,C)* of 
Hom(U,C). Let hE Hom(U,C)%. Since [M,U]C N, we can extend A 
uniquely to a homomorphism of M-U into C that is trivial on M. The 
restriction to G of this homomorphism is an element h’€ Hom(G,C). Clearly, 
the map k— 4’ is a linear homomorphism of Hom(U,C)% into Hom(G, 0). 
Conversely, given f € Hom(G, C), define the map f*: U — C by f*(u) = u(f)(), 
for every u€ U. Since the representation of G on (C -+ Hom(G,C))/C 
is trivial, the same is true for the representation of U, because the image of 
U lies in the algebraic group hull of the image of G. From this, it is easily 
seen that f* is a homomorphism, and hence that f* € Hom(U,C)*. Moreover, 
it is verified directly that (f*)’==f and (A)*=h. Hence Hom(U/N,C) 
is isomorphic with Hom (G,C). Hence we have 


dim(U/N) = dim(Hom(U/N, C)) 
— dim (Hom (G, C) ) == dim (Hom (K/N, 0) ) =dim(K/N). 


Hence dim (U) = dim(K), q.e. d. 

Put H =M N G. Then, since GC M-K, we have @=H-K. Further- 
more, M’ C G, so that M’ C H, i.e., M/H is abelian. 

Now consider the natural representation of M/H on RH, Since M is 
R-reductive, this is semisimple. It follows that R#2 is spanned by the 
elements fE R# such that, for every se M, z{f) =d(z)f, with (2) EC. 
Clearly, p € Hom(M, C*), where C* is the multiplicative group of the non- 
zero complex numbers. Now ¢ may be regarded as an element of Hom(GU, C*) 
that is trivial on HU. The restriction to G is trivial on HN and therefore 
is an element q€ Q. Obviously, ¢ coincides with q on GU, and so on M, i.e. 
p(x) == 2(q) (1), for every r€ M. Hence fq? € RM, and we have shown that 
RE C R"|01: 

We denote by f—> f the involution of R defined by F(z) =f(r*), for 
every vE G. The last result is equivalent to (REY C (R¥Y [Q], and it is 
clear that (R7)’ is the subalgebra of R consisting of all elements that are 
fixed under the right translations with the elements of H. By [2, Prop. 2.4] 
(taking account of the change in notation), we have (RĦY RE == R. Hence we 
conclude that RE (RMY[Q] =R. 

We claim that the elements of Q are free over (R™)’. Let f; be linearly 
independent elements of (RM), and suppose, contrary to our claim, that 


there are elements q,::°,q, in Q such that Sfig—0. Then we have 
n 4=1 
2 frg = 0. Hence, for al u€ U and m€ M, 
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Sum (fi)um (qi?) =0, ie, 
Sul Jm (g>) = 0. 


Since ‘the oe of U separate the ff (for GC UM, on the eae of 
M leave the f fixed), we can form linear combinations of the above relations, 
with varying u and fixed m, so as to get m(qy?) = 0, for all me M, and 
each 4: But this is impossible, because M i the elements of Q. oe 
'proves.our above claim. 

Evidently, (R#)’ contains Q and (RM). Since (REY C(RM)/TO], 
we have therefore (REY == (R™)’[Q]. Now R is canonically isomorphic with 
the tensor product of RX and (R¥)’. Hence we may now conclude that the 
elements of Q are free over RX¥(R™)’. Hence RK(RM) is a basic subalgebra 
of R. Evidently, RE and (R™)’ are stable under the left translations. 


We have seen in Section 8 that R,— D,[Q], where D is any left stable 
basic subalgebra of R. By Theorem 3.1, we may take D so that D,— RE. 
Hence R,—RX[Q]. Hence (RX(RM)’), C RX[Q]. But this implies that 
(RE (RM)’), = RE. Hence we have the following result. 


 Tumorem 5.2. Let G, M, K be as in Theorem 5.1. Then RE(BM)’ és 
a normal basic subalgebra of R, and K is the associated nucleus of G. 


| It is clear from Theorem 4.1 that every normal basic subalgebra of A 
has the form of Theorem 5.2; right translation by s€ N changes M to ar!Mz. 


6. The group of the proper automorphisms. Let A denote the group 
of all proper automorphisms of R, let K be a nucleus of G, and let W denote 
the subgroup of A consisting of all elements of A that leave the elements of 
RKRM fixed. In the complex case, let P stand for the natural image of G 
in A. In the real case, let P stand for the natural image of Gt in A. Then 
P is a closed normal subgroup of A. Im fact, by [8, Th. 5.1], P is the 
group of all perfect automorphisms of R, i.e., the proper automorphisms « 
such that exp(a(f)) == a(exp(f)), for every f€ Hom(@,C). We claim that 
A is the semidirect product W:P.. Since RERM[O]—R and Hom(G,C) 
C RERM, it is clear that PN W= (1). Hence it suffices to show that 
A= WP. Let de Hom(Q,C*). Since the elements of Q are free over 
RXR™ and since RERM. is stable under the right translations, there is one 
and only one element «g€ W such that ag(q)==¢(q)g, for every qEQ. 
Clearly, the map $— «a, is an isomorphism of Hom(Q, C*) onto W. 

Now let 8 be an arbitrary element of A. Let 9’ denote the homomorphism 
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of R into C that is given by £’ (r) = £ (r) (1), for every r € R. For every 7€ Q, 
there is one and only one f€ Hom(@,C) such that g=exp(f). Hence there 
is an element € Hom(Q,C*) such that | 


(exp (f)) = exp (£ (F) ) LE (exp (f) ) I>, 


for every f€ Hom(G,C). One verifies directly that the automorphism ag ° 8 
of R is a perfect automorphism, so that agofe P. Hence BE WP, so that 
À == WP. 

We observe also that the elements of W commute with the elements of M, 
and hence with the elements of the maximal reductive analytic subgroup 
H em M N G of G. In the real case, we note that H+ is a maximal reductive 
analytic subgroup of G+; G+ == H+- K+, and the elements of W still commute 
with the elements of Ht. Hence we may state our result as follows 


THEOREM 6.1. The group A of the proper automorphisms of R is a 
semidirect product W - P, where P ts the natural image of G (in the complex 
case) or of G* (in the real case) in A, and W ts isomorphic, via restriction 
to Q, with Hom(Q,C*). Moreover, the elements of W commute with the 
elements of some maximal reductve analytic subgroup of P. 


Let S be a finite dimensional two-sidedly stable subspace of R such that 
the natural representation o of P on 8 is faithful. Let #(8) denote the 
algebra of all linear endomorphisms of 8. We know that the natural image 
Ag of A in E(S$) is the algebraic group hull of Pg=o(P). Let $ denote 
the Lie algebra of P. We may identify % with its image o (J) in E(S), 
where o* is the differential of o. Now let a denote the adjoint representation 
of P in E($). If we identify P with (PB) then, for every pE P, a(p) 
becomes identified with the conjugation £>co(p)£o(p)”* in the algebra 
E(o'($)) of all linear endomorphisms of o (H). Since Ag is the algebraic 
group hull of o(P), o:($8) is stable also under the conjugations with the 
elements of Ag, and the corresponding image of Ag in Æ(o'(%$)) is the 
algebraic group hull of a(P). Transferred back to E(P), this means the 
following: the conjugation of P effected by an element of A is an analytic 
automorphism of P and determines a Lie algebra automorphism of B. We 
shall call the resulting representation of A in E(®) the adjoint representation 
of A on P. Our result is that this sends A onto the algebraic group hull of 
the adjoint group of. P, i.e.. the adjoint representation of A on the Lie 
algebra of P sends A onto the algebratc group hull of the adjoint group of P. 

It is an immediate corollary that if Z(P) is the centralizer of P in A 
then A—Z(P)P tf and only if the adjoint group of P is algebraic. 
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However, the following example shows that, even when A=Z(P)P, 
P need not be a direct factor in A. Let G be the group of all pairs (a,b) 
of complex numbers, with the multiplication 


(a,b) (a’, b) = (a+ a,b + exp(a)bd’). 
A right stable basic subalgebra B of R is generated by the constants and 
the two functions t, tts, where 
u (a,b) ==b, and us(a,b) =a. 
The translates of these functions are as follows: 


U°(a,b)=0+exp(a)u; (a,b) «uy == ty + b exp (ua) ; 
uz: (a, b) = atu, = (a,b) + Us. 

In this case, a subgroup W of A as in Theorem 6.1 can be described 
explicitly as follows: for every y € Hom(C,C*), there is a y*E W defined by: 
y*(b) =b, for every b € B, and 
y*(exp(cu:)) = y(c)exp(cu,) for every ce C. 

The functions exp(cu;) make up the group Q@—exp(Hom(G,C)). Let 


t(a,b) denote the left translation by (a,b) on R. Then one verifies easily 
that 


y*t(a, b)y** er t(a, 7(1)6). 
On the other hand, 


(a,b) (a,b) (a, bD) = (a, b’ + exp(a’)b —exp(a) Pr). 


Hence the conjugation with y* on P is the conjugation with t(a’, b’) if a 
only if, for alla and b, 


y(1)b = (1—exp(a) )b’ + exp(a’)d, 

i.e., if and only if Y ==0 and exp(a’) =y(1). | 

In particular, we conclude that A=Z(P)P. We shall see, however, 
that P is not a direct factor in A. Indeed, suppose that P is a direct factor 
in A. Then there is a homomorphism ¢: W — P such that y*(y*)} 1€ Z(P), 
for every y € Hom(C,C*). Putting b(y*) = t(a,, by), we see from the above 
. that we must have by == 0 and exp(a,) = y(1). The map y— a, is therefore 
a homomorphism o: Hom(C,C*) — C such that exp(o(y)) = (1), for every 
y € Hom(C, C*). 

For each a€ C, define the element exp, of Hom(C,C*) by exps(e) 


ANALYTIO GROUP. 129 


—exp(ac), for every c€C. The map a>co(exp,) is an endomorphism y 
of C. Since exp(y(a)) —exp(a), we conclude that (a) —a is an integral 
multiple of ®rt, for every a€ C. Evidently, this implies that w(a) — a, for 
every a€ C, i.e., a(exps) =a. It follows from this that Hom(C,C*) is the 
direct product of the subgroup consisting of the exp, and the kernel, H say, of o. 

If n is any positive integer then, for every y€ Hom(C,C*), there is one 
and only one y,€ Hom(C, C*) such that (yn,)*=~y; in fact, y,(c) —y(c/n), 
for every c€ C. It follows that if À € H then also h,€ H. Since A(1) —1, 
for every h€ H, we conclude that h(q) 1, for every rational number q. 
Hence every y € Hom(C,C*) coincides on the group Q of the rational numbers 
with an exp,. But this is a contradiction. For instance, write C = Q + D, 
where D is a Q-subspace of C such that Q N D == (0). Define the element y 
of Hom(C,C*) as follows: y(d) == 1, for every dE D; y(q)==1, for every 
rational number g that can be written with an odd denominator; y(q) 
= eXp(?rig), whenever q can be written with a power of 2 as denominator. 
Since this y does not coincide with an exp, on Q, we have reached a contra- 
diction. Thus P is not a direct factor of A. 


7. Representations as a closed subgroup of a full linear group. The 
existence of a right stable basic subalgebra of À leads to a simple proof of 
the following result which extends (to the complex case) and sharpens a 
result due to Goto [1, Th. 9]. 


THEOREM 7.1. Let G be a real or complex analytic group, and let p 
be an analytic representation of G with finite dimensional representation 
space V. Then there ts a finite dimensional analytic representation o with 
representation space W such that V CW (as a G-module) and o(G@) is 
closed in the group of all linear automorphisms of W. 


Proof. Let B denote a right stable basic subalgebra of R. We can find 
a finite dimensional subspace S of R satisfying the following conditions: 


(1) 8 is two-sidedly stable and, in the real case, 9 is stable under the 
complex conjugation ; 


(2) the elements of S, together with the constants, generate a subalgebra 
of R containing B; 


(3) S contains Hom(G,C) and the representative functions associated 
with the given representation p; 

(4) if se 8, and S= È eoba(s)g, with b,(s) € B then every q€ Q for 
which bg(s) 0 belongs to 8. 
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In fact, we can evidently find a finite dimensional subspace 8, of R 
satisfying conditions (1), (2) and (3). Let 8, be the space of the C-linear ~ 
combinations of the elements of Q that occur with non-zero coefficients in the 
expressions for the elements of S, as B-linear combinations of elements of Q. 
Since §, is finite dimensional, so is S3, and if S==§,-+-&, then S satisfies 
all the above conditions. 

Now consider the representation, œ say, of G by left translations on S. 
We claim that ¢(@) is closed in the group of all linear automorphisms of S. 
Let A denote the group of all proper automorphisms of R, and let Ag be its 
natural image in the group of all linear automorphisms of 8. Since Ag is 
the algebraic group hull of ¢(@), it is closed in the full linear group. Hence 
it suffices to show that ¢(G@) is closed in Ag. We define a closed subgroup T 
of Ag as follows: in the complex case, T consists of all BE Ag such that 
B(exp(f)) —exp(8(f)), whenever fE Hom(G,C) and exp(f) € S; in the 
real case, T consists of all the elements B € Ag satisfying this condition and 
commuting with the complex conjugation. Now let « be an element of A 
whose restriction to 9 belongs to T. We can define an algebra endomorphism 
a* of À such that a* coincides with a on B, while a*(exp(f)) —exp(a(f)), 
for every f € Hom(G,C). Since B is stable under the right translations, it is 
clear that «* commutes with the right translations. Hence [2, Prop. 2.5] 
a* is a proper automorphism of À, and hence a perfect automorphism of R. : 
Moreover, in the real case, «* evidently commutes with the complex conju- 
gation, so that a* is a real perfect automorphism. Clearly, because of (4), 
«* coincides with « on S. Hence we conclude that, in the complex case, 
T = (G). In the real case, we conclude that T is the restriction image of 
the group P, of all real perfect automorphisms. It is clear from [3, Th. 5.1] 
that #(@) is the connected component of the identity in (P,)g. Thus, in 
either case, $ (G) is closed in T, and therefore also in the full linear group. 
| Finally, if n is the dimension of V over C, V may be identified with a 

G-submodule of the direct sum of n copies of 8, by condition (8) and 
[2, Prop. 2.3]. If we take W to be the direct sum of n copies of § and let 
o be the representation of @ on W obtained from ¢ in the natural fashion 
then © evidently satisfies the requirements of Theorem 7.1. 


8. Nilpotent nuclei and algebraic structures. 


THEOREM 8.1. Let G be a real or complex analytic group, B a normal 
basic subalgebra of R, K the nucleus of G that is associated with B. Then B 
ts two-stdedly stable if and only if K is nilpotent. Moreover, in that case, 
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N | ; l 
B coincides with the algebra of all representative functions associated with 
representations that are untpotent on K. 


Proof. Suppose first that B is two-sidedly stable. By definition, K is 
the kernel of the representation of G on B, Let S be any left stable finite 
dimensional subspace of B. Since B is two-sidedly stable, all the represen- 
tative functions associated with the representation of @ on S belong to B. 
Hence we may apply the argument of the beginning of Section 5 (used there 
for showing that the representation of U on S is unipotent) to conclude that 
the representation of K on $ is unipotent. Since B is a basic subalgebra of 
R, we may choose $ so that the representation of K (even of G) on S is 
`- faithful. Hence we conclude that K is nilpotent. 

Now suppose that K is nilpotent. Let B, be the normal basic subalgebra 
of R constructed from K as in Section 3. It has been shown in [3, pp. 304- 
306] that the nilpotency of K implies that B, coincides with the algebra of 
all representative functions associated with representations that are unipotent 
on K. Hence B, is two-sidedly stable, and it follows from Theorem 4.1 that 
B,== B. This completes the proof of Theorem 8.1. 


Remark. Let H be a maximal reductive analytic subgroup of G, and let 
U be the unipotent hull of G. Since H is determined up to a conjugation 
with an element of N, the subgroups HU and HN of A are independent of 
the particular choice of H. Now suppose that G has a nilpotent nucleus K, 
and let B be the corresponding two sidedly stable basic subalgebra of R. We 
claim that B uniquely determines an analytic isomorphism of HU onto G 
that sends U onto K and leaves the elements of HN fixed. In order to see 
this, we consider the natural representations of HU and G@ by proper auto- 
morphisms of B. Since HU leaves the elements of Q fixed, it is clear that 
the representation of HU on B is faithful. On the other hand, we know that 
the representation of G on B is faithful, and that K is the kernel of the 
representation of Gon B,. Hence the image of K in the group of the proper 
automorphisms of B must contain the image of U. By Corollary 5.1, we have 
dim (K) —dim(U). Hence we conclude that the images of U and of K in 
the group of the proper automorphisms of B coincide. Evidently, this suffices 
to establish our claim ; the isomorphism between HU and @ goes via the group 
of the proper automorphisms of B. 

Observe that this result immediately implies Theorem 8.4 below; how- 
ever, we shall give a more direct proof of Theorem 8.4 later on, because this 
will lead to an explicit description of the set of all nilpotent nuclei. 

Now let @ be a complex analytic group, and suppose that @ has a faith- 
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ful complex analytic representation p such that o(G) is an algebraic linear 
group. Let Bp denote the subalgebra of R consisting of all fE À such that 
f°p is a rational function on p(@). If o is another such representation of 
G then B, == Bo if and only if the representation e °p: p() —o(G) is a 
rational representation of p(G@). In order to see this, we need only observe 
that the representation «op! is rational if and only if its inverse poo is 
rational [2, Lemma 10.2]. We shall call such a subalgebra Bp of R an 
algebraic structure of G. If S is any finite dimensional left stable subspace 
of Bp whose elements, together with the constants, generate Bp then the 
representation of Gon S is a faithful representation of G yielding a faithful 
rational representation of p{@), so that the image is an algebraic group, 
rationally isomorphic with p(@). By [2, Lemma 10.1], such a subspace exists 
in every Bp. Thus the subalgebras Bp correspond in a 1-1 fashion to the 
rational isomorphism classes of the faithful representations of G as an alge- 
braic linear group. . 

We shall see that the algebraic structures of @ are precisely the two- 


sidedly stable basic subalgebras of R. This will follow easily from the next 
theorem. 


THEOREM 8.2. Let G be a complez analytic group, and let p be a faithful 
complex analytic representation of G such that p(G@) ts an algebraic linear 
group. Let K be the kernel of the semisimple representation associated with p. 
Then K is a nilpotent nucleus of À, and a complex analytic representation 
o of G yields a rational representation oop of p(G) tf and only if o is 
unspotent on K. 


Proof. Let p’ denote the semisimple representation associated with p. 
Clearly, p’ ° p™ is a rational representation of the algebraic group p(G). Hence 
its kernel, p(K), is an algebraic subgroup of p(G). Since p(K) is unipotent, 
this implies that p(K) is connected, simply connected, and nilpotent. Hence 
K is connected, simply connected, and nilpotent. On the other hand, p’(@) 
is a fully reducible linear algebraic group, and it follows from [4, Th. 4.1] 
that p’(G) is therefore a reductive complex analytic group. Since G/K is 
isomorphic with p’(@), it is now clear that K is a nilpotent nucleus of G. 

Now write G as a semidirect product H- K, with H reductive. Consider 
the corresponding decomposition p((@) =«p(H)-p(K). Let V be the repre- 
sentation space of p, and let (0)=V,C:::CV,==V be a composition 
series of V. Since p(H) is fully reducible, there is a p(H)-module isomor- 


phism ¢: 2 YyYVYır>V. Consider the algebra isomorphism y: e> do eo dt 
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of E (È V,/Via) onto H(V). The representation of G on > Vi/Vi-1 is the 

nie representation p’ associated with p, and po p™ is the rational repre- 

sentation of p(G) on D V/Vis. Now gop’opt is precisely the projection 
{=l 


of p(G) onto p(H) that corresponds to the decomposition p(@) = p(H) : p(K). 
Hence it is clear that this projection is a rational group epimorphism of the 
algebraic group p(@) onto the algebraic group p(H). It follows that the 
projection of p(G) onto p(K) is also a rational map (though not necessarily 
a group homomorphism). 

Now let o be a complex analytic representation of G. If op is a 
rational representation of p(@) then it is unipotent on p(K), by [5, Prop. 3. 2]. 
Thus o is unipotent on K, in that case. Conversely, suppose that o is uni- 
potent on K, and let f be a representative function associated with o. It 
follows from the elementary theory of representative functions (see [2, Section 
2]) that there are representative functions u; on H and representative functions 
v, on K such that the u, are associated with the restriction of o to H, the 


v; are associated with the restriction of o to K, and f(hk) = Su(h)v(k), 
i=1 


for all hE H and ke K. The functions w,op" are analytic representative 
functions on p(H) and, since p(H) is reductive, they are rational functions 
on p(H), by [4, Th. 5.2]. Since ø is unipotent on K, the restriction of ø 0 p™ 
to p(K) is a rational representation of the unipotent algebraic group p(K). 
Hence the functions 1;°p are rational functions on p(K). Since the pro- 
jections of p(G) onto p(H) and p(K) are rational maps, we may now conclude 
that fop is a rational representation of p(G@). This completes the proof 
of Theorem 8. 2. 

It is clear from Theorems 8.1 and 8.2 that each algebraic structure Bp 
is a two-sidedly stable basic subalgebra of À, and that the associated nucleus 
K is the kernel of the semisimple representation associated with p. Con- 
versely, let B be any two-sidedly stable basic subalgebra of R. It is easily seen, 
as in our proof of Theorem 6.1, that every proper automorphism of R coincides 
on B with a left translation by an element of G. Let S be a finite dimensional 
two-sidedly stable subspace of B whose elements, together with the constants, 
generate B. Let p be the representation of G by left translations on 8. Then 
p(G) = Ag and hence, by [2, Props. 2.6 and 2.9], b(G) is an algebraic sub- 
group of the group of all linear automorphisms of S.- Now BC Bp, and 
since Bp is a basic subalgebra of R this implies that B— Bp. Thus we have 
the following result. 
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THEOREM 8.3. Let G be a complex analytic group. Then the algebrarc 
structures of G are precisely the two-sidedly stable basic subalgebras of R. 
This gives a 1-1 correspondence between the algebraic structures and the mil- 
potent nuclei of G, as follows: given an algebraic structure on G, the corre- 
sponding nilpotent nucleus is the largest normal subgroup of G on which 
every rational representation of G (belonging to the given algebraic structure) 
is unipotent; given a nilpotent nucleus of G, the rational representations for 
the corresponding algebraic structure are precisely those complex analytic 
representations of G which are unipotent on the given nucleus. 


In view of Theorem 8.3, it is of interest to examine the set of the nil- 
potent nuclei of G. A description of this set is made possible by the fact, 
discovered by B. Kostant, that any two ntlpotent nuclei of G are conjugate 
by an analytic automorphism of @ (note that the example at the end of 
Section 4 shows that this is false for non-nilpotent nuclei). We observe first 
that it follows from the conjugacy (by inner automorphisms) of any two 
maximal reductive analytic subgroups of an analytic group that, if K is a 
nucleus of G and H is any maximal reductive analytic subgroup of G, then @ 
is the semidirect product H. K. 


THEOREM 8.4 (B. Kostant). Let G be a real or complex analytic group, 
and suppose that K and L are two nilpotent nuclei of G. Let H be a maximal 
reductive analytic subgroup of G, so that G == H: K =H- L. Then there is 
an analytic automorphism a of G such that a leaves the elements of HN fixed 
and a(K) =L. 


Proof. Let © be the Lie algebra of G, Dt the maximum nilpotent ideal 
of ©, $ the Lie algebra of H, & and X the Lie algebras of K and L. We have 
© = € + £, the sum being semidirect, and & C M. Hence M =G N M -+ L. 

Under the adjoint representation of G on &, H operates semisimple on 
©. Let M be the maximum nilpotent normal analytic subgroup of G. Then 
H N M is normal in H, and hence operates semisimply on @. On the other 
hand, M operates unipotently on ©. Hence we conclude that H N M operates 
trivially on © Hence HM M lies in the center of G and $1 Mt lies in the 
center of ©. 

For ze, write zo fl) +y(x), with £(x) EG NM and y(z) ER. 
Now, if we ©, write u—v—+x, with ve and ze, and define f(u) 
= v -+ y(x). Since y is a linear isomorphism of & onto Q, f is a linear auto- 
morphism of ©. Since § N M is in the center of ©, we have [2, y] = [y(z), y], 
for every z € § and every y € ©, whence [f(u), y] = [u, y], for all u and y in G. 
Hence [f(u), f(u2)] = Lu, ue], for all u,, win ©. But [G, G]C HS+HN R, 
because both § and & must contain the radical of [6, ©]. Hence f is the 
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identity map on [8,6], so that the above implies that is a Lie algebra 
automorphism of ©. 

Now let H* be the universal covering group of H. Then the rr 
defined semidirect product H*: K (in which H* operates on K via H) is the 
universal covering group of G. Hence our automorphism f of & defines an 
analytic automorphism f* of H*-K. Since f leaves the elements of 9 fixed, 
f* leaves the elements of H* fixed. Hence f* induces an automorphism «a 
on Gee H + K such that æ leaves the elements of H fixed and coincides with 
f* on K. Since f maps $ onto 2 and coincides with the identity map on %, 
it follows that «(K) — L and that «a leaves the elements of HN fixed. This 
completes the proof. 

As an immediate consequence of Theorems 8.3 and 8.4, we obtain the 
following result. 


THEOREM 8.5. Let S and T be two complex linear irreducible algebraic 
groups, and suppose that o is a complex analytic isomorphism of S onto T. 
Then there exists a complex analytic automorphism a of S such that ooa 
is a rational isomorphism of S onto T. | 


Proof. Let B(S)C R(S) and B(T)C R(T) be the given algebraic 
structures of $ and T, respectively. Then B(T) oo is also an algebraic struc- 
ture of the analytic group S. Let L and K be the nilpotent nuclei of S that 
correspond to B(T) oo and B(S), respectively. There is an analytic auto- 
morphism a of § such that a(K) == L. This implies that B(T) ogo a= B(S), 
i.e., that coa is a rational isomorphism of S onto T. 

It is known from the theory of Abelian varieties that Theorem 8.5 does 
not extend to general (non-linear) complex algebraic groups. 

Now we proceed to describe the set of all nilpotent nuclei of the real or 
complex analytic group G. As before, let N denote the radical of G’, and let 
M be the maximum nilpotent normal analytic subgroup of G. Let N and M 
be the Lie algebras of N and M, respectively. Let H be a maximal reductive 
analytic subgroup of G. We have seen in the proof of Theorem 8. 4 that HN M 
lies in the center of G. Since the maximal reductive analytic subgroups of @ 
are conjugate under inner automorphisms, it follows that HM M is actually 
independent of the choice of H, and thus is a uniquely determined closed 
central subgroup P of G. Let P denote the Lie algebra of P. We denote 
by Hom(Wt/(% +N), P) the space of all linear maps of M into P that send 
PHN onto (0). Finally, let T denote the radical of G. 


THEOREM 8.6. Let G be a real or complex analytic group. Then G has 
a nilpotent nucleus tf and only if T/M is reductive. In that case, the set 
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of all nilpotent nuclei of G has the structure of an affine space, with 
Hom (M/ (i + MN), P) as the underlying vector group. 


Proof. In the real case, [3, Th. 5.3] implies that there is a two-sidedly 
stable basic subalgebra of R if and only if T/M is reductive. In the complex 
case, the same result is contained in [4, Th. 5.4]. Hence the first statement 
of Theorem 8.6 follows from Theorem 8.1. 

Now let K be a nilpotent nucleus of G, and write @=H-K, as before. 
If & is the Lie algebra of K then, as we have seen in the proof of Theorem 8. 4, 
Mt is the semidirect sum PB +8. Now let ¢€ Hom(M/(P + IM), P). Let 
X be the subspace of M consisting of the elements #(r) + x, where x ranges 
over À. Noting that ® lies in the center of & and that # annihilates [G, SR], 
we see that © is an ideal of ©. Clearly, © + = 9+ R— G, and SNL 
== (0). The proof of Theorem 8.4 shows that there is an analytic auto- 
morphism «a of G such that « leaves the elements of H fixed and «(K) is the 
analytic subgroup L of G whose Lie algebra is %. Thus L is a nilpotent 
nucleus of @. We write L—pb:K. One checks immediately from the 
definition that, if y is any other element of Hom(2t/(% + 9),%), then 
p: (y K) = (¢+ y4): K, and that 0-K —K. Moreover, p: K=K implies 
that D == 0, because M — P + À. Finally, it is clear from the proof of Theorem 
8.4 (where we introduced the map £) that, given K and L, there is an element 
& in Hom(M/ (8 + Mt), H) such that 6 L==K. This completes the proof 
of Theorem 8. 6. 

In particular, we note that G has only one nilpotent nucleus if and only 
if either B= (0) or B+ I= WM. The first alternative means that M is a 
nucleus. The second alternative means that N is a nucleus, i.e., that G/G@’ 
is reductive (see [4, Th. 5.2] and [2, Ths. 11.1 and 9.1]). 

It is clear from Theorem 8.3 that, if G is a complex analytic group, 
Theorem 8.6 describes the algebraic structures of G, simply by reading 
‘algebraic structure’ for ‘nilpotent nucleus,’ throughout. 
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LINEARE GRUPPEN UBER LOKALEN RINGEN.* 


Von WILHELM KLINGENBERG. 


1. Resultate.f 


1.1. Wir betrachten einen (kommutativen) lokalen Ring L. Das grösste 
Ideal von L wird mit J bezeichnet. Dan ist L*-= 1; — L eine Gruppe unter 
der Multiplikation. Falls J ein Ideal in L ist, J>£L, so ist L/J wieder ein 
lokaler Ring. Es bezeichne 


(1) gs: L—L/J 


den natürlichen Homomorphismus von L auf L/J. 

Unter einem n-dimensionalen Vektorraum über L, V = V,(L), verstehen 
wir einen Z-Modul isomorph zu L”. Unter einem m-dimensionalen Unter- 
raum von V verstehen wir einen Untermodul U von V, der direkter Summand 
ist und isomorph zu L”, 

Die allgemeine lineare Gruppe in n Variablen über L, GL(n,L), ist 
definniert als die Gruppe der lineare Automorphismen von F = V,(L). 

Sei J ein Ideal in L. (1) bestimmt den natürlichen Homomorphismus 


(2) gx: ValL) > V,(L/d). 


Hier lassen wir auch J == L zu; in diesem Falle soll V,(L//) den 0-Vektor- 
raum bezeichnen. (2) bestimmt den natürlichen Homomorphismus 


(3) hy: GL(n,L) > GL(n, L/J) 


mit der Eigenschaft (Ayo)gs==9gs0 für alle o€ GL(n,L). Im Falle J = L 
soll GL(n, L/J) die Einheitsgruppe E sein. Unter der Ordnung o(X) eines 
Vektors X € V„(L) verstehen wir das kleinste Ideal J mit g,X==0. Unter 
der Ordnung o(o) eines Elements o€ @L(n,L) verstehen wir das kleinste 
Ideal J so, dass hyo € Zentrum GL(n, L/J). Unter der Ordnung o(@) einer 
Untergruppe G von GL(n,L) verstehen wir das kleinste Ideal J so dass 
hà C Zentrum @L(n, L/J). 

Sei &, 1Stn, eine Basis von V. Wenn, für YE V, X = J, Fiz, 80 
ist o(X) gleich dem von den m, 1Si=n, erzeugten Ideal. Wenn, für 


* Received September 19, 1900. 
+ Die wichtigsten Resultate der Arbeit wurden angekündigt in [6]. 
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o € @L(n,L), of; $ Ey, so ist o(e) gleich dem von den ay, 4547, und 
au — Oy, 1 <1,7 Sn, erzeugten Ideal. Die Ordnung o(@) einer Untergruppe 
G von GL(n,L) wird erzeugt von den Ordnungen o(c), c€ @. 


1.2. Sei J ein Ideal in L. Unter der allgemeinen Kongruenzunter- 
gruppe mod J von GL(n, L), GC (n, L,J-), verstehen wir die Gruppe 


(4) GO (n, L, J) = hy (Zentrum GL (n, L/J)). 


Offenbar ist GC (n, L,J) eine invariante Untergruppe von GL(n,L) der 
Ordnung J. Insbesondere haben wir GC (n, L, L) == GL(n, L) und GO(n, L, 0) 
== Zentrum GL(n,L) isomorph L*. Hier bezeichnet 0 das 0-Ideal in L. 

Sei J ein Ideal in L. Unter der speziellen Kongruenzuntergruppe mod J 
von GL(n,L), SO(n, L, J), verstehen wir diejenige invariante Untergruppe 
von GL(n,L), die erzeugt wird von den Transvektionen der Ordnung C J, 
d.h., von den Transvektionen in GC (n, L,J). Eine Transvektion r ist dabei 
ein Element aus. ŒL (n, L), für das es einen Unterraum H der Kodimension 1 
(kunz: Hyperebene) in V gibt so, dass 7| Be Identität und so, dass rX —— X € H 
für alle YE F. 

Offenbar ist SC (n, L, J ) eine invariante Dune von GL (n, L) mit 
einer Ordnung CJ, die in @O(n,L,J) enthalten ist. Insbesondere ist 
SC (n, L, 0) = E == Einheitsgruppe. Für SO(n, L, L) schreiben wir auch 
SL(n,L) und nennen diese Gruppe die spezielle lineare Gruppe in n Vari- 
ablen über L. 


1.3. Lemma. Zwet Vektoren A und B von V == V, (L) haben dann und 
nur dann dieselbe Ordnung o( A) —0(B), wenn es ein Element o€ GL(n, L) 
gibt so, dass cA == B. 


Hieraus folgt 


Satz 1. Zwei Transvektionen rı, ra aus GL(n, L) von } derselben Onin 
O(r1) =0 (r2) sind konjugiert in GL(n,L). 


ErGäNzUNG. Falls n > =< 3 und o(1,) =0(r) ein Hauptideal ist, so sind 
Tı und r, schon konjugiert in SL(n,L). 


1.4 Hiermit lassen sich die speziellen Kongruenzuntergruppen folgen- 
dermassen charakterisieren : 


THBOREM 1. Sei J ein Ideal in dem lokalen Ring L und set G eine 
Untergruppe von GL(n, L). Folgende Aussagen sind äquivalent: 


(a) G=8C(n,L,J). 
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(b) G besteht aus den Elementen o€ GL(n,L) mit deto=1 und 
hyo =l dentität. 

(c) G= gemischte Kommutatorgruppe Komm (GL (n, L), GC (n, L, J)). 
Für n==2 wird hierbei L/I 54 F, vorausgesetzt. 


KoroLLAR. Sei G eine Untergruppe von GL(n, L). Folgende Aussagen 
sind dquivalent: 


(a) Gee SL(n,L). 

(b) G besteht aus den Elementen o€ GL(n,L) mit deto—1. 

(c) Gist die Kommutatorgruppe von GL(n,L). Hier wird für n—=2 
vorausgesetzt: L Fi. 

1.5. THEOREM 2. Sei J ein Ideal in dem lokalen Ring J. 


(i) GC{n,L,d)/SC(n, L, J) ist isomorph zu der Untergruppe U(n, L, J) 
von L* X(L/J)*, die gebildet wird von den Elementen (a,b) 
E€ L*X(L/J)* mit gja =b", 
(ii) Setze HO (n, L, J) == GO (n, L,J) OA SL(n, L). Dann ist 
HC (n, L,J)/8C(n, L, J) 


isomorph zur Gruppe E,((L/J)*) der n-ten Einheitswurzeln in 
(L/J)*. | 


KorozLar. GL(n,L)/SLi(n,L) ist isomorph zu L*. Zentrum GL(n, L) 
ist isomorph zu L*. Zentrum SL(n,L) ist isomorph zu E,(L*). 


1.6. GC(n,£,7) und SC{n,L,J) sind invariante Untergruppen der 
Ordnung J. Nach Theorem 2 ist GC (n, L,J)/SC (n, L,J) kommutativ, also 
ist jede Untergruppe G von GL(n, L), die der Beziehung 


(5) GC(n,LJ/)DG@D8C(n,L,J) 
genügt, eine invariante Untergruppe der Ordnung o(G) C J. 

Das Hauptergebnis der vorliegenden Arbeit ist nun, dass umgekehrt jede 
invariante Untergruppe G der Ordnung o(@) =, der Beziehung (5) genügt. 
Wir werden sogar allgemeiner beweisen, dass dies für die unter SL(n, L) 


invarianten Untergruppen G von GL(n,L) gilt. 
Zunächst beweisen wir 


Satz 2. Set (ra), eine Menge von Transvektionen ra der Ordnung 
O(ta) =Ja. Die von den ra erzeugte, unter SL(n, L) invariante Untergruppe 
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Gin GL(n,L) ist gleich SO(n, L, J), wo J das von den Ja, a€ A, erzeugte 
Ideal in List. Für n=? setzen wir voraus: char(L/I) 542. 


Sodann beweisen wir den fundamentalen 


Satz 3. Sei G eine unter SL(n, L) invariante Untergruppe von GL(n, L) 
der Ordnung o(G) =J. Dann enthält G die Gruppe 8C(n,L,7). Hier 
setzen wir für n=? voraus: char(L/I) 2 und L/I F,- 


1.7. Durch Zusammenfassung der vorstehenden Ergebnisse erhalten wir 
den folgenden Satz über die Struktur der allgemeinen und der speziellen 
linearen Gruppe über einem lokalen Ring L: 


THEOREM 8. Ser L ein lokaler Rang. 


(i) Eine Untergruppe G von GL(n, L), die invariant ist unter SL(n, D), 
bestimmt ein Ideal J von L so, dass (5) gilt. Umgekehrt ist jede 
Untergruppe G von GL(n, L), die den Beziehungen (5) genügt, 
eine invariante Untergruppe von GL(n, L) der Ordnung 0(G) =J. 


(ii) Hine invariante Untergruppe G von SL(n,L) bestimmi ein Ideal 
J von L so, dass 


(6) HO(n,L,J) = @C(n,L,J)n 8L(n,L)D GD 8C(n,L,J) 


gut. Umgekehrt ist jede Untergruppe G von SL(n,L), die den 
Beziehungen (6) genügt, invariant und von der Ordnung J. 


Für n 2 setzen wir voraus: char(L/I) +42 und L/IF;. 
Kororzar. (Dieudonné [4], [5]) Set L ein kommutativer Körper. 


(i) Für eine Untergruppe G von GL(n, L), die invariant ist unter 


SL(n,L), gst eine folgenden Beziehungen: 
N GL(n, L) 5 GD 8L(n, L), 
(7) Zentrum GL (n, L) D GDE. 


Umgekehrt ist jede Untergruppe G von GL(n,L), die einer der 
Beziehungen. (7) genügt, invariant in GL(n,L). 


(ii) Die invarianten Untergruppen G von SL(n,L), G>£8L(n,L), 
gehören zu (Zentrum GL (n, L)) N SL (n, L) = Zentrum SL (n, L). 


Hier seizen wir für n = 2 voraus: char L2 und L s F,. 


1.8. Wir können auf Grund von Theorem 2 und 3 folgendes feststellen : 
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(a) Die unter SL(n,L) invarianten Untergruppen @ von GL(n,L) 
der Ordnung J genügen den Bedingungen (5), das heisst, GC (n, L, J) und 
SO(n, L, J) sind die grösste bzw. die kleinste unter 8L (n, L) invariante Unter- 
gruppe der Ordnung J in GL (n, L), und jede zwischen diesen beiden Gruppen 
gelegene Gruppe @ ist invariant in GL (n, L) und von der Ordnung J. 


(b) Jede unter SL(n, L) invariante Untergruppe @ von GL(n, L) (die 
dann auch invariant ist unter GL{n,L)) ist bestimmt durch ihre Ordnung 
o(G) =J und durch die Gruppe G/SC(n, L,J), die eine Untergruppe der 
in Theorem 2 eingeführten kommutativen Gruppe U (n, L,J) ist. 


Das Entsprechende gilt für die invarianten Untergruppen von SL(n,L). 


1.9. Für den Fall L=Z/(pr), p eine Primzahl, sind die vorstehenden 
Ergebnisse bewiesen von Brenner [2]. 

Für den Fall, dass L ein verallgemeinerter Bewertungsring ist, das heisst, 
ein kommutativer Ring mit Eins, für den die Ideale total geordnet sind, sind 
vorstehende Ergebnisse bewiesen in [7]. 

Wie schon in [7], schliessen wir uns in den Bezeichnungen und den 
Anordnungen der Beweise der Darstellung an, die Artin [1] von der Theorie 
der linearen Gruppen gegeben hat. 


1.10. Die vorstehenden Ergebnisse bleiben im wesentlichen gültig, wenn 
man lineare Gruppen GL(n,L) über nichtkommutativen lokalen Ringen L 
betrachtet. Ein nichtkommutativer lokaler Ring ist, nach Cartan-Eilenberg 
[3], ein nichtkommutativer Ring L mit Eins und einem grössten Ideal I; 
I ist zweiseitiges Ideal; L/I est ein nicht notwendig kommutativer Körper. 
Wir wollen ferner voraussetzen, dass jedes Linksideal J von L auch Rechtsideal 
ist. Die Klasse dieser Ringe unfasst, für /=0, die nichtkommutativen 
Körper. 


Die im folgenden geführten Beweise bleiben, jedenfalls für n= 3, auch 


für die linearen Gruppen GL(n,L) über einem solchen nichtkommutativen 
‘ lokalen Ring gültig; nur beim Beweis der Beziehung: 


SC (n, L, J) =Komm(@L(n,L), GC (n,L,J)), 


Theorem 1(c), sind einige zusätzliche Überlegungen nötig, die damit zu- 
sammenhängen, dass man in Theorem 1(b) den Begriff der Determinante | 
verfeinern muss. Und zwar tritt an die Stelle der gewöhnlichen Determinante 
eine für jedes Ideal J von L erklärte J-Determinante: 


dety: GC (n, LLJ) > (J, n) 
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wobei Z(J,n) == gy? (Zentrum (L//7)*)*/Komm (L*, gr* Zentrum (L/J)*). 
eine Untergruppe von L*/Komm(L*) ist. Für J= L stimmt dety überein 
mit der von Dieudonné [4], [5] eingeführten Determinante über nichtkommu- 
tativen Körpern. 

In Theorem 2 ist entsprechend zu lesen: GC(n,Z,J)/SC(n, L,J) ist 
isomorph zu der Untergruppe der Paare (a,b) in E(J,n)X Zentrum (L/J)* 
mit gza == b". Speziell für J = L and J==0 liefert dies: @L (n, L)/SL(n, L) 
ist isomorph zu L*/Komm L*, Zentrum @L(n, L) ist isomorph zu Zentrum L*. 

Als Korollar erhält man die Sätze von Dieudonné [4], [5] über die 
Struktur der linearen Gruppen über nichtkommutativen Körpen. | 

Die vollständigen Beweise dieser Verallgemeinerung sollen anderweitig 
veröffentlicht werden. 


2. Beweise. 


"2.1. Beweis des Lemmas. Falls es ein o € GL(n,L) gibt mit cÅ == B, 
dann ist 9,4 = 0 äquivalent mit gy B == gjo Å = hyogsA = 0, also 0(A) = 0(aA) 
== 0(B). 

Sei nun umgekehrt o(4) == 0(B) =J. Bezüglich einer Basis h, 1 S11, 
sei A = D Eu. J wird erzeugt von den a; Sei ue, 1 & a & psn, eine mini- 
male Anzahl von erzeugenden Elementen von J. Dann ist also ta = $ Tajt 
und d; == À bigug und Ue == >) raybisus, das heisst ($ rajbjg — dag)üg = 0. Da 
die Ua ein minimales System von Erzeugenden bilden, kann keines der Ele- 
mente © Taybjg— Sag zu L* gehören, mit anderen Worten, > fabis — dag = 0 
mod T. 

Wir setzen Fa = E;b;a und behaupten, dass die Fe linear unabhängig 
sind mod 7. In der Tat, aus >) Facg = $, Hybygcg = 0 mod I folgt $ biges = 0 
mod J und also $, rajbjgcg == Ca = 0 mod]. Die Fy können zu einer Basis F; 
ergänzt werden. Denn sei E, 1 tn, eine Basis von V und Fa = > Fifia. 
Die (n,p)-Matrix (fa), 1SiSn, 1£a<p, hat mod] den Rang p, sie 
lässt sich also mod Z zu einer (n,n)-Matrix vom Rang n erweitern. Wenn 
dann (fy), 1S4j=Sn, ein Urbild einer solchen Erweiterung ist, so setze 
man Ps X Efu Offenbar ist A = S Fota. 

Da o(B) =0(A) =J, können wir auch B in der Form B= S Gotta 
schreiben, wo die Ge linear unabhängig sind mod I. Die Ga können also zu 
einer Basis G; ergänzt werden. Wir erklären o€ GL(n,L) durch oF, = G. 
Dann wird cA = B. 


2.2. Beweis von Saiz 1. Sei r eine Transvektion, H eine Hyperebene 
mit r|a = Identität. Sei ¢ eine Linearform mit & (0) H. Sei B ein 
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Vektor mit 8(B) 1. ` Dann ist Y—Bg(X) € H für alle Xe V und daher 
TX —rBö(X) = X—Bo(X). Wir setzen A—rB—BEH. Damit wird 


(8) VAs): 


Wir sagen: Der Vektor A in (8) gehört zu der Transvektion r. A ist durch 
r (oder genauer: durch H) nur bis auf ein Element ce L* bestimmt; denn 
wenn ¢ ersetzt durch cf, dann geht A über in Ac. Offenbar ist o(r) —0(4), 
wenn A zu r gehört. 

Wir machen jetzt die Voraussetzungen von Satz 1. rı und rz stellen 
wir dar durch 


(9) XX A6, (2) (r—1,2). 


B, sei so gewählt dass ¢,(B,) —=1. Da o(7,) =0(r2), ist o(A,) —0(43). 
Nach dem Lemma gibt es also ein «€ GL(n,L) mit cA, = A, Aus dem 
Lemma fiir n—1 folgt, dass man zugleich oH, == H; erreichen kann, wo 
H,=dr!(0), und dann kann man noch erreichen oB, == Ba. Dann ist jedoch 
ta =r, Die Ergänzung zu Satz 1 beweisen wir in 2.4. 


2.3. Beweis von Theorem 1. 


2.8.1. Wir bezeichnen die durch (b) definierte Gruppe mit H; und die 
durch (c) definierte Gruppe mit Ky. 


2.3.2. Offenbar gilt für jede Transvektion + mit o(r) C J: detr=1 
und Ayr — Identität, also SC (n, L,J) C Ay. 


Sei nun umgekehrt o ein Element aus H,. Falls J =, das heisst, falls 
SO(n, L, J) = SL(n,£L), dann kann man bekanntlich (vgl. Dieudonné l.c. 
oder Artin L.c.) eine Matrixdarstellung von o durch Multiplikation mit 
geeigneten Elementen von SL(n, L) von rechts und von links auf die Form 
diag(1,1,---,a) bringen, wo a= det e == 1 ist. 

Sei jetzt o€ Hy mit J C I. Sei o dargestellt durch die Matrix ((ax)). 
Da hyo — Identität, ist ax € J für 156 k und ay,—1¢€ J. Indem wir von links 
und von rechts mit geeigneten Elementen aus SC(n,L,J) multiplizieren, 
können wir ((ax)) auf die Gestalt diag(1 + un, 1 + tg:  -,1+Lu,), wed, 
bringen. 

Die Formel 


a (a YG YG Da Dhatu 1) 


u % ar 1 
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zeigt, dass auch das Element diag((1+u)1,1,-::,1+u), wed, zu 
SC(n,L,J) gehört. Daher können wir durch Multiplikation mit geeigneten 
Elementen von SC (n, L, J) aus ((ax)) sogar die Matrix diag(1,1,- © -,1+ w), 
wE J, erhalten. Wegen det((au)) = det diag(1,1,---,1l+w)—1+w—1 
ist w==0, also o € SC(n,Z,J), dh. Hy C SC(n,L,d). 


2.8.3. Ein erzeugendes Element von Ky, hat die Gestalt popo mit 
pEGL(n,L) und o€ GC(n,l,dJ). Da hyo € Zentrum GL(n,L/J), ist 
hypop ta t un hyphyohyp hzo = [ndentität. Da ferner det pop a == Í, haben 
wir Ky C Hy = 8C (n, L, J). 


Sei nun umgekehrt 7 eine Transvektion aus SC (n, L,J). Wir schreiben 
r in der Form (8) mit A € $*(0)—H. Wir betrachten zunächst den Fall 
n= 3. Dann ist also dim H =2. Wir behaupten, dass wir dann A in der 
Form À == 4; — A, schreiben können mit o (4) == o (Az) =o (A) und Aueh, 
A2 € H. 

In der Tat, es sei A = Ha, wo E, 1Sisn—l, eine Basis fiir H 
ist. Falls n— 1 == 2m, so setzen wir 


Ay DE (Gay — Ay.) + 2 Bs jez, 
Ag = È Es; + D Es (arji + Gey) (j= 1,- m). 
Falls n—1—2m-+- 1, so ersetzen wir in den vorstehenden Ausdrücken den 
Summanden j-=1 durch 
E, (Gomer + dz — a) + E;(a, + ami) + Ent, 
E, (ds + Came.) + E, (a, ++ Comes) + Erma (arm +a). 
Wir definieren nun 7, (r==1,2) durch (9) mit &,==d. Nach Satz 1 gibt es 
cE GL(n,L) mit t: == 07,07. - Also 
T == Try = 6710 r € Ky, d.h. SO(n, L, J)C Ky. 
Im Falle n == 2 benutzen wir die Voraussetzung dass L/I 4 F,. Es gibt 
dann ein c€ L* 80, dass A == A: — Ar, Aa = A (1 + c), A1 = Ac, 0(A) = 0(A,) 


—0(4:). Nach Satz 1 gibt es ein o€ GL(2,L) so, dass r= meinte Ky, 
also SC (2, L, J) C Ky. 


2.4. Bewets von Satz 1, Ergänzung. Wir verwenden die Bezeichnungen 

aus 2.2. Insbesondere ist also 7, (r—1,2) dargestellt durch (9). Sei 
r= pr (0). Nach Voraussetzung ist 0(7;) —0(4,) == (a) ein Hauptideal. 
“a heisst, wir können A, in der Form A, om E,a, O(E,) == L, schreiben. Da 
n= 8, also dim H,=-n—1=2, gibt es in H, einen Vektor F, der linear 
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unabhängig mod J von F; ist, r=1,2. Wir ergänzen E,, F, zu einer Basis 
von H, und ergänzen, für ein beliebiges c€ L*, Ea, Fac zu einer Basis von H. 
Damit erkennen wir, dass es stets o € GL(n,L) so gibt, dass oH, — E, (also 
oA, = À), of, = F30 und oH, = H}, oB; = B;, also ta = gno. Wenn wir 
cE L* geeignet wählen, können wir erreichen, dass deto—1, das Le 
o€ SL(n,L). i 


2.5. Beweis von Theorem 2. Wir betrachten den Homomorphismus 
f: o€ QO (n, L, J) > (det o, hyo) € L* X Zentrum GL (n, L/J). 


Die rechts stehende Gruppe ist isomorph L* X (L/J)*. Nach Theorem 1 ist 
Kern(f)—=SC(n,L,J). 
Sei «€ @C(n,L,J) und deto=-ae L*. Dann ist 


950 = gy det o == det hyo == det diag (b, b,- * -,b) = br, bE(L/J)*. 


Zu einem b E(L/J)* wähle man ein b’eE L* mit gab’ == b. Dann stellt 
die Matrix ((b’5,,)) ein Element o aus GC(n, L, J) dar mit gy ie bn, 


2.6. Bewets von Satz 2. 


2.6.1. Wir betrachten zunächst den Fall n = 3 und nehmen an, das die 
Menge (ra) „., 8u8 einem einzigen Element r besteht. sei dargestellt durch 
(8) mit d= D Eau, 1<i<n—1, wobei die Vektoren E, 1 <i<n—1, 
eine Basis für die Hyperebene H == ¢7(0) bilden. DU "wird 
erzeugt von den Elementen a, 1Sı Sn—1 . 


Wir definieren A, und A, durch 


n-1 


n-1 
Ay = 2 Em — S Eu; "Ay D Fit. 
2 


Wir haben Aa—=4A— A; und o(A)=0(A,). Wir erklären die Transvek- 
tionen +, (r==1,2) durch (9). Nach Satz-1 gibt es «€ GL(n,L) mit 
Tı = orte‘. Da man speziell o so wählen kann, dass cH, = B,— Fi. (i < n—1), 
ol,. = En erkennt man, dass es sogar in SL(n,L) ein o gibt mit tı == oro", 
d.h.7,€ G == die von r erzeugte unter SL (n, L) invarianten Untergruppe von 
GL(n, L). Dann auch r= rr tE G, und indem wir auf 7, einen ent- 
sprechenden Schluss anwerden erkennen wir, dass = eine Transvektion enthält 
mit zugehörigem Vektor Hy_.a,. 

Auf Grund der Ergänzung zu Satz 1 können wir sagen, dass @ alle 
Transvektionen enthält mit zugehörigem Vektor Ha,c(—(fc)a,), wo o(E) 
— L und ce _L*. Offenbar ergibt sich genau so, dass G auch die Transvek- 


10 


146 WILHELM KLINGENBERG. 


tionen mit zugehörigem Vektor Hae, 1<i=n—1,0(E) = L, c€ L*, enthält. 
Wenn c€ I, so c—1€L* Da Hae == Ha,(c—1) + Ea, enthält G auch die 
Transvektionen mit Vektor Eac, o(E) — L, c€ L, und durch Produktbildung 
folgt: @ enthält alle Transvektionen mit Vektor Eb, wo b= Sac ein 
beliebiges Element aus dem Ideal J —o(r) ist. 

Sei schliesslich + eine beliebige Transvektion der Ordnung o(r) = J’ 
Co(r)=J. 

(11) TX X +A (X) 

sei eine Darstellung von +’. Wir schreiben A’ = >) FE'W, 1=Sı=n—1, wobei 
die Wi, 1<i<n—1, eine Basis von H’ = ¢ (0) bilden. Wegen 44€ J 
gehören die Transvektionen 

(12) rid = À -+ Eao (X) 

zu G, also auch "= [ [74E G. 

2.6.2. Wir betrachen jetzt den Fall n = 3 mit einer beliebigen Menge 
(ra) axes. Sei J das von den Ja=0(ra) erzeugte Ideal. Eine beliebige 
Transvektion r mit o{7’)—Jd’ Cd besitzt eine Darstellung (11) mit 
A’ == SE’, L SiS nel, E CJ. Die Überlegungen aus 2.6.1 zeigen, 


dass G die Transvektionen 7, 1 <1: n— 1, der Form (12) enthält, also auch 
re ][7r,€c G. 


2.6.3. Wir betrachten den Fall n—2 und nehmen zunächst wiederum 


an, dass die Menge (re) „., nur aus dem Element r besteht. Durch geeignete 
Wahl der Basis lässt such r in der Form 


(18) + 2 


darstellen, wo (u) == o(r) ist. Dann repräsentiert auch 


a EDGING DE) ce 


ein Element aus der von r erzeugten, unter SL(2, L) invarianten Gruppe G. 
Mit der Matrix (13) enthält G also auch die Matrizen 


(15) Ce u 


Da 2€ L*, haben wir für jedes c€ L die Darstellung 


(16) c= (c +1)2/2?— (c—1)2/2?. 
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Falls also c+ 1€ L* und c— 1€ _L*, so haben wir aus (15) und (16), dass 
G auch die Matrix 

um 01 

enthält. Falls dagegen c-+1¢J oder c—1€ I, so ersetzen wir c zunächst 
durch €” = c-+ 1 beziehungsweise durch "»=c—1. Dann ist c’+1¢€ L* und 
č —1€ L* und auf Grund von (15) und (16) enthält @ also eine Matrix 
(17), in der c durch g ersetzt ist. Da auch (13) zu G gehört, folgt, dass auch 
(17) zu @ gehört. 

Da ein 1-dimensionaler Unterraum von V = V,(L) in einen anderen 
1-dimensionalen Unterraum von V stets durch ein Element o€ SL(2,L) 
übergeführt werden kann, folgt, dass G mit der Transvektion r, (13), der 
Ordnung o(r) == (u) auch alle Transvektionen 7’ der Ordnung o(7’) C o(r) 
= (u) enthält. 

Wir betrachten jetzt eine beliebige Menge (ra), ,, von Transvektionen ra. 
Sei J das von den Ja==0O(ra) == (ta) erzeugte Ideal. Eine beliebige Trans- 
vektion r” der Ordnung o (r) = (w) C J lässt sich darstellen durch (13) mit 
w statt u. w lässt sich schreiben als u’ =>) ele, Ca = 0 für fast alle «€ A. 
Die von den ra erzeugte, unter SL(2,L) invariante Untergruppe @ von 
GL(2, L) enthält, wie wir soeben sahen, alle Transvektionen (17) mit Yale 
an Stelle von uc. Also gehört auch das Produkt dieser Transvektionen zu @, 
d.h. 7’ € G. 


2.7. Beweis von Satz 3 für n— 2, 


2.7.1. Angenommen, G enthält das Element p der Form (o Ps » 


eg 
mit (v) =K. F Fe Le Transvektion r. Dann gehört auch 
ptp Tr": & 4 zu Œ, das heisst, @ enthält eine Transvektion der Ordnung 


(v) =K und daher, nach Satz 2, 9C (n, L, K) C G. 


2.7.2. Wir betrachten den Fall, das o(G)—JCI. Ein Element o € Q 
besitzt die Darstellung 


a bt 


mit 2,y,z€J=mo(@), bE L*. Es ist o(o) = (2, y,z) — das von 7, y und z 
erzeugte Ideal in L. Wenn wir zeigen, dass G mit o, (18), auch die Trans- 
vektionen 


© Gr GY 
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enthält, deren Ordnungen offenbar gerade das Ideal o (o) erzeugen, dann haben 
wir auf Grund von Satz 2, dass SC (2, L, É C Œ. Da dies für jedes o € G 
gilt, folgt SC (2, L, J) C G. 

Wir beweisen die Existenz der Transvektionen (19) in zwei Schritten. 


2.7.2.1. Da G invariant ist unter SL(2,L), enthält G mit o, (18), 
auch das Element ` 


wr = CCI DC 12) 


b? + bz — y? en mec e af ) 
—betby | b?+bz—2z? Jf (kurz)\g 47) 
Dann gehört auch co”: | 


(ai i Be; a ) 1 —k\_ (0 Hy key Hr +k7\ 
) 0 1 v -+- x 7 \0 1 y b’ — ky’ +7 ) 
zu G. Wenn wir in (21) setzen: k= (x + y)/2b, so erhalten wir für o” € G 
die Darstellung 


eo Pe ne) 


b(y—x) > > b? + bz — (y° + 27)/2 
== (kurz) ( rh 
Das Element re SL(2, L) sei erklärt durch or ee cee = v) )- 


Dann gehört auch gp’ = r!o”"!ro” zu G. Wir finden für pe 
(a m) à 2 (2 + Y wl + v)? 


a?— ay(2 + 5 ) wet + y) 
(23) | 


= Per z yt 0) = (0) = (y—2). 


Aus 2.7.1, angewandt auf das Element p’, (23), folgt dass G die erste der 
Transvektionen (19) enthält. 


2.7.2.2. Mit dem Element o, (18), enthält G auch die Elemente 


OF Pr) BE in RN 


Indem wir auf die Elemente (24) dieselben Überlegungen anwenden, die wir 
auf das Element v, (18), in 2.7.2.1 angewandt haben, erkennen wir, dass G 
auch die Transvektionen der Ordnung (y— 2s ç z) m also die letzten 
beiden der Transvektionen (19). 
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2.7.3. Wir betrachten jetzt den Fell dass a =J = L., Dann enthält 
G ein Element « der Form 


0 a 
| | E L*, 
(25) | k a, R - 


bd d? 
—d 0 


u 2143 — b —a-td-*h 
(26) ( 0 — ad? ) 


gu der Gruppe G. Um 2.7.1 anwenden zu können, müssen wir dE L* so 
wählen, dass etd? —ad € L*, d.h. 


Mit dem Element r: ( ) aus SL(2, L) gehört dann auch p = r tore: 


(27) ad 1€ L*. 


Da wir char(L/I) +2 und L/I 4 F, vorausgesetzt haben, existiert ein dE L* 
mit (27) stets dann, wenn L/I £F, est, denn dann hat L/I wenigstens 6 
Elemente. Wenn (27) gilt, dann folgt aus 2.7.1 mit p, (26), dass (eine 
Transvektion der Ordnung L enthält, also nach Satz 2, SL(2, L)C G. 


2.7.3.1. Hs bleibt also der Fall L/F = F, zu betrachten. Falls gya? +41 
ist, dann gibt es ein de L* so, dass (27) gilt. Wir können uns also auf den 
Fall gia == -+ 1 beschränken, 


Zunächst können wir dann de L* so wählen, dass g;ad? == 1 ist. Neben 
dem Element p, (26), enthält Œ auch das Element p’, das aus (26) entsteht, 
wenn man d ersetzt durch a*d. Dann gehört auch pp’ zu GŒ. pp’ hat die Form 


fl b(1+-+ ad)? 
(28) f 1 ). 
‘pp’ ist also eine Transvektion der Ordnung (b). Falls (b) = L, so haben 
wir mit Satz 2 SL(2,L, L) = SL(2, L) CG. Falls (b) C I, so haben wir mit 
Satz 2 SL(2,L,(b))C G. Dann gehört auch das Element 


0 a\/1 —b 0 a 
uae (i ado +) 0) 
zu G. , 

Wir haben also jetzt ein Element a, (25), mit b= 0 und gua == +1 
in @ Damit enthät @ auch das Element p, (26), mit dem 1, Es ist also 
o(p) = J’ =m (a2 —1)CI. Nach 2.7.2 ist dann jedenfalls SC (2, 2,7’) C G. 

Wir betrachten die Fälle: (i) = (a—1), (ü) J’=(a+1). Im 
Falle (i) wählen wir für das Element o, (29), eine neue Basis so, dass o 
die Darstellung erhält: | 
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1 1\/o af} #\_(G+a2 (-a)/R 
a (i =) (i o) (G = )-(Ciran rar) 
1 0 
0 1—2 
Im Falle (ii) wählen wir für o, (29), eine Basis wie folgt: 


> (FG YG -DER on) 


Es ist also hyo: ( Fur | Aus 2.7.1 folgt wiederum SL (2, D/F) C hyG. 
Da Kern (hs | sinn) = SC (n, L, J’) C G, folgt SL(2,L)C G. 


2.8. Beweis von Satz 3 fur n= 3. 


Es ist also Ayo: ( )- Aus 2.7.1 folgt, dass SL(2,L/J) Chr. 


2.8.1. Angenommen, @ enthält ein Element p so, dass pX — X € H für 
alle X € V, wo H ein Unterraum der Kodimension 1 ist. Behauptung: Dann 
enthält @ auch die Transvektion r der Form 


(82) rX =X + (pU—U)$(X) 


wo d*(0)—=H und U ein beliebiger Vektor H ist. In der Tat, setze 
"X=X-+Us(X). Dann gehört auch r—pr'p 71 zu G. Wegen ¢(pX) 
—=6(X) und (pU) = (pV) —0 hat r die Gestalt (32). 


2.8.2. Bei o€ G. Das Ideal o(c) C J'=0((4) wird erzeugt von Ele- 
menten a€ L, deren jedes in folgender Weise beschrieben werden kann: Es 
gibt einen Vektor # der Ordnung o(E) == L und eine Linearform & der 
Ordnung L so, dass D(E) —0 und d(c#) =a. Wenn wir zeigen, wass, für 
jedes solche a, @ eine Transvektion der Ordnung (a) enthält, dann ist der 
Satz 3 bewiesen. 


Denn jedenfalls enthält G dann, auf Grund von Satz 2, die Gruppen 
SO(n, L,o(o)) für jedes o€ G, und da J=0o(@) erzeugt wird von o(c), 
o€ G, folgt die Behauptung mit Satz 2. 


2.8.8. Sei c€ G(n,L). Sei # ein Vektor der Ordnung L und ¢ eine 
Linearform der Ordnung L mit ¢(#) —0 und sei (cE) =a. Behauptung: 
Es gibt ein o’ in der von o erzeugten, unter SL(n,L) invarianten Unter- 
gruppe G von GL(n,L) und es gibt eine Basis Wi, 1<1<n, mit dualer 
Basis #, 1 S11, so, dass ¢’,(o’°H;) == 0 für alle i mit 1 Si & n—2 und so, 
dass d’, (0 E) =a für ein k mit 1 S kS n—1. 


2.8.3.1. Zum Beweis dieser Behauptung gehen wir aus von einer Basis 
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E, 1Stn, und dualer Basis di, 1Si=n, so, das E — E, und d= pmi 
Die Matrix von « und die Matrix von o bezüglich dieser Basis sei bezeichnet 
durch 


( (aix) ) = ((pi(oBe))),  ((x)) = ((pi(o 7 Ex))). 
Insbesondere ist also a == D, 1(oË:) = Opi 1 
Wir definieren die Transvektionen r} j3>£n —1, durch 


(33) yX = X + Eipri (X) (jén—1). 
Da G invariant ist, gehört auch py==0"tryor; * zu G. Wir finden 
(34) Br Er + oE bua (oH) (j,k &n—1). 


Ferner, für j s&n — 1, 
(35) pro By = oror oE; = EL — ana brig) — Ebri 


2.8.3.2. Wir betrachten zunächst den Fall: Es gibt ein r, 3 Sr Sn, 
mit bm € L*. In diesem Falle erklären wir eine neue Basis #’, durch: H’,;== Fi 
für tsr und E”, == 0 Ep. 


Für t<n—1 und t54r haben wir wegen (34) 
(36) pr ym prb == Ei + 0 Bana (oly) = B+ E ana 
und für r54n—1 haben wir wegen (85) 
(87) pa’ = pro En = Po (1 — Gy aban) — dan 
Fall (i): r54n—1. Aus (36) und (37) folgt: 
bn (pnl’;) = 0 für t < n— l1; (pels) = Ona 


Wenn wir also F'n- und E’„ vertauschen und o’ = pp setzen, so folgt, mit k = r, 
die Behauptung 2. 8. 3. 


Fall (ü):r—n—1. Aus (36) und (37) folgt 
D'n ( pall’) = 0 für 1 < n—1; p'an- (prb) = Oy-1 1+ 
Mit o’ == pa, k == n — 1 folgt die Behauptung 2.8.3. 


2.8.3.3. Wir betrachten den in 2.8.3.2 ausgeschlossenen Fall, dass 
brn € I für alle r, 2S r&n. Dann gibt es jedoch ein r, 2 rÆ n, so, dass 
b,, € L*, wie man durch Reduktion mod Z erkennt. Wir erklären eine neue 
Basis 2, durch #’, = E; für 14r, und E,=o"'E,. Aus (34) und (35) folgt 
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(38) pile B+ Eau as für +An—l, tr, 
(39) O pE r= E, (1 — ara bria) — E ibn 
Fall (i): r==n. Aus (38) und (89) folgt 
Da (pills) = 0 fir i< n— 1; Hulk’) = Gnas 


Wenn wir E’„., und E’, vertauschen und o’ =p, setzen, so folgt, mit kr, 
die Behauptung 2.8.3. 


Fall (ii): r54n. Aus (38) und (39) folgt 
bn (prlt’s) = 0 für r<n—1; pr(pE i) = apa1. 
Mit o’ = p, k =r folgt die Behauptung 2. 8. 3. 
2.8.4. Wir kommen jetzt zum Beweis der in 2. 8. 2 aufgestellten Behaup- 
tung, dass die Gruppe @ eine Transvektion der Ordnung (a) enthält. Nach 


2.8.3 können wir annehmen, dass wir eine Basis #, 112 n, von V haben 
mit dualer Basis ¢, 1St=n, und ein Element g€ G so, dass 


(40) ga(oH;) == 0 für 1<n—1; oy(cH,) =a für ein k, 2k Sn—1. 
Wir betrachten die Transvektion r: 

(41) tA = X + Higa (X). 

Für p=oro re Q finden wir 

(42) pX me X— Hi bn(X) Hokiba(o X) — obgn(o* Br) on(X). 


Es ist also pX — X € H, wo H die von Ea: > +, En aufgespannte Hyperbene 
ist. Daher folgt aus 2.8.1, mit U = E, 1 SiS n— 1: G enthält die Trans- 
vektionen mit dem Vektor pn — E, = oE;pn(o Es), 1Zi<n—1. Wir 
unterscheiden zwei Fälle: 


2.8.4.1. Eines der Elemente &,(o"E,), 1=i<n—1, gehört zu L*. 
Dann enthält @ also eine Transvektion der Ordnung L und mit Satz 2 folgt 
SL(n,L)C G, 0(G) =J ~ L, es folgt also die Behauptung von Satz 3. 


2.8.4.2. Die Elemente po fi), 151S n1, gehören alle zu I. 
Wir bezeichnen mit K das von diesen Elementen erzeugte Ideal. Dann 
ist also À CI. K stimmt überein mit dem von den Elementen #,(oÆ), 
1Stn—1, erzeugten Ideal; denn hyo*ggH —gxH impliziert hxogxH 
= gr und umgekehrt. Wegen Satz 2 und dem Schluss von 2.8.4 haben 
wir SC(n,L,K)C G. 
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Wir definieren eine Linearform y durch 
(43) y (oEù) — 0 für i < n—1; 4(Ēn) —0; vo.) =1. = 
Da die gE, 1 Si &n— 1, durch hgo unter sich transformiert werden und 
K CI, bilden die oF 1S i S&S n— 1, zusammen mit En, eine Basis für V; 


daher ist y durch (48) wohldefiniert. 
Wir betrachten die Transvektion p: 


(44) pX = X + Enpa (chy 1) Y(X). 
Offenbar ist o (u) C K, also p€ G. Dann gilt auch d'= po € G. Wir finden 
d'E; = E, t< n— l1; Eri =0 Epi Enpa (oEn) . 


Es ist also o’ H — H, wo H = (0). Folglich do" den, mit dE L*. 
Mit der Tranvektion +, (41), erhalten wir für p’—=o'ro’*r1€ G nach 
(42) den Ausdruck 


. (45) PX =X 4- (ofid — F jpa (Z). 


p’, (45), ist also eine Transvektion der Ordnung o(oB,d— E1) D ($x(oE,)) 
= (a). Nach Satz 2 enthält G also eine Transvektion der Ordnung (a). 
Damit ist die Behauptung in 2.8.2 bewiesen, und also Satz 3 bewiesen. 


2.9. Das Theorem 3 ist eine Zusammenfassung der vorstehend bewie- 
senen Ergebnisse. 
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ON DIFFERENTIAL EQUATIONS AND THE FUNCTION J} + Y,°.*' 


By PHrtr HARTMAN. 


Introduction. Let J,—J,(t), Yu—YV,(t) denote Bessel functions of 
a non-negative order x of the first and second kind, respectively, and let ¢ 
be real. It is known that t(J,?-++ Y,?) is increasing or decreasing for t > 0 
according as u < $ or p > $ and that (t — p°) (J, + Yp?) is increasing for 
t= p= 0; cf. [9], p. 446. These facts are usually derived from Nicholson’s 
integral formula for Ju? + Y,?, the proof of which is rather involved. It 
seems, therefore, of interest to obtain these assertions directly from simple, 
general theorems on differential equations. 

‚Let g= q(t) be a continuous, positive function for large t. General 
conditions (cf. [11]) are known which imply that 


(0.1) w” + q(t)u==0 


has a pair of real-valued solutions v=z(t),y(t) satisfying, as to, 
asymptotic formulae similar to 


(0.2)  geexpi f Ads + o(1), 
(gie) —ighexpi | @i(s)ds + 0(1), 


where z=- tiy. But these results give no information on the possible 
monotone character of g%|z| or on sharp bounds for g*|z] for all ¢-values 
under consideration. The object of Part I of this paper is to supply such 
information. It will be shown there that, under suitable conditions on q, 
the number 1 is a bound for q | z |* and that this implies the monotony of |z |. 
The question of the monotony of q|z|* can be decided in many cases by 
examining the applicability of this result to the differential equation having 
giz, qty as solutions; cf. the change of variables (2.7) below. 

These results will be applied in Section 4 to the Bessel functions. It 
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will be seen that they imply, in particular, that z—t(J,++Y,) satisfies, 
for t > 0, l 


(0.3) |z| > 0, | 2 |’ =0, | 2|”=0 
or 
(0.4) \z|>0, | z |’ 0, |z|”=0 


according as p> 4 orp. Note that the last part of (0.3), |z |” = 0, is 
not implied by the folowing consequence 


(0.5) j2>0, (120, (12/)"&0, (Jz |*)”20,- -- 
of Nicholson’s formula (for u = $). 


On the other hand, the results and methods of Part I do not lead to the 
sequence of inequalities in (0.5). The question of higher order monotony 
of | z(t) |?, where z—=a(t) +iy(t) is a complex-valued solution of a general 
equation (0.1), will be examined in Part IV. The results to be obtained 
will depend on Parts II and IJI which deal with differential equations of 
arbitrary order. The methods to be employed will be very different from 
and do not depend on those in Part I. 

It will remain undecided whether or not the results on the higher order 
monotony of |z|? can be sharpened to give such results about | |. 

Applications of the results of Part IV to Bessel functions give the 
complete monotony (i.e., (0.5)) for |z|?=<=t(J,?+Y,?) for ¢>0 when 
p> +. This proof is longer than the one involving Nicholson’s formula but 
has the advantage of applying to a large class of differential equations. 

It can be mentioned that Nicholson’s formula implies that, when u < 4, 
the derivative of |z|?—t(J,?-+ Y,?) is completely monotone for ¢>0. It 
will remain undecided how to derive this result from a general theory of 
differential equations. A partial result in this direction is given in Section 22. 


Part I. Monotony and convexity of |z]. 


This part of the paper concerns inequalities of the form (0.3) or (0.4) 
for some complex-valued solution w— z(t) of (0.1). The main result is 
Theorem 3.1. 


1. Bounds for solutions. Let Q — Q(s) be a continuous, monotone func- 
tion of s for s > I satisfying, as s—> oo, 


(1.1) Q — 1. 


156 PHILIP HARTMAN. 


Then 
(1.2) dU /ds*+-Q(s)U —0 


has a pair of real-valued solutions U = X (s), Y (s) such that Z= X -+ıY 
satisfies, as so, 


(1.3) Z—expi f QM(r)dr+0(4), Z,=iZ% +0(1), 


where Z, = d2/ds; [12], Appendix. The solution U=Z(s) of (1.2) satis- 
fying (1.3) is uniquely determined, up to constant factors, by the require- 
ment that | 

(1.4) Z/2>r 88 8—; 


[6]. In view of (1.3), the (constant) Wronskian of X and Y has the: 
value 1, : 
(1.5) AY,—X,Y —1. 


Lemma 1.1. Let Q=Q(s) be positwe, continuous and monotone for 
S<s<o and satisfy (1.1). Let U—Z(s) be the solution of (1.2) satis- 
fying (1.3) as s>w. Then, fors>S, 


(1. 61) [ZPQOS1S|Z/)? and | 2,7? S15 |Z, |Q 
or 

En |Z PQZ12|Z|? and |Z, |? 212 |Z,|7/0 
according as 

(1. 71) dQ = 0 or (1. 7s) dQ = 0. 


It will be clear from the proof that the interval S<s<o can be 
replaced by an interval 9 < 8 < S*(Æo), if the assumptions (1.1), (1.3) 
refer to s—> 8*. If SF <œ, then Q can be defined at s == S* by Q(S*) —1 
and is then continuous for S < s S 8*. The existence of a solution U = Z (3) 
satisfying (1.3) is obvious. 


Remark 1. In addition to (1.6), it can be shown that 
(8) 12/70 + |Z)? S1+Q 


holds in both cases (1.7,) and (1.7%). It will be clear that strict inequality 
holds in (1.6) and (1.8) if Q(s) s41 for large s. 


Remark 2. The inequality |Z| = 1 in (1.6,) holds for s > if the 
conditions Q > 0, dQ = 0 for s > 8 are replaced by Q(s) =0 for S<sS8, 
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and Q(s) > 0, dQ(s) = 0 for s > 9, where 9, is some fixed number. Note 
that Q is not required to be monotone on the interval § < 8 = 5o. | 


Proof of Lemma 1.1. If (1.2) is divided by Q(s) and differentiated 
with respect to s, and the result divided by Q(s), one obtains the equation 


d'W /dr + QO-1(3) W == 0, where 8 == 8(r), 
W == U’, dr ms Q(s)ds, and dW/dr—=U"/Q = — U. 


This makes it clear that it is sufficient to consider only the case (1.6,)-(1.7,). 
(This change of variables, which will be used several times in this paper, 
is suggested in part by Wintner [18]; cf. [3].) | | 

Let U = U (s) be any real-valued solution of (1.2).. Then, by virtue of 
(1.2) and (1.71), 


(1.9) d(U*Q-+ De) = 04 > 0 and d(U* + U,2/Q) = —(U./Q)*dQ <0. 
For arbitrarily fixed real 6, let 
(1.10) U —=X(s)cos + Y(s)siné; 


so that (1.1) and (1.3) imply U°Q + U,?— 1 and U?-+-U,2/Q— 1 as s> o. 
Hence, by (1.9), for s > 8, 


(1.11) UQ + US £1 and 040/921. 


The first inequality in (1.11) shows that U*Q 1 for s> 8 and for 
every ¢. For a fixed s, choose $ in (1.10) so that U (s) = (X?(s) + Y?(s))} 
=| Z|. Then, for this value of s, it is seen that | Z PQ — U°Q = 1. 

The second inequality in (1.11) implies that U/*(s) 221 if U,(s) =0. 
For a fixed s, choose & so that U,(s)—0. By Cauchys inequality, 
U?(s) S| Z(s)|?. Thus, for this value of s, | Z(s) |? = U? (s) 21. 

This proves the first two inequalities in (1.6,). The last two are proved 
similarly. Hence Lemma 1.1 follows. 


On Remark 1. Again, only the case (1.6,)-(1.7,) will be considered. 
In view of (1.10), the expression U?Q + U, is a quadratic form in (cos, 
sind) for a fixed s. According to (1.11), the eigenvalues À of this form 
satisfy AS 1. It is readily verified, if use is made of (1.5), that the eigen- 
values À of this form are the roots of the equation 4#—A(|Z|?Q + |Z. |?) 
+Q—0. The inequality (1.8) merely expresses the fact that the largest 
root of this equation is at most 1. 
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On Remark 2. In view of Lemma 1.1, it follows that | Z(s)| 21, 
|Z,(s)|S1 for s= So Choose $ so that cosp=—¥,(9,)/|Z,(8 y|, sing 
—— X, (80)/| Z,(So)|. Then U(s) in (1.10) satisfies 


U (8) = (XY,—ZX.Y)/| l, | —1/| Z,(8o) | =1, Us(So) =0. 


Initial conditions U (8,) > 0, U,(So) = 0 at s = #8, and Q=0forS <ssH, 
imply, by a simple convexity argument, that dU (s) <0 on this interval. 
Hence U(s) =U (So) =1 for S <s & 8.. Cauchy’s inequality gives there- 
fore | Z(s)| = U(s) 21. 


2. Bounds for q |z |‘. The desired inequalities for solutions of (0.1) 
do not follow directly from Lemma 1.1 but can be obtained from this lemma 
after a standard change of variables (Riemann-Liouville). 


Lemma 2.1. Let q(t) be a positive function of class C? for t>T, 
with the properties that 


(2.1) Q= 1 + 5g'/16g°— g" /4g9=1 — (g'/Ë)'/44 
satisfies Q(t) —> 1 as t— œ and that either 
(2. 23) dQ 0 for t>T, 
or there exists a T, = T, such that 
(2.23) Q 5&0 for To < tS T, and Q > 0, dQ = 0 fort > Ty. 
Then (0.1) possesses a pair of real-valued solutions u—=z(t),y(t) such that 
z == T 4- iy satisfies, as to, 
(2.3) | FERN (ei; 
(2.4) | TY — Ty = 1; 
and, for t > Te, either | 
(2.51) gle Si or (25) AE 
according as (2.21) or (2.23) holds. 

If q is of class C*, then Q(t) has a derivative given by 

U — (18gg'g” — 15g" — 4979”) /16q*. 

Note that dQ = 0 is implied by 
(2.6) = 4>% (20, S0, "Z0. 
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Proof. By the Riemann-Liouville change of variables, 
(2.7) U = ugt and ds gi(t) di, 


the differential equation (0.1) is transformed into (1.2), where Q is defined 
by (2.1) andt==¢(s). The interval T, < t< œ is changed into some interval 
(—os)S<s<8* Som. 

By Lemma 1.1 and the Remark 2, (1.2) has a pair of real-valued 
solutions U = X,Y satisfying (1.3), as s>S*, and |Z|<1 for s>8 
according as (2.21) or (2.23) holds. If | 


(2.8) z=X/t, yu P/f 
(cf. (2.7)) are the corresponding solutions of (0.1), then (2.3) and the 
assertion concerning (2.5) follow. 

3. Monotony and convexity of |z|. The main theorem of this part 
of the paper can be obtained as a consequence of Lemma 2.1. 


THEOREM 3.1. Let q(t) satisfy the conditions and x(t), y(t) the asser- 
tions of Lemma 2.1. 


(i) Let Q(t) bein case (2.21). Then 
(3.1) 2150, |z/”20 


fort>T . If, in addition, q(t) ts continuous for t>0 and q(t) =0 for 
0<tST, then (3.1) holds for t> 0. If z(t) remains bounded as t— © 
(that is, tf q(t) = const. > 0 for large t), then, for t > 0, 


(3. 2) lel >0 jeso Ja =o. 
(ii) Let Q(t) be in case (2.23). Then, for t > Ta, 
(3.8) 2!I>0, jz 20 jso. 


It is readily verified from the last part of (2.1) that if q and Q are 
monotone and 0 < q( œ) So, then Q—>1last—+o. This gives the following 


COROLLARY. If q(t) <0 for Oe asl and (2.6) holds for t> T, 
then (3.2) holds for t > 0. 


Strict inequality holds in the inequalities in (3.1), (3.2), (3.3) unless 
Q=1 for large t, that is, unless q(t) = (c,t-+c,)~* for large t, where cı, Cs 
are constants, 
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If the half-line > T, is replaced by a finite interval, then the inequalities 
| z |’ 0 in (3.2) and |z|’=0 in (3.3) need not be valid. 


Proof of Theorem 3.1. If u-=a(t),y(t) are solutions of (0.1) satis- 
fying (2.4), then two differentiations of r= |z | — (ai + y2)8 show that 


(3.4) y” mn — qr TS =a 7-8 (1 — grt). 


In case (2. 2), the relation (2.5,) holds for ¿> To. It also holds for 
t>Tifqg=<0 for T< i< Ts. Hence 17” = 0 for all ¢ under consideration. 
This gives (3.1) and, hence, (3.2) if r(t) is bounded as t—> œ. 

In the case (2.2,), the relation (2.5,) holds and implies r“’=0 for. 
1> Ts. Since r > 0, this gives (3.3). 


4 Applications to Bessel functions. The functions v==J,(t), Yu(t) 
are real-valued linearly independent solutions of the Bessel TS 


(4.1) EEE AWO. 

Hence u= ËJ (t), Y,(t) are real-valued solutions- of 
(4.2) u” + (1—a/t?)u—=0, where a = py? — 4. 
Note that 

(4.3) a >, =, < 0 according as (0S) p>,—, < À. 
Furthermore, 

(4.4) 2m (t) + y(t) = (dat) bo (Jat) —iF a(t), 
where 6==$(u-+ 4)z, is a solution of (4.2) satisfying 

(4. 5) zeit 0(1), Z= i61 Lo(l1) as too. 


If (4.2) is identified with (1.2), Lemma 1.1 and the Remark 2 following 
it give the inequalities 


(4.6) tg? + PE) (1—a/t8) <8/e CH LT) if >g, 
(7) MICH FE) (1—a/t*) > 2/7 > EI + TN) if p<, 


for ¢> 0. Inequalities of this type were obtained by Schafheitlin [7], p. 86. 


If (4.2) is identified with (0,1), so that Dar then the corre- 
sponding function (2.1) is 


(4.8) Q—1-+ 5a2/4 (Pa)? L 8a/2(t2—a)? 
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for #?>max(0,a). If >$ (i.e, «>0), then Q satisfies (2.2,) with 

T, = ai, so that (2.4,) is valid and becomes 
(49) (#@—w + ET + Fy?) < 2/7 if t> (p — 4) end p> à 
If u + (i.e, « <0), then Q satisfies (2.2,) with T=0, T; = $ (— a)? and 
(2.42) gives 
(410) (#—w + PUSH PS) > 2/7 if t> 0 and p< 

It also follows from Theorem. 3.1 that r — f (Ja (t) + Y,7(#) )® satisfies 
r>0,7<0, 17’ >0 or r>0, r > 0, r’ <0 for { > 0 according as p> Ft 
or OS p< +. 

The inequality (4.10) contrasts sharply with the known inequality 
(4.11) (0? — a(d a + Pa) <?/r if tz p20 


usually deduced from Nicholson’s formulae, cf. [9], p. 447. If p= ¢4, the 
last inequality is contained in (4.9); a derivation of (4.11) based on the 
results of Sections 1-3 will be indicated. 

If == et, then the Bessel equation (4.1) becomes 


(4. 12) Vas + (E° — p?) v = 0, where $= 68, 

The change of variables analogous to (2.7), 

(4.13) V m (12 — u?) 4p, do == (1? — p?)ids, where. t> u, 
transforms (4.12) into an equation 


(4. 14) Vos + RV =Q, 
where 
E m 1 + (ets + 47678) /(67*# — p3)? and s =— s (o). 


The equation has the pair of solutions V = (t — WJJ a (? — w?)4Y,, where 
‘te D> u and s==s(c). In terms of s, the coefficient R can be written as 


(4.15) E exes 1 + (67/4 + ure#s) (2 pre)? > 


It is clear that R is a decreasing function of s (hence o), so that (1.6;) in 
Lemma 1.1 applied to (4.14) gives (4.11). 
It can also be verified from Theorem 8.1 applied to (4.14) that 
re (P — p?)a(J,2 + Y,?) is increasing for t2 »=0; cf. [9], pp. 446-447. 
The inequalities (4.9), (4.10), (4.11) suggest the examination of the 
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function (t?—‘p? + £)4(J,3-+ Ek’), where 8 = 0 is a constant. Note that 
if the Riemann-Liouville change of variables (2.7) is altered to 

(4.16) © U= (q+p)u, ` ds— (q+ A) Ht, 

then (0.1)'is transformed into 

(417) Un + [1+ 5g°/16 (9 +8)" —g"/4(g + 8)? —8/(9 + PB) U. 
Correspondingly, if (4.18) is replaced by 

(4. 18) v= (t —y)¥, do == (t?— y)ids, where t == 6" > y 

and y== u? — 8, then (4. 12) is transformed into (4.14), where 

(4.19) R=1 4 [e (1—48) + 4ye (1 -+ 28) —48y"]/4 ey). 

From the relation | | 

(420) By ——[(1—48) 0% + 276 + 48) 0 

E +4 (1—8) ™]/2 (0 N 


it is clear that there exists a T == T (8, p) > 0 such that according as 8 > + 
or 8 <4, R is increasing or decreasing for t=T. Thus, by Lemma 1.1, 
for = 0, | 


(421) BR HT) > 2/7 if t>T and B> 4, 
(492) (PP +p) + Pi) <r if t>T and ß>4 
These inequalities reduce to (4.9), (4.10) if B=. | 
Obviously, T can be chosen to be 0 [or ya (u?—8)#] in (4.21) [or 
(4.22)] if BZ 1 and u = f (80 that y£ 0) [or 8 S 4 and p= Æ (so that 
Je). 
Part IT. An inhomogeneous second order equation. 


5. Preliminaries. The familiar “alternating series argument” shows 
that if f(t) is continuous for =. f(t) 20, a(t) = =0 and f(t) 0. ag 
t— oo, then - | 


(6.1) > ee 
i l . 
is convergent and non-negative for t> 0. In addition, if f(t) is convex, then 


(5.2) a(t) = Í. “f(s)cos(s—t) ds 
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is non-positive. Furthermore, the two implications f2=0, fS0>w20 
and f20, S0, f”’ 203 wv 20, w’<0 are the first two of an infinite 
sequence of implications. This is Los: if it is noted that (5.1) is the unique 
solution of | l i 
(5.3) i | ur Hof) 
satisfying w— 0 as t->. À 

It will be shown below that similar facts are valid for a particular 
solution of the more general second order equation | | 


(5. £) w” + q(t)w = f(t) 

under: suitable qualitative conditions on g. (The results will be extended to 

linear and non-linear’ differential equations of higher order in Part III.) 
Consider the Rue: equation belonging to (5. a 

(5.5) Hg. | 


It will be assumed below that (5.5) is oscillatory at s =œ, i.e., that every 
solution v==v(s) of (5.5) has infinitely many zeros custerilng at sw. 

A Green’s function G(t,s) for s= t for (5.5) will be needed. This 
will be defined as follows: Let t be fixed. For s= t, let v(s) =G(t,s) be 
the solution of (5.5) determined by the initial condition, 


(5.6) Q(t, s) == 0 and G,(t,s)=1-if sat. 
The analogues of (5.3) and (5.1) are (5.4) and 


E w(t) = f Eh) 


Formally, the derivative of (5.7) is 


(6.9) wi)  “Ga(4,5)F(s) ds 
since G(s, 8) = 0. 

The results of Part II deal with the i “order of monotony ds of the par- 
ticular solution (5.7) of (5. 4). 

Many of the arguments will depend on the fact that if vv(s) is a 
solution of (5.5) and q is positive and monotone, then (5.5) implies that 


(5.10) | (0? + v?/g) = vd(1/9), 
(5.11) d( qv? + v?) == v'dg. 


Hence, v? -wè and qu? +? are monotone. In particular, the sequence of 
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maxima of | v | and | w | are monotone (since these maxima occur when v’ == 0 
and v= 0, respectively). 


6. Order of monotony of (5.7). In order to state the results suc- 
einctly, it will be convenient to introduce the following terminology: 


Definition 6.1. A function f(t) will be said to be of class M„(a,b) or 
monotone of order non a < t< b if it has n (220) continuous derivatives 


Bf, : -,f®) satisfying 
(6.1;) (—1) fO (4) & 0 


for j—=0,: + :,n and a<t<b. M, will be an abbreviation for M,(0,0). 

In all of the theorems below where it is assumed that n > 0 and that 
certain functions f,g’, gi: are of class M,(a,6), the assumption of the 
existence and continuity of the n-th derivative and the inequality corresponding 
to (6.1,) can be weakened to the assumption that the (n—1)-st derivative 
multiplied by (—-1)** is non-increasing. In fact, if n > 1, the conditions 
on the (n—-1)-st and n-th derivatives can be replaced by the conditions 
that the (n —2)-nd derivative multiplied by (—1)*? is non-decreasing and 
is convex. 


Definition 6.2. f(t) will be said to be of class Man(T'o,0) if f E€ Mu(T,®) 
and f has m derivatives for ¢ > T, satisfying 


(6.25) f(t) — 0 as t>w 


for 7==0,: - :,m. (Note that FE My o(To,00) implies that f€ Man+s(T,0) 
if n=1. Thus the essential cases of Mam(T'o,0) are m==0 and m= n.) 
In analogy with the above, Mpm = Myn(0, 0). 


THEOREM 6.1,. Let n= 0. Let q(t) have a derivative q'(t) of class 
M, and let 0<q(0) So. Let f(t) be of class Maio. Then (5.4) has a 
unique solution (given by (5.7)) of class Mans. | 


Remark 1. Under the assumptions on q, the only solution v—v(s) of ` 
the homogeneous equation (5.5) satisfying v’(s)—>0 as s>o is v==0. 
(In fact, by (5.11), the successive maxima of | v’(s)| are non-decreasing.) 
Hence, (5.4) has at most one solution satisfying w’—>0 as f—>co. Also, if 


0<g(o) <o, then (5.4) has at most one solution satisfying w—>0 as 
t—> oo, | 


Remark 2. If all solutions of (5. 5) tend to 0 as t—> œ (e. g., if “ g(t) —> co 
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smoothly as é—>,” cf. [2]), then the condition f(co)—0 implicit in 
fE Mau. can be omitted in Theorem 6.1, except for assertion w”-> 0 
when n =. Q. 


Remark 3. Suppose that there is a t= To, OST, <œ, such that g=0 
or g > 0 according as 0 < tS T, or t>T,. Forn>0 and 0< t< To, the 
conditions on g and f can then be lightened somewhat: for n —1 and n=2, 
it is sufficient to require only q <0, f= 0; for n > 2, it is sufficient to require 
that q’,f€ Mn2(0,7.0). If the assertion w€ Mans is weakened to w € My; 
for n — 1,2, the conditions can also be lightened for ¢ > To: for n==1, it is 
sufficient to require that q is non-decreasing, f = 0 is non-increasing with 
f(co) ==0 and f/q is convex; for n= 2, it is sufficient to impose the addi- 
tional condition that — (f/q)’ is convex. 


Remark 4. The proof of Theorem (6.1,) will give the following a 
priori bounds for w and w’: | | 


(6.3) OS w(t) Saf(t)/q(t), |w (t) Saf (t) È (t); 


cf. (7.6) below. The upper bound for w is improved successively to 2f (t)/q (t) 
and f(t)/q(t) in the proofs of Theorems 6.1, and 6. 12; cf. (8.4) and (9.2). 
Theorem 6. 1, and the theorem of Hausdorff-Bernstein imply the following: 


COROLLARY. Let q,f satisfy the conditions of Theorem 6.1, for n 
= 1,2," - -, then the solution (5.7) of (5.4) has a representation as a Laplace- 
Stieltjes integral 


(6.4) w(t) = f otdole) fort > 0 
0 
with some non-decreasing weight function o == o{s). 


Theorems 6. 19, 6.1:, 6.1, and the corresponding Remark 3 will be proved 
in Sections 7, 8, 9 below. Theorem 6.1, with n > 2 is more subtle and does 
not seem to follow from the cases n = 2 by successive differentiation. In fact, 
its proof will involve a new existence proof for each n for a differential 
equation of order n— 2. Theorem 6.1,, with n> 2, will be proved in 
Sections 16-17 in Part III below. 

Theorem 6.1, deals with the case of a non-decreasing g. In order to state 
analogous theorems for the case of a non-decreasing g, it will be convenient 
to introduce the following definition: 


Definition 6.3. Let the classes of functions DM,„(a,b), DM, 
DM on (To, © ), DMam be defined as the analogues of M,(a,b), Mn, Mnm(T'o,0 ), 
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Mam in which the j-th derivative fO — dif/dt/ on (6.1;). and/or (6.2,). is 
replaced by. Df, where D is the differential operator q*(t)d/dt. 


THEOREM 6.2, Lein>0. Let q(t) be continuous, non-incteasing and 
let (5.5) be oscillatory at œ (in particular, q > 0). Let 1/q? have a deriva- 
tive of class DM,. Let f/q be of class DM, Then (5.4) has a unique 
solution w == w(t) = by. n "a Le class: Mos and, if n> 0, then — w 
is of class. DM y, | e ¢ | | 


Theorem 6.2, will be proved in Section 10. Theotem 6. En with n> 0, 
will be deduced from id 6. Les in Section 11. l 


7. ` Proof of Theorem 6.1,. Note that g(s) = a(t) > 0 fors 2 i> To. 
Thus, if v == v (s) 560 is a solution of (5.5), then the graph of y == | v(s)| 
consists of a sequence of “ arches.”. The first and second comparison theorems 
of Sturm imply that if the k-th arch is over the interval s,s = snu and 
q(80) = q(s°) when 21 SS 8 SS 8S 8° S 3,1, then a reflection of the k-th 
arch across the line s == 8, gives an arch lying under the (tk —1)-st arch (i.e., 
(HH S| v(s,—t)| for OS tS Sra Hand Ske — 84 SS 84-— Sp-1) 5 cf. 
[4], p. 531 and p. 538. Thus if fe M0, the “alternating series argument.” 
implies that (5.7) is convergent. and non-negative for t> 0. 

The kernel @(t,s), for s =t, can be written in the form — 


(1.1) © + (48) =v (t)va(s) —01(6) 09 (8), 


where v= V, (3), (83) are arbitrary solutions of (5.5) subject to the 
Wronskian condition 


(7.2) v, (8) 94"(8) — 2x aan =1. 
Also, for fixed t, | u 
(7.8) Gy (t, 8) vi’ (t)02(8) — v: (8) vz (t) 


is a linear combination of v, (8), v2 (8) and is, therefore, a solution of (5.5). 
Hence, the integral in (5.9) is convergent (for the same reasons as is the 
integral in (5.7)). u | 

If the upper limit of integration œ is replaced by a fixed T, it is seen 
that (5.7) and (5. 9) represent a solution of (5.4) and its derivative. Thus 
the same is true for (5.7), (5.9) if it is verified that the integrals are 
uniformly convergent on compact t-sets of t > 0. 


By the alternating series argument, the remainder | f ] of the integral 
T 
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in (5.7) or (5.9) is majorized by C(b—a)f(T), where s = a, b are successive 
zeros of v(s) mm G(t,s) or v(s) = Gi(t; s), a ZT Sb, and. |G| or |G] is 
majorized by C for s= t. The monotony of g implies that b— a S r/¢ (t). 
By (5.10), v(s) = G(t,s) is such that V == v? + v/g is non-increasing for 
s>t. Hence v°(s) S V (s) = V(t) fors>t>T, Thus 


(7.4) | @(é,8) |S] a(t 2) lgt) —1/q(t) for s=t> To. 

Similarly (cf. (5.8)), | i 

(1.5) Eesti for s=t> To. 

Hence O can be chosen to be 1/g8(#), 1 in the respective cases of (5.7), (5.9). 
Thus the remainder fi is at most.nf(T}/q(t) or nf (P) /qh(t) in the cases 


(5.7) or (5.9). This proves the uniform convergence of (5.7), (5.9) on 
compact subsets of t > 0. | | nn: 
This argument (with T == {) also shows that if t> To, then 


(26) OS w(t) Saf (t)/q(t), (WOLE FEA. | 
Hence w, w’> 0 as t—> o. Also w” = — qw + f satisfies | w” | S (r+1)f(#) 


— 0 as {—>c0. This proves Theorem 6. 14. 


8. Proof of Theorem 6.1,. In order to prove w(t) <0 for & > 0, 
consider first only t> T, and write (5.9) as 


(8.1) w(t) = f “LGe(é.s)(s) ILf(s)/a(s) Jde. 
Since v(s) == G@;(t,s) is a solution of (5.5), it follows that G;,(t,s)q(s) 
= — Gas(t,s). An integration by parts applied to (8.1) gives 

w (t) => Ga (t, 8) f(8)/0(8)]ent=* + Ste) (f/g) de. 


The integrated terms vanish for, on the one hand, (7.3) show that G;,(t, t) 
= 0, and, on the other hand, G,(¢,s)/q#(s),1/q#(s) =O(1) and f(s) ->0 
ass—>o, (‘The boundedness of G;,(t, s)/qi(s) follows from the non-increasing 
character of v? -+ v’#/q, where v(s) = G;(t,s); cf. (5.10).) 

Another integration by parts gives 


w (E) = (GaCE 8) +1) (F(8)/a(s))Tee* — TG (Es) +11 (t/q) 
The integrated term at <=? vanishes for G; (t, t) +10 by (7.2), (7.8). 
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The term at sw is also 0 for v(s) == G;(¢,s) is bounded and (f/q)’—> 0 as 
s—>œ. (The last limit relation follows from the fact that (f/q)’ is mono- 
tone and integrable over Ss<w.) Thus 


(8.2) w(t) =— | Tel) +11 (F(8)/a(s))"as, 


The assumptions on f,g imply that (f/q)"=0 for s2T,. The factor 
(is) +120 by (7.5). Thus w(t) S0 for t> Te 

In order to deal with w’(¢) on the interval O< t= T., when T, > 0, 
note that if a solution of (5.4) (i.e, w” ==— qu + f) satisfies initial condi- 
tions w(T,) > 0, w(T,) <0, then g=0 and f 0 imply, for reasons of 
convexity, that w(t) 20, w(t) <0, w7(4) 20 for O<EST, By con- 
tinuity, the same holds for initial conditions w(T,) 20, w (To) & 0. Hence 
w(t) =0 fordO<tT7. 

It remains to show that w’”’(t) —>0 as too. Note that the first factor 
in the integrand in (8.2) satisfies | G;(¢,s) +1|2 for t> To, by (7.5). 
Hence (8.2) implies that 


(8.3) 0 S— w (t) S—2(f(t)/q(#))’ for t> To. 
Thus, the first inequality in (7.6) can be improved to 

(8. 4) OZ w(t) S 2f(t)/¢q(t) for t> To. 

By (8.3) and the boundedness of g’, 

(8.5) 0S — qu’ S — RF + 2fq’/¢ 0 as tom. 
Thus a differentiation of (5.4) shows that 

(8.6) w” = — gw’ — qw + f — 0 as to. 


This proves Theorem 6. 1.. 


9. Proof of Theorem 6.1,. It will first be shown that w” (t) =0, If 
g=0 for 0 < tS Ta then w” ——qu-+f20ford0<t=T,. Thus, it can 
be supposed that {> T, and that q(t) > 0 on this t-range. Dividing (5.4) 
by g and differentiating twice gives 
(9.1) W” +. qW == (f/g)”, where W = w’/g. 


Since g satisfies the conditions of Theorem 6.1,, hence Theorem 6.1), and 
(f/q)” E Mu. (T,®), it follows from Theorem 6.1, that (9.1) has a non- 
negative solution for t > T, given by 


W(t) = f O 8) (f/0)"as 
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satisfying W, W’, W” — 0 as t—->œ. By uniqueness (cf. Remark 1 following 
the statement of Theorem 6.1,), this solution is W = w”/q, where w is given 
by (5.7). 

(Note that under the conditions of Theorem 6.1), the inequality in (8. 4) 
can be improved to 

(9.2) 0S w(t) <f(t)/g(t) for t> To 

This is clear from the inequality w” = f — qu = 0.) 

It remains to show that w® (t) —> 0 ast—w. Let (5.4) be differentiated 
to give | 
(9.3) w” + qu’ == f/ — gw. 
The function — (f’—gq’w) is of class M,.(T,©). Thus, by Theorem 6.1,, 
equation (9.3) considered as a second order, inhomogeneous equation for w’ 
has a unique solution, the negative of which is class M,,(T:,0). Since 
uniqueness refers to the class of solutions satisfying (w’)’— 0 as £— co, this 


solution is the derivative of (5.7). Thus —w’¢ Mis and w= 0, that is, 
we M,4 This proves Theorem 6. 1,. 


10. Proof of Theorem 6.2,. Since v(s) == G@(?,s) is a solution of 
(5.5), G(t, 8) =— G,,(¢,8)/q(s). Thus, without considering questions of 
convergence, the integral in (5.7) can be written formally as 


(10.1) w(t) =— f Galt )f(s)d5/q(s). 
An integration by parts gives 


(10.2) w(#) = A EM — SI GE DIG ds. 


The integrated term at s == ¢ vanishes since 1 — @, (t, t) = 0 by (6.2). Since 
q is non-increasing, (5.11) shows that V == qv? -+v is non-increasing if 
v(s) = G(t,s). In particular, v (s) = V (s) = V(t) == 1 for st and so, 
| Q(t, s)| S1. Thus 

(10.3) 0 = 1 — Q(t, s) S2 fors 2t. 


Since f/q— 0 and s—>œ, the integrated term at s==oo in (10.2) is 0. Since 
(f/q)’ = 0 and is (absolutely) integrable over ts < œ, it follows that the 
integral in (10.1) is convergent and 


(10.4) w(t) = [assay 
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In fact, the integral in (10.1) is uniformly convergent on compact subsets. 
oft>0. © a 


Since 1— G,(t,s) mu 0 if st, differentiation of (10.4) gives . E 
(10. 5) w(t) | Cuts) (F(8)/a(s) )’as 
This interchange of differentiation and integration is valid for the monotony 
of g and (6.11) imply that | P \ 
(10.6) "| Galt, s)| SS (t) S const. for s =. 


It is now readily verified that (5.7) represents a solution of (6. 4). 
Also (10.3) and (10.4) show that w(t) = 0 and 


(10.7) = OSS w(t) S2f(t)/q(#) for t> 0. 
Also, (10.5) and (10.-6) give 
(10. 8) | w(t) | SEFA) for t > 0. 


These facts imply the assertions of Theorem 6.2,, namely, w(t) = 0 and. 
w,w,w’—>0 as to, 


11. Proof of Theorem 6. 2,, n > 0. Dividing (5. 4) by q ad differen- 
tiating gives 
(11.1) (w7/g) +w = (f/q)’. 
On introducing the new variables W, r deine by 
(11.2) W = — w and dr=g(t)dt 
(11.1) can be written as | 
(11.3) DIW-+ (1/4) W ==— D (f/q), where D = d/dr = q*(t)d/dt. 


Note that (1/9?)’=%D(1/g). Thus an assumption of Theorem 6.2, 
implies that D(1/q)€ DM, Since n>0, D(1/q) 20 and D?(i/q) <0,: 
as a function of r, 1/g is non-decreasing and concave. Since (11.3) is 
oscillatory at the upper end of the r-range, it follows that r(t) satisfies 
t(%) =œ. Thus, 0 <t<w is mapped onto some range (—co<)T° € r € 00. 

The assumptions of Theorem 6.2, imply that, as functions of r, 1/q and 
— D(f/g) satisfy the assumptions of Theorem 6.1,1. Hence, (11.3) has a 
unique solution W == W(t) of class DM ans. | 

Uniqueness refers to the class of solutions satisfying DW —> 0 as to. 
According to the last section (11.2), the function w given by (5.7) is such 
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that W == — w’ is a solution of (11.8). Also, DW = — wW’/g—=w—f/q>V0 
as >. Thus, if 2 is defined oz e oe then W == -— w E DM im 
This proves Theorem 6. Rn : | 


Part III. Differential equations of higher order. 


12. Statement of results. The object of this part of the paper is to 
obtain analogues of Theorem 6.1, for differential equations of the form 


(12.1) went TOP (—1) ##8g,('t) 109 = (—1) 4 (t) 


and for os Be equations. of order k ais 2. 


THEOREM 12.1, Let n==0. Let q(t) posssess a derivative g’(t) of 
class M, and 0< ql) 0. Let f(t) € Mano If k 221, assume 


(12.2) f “#4 (E) dt/q(t) <o, 
g(t) € Mais, and. 


(12.3) J egeta) <% for j=0,°:-,k—1. 


Then (12.1) has a unique solution w == w(t) of class Mnk mkrn 


Remark 1. IH, in addition, ÿo()==0 and c is a positive constant, then 
(12.1) has a unique solution w— w(t) such that w— c€ Mnr nre This 
follows by introducing #—c as a new dependent variabile in (12.1). 


Remark 2. If all solutions of (5.5) tend to 0 as {—»oo, then the condi- 
tions f(oo) = 0 in Theorem 12.1, and the condition go{ oo) — 0 in the last 
remark can be omitted except for assertion w® >0 when n—0. 


Remark 3. If there is a T, > 0 such that g(t) =0 for 0< t< T, and 
q(t) > 0 for { > To, the conditions on q, f, g; can be reduced on the interval 
0 <t<T corresponding to Remark 3 following Theorem 6.1,: for n == 1,2, 
it is sufficient to require only g=0, f= 0, gZ 0; for n> 2, it is sufficient 
to require that g’, f, g; € My 2(0, To). 

. Theorem 12.1, and its Corollary should be contrasted with analogous 
theorems in [5], Appendix, in which it is assumed that f==0 and that 
v” + q(s)v=0 is disconjugate (rather than a for s>0, but no 
conditions like (12.2)-(12.3) occur. 
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Remark 4. It should be noted that neither of the conditions (12.2), 
(12.3) can be omitted in Theorem 12.1, for any n (if k= 1). 
In order to see this, consider first the differential equation 


w” + wm —1/ (t+), 


where k—1, g=1, g ==0 and f=— (+1) All conditions of Theorem 
12.1, hold for every n except (12.2). If w—w(t) is a solution for which 
w = 0, then 


w(t) =— f (+1) sin(s—t)ds | 


by the Remark 1 following Theorem 6.1,. It is easily seen, from an inte- 
gration by parts, that w(t) =— t> -+ O(t*) as t—>œ. Hence w(t) —>—00 
as t->co. Consequently, (12.2) cannot be omitted in Theorem 12. 1,. 

= The differential equation | 


(12.4) w” + w + Cw/t log t= — 2e/tlog* t, 


where C > 1 and «> 0, satisfies all conditions of Theorem 12.1, for every 
n except (12.3) if ¢> 0 is replaced by ¢> 2. If this equation has a solution 
w = w(t) of class M,(2,c), then its derivative satisfies 


— 107 mm 2e f sin(s— t)ds/s log? s 
t 


+0 f w(s)sin(s—t)ds/slogs. 


Let T be so large that t = T implies the inequality 


(12.5) 


C J in(s—t)ds/slog°s = 1/1 log? t 


and the inequality which results if C is replaced by 2e and the 1 on the right 
by e ‘Then, since the last term of (12.5) is non-negative, — w = «/tlog*t 
fort= T. Hence w—e/tlog { + (a non-negative, non-increasing function). 
Thus (12.5) implies — w’ = 2e/tlog?t and so, w(t) == Re/tlogt-t+ (a non- 
negative, non-increasing function). Continuing this argument, one obtains 
the contradiction w(t) 2 me/tlogt for t=T and m—1,2,---. 

Actually, conditions (12.2), (12.3) can be lightened somewhat. 


THEOREM 12.24. Let q, go: ` *,Qx,f satisfy the conditions of Theorem 
12.1, except that (12.2)-(12.3) is replaced by the following when k=1: 
There exist positive, continuous functions a (t),- - ` ex(t) for large t with 
the properties that, as t->0, 
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(12.6) Error). 


#-1 | © | 
(12.7) Sf ragel) gle) ls) ds = 0 (ent), 
Jo t 


for m =1,: :,k. Then (12.1) has a unique solution w=. w(t) of class 
Mnr nirso Satisfying wO (i) = O(exs(t)) as to for ÿ==0," : *,k—1. 


When (12. 2)-(12. 8) hold, then (12. 6)-(12. 7) are satisfied by (t) == 1/1% 
for j—1,--°,k. Also, if w—#w(t) is any function of class Mr, then 
w(t) = O (1/1) as to for j—0,-°-,k-—-1. Thus Theorem 12.2, 
is contained in Theorem 12. 3,. 


Remark 5. On the one hand, Theorem 12. 2, becomes false if “o(e, (t) )” 
in (12.7) is replaced by “O(em(¢)).” This can be seen from the example 
(12.4) where k=1, g=—1, go —C/tlogt and f?Re/tlog?t, so that the 
integral in (12.7) is majorized by Cet) if «a (t) =1/logt. On the other 
hand, (12.6)-(12.7) can be weakened to 


(12. 8) mm f GO ed S (1 — 6) (#), 


(12.9) J'en (6) ds Stent), 


for t2T and m=1,: - k, where 0 < 8 < 1, T is some (fixed) positive 
number, 


(12.10) G(s) =p (8) Sol) e) i=), 


yom m, yı = and y= 1 for n= 2. It is clear that (12.6)-(12.7) imply 
(12.8)-(12.9) if em(£) is replaced by (const.)e,(¢) for a suitable constant. 
The factor yn = 1 in (12.9)-(12.10) for n = 2 cannot be replaced by a smaller 
constant (even when the constant implicit in the O-term of (12.6) is 
arbitrarily small). For example, (12.4) has a completely monotone solution 
if e> 0 and 0=C <1, but it has no non-negative, non-increasing solution 
4 é€> 0; 0 > 1. 


Remark 6. Under the assumptions of Theorem 12.2,, (12.1) can have 
more than one solution of class Mmr nix. For Theorem 20.1, below implies 
that the differential equation (18.2) has a non-trivial solution w == w(t) 540, 
as well as the trivial solution we=0, of class Manis. In (18.2), where 
k= 1, f==0 and g(o) =o, the function e(t) — et satisfies (12.7) since 
g'/g— 0, tom. 
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Theorem 12.2, has an analogue for rn of the form 
(12.11) wh) + gae = Ne ie ee z (— 1) 4069), 
Introduce the abbreviations | | 
(12) ci ° Le f(t) = F(t,0,- - -,0) 
and, if F == F (t, d,° ` de); 

(12. 13) g;(t) — OF /Ba, at REN T E A Be j=—= 0,1, - *,k—1. 


Tasonem 12.3,. Let q(t) be as in Theorem 12.1, and q(t) > 0 for 
t>0. Let F(t,ao,: :',@x1) be defined for t>0, = and have con- 
tinuous partial derivatives satisfying | 


(12.14) ` (1) mamearte 1 F/9t Gaga! + - Bays! > 0 

formsn+1 and m+h+t+:-++757-+2; let 

(12.15) F(t do’ * +, api) > 0 as (a * *, ara) —> (0,0, 50); 
finally, let there exist positive continuous functions e(t), : *,e(t) for 
t> 0 and a constant 6,0 <6 < 1, such that (12.12), (12.13), (12.10) satisfy 
(12.8), (12.9) for £>0 and m—1,:: :,k.. Then (12.10) has a unique 


solution w == w(t) of class Moin satisfying (—1)iw(t) S ex (8) /(R — 3)! 
for t>0 and j==0,: > ,k—1.: 


Combining Theorems 12. 1,, 12.2, or 12.3, with the theorem of Hausdorff- 
Bernstein gives 


COROLLARY. Ta conditions of Theorem 12.1, [or 12.2, or 12.8,] are 
satisfied for n—0,1,: : +, then (12.1) [or (12.1) or (12.11) ] has a unique 
[or at least one] solution w= w(t) representable in the form 


w(t) = | e*do(s) for t>0, where do = 0. 
17 | 


If, in addition, to the conditions of Theorem 12.14, go( œ) 20 and c > 0, 
then (12.1) has a unique solution representable in the form 


w(t) = J ra) for t> 0, where do = 0. 


The existence statement of Theorems 12. 2, and 12.38,,. for the cases 
n = 0, 1,2, will be proved in Section 18, the uniqueness statement in Section 
14. This will be used to prove Theorem 6.1, for n> 2, first for the case 
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q(%) <% in Section 15 and then for the case g(«) ==% in Section 16. 
These results, in turn, will be used to complete the i of Theorems 12.2, 
and 12.3,. n > 2, in Section 17. 


13. Existence in Theorems 12.2, and 12.3,, n<<2. In this section, 
it will be supposed that n==0, 1, or 2. If k= 0, the assertion to be proved 
is contained in Theorem 6.1,.. Suppose therefore that k= 1. 


In order to deal with Theorems 12.2, and 12.3, at the same time, let 
(12.1) be written in the form (12.11). For the proof of Thetorem 12. 3,, 
it will be supposed that T is any positive number; for Theorem 12. 2,, it will 
be supposed that T is so large that q(t).>0 and (12.8), (12.9) hold for 
t= T. 

The desired solution will be obtained by successive approximations. Let 
W9==20. If w,(t) have been defined, put 


(18.1) HD = F(t, Wm (t), — tm’ (t), + +, (—1)* tm (t) ). 
If possible, define the k-th derivative of wm. by 


(18. 2m) ECO RICH OL 

and the lower order derivatives by 

(18.8 p) lt) = (= 1) k NAD! 
for j==0,---+,k—1. Thus, formally 


(18. 4m) ms") + QW) | = (— 1) Mme 


| It will be shown, by induction on m, that tw, = 0 and (13. 1)- (18. 4) define 
'a sequence of functions wo, #,,: : + satisfying 


(13.54) Wm E Mask nikin fm € Masso; 

in fact, Au == Wm — Wmi satisfies | | 

(13. 6m) Mi © Mukmin 

(13. 7m) (— Lam 9 < (1 ee ee — j} — = ! for i= T, 


Note that, by (18.14) and (12.14), 


(13.8) as Un € M iik kaai implies Ta € Mnao 


`r 
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Lf Wm, Weir have been defined and Afm=—fm— fas, then 


k-1 1 
(18.9) afaa (f) = (—1)1( J. Fede) nn), 
=0 
where F;,=—0F/0a; and 


Fp (t, r) = Fy(t, [rm (t) + (1L—r) om], 


OF a nog ig (— 1) [wma (t) eu (1—1) Wm (2) J). 


Thus, by (12.14), 
(18.11) (18. 5m), (18. 51), (18. 6m) Imply Afm € Masso. 
Tf (13.76),° © +, (18. Ym) hold, then 


(1) wma? (1-0) $ ras (k—j—1)!S o/(k—j—1)1 
Also, if (—1)/Awma = 0, then | 
(1) [rum + (1 — T) oy] S (—1) nn for 0Zr< I. 
Thus, by (13.9), (12.18) and (12.10), 


(13.12) (13. 6m) and (18.7,),:  *, (13. Ym) imply (18. 18m), 
where 


(13.13) YnAfmn/g = (1—H)0rQ for t= T. 


If Wm- Ùm have been defined for some m > 1, then the k-th derivative 
Of Wm or, equivalently, of Awm, will be defined by the use of 


(13.14) Am? A- GAW ® = (—1)*Afm. 
Tf (13.501), (13. 5m) and (13. 6m-1) hold, so that Afm € Maso by (13.11), 
then (18.14) considered as a second order equation for Atm: has, according 
to Theorem 6.1,, a unique solution such that (—1)*Awma® € Mans: and 
(13.16) My) = C1» f A) AO 

è 
Also, the remark concerning (6.3) shows that for t= T, 
(18.16) | Am ® | E y,Afn/g, | Abana | S rAfm/ È. 
If, in addition, (18.13,,) holds, then the integrals in 


Ava? (t 
(18.17) nae 


DE Na! 
t 
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PES 


for j=0," -*,k——1 are convergent and serve to define a function Atma 
me that dE (Am) /at* u AVmir™, 80 that AW my € M ra, Also, (13. 13m) 
plies | 
(13. 18m) (— 1) L (1—0)6"G for i>T,m>0, 
(13. Im) | Awana ED | SS (r/ys) (1 —O) 0" G for t= T, m> 0. 


By (12.9) and (13.17), the inequality (18.18m) implies (13.7%). Sum- 
marizing this paragraph, 


(18.20) (18. öm-1), (13. 5m), (13. 6m), 
| Ä (13.13, :) imply (13. bia), (13. 6m), (13. Im). 


N follows from (13.8), (13.12) and (13.20) that, in order to prove the 
existence of the sequence W=0,1W,,' * - satisfying (13.5)-(13.7), it is 
sufficient to verify the existence of w, such that w, and Aw, =a 4); — Wo == Yi 
satisfy (13.5,), (13.65) and (18.7%). 

It is clear from (12.14)-(12.15) and fy = #(¢,0,- - -,0) that fo € Masso. 
Hence, by Theorem 6.1,, (13. 4.) has a unique solution w, given by (18.2) 
and (—1)*2.% EMnn Also, by (6.3) and the remarks about it, 


(13. 21) 0 (— 1) S y,f0/q, | ww” | = rfo/q 


ae 


fort=T. Thus (12.8), where f = fo, shows that (13.3,) is meaningful for 
j—=0,: : +,4—1 and defines a function w€ Maren With d*w,/d = w,™. 
Also, (13.35) and (12.8) imply (13.7,). This complete the induction. 
Consequently, w(t) <= lim wy (t), as mc, exist uniformly for 
4 =0,:: -k-41 (hence, for 7=k+2,---,k+n-+2 also) on compact 
subsets of t = T.. It follows that the limit function w = w(t) is a solution 
of (12.11) for t= T, is of class My,x(T,0c), and satishies 


(13.22) (—1)uwP (t) Saylt)/(k—j—1)!fori=T, 7 =0,-- +, k—1. 
Also, by (13.18,,) for m = 1 and (13.21) 
(13.28) (—1) wm (t) Salt) + yafo(t)/q(t) for m= 0. 


Thus, by Lebesgue’s theorem on majorized convergence, it follows that, one 
can let m tend to œ in (13. 3m). In particular, (13.22) can be sharpened to 


DE (I f eA) + aafols)/a(8) 1a / Em), 

so that w >0 as t->% for j= 0, - -,k— 1. By (12.4) and (12.15), 

F(t, w(t), © +, (—1)**wF)(4)) € Mao (T,0). Thus if (12.11) is con- 
WN 


+ 
| 


& 
$ 
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sidered as a second order equation for w®, it follows from Theorem 6. 1, that 


(— 1) Hot E Mania(T,0o), hence wE Mipnirsa (7,0 ). 

Since T > 0 is arbitrary for Theorem 12.3,, the existence statement AN 
that theorem (n = 2) is proved. 

In order to complete the proof of the existence statement in Theorem 
12.2, n = 2, it is sufficient to verify the uniform convergence of the approxi- 
mations w,(t) and their derivatives on closed subintervals of 0< 4ST. 
For the remainder of this section, assume that (12.11) is the equation (12.1) 
and thatO (%SisT. 

By (18. 183m) and (13.15), it follows there exists a constant O == 
such that 


T 
(13.24) | Awn | = of | Afm(s)| ds +6} for m1; / 
i , 





(to) 


cf. the remarks following (7.5) for the estimate of f “ in (18.15). Repeated 
T 
integrations of (13.24) over the interval (t, T) and (13.7) give 
| AW FP | 
r j 
saf (8—#) | Afm (8) | d8/(7—1) 1+ 6" (TH), 
for j==1,'--,k—1 if C is sufficiently large. Thus, by (13.9), 
| Afm | 
$ k-i | k-1 | 
SOC f, ZEN | Afm(s)| Ay HET. 


In (18.26), C = C(t.) is a sufficiently large constant (independent of m). _. 
The existence of C depends on the linearity of (12.1), so that F, in (13.9) 
is merely the coefficient function g,;(¢) in (12.1) and hence has a bound for 
to St=T independent of m. 
An induction on m shows that 


(13. 25) 


(13. 26) 


m-i co 
(13.27) | Afme |S 0 SEHE (T —t)!/j! 
i=0 j= 
for m1. Thus, 
È | Afm | SS C(ZH)(Z (CH) ZE (T —t)1/51) <o. 
met i==0 4=0 j=t 
In view of (13.24)-(13.25), it follows that wO = lim Wm exists uniformly 


for 0< b StST if j=0,---,k. Since an inequality similar to (18.24) 
holds for Atti“, the uniform limit relation is valid for j—k-+ 1; hence, 
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X 
Ve 8, :,n—+k +? also. This completes the existence proof in 
\ ay SQ, 


ss Uniqueness in Theorems 12.2, and 12.3,. The uniqueness asser- 
tion .. n=- 0 implies uniqueness for n= 0. Thus it will be supposed that 
n==0. In view of Theorem 6.1,, it can be supposed that k =: 1. 

Let w= w(t) be the solution of (12.11) just constructed in the last 
section. Suppose that w =— W(t) is another solution with the stated properties. 
If W(t) is compared with the 0-th approximations w,—0, it is seen that 
the case m =a 0 of 


(14.1) (—1)4( WO — wey) Z0 for 7—0,: - :,k 
holds. An induction shows the validity of (14.1) for m==0,1,: °°. Thus 
(14.2) (— 1) (WP —w) 20 for 7 —0,: : -,k. 


Let T be so large that (13.22) holds and that the analogous inequalities 
hold for w== W(t). Let 
(14.8) Am = W — wm 
and 
(14.4) Am F(t, Wi: > +, (— 1) WE) — F (t, um‘, (1) tg). 
Then, the case m — 0 of 


(14.5) (— 1) Awm < mg st) /(k—j—1)! for IST, j0,: ,k—1 


holds. On repeating the arguments leading to (18. Ym), it is seen that 
(14.5) holds for m= 0. Hence, W — w — lim Awm, as m —> œ, is 0 for tẹ T. 
Since W — w is a solution of a linear, homogenous differential equation for 
t>0, it follows that W—w—0 for t>0. This proves the uniqueness 
assertion. 


15. Proof of Theorem 6.1,, g(co) <œ. Let n > 2 and 0 < g( co )< oo 
in the statement of Theorem 6.1,. Let the differential equation (5.4) be 
differentiated n— 2 times to give 


-3 
(15.1) w + gwd LS Opay DD — form, 
J= 


If this equation is identified with (12.1), then k—n—2, 


g; = (— 1) elas CP, ED 


180 PHILIP HARTMAN. 


and the f on the right side of (12.1) is (—1)"?fr®, The assumptic 
Theorem 6.1, imply those of Theorem 12.1, for g and that gp (—1) m 
€ Mnao. Clearly, condition (12.2) holds, and (12.3) hold when q( œ) “oo. 

Since Theorem 12.2., has been proved, it follows that (15.1) has a 
unique solution 4==w{(t) € Manz. Successive integrations of (15.1) show 
that w= w(t) satisfies 


(15. 2) w” + qw == f + Pas(t), 


where P,-3(¢) is a polynomial of degree n—3. But since g(o) <0, 
wE Manse imply w”, qw, f— 0 as to, it follows that Pa-s(t) =0. Hence, 
wW mm w(t) is a solution of (5.4) with the desired properties. The uniqueness 
of this solution follows from the uniqueness of solutions of class Man. for 
(15.1). 


16. Proof of Theorem 6.1,. It remains to prove the cases of Theorem 
6.1,, where n > 2 and g(o) m. 

By assumption, g’€ Ma. Hence (—1) PO for j==1,; --,n+1 
and gf(co)==0 for 7—1,:--,n. There exists a sequence of functions 
hi, he, + + on t > 0, such that OS (— 1, S (—1)"2, 5: -- SC 1g, 
hp == 0 for large t, and g"*) (€) = lim m(t), as m —> œ, uniformly on compact 
subsets of 4 > 0. Define q„(t) on E>0 by 


re, Gm (00) —=0 for j—=1,---,m and gm(1) = (1); 
so that, in particular, 

Gm D) (É) vom Nm)! for j==1,---,n S 
and gm € My, gmh 0) Lo. It is clear that (— 1) gm) S (—1)#1q0 for 
gel, -,n +1 and t>œ>0. Also 
(16.1) Im) > qP as m— co 


uniformly on compact subsets of t> 0 for j==0,---,n-+1. In particular, 
after discarding a finite number of gm, if necessary, it can be supposed that 
Gm( 0) > 0. 

By the cases of Theorem 6.1, already proved, it follows that 
(16. 2) w” + Om = f 


has a unique solution w= Wm(t) of class Mans. If Gem (t, 8) is the Green’s 
function belonging to (16.2), then 


(16.3) tm (t) = Í “Gn (t, 8)f(8)ds. 
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By the proof of Theorem 6.1, in Section 7, gn(t) > 0 for t= T implies 


(16.4) | f On DEd | Saf (T)/qn (8). 


It is clear from the uniformity of (16.1) for 7==0 that G,(t,3) > G{i,s), 
m— æ, uniformly on compact subsets of s = {> 0. Hence (16.3), (16.4) 
imply that wm(t)—> w(t), m—c, uniformly on compact subsets of t> 0; 
hence w = w(t) is the solution (5.7) of (5.4). Similarly, it is shown that 
Wm (t) w (t), moo, uniformly on compact subsets of ¢> 0. 

It then follows from the differential equations (5.4), (16.2) and from 
(16.1) that wm —> w, m—, uniformly on compact subsets of t> 0 for 
j=—=0, -n +3. Thus w,€ M, for m—1,2,: - - implies that we My. 
Since w € M,,, by Theorem 6. 1o, wE Man. Let (5.4) be differentiated n —2 
times, 


n-3 
(16.5) w) p g(t) pO) = Y Ona Qa) + fe, 
1=0 


If the right side of (16.5) is multiplied by (— 1)”, it becomes a function 
of class Mso Thus, considering (16.5) as an inhomogeneous differential 
equation of second order for w*2 with known right side, Theorem 6.1, implies 
that there is a unique solution w(*-®) == w("-2)(¢) such that (—1)"-?w-) € Me,. 
Uniqueness refers to the class of solutions satisfying (w*-*))’>0 as to. 

Thus this solution vr? == w- (t) is the (n—2)-nd derivative of fi ae 

Hence w € Manas: 


17. Proof of Theorems 12.2, and 12.3,, completed. In view of 
Sections 13 and 16, it can be supposed that k==1 andn>2. Let w,==0, 
w, `- be the sequence of successive approximations defined in Section 18. 
By virtue of Theorem 6.1,, n > 2, proved in the last section, and a simple 
induction, it is seen that the m-th approximation Wm is of class Maskınızıa for 


m—0,1,: : :. Furthermore, the convergences of the sequences {tum}, {Wm }, 
+, {Wm} proved in Section 13 implies the convergence of the sequences 
(HD, {wm}. Consequently wm € Mai, for m==0,1,: - - implies 


that w = lim Wm is of class M,,2. Since w€Ma.e,. by Theorems 12.2, or 12.32, 
it follows that w € M mikuk- 

Differentiating (12.1) or (12.11) n— 2 times and applying an argument 
similar to that at the end of the last section shows that w € Mask nikan- 
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Part IV. Higher order monotony of |z |°. 


18. The differential equation of Appell. It was remarked by Appell 
({1]; cf. [10], p. 298) that to a linear, homogeneous, second order differential 
equation, say L,u-=-0, there corresponds a linear, homogeneous, third order, 
differential equation Law == 0 such that if u=z(t),y(t) are arbitrary solu- 
tions of Lou==0, then w==a(t)y(t) is a solution of Zw=0, When 
Lu == 0 is of the form | 


(18.1) w + g(t}u—=0, 
then Law == 0 is given by 
(18.2) w” +. ag(t}w + 2g (t}w — 0. 


An application of Theorem 12.1, (and Remark 1) to (18.2) gives 


THEOREM 18.1, Letn=0. Let q(t) possess a derwative g (t) of class 
Mu and0<q(w) <a. Then (18.1) has a pair of solutions u== x(t), y(t) 
such that 


(18. 3) w= T? (t) +y (t) > 0 
satisfies 
(18.4) m TEN. 


(The pair of solutions (2,y) of (18.1) in (18.3) is unique up to their 
replacement by (ax + by, cz + dy), where a, b, c, d are constants such that 
a? —+ c? m b? t Du 1, ab + cd == 0.) 


A corollary of this assertion and the theorem of Hausdorff-Bernstein is 


ÜOROLLARY. Let q(t) possess a derivative q(t) of class M, for n=], 
2, and 0<g(co)<o,. Then (18.1) has a pair of solutions 
u = z(t), y(t) such that (18.3) has a representation of the form 


(18. 5) w(i) =1 + f etsdo(s) for t> 0 
0 
with a non-decreasing weight function o = o(s). 


19. Proof of Theorem 18.1,. Let u == u, (t), w:(#) be linearly inde- 
pendent solutions of (18.1). Then the general solution of (18.2) is a linear 
combination of 1,7, ute, us". It follows that if w—w(t) is any solution of 
(18.2), then w(t) can be written either in the form w— +[2?(t) + y?(t)] 
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or in the form w == 2? (t) —y?(t), where u == x(t), y(t) are (possibly trivial) 
solution of (18.1). 

The conditions of Theorem 18.1, imply that (18.2) satisfies the condi- 
tions of Theorem 12.1,, where k == 1, q is replaced by 4g, go(t) =2g (t) and 
f(t) ==0. Since g(o) <, the derivative g(t) is integrable over 1 St <o. 
Hence the monotony of g’ implies 9(©) 0. Thus, Theorem 12.1, and 
the Remark 1 following it imply that (18.2) has a unique solution w == w(t) 
satisfying (18.4). Because of the oscillatory nature of the solution of (18.1), 
this w(t) must be of the form (18.3), where u == x, y are linearly independent 
solutions of (18.1). 

The uniqueness of the solution w==w(t) of (18.2) implies the unique- 
ness of z,y as specified. For the identity 2 + y? (ax + by)? + (cr + dy)? 
and the linear independence of the solutions w == 2°, ry, y? of (18.2) imply 
the given relations between the constants a, b, c, d. 


20. The case q(o) =o. Theorem 18.1, and its Corollary have 
analogues in the case q(t)—->% as tw. 


THEOREM 20.1,. Let n= 0. Let q(t) possess a derivative q'(t) of 
class Mas and q(œ) =œ. Then (18.1) has a pair solutions u= x(t), y(t) 
such that (18.3) satisfes 


(20.1) W(t) € Mmm 
(The uniqueness assertion of Theorem 18.1, is valid.) 
The analogue of the Corollary of Theorem 18.1, is 


COROLLARY. Let g(t) possess a derivative q’(t) of class M, for 
n=1,2,": and gq(o)=0. Then (18.1) has a pair of solutions 
u == g(t), y(t) such that (18.3) has a representation as a Laplace-Stieltjes 
integral 


(20.2) Fe f s-ttda (8) for t> 0 
0 
with a non-decreasing weight function o ==0(s). 


21. Proof of Theorem 20.1,. The use of the Riemann-Liouville change 
of variables (2.7) in (18.1) leads to the differential equation (1.2), where 
Q is given by (2.1). Note that Q— 120 and . 


Jona f Qtd. 
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Thus, by a theorem of Böcher (cf. [12], p. 261), (1.2) has a pair of solu- 
tion U == X (s), Y (s) which satisfy, in terms of the s-variable, as 8— 0, 
X(s)—coss+o(1), dX/d=—sins-to(l), 
. F (s) =sins+o(l), dY/d(s) =coss-+o(1). 
If s(t) = qi(t)X(s), y(t) =q*(t)¥(s) are the corresponding solutions 
of (18.1), then the boundedness of g and ds — gi dt imply that, as t> 0, 
a(t) == q4(t)(coss-+-o(1)), FE) = gi(t)(— sin s + 0(1)), 
y(t) = *(t)(sins+ 0(1)), y0) = EC) (cos s + o(1)), 


where s == s(t) >o 8 to, 


(21.1) 


Consider the general solution w == w(t) of (18.2), 
w = az? + bry + cy? 


which can be written in the form 


(21.2) w= ala? + y] + [br + (c—a)y]y. 
Thus, by (21.1), the derivative satisfies 
(21.3) w == ao (1) + A[sin (2s +8) +0(1)], 


where 8 == 0 (a,b,c) is a constant, 
(21.4) A = [b + (c—a)*}#=0, 


and the o(1) terms have a monotone majorant, say, e(t)—>0 as tow, 
independent of a,b,c. It follows that if T is large and w(t) does not change 
signs on the interval 47 & tS T, then 


(21.5) a0 and OSAS|a|c($T). 


Suppose that for every large T > 0, there exists a function gr —gp(t) 
on t > 0 with the properties that qr(t) ==q(t) for 0 << tT and that gr(t) 
satisfies the assumptions of Theorem 18.1, (that is, g and qr satisfy the same 
conditions except that 0 < gr(co) <œ while g(o) == co ), 

By Theorem 18.1,, 

(21.6) v” + gr (t)v == 0 
has a pair of solutions v=—<ær(t),yr(t) such that wr= Tr? -+ yr? satisfies 


wr(t)—-1€ Maas ODO <t< T, v= 27(t), yr(t) are solutions of (18.1) 
and so, wr is of the form (21.2) on this interval. In particular, (21.2) is 
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of class M,,1(0,T) and, hence, (21.5) holds. After (21.2) is multiplied 
by a suitable positive constant, it can be supposed that «= +1 and that 
(21.2) is of class Man (0, T). | 

In order to show the dependence on 7’, rewrite (21.2) as 


(21.7) w= Wr(t) = art? + brey + ery’, An El, 


Let T tend to œ through a sequence of values for which a ==lim ar== + 1 
exists. Then it is clear from (21.4), (21.5) that 


(21.8) lim wr (+) = 4 (2° + y?) 


and that this limit relation can be formally differentiated n +8 times. If 
8 > 0 is fixed, then wr& My,,(0,8) if T>S. Hence a—1 and the limit 
function w == 2? + y? is of class M„,1(0, S) for every S,i.e., w == a? + y? E Mau. 

By (21.1), wand w” tend to 0 as {—>c,. Hence, if (18.2) is considered 
as an inhomogeneous, second order equation 


(— w)” + tglt) —w) = 2g (t) w(t) 


for — w’, then the (known) right side is of class Mas... Hence, by Theorem 
6.1,, — w E Mac, that is, w E Mass nis. . 

Thus, in order to complete the proof of Theorem 20.1,, it remains to 
verify the existence of the function qr(t) with the stated properties. Let 
T > 0 be large and fixed. Since it is desired that gr(t) =q(t) for 0 Ct=T, 
it suffices to define qr (t) on t = T so that gr’ € Mau (T,0), gr (T) = q(T) 
for j==0,---,n+2 and gr(w) <o. 

Note that for jy=—1,---,n-+1 


(21.9) g®(T)=(—1)™ f, GH Tyra (s)ds/(n+1— j)! 
or, equivalently, for } == 0, - :,n, 

(21.10) (1) GYA (T) = (1 | Hague + T). 
But g(co)=00 implies 

(21.11) (— 1)" Í Pegga (s + T) =o. 


The relations (21.10) mean that the reduced moment problem for 
1 =0,; +4, 


(21.12) m= | a0), 
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where p= (—1)" (7!) q@-9(T), has a non-decreasing (absolutely con- 
tinuous) solution y(s) = (—1)*¢)(s-+ 7) for s2z0. It is then clear 
from the conditions for the solvability of the Stieltjes’ moment problem ([8], 
p. 6), that the finite sequence po’ ` *,w can be extended to an infinite 
sequence yo, fa,‘ * * for which there exists a non-decreasing function y(s) on 
s= 0 satisfying (21.12) for 7==0,1," =+. 

In terms of such a solution y, define for j==1,---,n-+1 andt=T, 


(21.18) ad (—1) (en dy(s)/(n +1 —})! 


(21.14) gré) = (Tr) + f° areas 


It is clear from (21.10) and the definitions of po, - - ,u, that this definition 
of qr(t) for tZ T together with the relation gr(t) =q(t) for O<t=T 
give a function gr(t) on t > 0 such that qz’ (t) is of class M,., and gro) <œ. 
Since y may not be continuous, gr need not have an (n-+-1)-st derivative. 
But it is clear that (—1)**gr(¢) is non-negative, non-increasing and 
convex. For the purposes of the proof of Theorem 20.1, such a function 
gr(t) will suffice; cf. the remark following the Definition 6.1 of the class 


M,,(a, b). 


22. The case of non-increasing q. If g is non-increasing, one has the 
following analogue of Theorem 20. 1,. 


THEOREM 22.1, Letn==0. Let q(t) be non-increasing and let (18.1) 
be oscillatory at t =œ ; in particular, g(t) > 0. Let 1/q* have a derivative 
of class DM. Then (18.1) has a pair of solutions u==2(t),y(t) such that 
(18.3) satisfies 


(22.1) w(t) € DMyns 
and | 
(22.2) _W(t)—1 or w(t) >, as to, 


according asq(~) >Oorg(o) 0. (The uniqueness assertion of Theorem 
18. 1, is valid.) 


For the definition of the class DM,, see Definition 6.3. 
Proof of Theorem 22.1,. Divide (18.1) by q and differentiate to obtain 


(22.3) (u’’/q)’ + u’ =0. 
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Introduce the new variables 

(22. 4) U =w, dr==q(t)dt, 

so that (22.3) becomes 

(22. 5) D'U + (1/q)U =0, where D == d/dr = (1/q)d/dt. 


As in Section 11, it is seen that 0 < £ < co is mapped onto (— œ &)T <r < 00 
and that (22.5) satisfies the assumptions of Theorem 20. 1,. 
Hence, (22.5) has a pair of solutions U — X, Y such that 


(22. 6) W==X?t Y?>0 
and either 
(22.7) ` W— 1 € DMs OF WE DM ni nis 


according as g(w) >Oorg(o)=0. Let u= z, y be the solutions of (18.1) 
satisfying X mm, Fey; cf. (22.4). Note that W—a?-+y and that, 
by (18.1) and (18.3) 


— DW = — (2/q) (ra + oy") = 8 (vet yy) =w. 


Hence, (22.1) follows from (22.7). 

The assertion that w(t) > 1 as t—> œ in the case g( œ) > 0 can be proved 
by the argument at the beginning of Section 20 involving the Riemann-Liou- 
ville change of variables. 

When g tends monotonously to 0 and (18.1) is oscillatory, (18.1) has 
at least one solution which is unbounded as to; [4], p. 529(i). Hence 
lim sup w(t) =» as {—>co. Since w is monotone by the case n == 0 of (22.1), 
it follows that w(t) >w as t—>co in the case g(o) = 0. 
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SYMMETRIC PRODUCTS AND JACOBIANS.* + 


By ARTHUR MATTUOK. 


The n-fold symmetric product C(n) of an algebraic curve C is a variety 
closely related to the Jacobian variety J of the curve. The low symmetric 
products appear birationally as a family of subvarieties of / for which there 
is no good analogue on other abelian varieties and which have been used by 
Matsusaka to characterize Jacobians intrinsically among abelian varieties. 
The higher symmetric products are used to construct the Jacobian, either by 
the excisions-and-glue method of Weil, or the more precise projective method 
of Chow. 

Now Chow’s construction of the Jacobian as a quotient variety of C(n) 
“fibered ” by the linear systems [3] raises the question of whether C (n), for 
n > 29 — À, is actually an algebraic projective bundle over J. We have shown 
elsewhere [8] that this is so; it is thus natural to ask what the Chern classes 
(to speak somewhat loosely) of this bundle are. One of the objectives of this 
paper is to exhibit these clases as elements of A(J), the rational equivalence 
ring of J. Once this is done, one has according to a theorem of Grothendieck 
the structure of A(C(n)) explicitly as an extension of A(J). This gives 
for example in a natural form the structure of the homology rings of high 
symmetric products of the closed orientable topological surfaces, which have 
hitherto only been computed “in principle” by the use of Eilenberg-MacLane 
spaces. 

As a by-product of this determination of Chern classes, we get certain 
intersection relations among the subvarieties of J alluded to above which can 
be thought of as generalizing to lower dimensions the well-known (and obvious) 
“relation” © == ®*; they express W,* in terms of W. 

The intersection relations on O(n) and J here given, in particular the 
basic formula of Section 7, have other applications. For example, they clarify 
and conceptually simplify the proofs of the intersection formulas for the W, 
given by Weil and Matsusaka [7] which play the crucial role in the charac- 
terization of J by Matsusaka previously alluded to, also the formulas from 
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which Weil’s original proof of the Riemann hypothesis was derived. Again, 
they can be used as the basis for a geometric account of the Weierstrass points, 
with generalizations. These will appear separately. 

Part II of this paper is devoted to the Chern classes, Part I is pre- 
liminary, and has connection with theorems of Chow and Andreotti. In it 
we prove that if C is a non-hyperelliptic curve, then any g—1 points of a 
generic canonical divisor are algebraically independent (but as will be seen, 
only just!). In addition to being used in a critical argument of Part II, 
we also use it to squeeze out the dimension and irreducibility of certain sub- 
varieties of O(n) which play an important role in Part II, as well as in the 
other applications alluded to above. 

Our emphasis throughout is on rational equivalence, not anything coarser. 


0. Preliminaries and notation. We will work throughout over a fixed 
algebraically closed ground field k, and “generic” will always mean with 
respect to this field. All our basic varieties will be defined over k, and all 
points and divisors used in constructions u specifically called generic, 
will be understood to be k-rational. 

We denote by C a fixed projective (complete) non-singular curve over k. 
Then C(n) is its n-fold symmetric product, a non-singular projective variety 
most conveniently defined by the Chow coordinates [3, p. 456]. Its points 
represent the positive divisors of degree n on C. 

Except in Section 5, we shall reserve the word “ divisor” exclusively for 
non-negatwe zero-cycles on C, and shall denote them by German letters 
a, b, +. We will use a superscript to indicate their degree, wherever it is 
convenient in the argument to be reminded of it: thus a and ar in the same: 
context represent the same positive divisor of degree r. The dimension of a 
divisor, dima, always the geometric (projective) dimension of the complete 
linear system |a| to which it belongs: so dim a = l(a) —1. 

To avoid some tedious locutions, we shall often casually identify the 
point on C(n) with the divisor of degree n it represents, and thus speak of 
“the point a* on C(n).” Where we wish to be precise, we shall use p(a) 
for this point. Latin letters x,7,p,gq,: - - will be reserved exclusively for 
points on C; capital letters for varieties and cycles on them. Superscripts 
and subscripts on capital letters in general refer to dimension and codimen- 
sion, 80 that on O(n), X, and X*-* represent the same cycle. Where indices: 
must be used to distinguish cycles, they will conform to this convention. 

If X is a non-singular projective variety, by A(X) we mean its rational 
equivalence ring graded by codimension, so that A,(X) is the group of cycle 
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classes of codimension i. An important formula we shall use constantly in 
the second part is the projection formula: Let f: V>U be a regular map, 
where V is projective (more generally, let f be proper). If X is a cycle on U 
such that f*(X) is defined as a cycle, and Y is a cycle on V such that 
Y -f*(X) is defined, then in the sense of maps on cycles, 


FCFA) = (PT) X, 
the right side being automatically defined. 


Part I. 


1. The independence property. Suppose fixed a linear system A on 
the curve C, of degree n and dimension r (not necessarily complete), which 
we may think of as represented by the subvariety Ar on C (n) associated with 
it; a generic divisor of Y is then by definition one corresponding to a generic 
point of A. Recall that a positive divisor b is said to be contained in a divisor 
a if a2 b; it is contained in A if it is contained in some a€ À. What can 
be said about the totality of positive divisors of some fixed degree m con- 
tained in X? Their Chow points form a subset A[m] of C(m) about which 
we can say a little if we know that Y has the 


Independence property. A linear system M of dimension r will be said 
to have the independence property if any r points occurring in a generic 
divisor are independent generic points of C. 


This notion has arisen incidentally in Chow’s construction of the Jacobian 
[4], and in a weaker form (linear independence) in Andreotti’s proof of 
Torelli’s theorem [1, p. 813]. The property does not depend on the choice 
of generic divisor. We have then 


THEOREM 1. If the linear system À, of degree n and dimension r has the 
independence property, then 

(i) Alm] ts a purely r-dimenstonal algebraic set on Olm) if m>r, 
otheruise all of C(m), 

(i) If m&r, or nontrivially tf m = n—r, then Alm] is even irre- 
ducible. This in particular will automatically be true (regardless of m) if X 


ts complete and either of degree n > 2g —2, or the canonical system—always 
assuming tt has the property. 


Proof. The points of A[m] are those representing divisors y, +--+ Ym, 
where yı +": + 4m + + mE for suitable y (i> m). 
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Let a==2,-+:---+2, be a generic divisor of the system U. Then 
> %— © y: is a specialization, since Ar is irreducible and a is generic; an 
extension of the specialization to the 2, takes them in some order onto the y, 
so that ta +: e+ tin > YH: i -Ym is a specialization for some for some 
choice of the 2. In other words, every divisor represented by a point of A[m| 
is a specialization of at least one of the „Cm divisors zu, +° - "+ z,, of degree 
m contained in a, and conversely, by similar reasoning it is clear that any 
specialization of one of these is represented by a point of A[m]. 

Now by the independence property, any one of this finite number of 
divisors is either made up entirely of independent generic points (if mr) 
or contains r of them (if m Ær), hence the locus of its specializations is 
respectively either m-dimensional (and therefore all of C(m)) or r-dimen- 
sional. The union of these loci is as we have seen A[m], which proves state- 
ment (i) of the theorem. | 

To show the irreducibility of Alm] if m2n—r, it being C(m) if 
mr and therefore trivially irreducible, what we clearly must show is that 
any two of the „Um divisors z,-+-- +--+, are specializations of each other. 
Let therefore a, and a, be two such, so that 


a =m aq, + Ds = az -+ Bg, 


where the b; are positive divisors of degree n— m, which is =r by hypothesis. 
By the independence property the b; are each made up of n— m independent 
generic points, so that there is a specialization b, —> bz. Let aÿ be'a positive 
divisor of degree r— (n— m) in u; then h; -+-a/ is of degree r, has therefore 
only independent generic points, and so the specialization extends to b, + a,’ 
—>be- a’. Extend it now to a,+56,—c. Then c is a divisor containing 
Da + az and it is also a divisor of À, since it is a specialization of the generic 
divisor a. Since A is of dimension r, and b, + a,’ has r generic points, there 
can be only one divisor of a containing b+ az, so that c—a. We have 
therefore a specialization 
a, +b, > c am q e ag + bg 


extending b, > b,, so that a,—> a, is a specialization also, as was asserted. 


As to the remaining statement, when will every positive m between 0 
and r be either =r or zn—r? Ifn—rSrtl, that is, if n<2r+1. 
Now if the system % is complete and of degree n=2g—1, then by the 
Riemann-Roch theorem, r—n—g, so indeed n==2(n—g) +1 while if I 
is the canonical system, n = 29 —2, r= g — 1, and 2g — 2? S2(g—1) +1: 
we even have room to spare | 
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2. An independence criterion. The following criterion results from 
analysis of a- proof of Chow [4]. 


A linear system U of dimension r has the independence property => 
for some choice of r—1 points Ya,“ + *,Yr4, the linear system A — Diy, has 
dimension one and no fixed points. ` | an . 


Here &— Sy, denotes the residual system (of degree n—r +1 if A 
has degree n). Of course for general choice of the y; the system will always 
have dimension one, but it may have fixed points. 


Proof. Let t, -+ + -+ £a be a generic divisor of Y. Then the indepen- 
dence property is equivalent with the “generic” condition: 

For every choice of r— 1 independent generic points from among the x, 
the system A — (sn +: - Lx.) has no fixed points. 

Namely, this system is rational over k (£n, © `, Zua), where k is a field 
of definition for C and A over which the 2, are independent generic points, 
and it has (zı +" --+-2,) — (as +: Lx.) as generic divisor. Thus 
a point of C is a fixed point of this system. if and only if it is one of the 
remaining 2, and is algebraic over k(z,,' * ',&,,). Now if Y doesn’t have 
the independence property, some r of the a are not independent, so we can 
indeed find such an algebraic t, and conversely the existence of such a situa- 
tion means that 2%,,° + -,2;, are not independent generic points, so that WU 
does not have the independence property. 

This proves the forward implication of the criterion, since if 2 has the 
property, one can take as the y, just the points Tn,’ ©, Ti The implication 
is reversed by showing first that A —— $ mn, —>A— yx is a specialization 
(viewing say the linear systems as irreducible cycles on C(n-—-r-+1)). From 
this the theorem follows, for if the latter system has no fixed points, neither 
does the former—for example if you consider a finite set {b,} of divisors with- 
out common point from the second system, then a set of foreimages {a} for 
them in the first system also can have no common point. 

So relabel the independent generic points 2," Zimy 88 Zi’ °°) Tru. 
Make a specialization (2&,° ` +,21)—(41,° °°, Yr) and extend it to 
A-—-Yu>%B, where B will be a one-dimensional cycle on C(n—r+1). 
We show the support of B coincides with the one dimensional system A — diy; 
(this is enough for our theorem) by showing its points all represent divisors 
of the latter system. Indeed, any such point represents a divisor y, +: ---+ Yn 
that is, over the preceding specializations, itself a specialization of the generic 
divisor 2, -+---,-++ x, of the first system. Thus a + -H an> yı t:e 4% 
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is a specialization extending the preceding ones. Now since 2, +: > +--+ 2, E M, 


so does y: > ++ Yn, so that yet Hype ïl— (y +: Hyra), 88 
was asserted. 


3. Applications of the criterion. 


(a). The following is due to Chow [4]. If n > 2g, then every complete 
system U of degree n has the independence property. Namely, the system has 
dimension rn — çg; let zı +" "+ zu, be a generic divisor, where the first 
r points are independent generic, and choose for the y, the last r—1 points. 
Then X Sym lait +--+). But n> 2g implies that g+ 17, 
hence the 21,‘ * +, 2 41 ate independent generic and so this system has no fixed 
points, as required. 


(b). Temorem. If C is not hyperelliptic, then the canonical system W 
has the independence property. Take the y, - :,y+ to be independent 
generic points, so that dim — Si y,—-1. We have to show this system has 
no fixed point p. If it did, then dim W — F y;,——p= 1, so that by the 
Riemann-Roch theorem, dim |Yy-+p|=1. This is impossible however, 
because it is known that [1] the special divisors on C (g —1)—those belonging 
to linear systems of positive dimension—lie on a closed set whose dimension 
is less than g-—2, and which therefore cannot contain the g— 2 dimensional 
point which represents y¥,+---+4,,-+p. [Briefly, one considers the 
canonical mapping of C(g—1) onto projective g— 1 space defined by the g 
symmetric regular g—1 forms on C(g—-1). If Č is not hyperelliptic, this 
map fails to be defined exactly where these differentials all vanish—in the 
hyperelliptic case it is always defined—and by direct calculation this occurs 
exactly at those points of C(g— 1) representing special divisors. Since 
C(g—1) is nonsingular, this fundamental locus for the map must be of 
dimension = g—3.] 

This result is of course false if C is hyperelliptic. 


(c). We do not need the following application in this paper, but have 
used it elsewhere to construct cross-sections of the projective bundle over the 
Jacobian [8]. 


PROPOSITION. If N is a complete linear system on C of degree n > Rg, 
or if Wis the canonical system and C is not hyperelliptic, then the rational 
map associated with À is biregular, and the image C’ is projectively normal. 


Proof. The rational map we mean is the one turning the divisors of A 
into hyperplane sections. Andreotti [1] has proved the second case of the 
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theorem; we prove the first case similarly (it is the one used in-[8]). If pı 
and p, are two distinct points on ©, then by the Riemann-Roch theorem, 
dim A —- p, > dim Y— pı — pz; thus there is a divisor through p, not passing 
through ps, X separates points, and the map is one-one. Biregularity follows 
from the projective normality of the image, and this in turn follows by showing 
the linear system 2, of hypersurface sections of degree k is complete for all k, 
which we now do. 


Let AS be the smallest linear system on C containing all divisors of the 
form a, +---+a,,aq,in A. Clearly A® C Qi; we show dim WU” = nk —g, 
which will prove Y® and therefore also %, is complete. 

By the independence property, say, a generic divisor of Y contains no 
repeated points. Let A and B be non-overlapping sets containing respectively 
n— g—1 and g of these points. Since n = 2g -+ 1, B has never more than 
n— g-—1 points (this many only when n = 2g -+- 1). Since Y has dimension 
n— g and the independence property, we can pass hyperplanes H, and H; 
through A and B respectively, each containing no other points of a. Add to 
them hyperplanes Hs,- - +, Hw not passing through any points of a. Then 
- H+: +++ Hrn is a hypersurface of degree k +1 cutting out a divisor of 
AR) and passing through the n— 1 points of A + B, but not the n points 
of a. Thus the n points of a must impose independent conditions on ARD, 
which shows that dim Y#D = dim Y® —n; since dim am == %—g, the argu- 
ment is complete. 


In the sequel an important role will be played by a set of varieties SG), 
4==-—-1,0,1,---:, which we now define. 


Definition. S is the set of all points on C(g +i) representing special 
divisors a%*t: those for which dim ja | >i. 


THxOREM 2. S is a variety of dimension g—1 for all i==—1, 
‘,g—À, and otherwise empty. | 


Proof. Exactly those divisors a%* are special which are contained in the 
canonical system, for by the Riemann-Roch theorem, 


dim | a | > i => dim | W—al Zo <=> w 2a for some we B. 


If C is not hyperelliptic, by what we have proved, the canonical system has 
the independence property, and thus the result follows from Theorem 1. 

If C is hyperelliptic, we must argue directly. There is then, by definition 
of hyperelliptic, a regular map f: C— P! of C onto the projective line, of 
degree 2: that is, [k(C): k(P)] =2. The canonical system on Cis com- 
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posed of all divisors of the form f(x +: ' + 2.1), where X q runs over 
the complete linear system of all positive divisors of degree g— 1 on P; 
namely, this is. obviously a linear system, of degree 2g—2 and dimension 
g — 1, hence necessarily the canonical system. 

Let now the {z,} be independent generic points, and let f-*(a;) == 44 + yy’. 
Then the divisors of degree g +1 contained in the canonical system are all 
specializations of yı +° 0 +Y + Yr +. Lys: this is trivial to see, 
but tedious to write out. The point on Ü(g-H?) representing this divisor is 
thus a generic point for 9, which is therefore irreducible and of dimension 
g—1. 


Part II. 
4. Some subvarieties of C(n). To avoid confusion, in this section only 


we shall use p(a) for the point on C(m) representing the divisor a on the 
curve C. 


There is a natural map 
f: O(r)X C(n—r1r) > C(n), lsrsn—l, 
defined by f[p(a"), p(b"7)] —p(a+b). This map is regular, since it is 
single-valued and C(r)X C(n—r) is a normal variety. In fact, it is bi- 
regular on p{a)X C(n—r), as is easily seen. 
We now define on O(n) a subvariety denoted by X[a] for all non-negative 
divisors a as follows (+ denotes the empty set or divisor) : 
X[g]—=C(n), Xlar]—=p(a), X[a]—g for r>n, 
A [at] — image of p(a)X C (n—r) under f (1=r<n—1). 
Thus if r < n, then X[a"] is biregularly equivalent to C(n—r). 
We are interested here in the intersection relations of these subvarieties 
given by the next two propositions. 
PROPOSITION 1. If a and b have no common points, then X[a] and 
X[b] intersect properly on O(n) and X[a]-X[b] = X[a+b]. 
Proof. Set-theoretically we have under the assumptions evidently 
| Xfa] ON X[b] = Xfa+ 5], 
so that the intersection is proper. To show they intersect with multiplicity 


one, suppose first that a and b are independent generic divisors, so that 
neither a nor b has repeated points: 


a=p H +--+ pr and bgt: + Qu 
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We use C[n] to denote CXCX-::-XC (n factors), and consider the 
obvious regular map of degree n| 


g: C[n|] > C(n) 

defined by g(21,° + `, Ea) ti +" Lars, We.claim first of all that 

ZEN) = Log XX ga X C[n—s], | 
where the sum is over a set of n!/(n—s)! permutations of the factors of 
C[n] which make the summands on the right all distinct. In fact this 
relation is evidently true, set-theoretically, all coefficients must be the same 
for the summands on the right by reason of symmetry ; if this coefficient is m, 
we have on applying g to the left side n!X[5|, and applying it to the right 
side 

m Do go (gi X * `X qs X C[n—s]) 
=m Sins) IX[b] = min nee) I] (n—- s) !XTb], 


whence m == 1. 
Now putting Yfal=pıX' -X pXCIn—r] on C[n], we have 
(assuming r -+s = n, and defining C[0] = $) 
Ya]: (AD =p X: -X pr X (Erg X’ X Ge X C[n—1r—s]), 


the sum taken over. permutations r which make the summands distinct. 
Applying g, we get therefore by the Bann formula, since g(¥[a]) 


= (n—r) LX [a], 
g(¥[a])-X[b] = (n—r) IX[a] -X[5] 
ee [(n—r)Y(n—r—s)!](n—r—s)!Xfa-+b], 
so that our result X[a]-X[b] == X[a +b] is proved. 
If now a’ and D are non-generic divisors, specialize (a,b) > (a’, 5’) ; 
this extends uniquely in turn to 
a+b +b, axXC(n—r)—a X C(n—r), Xa] > X], 


and so on. Thus since the intersection of specialized positive cycles is the 
specialization of the intersection (if all intersections are proper), we get 
Ze) ZI] = Xa’ +b’). 

PROPOSITION 2. Let é[a] denote the rational equivalence class in A(C(n)) 
of X[a]. Then é[a]-é[b] = é[a +6]. 


Proof. If ar and b! have no common points, this is just a weakenimg of 
Proposition one. If they do, find finite sets of divisors {a} and {a/"} having 
no points in common with b such that p(a)~D p(a) —Sp(a’,), the 
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rational equivalence being on C (r); it is a question only of avoiding certain 
subvarieties of C(r) we shall not make explicit. Then 


X[a] ~ EX[u] —ZÆXTa;] | 
on O(n), since X[a] —f(p(a) X C(n—r)) and rational equivalence is pre- 
served by regular projective (proper) maps. 
= Now é[a]-€[b] is represented by 


EX[u] 26] —XX[a/]-X[b] = VX[a-+ 5b] — Ea +5] 
—X[a+bleöla+b] 


sine p(a+b) ~Sp(a+b)—Sp(a/+b) on C(r+s), this being so 
because rational equivalence is preserved by the map of C(r) x C(s) > Cr + 3). 


5. Chern classes of a projective bundle. As general references for 
what follows, see [5,10]. 


Suppose that (E,X,r’) is an algebraic vector bundle, that is, a fiber 
space in the sense of Andre Weil [12] whose fiber is a vector space V? of 
dimension p. In other words, the base space should be a non-singular variety 
covered by open sets {U;} such that =’"'(U;) is biregularly isomorphic to 
V? X U by a fiber-preserving isomorphism (local triviality), and such that 
the transition functions g’y: U, O U;—> GL(p,k) are regular maps into the 
general linear group. We may then consider the derived algebraic projective 
bundle (P(E),X,x), the points of whose fibers w*(2) are the lines through 
the origin in the vector space t(s). Formally it is given by the transition 
functions gy: UN U;— PGL(p—1,k%) derived from the natural homomor- 
phism: GL(p,k) > PGL(p—1,k). Since each point of P(E} represents a 
line, P(E) is the base space of a canonically determined line bundle whose 
dual bundle is denoted by L; associated with L is then a divisor class £ in 
A,(P (E )). | 

The natural map r* is an isomorphism of A(X) into A(P(E)); call its 
image A(X)* and write c* for r*(c), if c€ A(X). Then Grothendieck has 
proved that 

A(P(E)) —A(X)*[€],. 


where the minimal equation for é is: 
& + ott. ‘ -F e" wax 0), 


The Chern classes of the vector bundle E are now defined to be the c, and 
1+0-+° +0, is called the total Chern class of E. Note also that it 
follows from Grothendieck’s result that A,(P(E)) =A,.(X)*-é+-A,(X)*. 
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So far we have started with the vector bundle and derived é and the 
projective bundle from it. If we begin with a projective bundle, we may ask 
to what extent é in the above is uniquely determined (or even exists). 


PROPOSITION 3. An algebraic projective bundle (F,X,r) together with 
a given element E€ A (F) ts derived from a vector bundle (E,X,r')as 
described above if and only if E:m(z) ts the class of a hyperplane in the 
projective space m (z), © generic. 


Proof. For the necessity, since the restriction L’ of L to a fiber '(r) 
== Pr! ig just the dual of the natural line bundle on P, we see that L’ is 
associated with the divisor class of a hyperplane section of P, from which it 
follows that £:r"1(x) is in A(#"!(z)) the generating element represented by 
a hyperplane in a (x). 


For the sufficiency, Grothendieck [6,§ 3.4] has shown that an algebraic 
projective bundle is always derived from a vector bundle; suppose therefore 
that our bundle F is derived from (Eo X, x’) with & € A,(F) as associated 
divisor class, so that €-« (2) is the class of a hyperplane in r*(z). If now 
¿€ A,(F) is any other element with this property, it follows from the structure 
of the group A,(F) as given above that == ġà", where à € A,(X). 
Let L, be the line bundle on X associated with A,; then the vector bundle 
E = E,@ L, is the desired bundle: it has £ as associated divisor, and E and 
E, have the same derived projective bundle, namely F. 

Though this is all we need, for the sake of clarity we add a few remarks. 
It is easy to see that any vector bundle from which F is derived is of the 
form E @ L,, where L, is a line bundle on X. If now X is complete, we get 
in this way a one-one correspondence between elements of 6+ A,(X)* and 
vector bundles producing F. Now if £ as above is a root of the polynomial 
f(X) == D'or a*t, then é+ À * is a root of f(X —A,*) = $ d*X?+, whose 
coefficients are polynomials in c,; and A, (which are easily calculated) and in 
fact the Chern classes of E Lı. In other words, if we envision the elements 
àE A(X) as acting on A(X) as an additive group of automorphisms by 


A:lteg+-::-:+e>71+d4a+---:+4, (n = dim X) 


the d, being determined as above, then what is an invariant of a projective 
bundle is the orbit of $, c under the group A,(X): the elements of the orbit 
are in 1-1 correspondence with the Chern classes of the vector bundles 
from which F is derived, and the orbit can reasonably be called the Chern 
class of F. 
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6. Statement of the result. We fix once and for all a point p€ C. 
Then according to Section 4, we have a-nested sequence of subvarieties of 
O(n): | | 
Æ [po] D X[2p.] 2: < D X[npo] 


which we shall abbreviate as X; == X [ipo], so that X, is of codimension 1 on 
C(n). If we denote the rational equivalence class of X, by é Proposition 2 
shows that X, represents the class G+=mé-----& (+ factors). Each X, is 
biregularly isomorphic to C(n—t). 

Now let J be the Jacobian of C. Using our point po, we fix the canonical 
map ¢: C— J by making $(p,.) = e, the identity point of J. Then by linear 
extension of ¢ to divisors, we get a map 


a: U(n) Jd. 


We have proved elsewhere [8] that if n >29 —2, which we shall henceforth 
assume, this triple (C(n),/,7) is naturally a algebraic projective bundle- 
whose fibers are the linear systems. On it we show now that the subvariety 
X, satisfies the hypotheses of Proposition 3: namely, for z generic on J, 
Xı'=!(z) is in the rational equivalence class of a hyperplane on r1(x). 
For the divisors making up X, N m(x) are those containing p,; these form 
a linear subsystem of dimension n—~g-—1, in other words, a hyperplane in 
the projective space to which (x) is biregularly equivalent. To see that 
the intersection multiplicity is one, it is enough to show that (using Proposi- 
tion 1), X[a* 94 + po] r (r) ==X[a]: Lim (x) consists of a single point 
with multiplieity one, if a is “general.” In fact, it consists.of the divisors 
of m(x) containing a9" +- pọ; it is well known that there is only one, and 
moreover, since the linear system represented by the points of x'1{x) is 
rational over k(x) [3, p. 475], this unique divisor will be k(z)-rational and 
hence its representative point on C(n) will be k(z)-rational too. Under : 
these circumstances, the intersection multiplicity at the point is one. 

It follows therefore that é, the rational equivalence class of X, in 
A,(C(n)) is associated with a unique vector bundle Æ of rank p—n—9—+1 
from which the bundle C(n) is derived. We wish to compute the Chern 
classes of this bundle. 

To this end, we let 

Wi == r (X ga) 


so that W, for 0 5&4 < g consists of all points on J writable as d(z,) +°>: 
+ (xs), and W, = 6, and Wim for i>g. To eliminate asterisks, we 
also put 

Use Wi == (Wi). 
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that is, the transform of W; by the biregular map of J sending z into — z + 6, 
where c= «(f?#*-+ (n-—2g+2)p) is the canonical point on J. 
THEoREM 3. As a cycle on C(n), we have 
Xp- (U), Xpa a? (Us) Mpa — + + (Dad) Xp = 0, 
| pen —g + 1. 
Letting u, be the rational equivalence class of U; in A,(J) and using 
the fact that the class of X, is £t, we get immediately the 
COROLLARY. The total Chern class in A(J) of the vector bundle E 
with derived projective bundle (O(n), dJ, r), n > 2g — 2, and associated n— i1 
cycle X,==X[ po} +s 
1— th H tie + ge 
7. Proof of Theorem 3. In what follows, in addition to viewing points 
of O(n) as divisors on C without further comment, we shall often think of 
points on J as divisor classes of degree 0 on C. Thus for example r (npo) = 6 


and x(a) = Cl(a—np,), where Cl(a) means the divisor class to which a 
belongs. For reference, we state explicitly, 


(1) The divisors in X, are those of the form a™t -+ ipo. 
(2) The classes in U; are those containing a representative of the form 
f— art — (g +%4—2)p, for some a (f is a canonical divisor). | 


An essential auxiliary role is played by the g—1 dimensional varities 
54) representing the special divisors on C(g +41) that we introduced at the 
end of Part I. Under the biregular isomorphisms of C(g +1) onto Xy (y, 
the variety S“ is carried onto a variety we shall continue to denote by 8%, 
so that 


(3) 8 C Xn wen, t—=-—],- : ",9—2,° oe. 
In particular, note the extreme cases: SO?) — Xag = Xp since every divisor 
of degree g— 1 is special and S’ together with the higher S are all 


empty. . 
We first note that set-theoretically, 


(4) (89) == Upa i= — 1, Bee 
This shows, incidentally, that if 1 < 7} & g — 2, then SP 4 80, To prove it, 
using (1) and (2) above, we have 
bet L (n— g — i) p € SO <=> bt special 
4—> |f—b| contains a?** for some a 
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=> f—a~b é> b— (g +1) pp ~ E—a— (g +1) 0 
> C1(b— (g-++4)po) contains for some a a divisor F— art? — (g -+ i) po 
> (b+ (n—g—*) Po) € Una 


Our main effort now goes into proving now the basic relation 


(5) | (Us) Zp = SE + SO, T ee ° 
pon—g+l. 
From this our theorem follows easily. For writing (5) out for different t, 
a*(U,)-Xp1—=X_p+ 80 since Xp == SC, 


mi (Us) Lys SO 4 9M,- - +, 
wt is) : Nati == 96-3) + su), 
miU) Ip, = So” since SO) a= à, 
so that alternately adding and subtracting, we get | 
Xp m r> (U1) La r (Ua) Lat (1) (Uy) Kon 
which is the desired relation. | 
Proof of relation (6). We first show the relation is true set-theoretically. 
The right hand side is clearly contained in the left, since if we remember 
that Xt = Y,.4 by our conventions, we have using (8), 
gu) C Yor- e Kor, SED C NOt u AND … Aai 
Also, by (4) we have since Wy. C Wi 
| (8693) DU, (84) =U CU; 
Looking at the reverse inclusion, we have using (1) and (2), 
matt t+ (n—g—i-+ 1)po) E€ Ui <=> a~tf—bh-+p, for some bt 
> a— 7, is special. 
There are two possibilities: either dima-—dim(a—p,) or else dim aa 1 
+ dim (a— po). In the first case, po is a fixed point of | a |, 80 a == po + art, 
where a, is special, so that ag + (n—g—1i+2)n, is in 8-2, In the second 
case, since dim(a— po) >+t—2 (speciality), we deduce dima >t—1, so 
- that a is special, hence à + (n—g—1+1)n, is in SU, 
-` We have finally to show the relation (5) is true as an intersection formula, 
that is, that the coefficients of the right side are both one. Suppose then that 
a (Ui) Xp aS) + 9G, a,b>0. : 


Let 09" be a generic divisor of degree g — I ==n— p. Then by Proposition 1, 
X,4'X [0] is defined and equals X[o0 + (p—i)po]. If now we can show that 
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(i) the cycle Zert(U,) : X[o + (p—+) po] is defined, tel, ',9, 
it will follow by the associativity formula that 


Z = aS) - X[o] + SG: Xo]. 
This, combined with 
(ii) Z consists of points occurring all with multiplicity one, 
(iii) SO Xfo] is not empty, j-=—1,- + -,g—2, 
will then imply that both a and 6 are one, completing the proof of the 
theorem. 


To prove statement (i), we have as before using (1) and (2), 
a to + (p—t)po) E Ui => a -+ o~ f b+ -+ py for some D 
<=> 0+b~f+ po—o. 
Now |{+#,]| has dimension g— 1, so that since 09! is generic, 
dim | £-+- m —o| == 0 | 
and the system contains a unique positive divisor of degree g. Thus a+b 


is a well-determined divisor of degree g, which means that a must be one of 
the (in general) ,C4 divisors contained in it. In other words, 


(U) NX[o + (p—1) po] 


consists of a finite set of points. 


Going on to statement (ii) now, apply to (i) the map m and use the 
projection formula, obtaining 


TZ) == Vin (A [o + (p—+) pol) = Us: (Wor) a, 


where z == x (0 + (n—g-+1)p.) (0). It clearly is sufficient to show that 
r(Z) has no multiple points, or by performing a translation by — z on J and 
remembering U; (W,),, that Wa (Ws) o-» has no multiple points. How- 
ever, A. Weil has computed this zero-cycle for us [12, Prop. 17, p. 74], the 
result being >) (wa,--a,), where the sum is taken over the ,C; combinations of 
indices a,,: - -,@, taken + at a time, the points 


Wa, +a, = (Jay) ak + (Ga) 


and the ga, are defined by c— z = >, 9¢(q) ; in these last two equations, & 
is the canonical map of © into J, and the sums are taken in the sense of the 
group law on J. Our job is therefore to see that the we,..a, are all distinct. 

The qx are determined by the above according to the relation Ê—0 + po 
~ > dx, so we have to show that no two of the divisors of degree i contained 
in (ga +: -< -+ qo) are linearly equivalent. The system | £ + p, | has dimen- 
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sion g—1 and p as fixed point. One divisor of this system is by the above 
o -+ © gx; it is in fact a generic divisor (since o is generic), and since py is-a 
fixed point of the system, say pom, Then o+ (gi, +°°-°-+Qp:) is a 
generic divisor of the canonical system ||. But then the points, Qu" * *, qo: 
are independent generic points: in the non-hyperelliptic case because the 
canonical system has the independence property, while in the hyperelliptic 
case it is clear since a generic canonical divisor of |f| is writable X 4 + t’, 
where t; and t are conjugates over a quadratic subfield of &(C): There are 
thus three cases. Let at and bt be two different divisors selected from 
(dit: + gi po). If both contain pa or if neither does, they cannot 
be linearly equivalent since, after subtracting the p, if necessary, two generic 
divisors of degree = g cannot be linearly equivalent, while if one contains po 
but not the other, it is still impossible because a generic divisor of degree 
= g has dimension zero and is therefore not linearly equivalent to another 
divisor of the same degree. _ 

Finally to prove statement (iii), since the canonical system is of dimen- 
sion g—1, we have (as in the DRE ‘proof} a uniquely determined 
canonical divisor of the form (qi:+:--+4,1)-+o07% Then clearly 
o- (git: +--+ qui) is a special divisor of degree g+} (if j=-—1, take 
just o), and so SP N X[o] cannot be empty because it contains 


o+ (git: + Gyr) + (n—9—J) po. 


8. The Euler characteristic. Out of curiosity, and in order to sneak 
Newton into this paper, we compute the Euler characteristic of the vector 
bundle whose Chern classes we have just determined in Theorem 3. 

The Chern classes of J—that is, the Chern classes of the tangent bundle 
to J—are trivial, since the tangent bundle is trivial: it is enough to show 
that the dual bundle of 1-forms is trivial, but this is evident because it has 
a basis at every point consisting of the g linearly independent invariant 
regular simple differentials on J. The Riemann-Roch-Hirzebruch formula 
[2] thus reduces to 

set 22. er), 
where the & are defined formally, by the Corollary to Theorem 3, by 


1— yt + u — + « (— 1u = (1 + ir) + + (14 dr), 
um 0, > g. 
Expanding the exponential series and looking just at the term of weight g, 
we get 


X= Kel (1/91) (89 ++ + + 8). 
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Letting sg == 8t -4 -© 8, we now invoke, for k-=1,-*--,9; [9], : 
Newton’s identities: 8p- wat" "+ use — kur. 
These give a system of linear equations for determining the &, whose solution 
for s, ig by Cramer’s rule, 
| — guy U Us, " ty 
—(g—-1)tig. À thy "Un 
Sg = . : o . 
| — ty -r 1 | 
According now to intersection formulas of Matsusaka and Weil modulo 
numerical equivalence [7], u:%==mlu,, from which we deduce, if $, t 9, 
tly lng” * Uy, (fat) a) gif rt. 
All the terms in the above determinant, when it is expanded out, are indeed 
of weight g, and we get therefore 


— g(1/g!) 13 - :1/(g—1)! 
—(g—1)/(g—1)!11:::1/(g—2)! 
X = Kgl (1/91) 89] = CRE: 
| | à 2 a i . : 1 
Thus x == 0, since the first and last columns differ by a sign. 

9. Some relations in A(J). Quite generally, if (P(E),X,”) is a 
projective bundle derived from a vector bundle E of rank p over a base space 
X of dimension g and € A,(P(H)) is the associated divisor class, we can 
deduce trivially from the Chern relation 

PHOT OA? 0 
some relations in A(X). Namely, multiply the relation through by &, 
{=x 0, © +, g— 1, project onto X and use the projection formula; this gives 
(G4) eg, 
a set of relations which may be summarized as 
CRÉES Re (oP) ed 

in view of the fact that r(G1)=<=1, (éi) ms 0 if 5 < p— 1. 

Applying this to our situation, we have +(&*+) = Wm, and so 

1-4 + ts —: + (—1) tg) (1+ i + we + + wy) ml; 
written in terms of the cycles, this becomes 
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THEOREM 4 If w, is the rational equivalence class of W; (in Weil's 
notation W,4) on J and u, the class of Wi* = (Wi) o, then 


Wy — U = 0, 
Wg —— UW + Up = 0,° 7, 
Wg — Un te (— Due. 


These express therefore the u, in terms of the w. The nature of the 
relations suggest that if one applies the map o: z-»—a-+c to J, the 
resulting projective bundle (C (n), J, or) whose Chern classes are (— 1) *w,— 
or rather, prehaps its dual—should be in some sense the “opposite” bundle 
to (C(n),J, 7). 
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CORRECTION TO “APPLICATIONS OF THE THEORY OF MORSE 
TO SYMMETRIC SPACES” (This Journal, vol. 80 (1958), pp. 964-1029).* 


By Raout Borr and Hans SAMELSON. 


It has been pointed out to us by H. Seifert that our characterization of 
simplices “hanging over critical points” in the paper cited above (conditions 
(a) (b) (c) on p. 978) is insufficient and that therefore our description of 
the theory of Morse in Proposition 8.3, p. 978, is incorrect as stated. If the 
space 2 were a manifold, one would only have to add the requirement that 
the singular simplices in question be differentiable and non-degenerate (have 
non-singular differential, at least at the barycenter). But in a function space 
the description of the associated simplices is more complicated. One of 
Morse’s procedures (cf. [16, pp. 38, 56, 58; 17, pp. 52, 81]) is to introduce 
a set of cross manifolds Q, (including the end-manifold) along the geodesic 
segment s, and with their help to imbed the point s of Q into a manifold 
P,= [ [k Qx of geodesic polygons, contained in Q. The function L|P, is C” 
and has a non-degenerate singularity of index A, at s. The main fact is now 
that any singular simplex associated to s in P, also serves as associated 
simplex in Q. With this in mind we shall prove below that the singular 
simplex (os, hs) of p. 984, 1. 27 is indeed associated to s. (This is where 
we had used our incorrect characterization.) The remainder of the proof on 
pp. 984, 985 is unchanged. Proposition 10.2(d), p. 981, and its proof in 
Section 11, pp. 983, 984, become unnecessary. 

We may and shall assume that among the Qx there is one at each excep- 
tional point s(f;) and one at some point s(%) with u in (ta tn) for 4—1, 

-,n; further each cross manifold contains locally the orbit of the point 
to which it is attached. 

The map f: T,— Q, restricted to a small i ca, of w, factors 
then through a C*-map A, into P. 


Lemma (a). h, is non-degenerate at ws. 


Proof. Let X be a non-zero vector of T, at o,; let F be a vector of W, 
at (e,: : :,e) with ġ (Y) =X. We write Y = (YF, -:,¥,), with F; a 
vector of K; Let Q be a cross manifold, attached to some 4. The image of 
X under the composition of h,, projection of P, onto its factor Q, and inclusion 
of Q in M is easily found to be (F, +- - --+ ¥,)(s(&)) (cf. def. 1.6 for Ð). 


* Received December 20, 1960. | 
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If ¢ is the smallest value for which F; is not tangent to the subgroup K, of Ki 
(this exists since K £0), the vector so obtained is not zero, since f is not 
exceptional, and Lemme (a) is proved. | 


Next we consider a local lemma. Let f be a C®-function on a neighbor- 
hood U of a point p in a manifold of. dimension m, with p as only critical 
point, non-degenerate, of index A. Write A for {z€ U: fa) = f(p)}, A- for 


(ve U: f(z) <f(p)}, Ao for {TE U: f(z) —f(p)}. 
Let u: o> U be a C®-singular simplex of dimension A such that 


(i) w(p) consists of just the barycenter b of c, 
(ii) fom is constant, ie, p(o) C Ao, 
(iii) the differential of u is non-singular at b. 


Lemma (b). Under the above hypothesis, u represents a generator of 
Hy, (A, A — {p}), for any coefficient group. Further, if w: o— U is a singular 
simpler sufficiently close to p, with W(o)C AU {p}, then p’ is a generator 
of H,(A-U {p},4-), again for any coefficient group, 1.8. ti serves as asso- 
ciated simplex for the critical point p. 


Proof. We may assume (by [16]) that U = Euclidean space H™, that p 
is the origin and that f has the form —2,?—- + -—m?+ mut + m}. 
Both pairs (A, A — {p}) and (A-U {p},4A-) have as deformation retract the 
pair (EX, #\—{p}), where EX is th subspace of E” spanned by the first A 
axes ; the retraction map is identical with the projection 9 along the orthogonal 
complement of EX Because of (ii) the “light cone” A, contains linear 
subspaces of dimension A; any such space maps in non-degenerate fashion 
under @ The differential of Ho, is therefore non-degenerate at b, and the 
lemma follows by standard arguments. Incidentally, A is necessarily = m/2. 


We come now to the proof that the simplex (oz, ps) of no. 12, p. 984, 
is associated to s. The simplex h,°p,: 0, — P, (defined if ps(os) is small 
enough) satisfies the hypotheses of Lemma (b); (i) is clear, (ii) follows from 
the second sentence on p. 981, and (iii) is implied by Lemma (a). The 
standard retraction of a neighborhood of s (in Q) into P, sends the singular 
simplex ¢, into a singular simplex #4 with ¢.’(o,) C Ps Since the L-value 
does not increase under the retraction, Lemma (b) applies, so that ¢,’, being 
close to h,°p, for small u, is associated to s in P,; but then 4, is associated 
to's in Q. | Q. E. D. 
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MAPPINGS OF PARTIALLY ANALYTIC SPACES.* 


By ERRETT BISHOP. 


1. Introduction. We study a mapping f of a partially analytic space K 
into n-dimensional complex affine space C". A partially analytic space K is 
a Hausdorff topological space which is a countable union of conditionally 
compact open sets, which is locally connected, and which is endowed, at least 
partially, with an analytic structure. This means that a countable family 
{Ma} of subsets of K is given, each with the structure of a complex analytic 
manifold. An algebra 2 of continuous functions on K, called the analytic 
functions on K, is also given, with the property that each function in Y is 
analytic on each Me. The algebra UV is closed in the topology of uniform 
convergence on compact subsets of K. The coordinates of the mapping f are 
required to lie in W. The purpose of this paper is to show that for certain 
spaces K the mapping f can be chosen to have certain properties. For instance, 
sufficient conditions are given for there to exist an f which is proper, or which 
separates points, or which has a certain rank at certain points. Since the 
complex spaces of Cartan [4] or Behnke and Stein [2] can be thought of 
as partially analytic spaces, these results apply to complex spaces.! 


Theorem 1 is concerned with the dimensions of.the level sets of the 
mapping f. The statement of Theorem 1 is somewhat complicated; a special 
case reads as follows. If the level sets of Y intersect each Ma in a countable 
set, then f can be chosen so that the level sets of f intersect each NM. in a 
set of (complex) dimension at most max{dg—n,0}, where de= dim Me. 
Theorem 1 is closely related to a theorem of Grauert ([6], Satz 12), but the 
proof given here differs from Grauert’s proof and a more general theorem is 
obtained. 

The next part of the paper is concerned with analytic polyhedra. With f 
as above, write 

Pom {p: pE U Ma. | fi(p)| <L1SiSn}. 


An analytic polyhedron P in K defined by f is a subset of P, which is both 
open and closed in P, and whose closure is a compact subset of U Ma. 


* Received June 1, 1960. 
1 See in this regard however footnote 3. 
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Theorem 3 states that if S is a compact subset of P then there exists an 
analytic mapping g of K into C# which defines an analytic polyhedron Q 
with SC QC P, where d is the maximum of the dimensions of the Ma 
(which is assumed to be finite). Theorem 3 (in a more general form) is 
basic to the theorems which follow. To prove Theorem 3, one first modifies 
the mapping f= (f1,:: *,f.) slightly so that for each a the sets of simul- 
taneous constancy of the functions fa/fı,' * -,fn/f1 on 


Ha =P N {p: f(p) #0} Ma 


have the same dimension at each point of Ha as the sets of simultaneous 
constancy of A. That this can be done follows from Theorem 1 if n > d, 
and if n = d there is nothing to prove. This modification of f having been 
made, choose the constant r > 1 such that | fi(p)| <r> for all p in S and 
11", and write 

p= eh), Sin. 


Then if N is sufficiently large the mapping g = (92, * ', gn) of K into Cr 
defines an analytic polyhedron P’ with SCP CP. After n—d such con- 
structions one obtains the analytic ployhedron Q of Theorem 3. 

Next it is assumed that K is weakly holomorphically convex, which means 
that K == U Ma and that for each compact $ C E each component of the set 


So {p: pE K, | f(p)| S maxes | f(q)| for all f in Y} 


is compact. Since weak holomorphic convexity implies that K is the union 
of an increasing sequence of analytic polyhedra, one is able to apply ‘Theorem 
8 to show (Theorem 4) that K admits an almost proper analytic map f into 
C3, where d is the maximum of the dimensions of the Ma and where almost 
proper means that each component of the inverse image of a compact set 
is compact. 

There follows a section of the paper devoted to the study of certain 
special analytic polyhedra (Theorem 5). As a result of this study we obtain 
some integral formulas (Theorems 6 and 7) which are an. attempt to generalize 
the usual one dimensional planar formula to several dimensions and to 
manifolds. These formulas recall the several dimensional integral formulas 
of Weil [13] and Bergmann [3], although they seem to be fundamentally 
different from those formulas. | 

Next we return to the study of mappings and show (Theorem 8) that 
if K is weakly holomorphically convex, if X separates points of K, and if 
certain other minor conditions are satisfied, there exists a proper mapping 
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of K into C#*, with d as above, where proper means that the inverse 
images of compact sets are compact. The proof of this theorem goes as 
follows. Let f be an almost proper mapping of K into C4 Let {S,} be an 
increasing sequence of compact sets the union of whose interiors is K. Let 


Jy = {21 ze (4° -,2) € C4] a] Sk for lSisd}. 


For each positive integer k let Hy be the union of those components of f+ (Jx) 
which intersect Sp. Let Gy be the set [f+ (Jz) N Hits] — Hy. The sets G 
and HH, are disjoint compact sets. If Ne denotes the set of all uniform limits 
on Gs U H, of functions in M, it can be shown that the maximal ideal space 
of the Banach algebra Wy is just the set G,U Hy. It follows from the general 
theory of Banach algebras that there exists wx in Y arbitrarily large on (x 
and arbitrarily small on H,. Since {H;,} is an increasing sequence of compact 
sets the union of whose interiors is K, it follows that the functions wẹ can be 


chosen so that the series Yo, converges uniformly on compact subsets of K 
tel 


to a function fan in A with | fa:(p)| >k for all p in Gr and all k. To see 
that the mapping f X fan of K into C% is proper, write 


Fy—({p: pE K, |fi(p)| Sk for 1Si<d+1), 


and consider p in Fy. Let 7 be the smallest integer not less than k such that 
peH; If j>% then pE Gya Therefore k= |fai(p)|>j—l. This 
contradiction shows that j == k, so that p€ H}. Thus Fy C Hy, so that Fr 
is compact and the mapping f X fan is proper. 

It is now relatively simple (Theorem 9) in case K, for instance, is a Stein 
manifold to choose functions fu," © <, forex in W such that (fa: - -, fer) has 
rank n at each point of K and (f,,- © +, fens) distinguishes points of K. This 
is done by choosing the functions successively to decrease the dimensions of 
certains singular sets associated with the mapping. 

This last result is a special case of as yet unpublished results? on the 
problem by R. Narasimhan, who used other methods. The first result of 
this type is due to Remmert [8]. 

If one looks at the proofs more closely, it can be seen that all of the 
mappings considered are dense in the topology of uniform convergence on 
compact subsets of K. 

It is intended to devote a subsequent paper to applications of the results 
given here. 


3 Since this was written Narasimhan’s paper has appeared in American Journal of 
Mathematics, vol. 82 (1961), pp. 917-934. 


212 ERRETT BISHOP. 


2. Dimensions of level sets of mappings. Rather then begin by con- 
sidering what is known in the literature as analytic space we introduce a 
notion which is somewhat more general and which is sufficient for the purposes 
of this section. 


Definition 1. A partially analytic space K consists of a Hausdorff space 
K, a countable family {Af} of subsets of K, each of which is a (complex) 
analytic manifold, and a set Y of continuous (complex-valued) functions on K. 
The relative topologies of the subsets Ma are the same as the topologies which 
they possess as analytic manifolds. The space K is a countable union of open 
sets whose closures are compact, and each component of an open set in K 
is open. Each function in X is analytic on each Ma. YW is closed in the 
topology of uniform convergence on compact subsets of K. Also is an 
algebra in the sense that sums, products, and complex multiples of elements 
in X are in Y. 

In the above definition and in the sequel an analytic manifold will be 
understood to be connected and coverable by a countable number of coordinate 
neighborhoods. Thus each M, has a (complex) dimension dg, which is the 
same as the dimension of Ma at each of its points. 

As an abbreviation, we speak of a partially analytic space K, the rest of 
the structure—the manifolds Mz, called the structure manifolds of K, and 
the algebra XN, called the set of analytic functions on K—being understood. 

The set of continuous complex-valued functions on K is written C(K), 
and the subset of C(K) consisting of those functions analytic on each Ma 
is written A(K). The set of all analytic functions on an analytic manifold 
M is written A(M). The topology of uniform convergence on compact subsets 
of K is easily seen to be a metrizable topology for C(K). To see this, let. {F,} 
be a sequence of compact ‘sets whose interiors cover K, and let | 


| f la = sup{| f(p)|: pe Pa} 
for each fin C(K). Let 


RER I f—g M(H Tg ln)” 


for all f and g in O(K). Then p is a metric for C(K) and C(K) is complete 
in the metric p. As a closed subset of C(K), U is also a complete metric 
space with metric p. | 
We now recall some standard material from the theory of several complex 
variables which will be of use later. See in this connection the notes [4], [5], 
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and [10], and the paper [12]. A set A in an analytic manifold M is analytic 
if to each point p of M there exists a neighborhood U of p and a finite set of 
analytic functions on U such that À N U is the set of common zeros in U of 
the functions. A set À is locally analytic in M if to each p in A there exists 
a neighborhood U of p and a finite set of analytic functions on U such that 
A NU is the set of common zeros in U of the functions. A locally analytic 
set is analytic if and only if it is closed. A point p of a locally analytic set 
A in a manifold M is called regular if there exists a coordinate neighborhood 
U of p and coordinate functions f.,,: - -,f, on U such that 


ANU={q: fi(g) =0,1StS 8} 


for some positive integer k. The set A, of regular points of a locally analytic 
set A is a locally analytic set which is open and dense in A; if 4 — Ap, then 
A is called a regular locally analytic set. A connected regular locally analytic 
set is called a submanifold of M. Then Az has a countable number of com- 
ponents, each open in A, each of which is a submanifold of M and each of 
which inherits from M in a natural way the structure of an analytic manifold. 
The (complex) dimension of A, which equals one-half of the topological 
dimension of A, is the maximum of the dimensions of the components of Ap. 
If » is a point in A, the local dimension of À at p is the minimum of the 
dimensions of the locally analytic sets A N U, where the sets U are neighbor- 
hoods of p. The dimension of A is the maximum of the local dimensions of 
its points. The set Ag==A—Ap is a locally analytic set whose dimension 
is strictly less than that of A; it is an analytic set if A is an analytic set. 
This gives rise to a sequence 


A =A DAD.: DA 


of locally analytic sets, each a closed subset of the preceding, such that 
Åt æ (At), for 1 5S1 k and such that A‘ is empty. Thus A is the union 
of the disjoint regular locally analytic sets (At), OS+=k—1. It follows 
that À is a countable union of disjoint submanifolds {Ma} of M. Thus A 
can be made into a partially analytic space by considering it as a Hausdorff 
space with structure manifolds {Mae} and by choosing N for instance to be 
the set of holomorphic functions on A. It is also clear that a complex space 
(a concept which we do not use here: see [2] or [4]), which locally has the 
structure of an analytic set in an analytic manifold, can be thought of as a 
partially analytic space.® 


3 The referee has pointed out that this fact, while true, is not trivial if M consists 
of all functions on an analytic space which are analytic in the narrow sense, that is, 
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Definition 2. A set fa, - ‚fa of analytic functions of a d-dimensional 
analytic manifold M will be called a coordinate set of functions at a point p 
in M if there exists a neighborhood U of p and a constant r > 0 such that 

f: q> (hl; Falq)) 


maps U homeomorphically onto the set 
E = {z= (%,° ,2): |a—h(p)| <1 StS 4} 


in d-dimensional complex affine space C4. The set U will then be called a 
coordinate neighborhood of p for the functions fi,‘ - -, fa. 


Lemma 1. Let K bea partially analytic space with a single structure 
manifold M. Let m be a positive integer not larger. than the dimension d 
of M. Let fi,’ * ‘‚,fain A(M) be a coordinate set of functions at a point p 
of M, and let U be an associated coordinate netghborhood, 

f(U) == (zu (215° | ',24) | | wz—fi(p) | <r,lz12=d). 


Let fm be in N and h in A(M). Then the set G of functions g in X such 
that the level sets V (sets of simultaneous constancy) of the functions 
fus" "fm g+h on U are all of dimension d—m or less is dense in U 
and is a countable intersection of open subsets of A. 


Proof. Let g be any element of X and e a positive number. Let fm 
assume the value b at some point in U. Define 
d+1 gri 
g= go + Z al fm—b) 2 8)%, 


where the a, are constants to be chosen. Thus g € X and p(g, go) < e if the 
a, are sufficiently small. Choose the a, to be that small and in addition to have 
the property that the functions 


(*) itu + 0 (go + h)/0 (fn) 1SiSd+1, 
have no common zero in U. This is possible because the range of the mapping 
oi p> (Cay +"; Caen), Com (i!) 20 (go + 4)/ (fm): | 
P 
of U into C4 has topological dimension at most 2d and therefore contains 
which arise from functions analytic in open subsets of the analytic manifolds in which 
K. is considered as locally imbedded. The difficulty in this case is to show that X is 


closed in U(Æ). This was proved by Grauert and Remmert in Afathematische Annalen, 
vol. 136 (1958), pp. 245-318. 


PARTIALLY ANALYTIO SPACES. 210 


no neighborhood of the origin. To see that g is in G, it is enough to show 
that g +h is not constant on each of the coordinate planes 


L= {p: pE U, fip) = „,1s:=m—1l), 


since the sets V are then proper analytic subsets of such planes L and there- 
fore have dimensions less than the dimensions d— (m—1) of the planes. 
Assume therefore that g +A is constant on some plane L. Thus 


P(g +h) / (fm) = 0 (go +14) /0 (fn) + È lG Gad) 


vanishes everywhere on L. If p, denotes a point of L for which fm(po) =b, 
it follows that the functions (*) have a common zero at pọ This contra- 
diction to the choice of the constants a; means g€ G. Since g, and e were 
arbitrary, @ is dense in A. To finish the proof of the lemma, define F,, for 
each positive integer k, to consist of all g in X such that there exists a coordi- 
nate plane L with |a| &r—k> for 1<i<m—1 on which g+h is 
constant. Clearly F4 is closed in Wand U #,==—G. Thus G=(U—F;). 
This completes the proof of the lemma. 


Definition 3. If M is an analytic manifold, a subset 9 of A(M) is said 
to have dimension m over a subset 7 of A(M) at a point p of M, if the 
level set of T containing p includes the level set of S containing p and if the 
difference in the local dimensions at p of these two level sets is m. The set 
S is said to have dimension m, over T on M if each level set of S on M is 
contained in a level set of T on M and if m, is the maximum of m for p in M. 
If T is void, then one speaks simply of the dimension m of S at a point p 
or of the dimension m, of Son M. The rank of S at p is the rank at p of 
the Jacobian matrix of 8 with respect to some coordinate set of functions at p. 


Lemma 2. Let K be a partially analytic space with a single structure 
manifold M of dimension d. Let B be a subset of A( AM) and h an element 
of A(M). Let P constst of all points p in M such that the dimension of 
YU BU {h} over B at p is at least 1. Let G be the set of all g in X such 
that the dimension of BU {g + h} over Bat p ts at least 1 for all p in P. 
Then X— G is of the first category m À. 


Proof. The proof proceeds by induction on d. The lemma is clearly 
true if d==(, since in that case the set P is void. Assume therefore that the 
lemma is true for all values of d less than the given value. At each point p 
in M let J, be the (possibly infinite) Jacobian matrix of the functions in P 
with respect to a set of coordinates at p, and let J, have rank mp. Let m be 


5 
216 | ERRETT BISHOP. 


the maximum of the mp. Choose p, with Mmp= m, and let fu,‘ > ",/m be 
elements of B whose Jacobian matrix at 2, has rank m. Let V be the set of 
points in M where the Jacobian matrix of these functions has rank m, i.e., 
where these functions are part of a coordinate set of functions. Thus V is 
open in M. = 

The level sets of B have dimension d— m at each point of V. Hither 
. the level sets of AU B have dimension d— m at each point of V (case I) or 
there exists go in Y such that the Jacobian matrix of f1,- + +, fm, Jo has rank 
m- 1 at some point of V (case 1). In case 1, let W be the set of all points 
in M where the Jacobian matrix of fi,‘ + ‚fm, Jo has rank m+1. In case I, 
either the Jacobian matrix of fi,‘ - -,fm, h has rank m at every point of V 
(case 3) or has rank m + 1 at some point of V (case 2). In case 3 define 
W == V. In case 2 let W consist of those points of M at which the Jacobian 
matrix of fa," - -,fm, À has rank m +1. Thus we see that in all three cases 
W is a non-void open subset of M and M— W is an analytic subset of M. Thus 
M — W is the union of a countable family {M«} of disjoint submanifolds of 
M. The dimension de of Ma is less than d. Let the partially analytic space Ka 
consist of the Hausdorff space K with the single structure manifold Ma and 
with the set of analytic functions W. Let Pa consist of all points p in Ma 
such that HU BU {h} has dimension at least 1 over B at the point p on the 
manifold Ma. Since da < d, it follows from the induction hypothesis that 
the set G of all g in X such that BU {h-+ g} has dimension at least 1 over 
B on the manifold Ma at all points of Pa has the property that W — Gao is of - 
-the first category in YI. | 

Consider now case 1. For each point p in W, let U, be a coordinate 
neighborhood of p for some coordinate set of functions containing the functions 
fot © "Im Joe Since the topology of M has a countable base, a countable 
family {U;} of the U, covers M. From Lemma 1 it follows that %— G, is of 
first category in A, where G consists of all g in X such that the level sets of 
fu +> fm g+ h on U; have dimension at most d—m—1. Define 


H =m (Ja (A — Ga) U {Us (A — G;)}.. 
In cases 2 and 3, define | 
H == | Ja( A — G;). 


Thus, in any case, H is of first category in W. We shall complete the proof 
by showing that Y— @ C H. To this end, consider g in I —G. Thus there 
exists p in P such that the dimension of BU {g +h} at p equals the dimen- 
sion of B at p. Let D, E, and F respectively be the level sets of B, of 
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BU {g 4h}, and of UBU{h} which contain p. Let their respective 
dimensions at p be A, u, and v. Thus A==yp. Since p€ P, we have y< À. 
Let O, be a neighborhood of p such that D N O, EN O, and FN O, have 
dimensions À, u, and y respectively. Since the level set F N O, of ŒU BU {h} 
on O, which contains p has dimension vy, there exists a neighborhood O C 0, 
of p such that every level set of WU BU {A} on O has dimension at most 
v (see [5], Exp. XIV). Now for each « the set EN ON Ma is a countable 
union of compact sets; so is the set ENO NW. Also, ENO is the union 
of ENON Wand the sets EN O N Me. By a standard theorem of dimension 
theory (see [7], p. 30), it follows that À = dim(£ N O) is the maximum of 
the dimensions of ENON W and the sets EN ON Ma. Thus 


dim(#NOMQ) =À, 


where Q is either W or one of the sets Me. Thus there exists a point po 
in ENON Q such that the dimension of ENQ at p, is A. By the choice 
of O, the dimension at po of the level set F, of Y NO BN {A} containing m 
is at most ». Also, the dimension of the level set D N Q of B at po on Q is 
at least A, since it contains the set E N ON Q which has dimension À at po; 
on the other hand, the dimension of D N Q at p, is at most u = À, and therefore 
this dimension equals À. 


Consider first the case in which Q == Ma for some «. Since v < À the 
dimension of Fo N Ma at po is less than the dimension of DA Q = D N Mea 
at po; therefore po € Pa. Also the dimension of DM Ma at py is A and the 
dimension of E N Ma at p is A. By the definition of Ga, it follows that 
g€ A— Ga. Thus gE H. 

It remains to consider the case Q — W and to show that g€ H in this 
case also. To do this, cases 1, 2, and 3 must be considered separately. Consider 
first case 1. Let U; be one of the sets of the family {U;} which contains po. 
By the choice of f,,: --+,fm any function f in B must be constant on each 
component of each level set of these functions on W: otherwise, there would 
exist f in B such that the Jacobian of fi," © -, fm, f with respect to a coordinate 
set of functions would be of rank m + 1 at some point of W. Thus the 
dimension A at po of the level set DO QD NW of B equals d— m. Since 
also À is the dimension of the level set E N W == HM Q of BU {g9 +h} at po, 
it follows that g € U—G; Thus ge H. 

Next consider case 2. Since the function g in is locally constant on 
the level sets in W of the coordinate functions fi, --,fm, the level sets of 
fus "fm Gth on W are locally the same as those of the functions 
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fi," * ‘> fm, À and therefore have dimension d—m—1. Thus the dimensions 
at po of the level sets of Band BU {g +h} are d— m and d—m— 1 respec- 
tively. This contradicts the fact, derived above, that both these dimensions 
are À. Thus case 2 does not arise. | 

Next consider case 3. In this case it is clear that locally the level sets 
of B, BU {g +h}, and YU BU {h} are the same as the level sets of fa- , fm: 
This contradicts the fact that the level sets of Band MU BU {h} containing 
2. have respective dimensions À and y <à at po. Thus case 3 also does not 
arise. This completes the proof of Lemma 2. | 


Definition 4 (by induction). Let X be the Cartesian product of complete 
metric spaces X,,-°-,X,. If n=—1, then FCX is said to be of third 
category if it is of first category. If n > 1, then F is said to be of third 
category if the set of all points p in X,X °° XX, for which the set of 
points g in X, such that (p,q) € X is not of first category is of third category. 

It is clear that a countable union of sets of third category is of third 
category, and that the complement of a set of third category is dense. 


Terorem 1. Let K bea partwlly analytic space. For each a, let Ba 
be a subset of A(Ma) and let Ma, * +, ha be elements of A(Ma), where k 
is a fixed positive integer. Let Pte, 1StSk, consist of all p in M, such 
that the dimension on the manifold Ma of MU Bae U {hig,: + +, ha} over Ba 
at pis at least +. Let G be the set of all g= (g1,° * * , gx) m FU such that 
for each a, each 1, and each p in Pta we have = 


(*) The dimension on the mantfold M, at p of 


Ba U {91 + Ras | "gr + Aa} 
over Ba ts at least 1. 


Then A — G ts of third category in the k-fold cartesian product x of © 
with itself. | | 


Proof. We show by induction on k that the theorem is true for all 
positive integers k. We assume that the theorem is true for all values of k 
smaller than the one being considered. The proof of the theorem when k—1 
is the same as the proof of the general inductive step, and so need not be con- 
sidered separately. Having fixed k, let f,,- - -,f, be any elements of X. Let 
Oa, 1515 k— 1, be the set of all p in M, such that the dimension on the 
manifold Ma of Y U Ba U {Ma - >, RL} over Ba at pisi. By the induction 
hypothesis, the set G of all (ga, * *, gea) in Y such that for each a, each i 
(1=S1S5%k—1), and each p in Q the dimension on the manifold Ma at p 
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of BU {g1 -+ hia: > t, gra + hy} over Ba is at least + has the property 
that FT — Ge is of third category. Fix some (91° * ",9xı) in Go Let Qa 
be the set of points p in M, for which the dimension at p of 


Bi =Y U Ba U {git hat © +, Quai + RAF a} U {ha} 
over . | | 
Sa = Ba U {g + Ra,” 2 "gra + APE} 


is at least 1. By Lemma 2, the set Z of gx in X such that for each a and 
each p in Qa the dimension at p of Ba U {gi + Ma,’ © *,gx + hf} over 
Ba U {gi + hte: © <, grea tH htc} is at least 1 has a complement of first 
category. We first show that g == (g1,° **,gx) is in G for each 91,° > *, gra 
in G, and each g, in Z. Afterward, we show that this implies that *2{— G is 
of third category. | 

We therefore now prove that g€ G. Consider a point p in some Pfa. 
Let À be the dimension at p of 


Ti = WU Ba U {hta 5 s Mo} 


and „ that of Ba, so that A— p 1 because pE P'a. Let v be the dimension 
at p of | 
TAU Bald {ha $ =, AQ}. 


Then either A==v or A==v-+1 (see [10], p. 43), since T, contains one more 
function than 7. Consider first the case y mu À and t< k. Then v—p=t, 
so that p€ Q'a. Therefore the dimension at p of Ba U {gs + Ale,’ © +, Gea 
HAL) over Ba is at least t. Therefore g satisfies (*) at the point p. 

Next consider the case in which either v=A-—1 or t=—k. Thus” 
y—pezt—l, so that pe Ot, if +1. 

Therefore the dimension at p of Ba U {qi + Ra, +, 9-1 + RAF} over 
Ba is at least t— 1; this clearly also holds if t=—1. Thus to show that g 
satisfies (*) at the point p it is enough to show that the dimension at p of 
Ba U {ga this‘ *,gx—t Afa} over Ba U {9:1 + Ma: " +, ra + ho} is at 
least 1. Therefore it is enough to show that p € Qa, or that the dimension 
of S,-over S, is at least 1 at p. Consider first the case y—A-—-1. Now the 
level sets of S, and SU MM are the same as the level sets of T, and T: 
respectively, because gi, * '*, gra are in A. Thus the dimension at p of 9, 
over 8, is at least À — yma 1, so that pE Qa and g therefore satisfies (*) at 
the point p. Consider next the case À = y and i =— k. Then 1Zp+i—p+k, 
and as above we see that À is the dimension of S, at p. Since S; contains 
k — 1 more functions than Ba and since Ba has dimension y at p, the dimension 
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of S, at p is at most p+ (k—1). Therefore the dimension of S, over S, 
at p is at least »+k—(u+k—1)—1. Thus pe Qa 80 that g satisfies 
condition (*) at the point p in this case and therefore in all cases. It follows 
that (qu * “5 gx) € €. 

To see now that #1 — G is of third category in MX, note that IA — G, 
is of third category in #9 and for each: (91° * *>9ea) ia Go the set of 5 
in X with (91,° - *, x) in A — G is a subset of W—Z and therefore of first 
category in X. Therefore *A— G is of third category, as was to be proved. 


3. Analytic polyhedra and weak holomorphic convexity. In this 
section we investigate mappings of a d-dimensional partially analytic space 
into C4, Theorem 1 of the last section of course has applications to such 
mappings, but the purpose of this section is to obtain stronger results, under 
the assumption that K has certain analytic convexity properties. The basic 
notion is that of an analytic polyhedron. 


Definition 5. A subset L of a partially analytic space K is called central 
if it is the union of some subfamily of the family of structure manifolds of K 
and if each component of an open set in L is open. Let (f,,---,f,) be 
functions in X and let L be a central subset of K. Define 


Po= {p: pe L,|fi(p)|<11SiSn}. 


Let P be a union of certain components of Pe. If the closure P of P is a 
compact subset of L, then P is called an analytic polyhedron defined by the 
functions (f1,° - ",fn), and L is called the frame of P. The dimension of P 
is the maximum of the dimensions of Y on the manifolds Ma N P for Ma C L. 
P is called reduced if n = dim P; otherwise U is called unreduced. An 
unreduced analytic polyhedron P is called prepared if for each structure 
manifold Ma of K which is a subset of L and intersects P the set I 
has dimension 0 on the manifold MeN PN {p: f.(p) 40} over the set 
elf) > *,fn(fi) *}. BdryP denotes the boundary of P when P is 
considered as a subset of its frame L. 

Note that an analytic polyhedron P is an open subset of its frame J, 
since each component of the open set P, in L is open in L. Therefore 
bdry P = P—P. 


Lemma 3. If P is an analytic polyhedron defined by fı: + +, fn, then for 
each p in bdry P there exists k, 1S k Sn, with |fi(p)| =1. 


Proof. Let P, be defined as above. Assume the lemma is not true. 
Then | fi(p)| <1, 1517, 80 that pe Po. Since P is both open and closed 
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in P,, and since p€ bdry P CP, it follows that pe P. This contradiction 
shows that the lemma is true. 


THEOREM 2. Let K be a partially analytic space and let fi,’ + -,f, be 
functions in À defining an analytic polyhedron P with frame L. Let S be a 
compact subset of P and r>1 a constant such that 


SCP (a: Ko) <7, 18159}. 
For each positive integer N let Q be the union of those components of 


Qo = {pipe L, | (rfi(p))% | <1, | (rfii(p) )*¥ — Ihe)’ | <1,2S180} 


which contain points of S. Let R be the union of those components of 


B,— {p: pE L, | (rfp) S — (rfi(n)) |< L2Si1Sn} 


which contain points of S. If N is sufficiently large, then Q ts an analytic 
polyhedron with frame Land SCQCP. If P is prepared and if N ts 
sufficiently large, then R ts an analytic polyhedron with frame L and 
CHR. | 


Proof. Clearly S C Q and S C R if N is chosen so large that | f,(p)| 
<$r%,1lstsin, pES. Clearly, also, the fact that Q and R are analytic 
polyhedra with frame Z will follow from the inclusions Q C P and ECP. 
Consider first the general case, so that P need not be prepared. We wish to 
prove Q CP. Now if p is any point in bdry P, then | f(p)| = 1 for some ¢. 
If | f1(p)| 2171, then by the definition of Q, it is clear that p is not in Q. 
If | fi(p)| <r*, then 


ap) Pe CRD | ae ae ad, 


so that p is not in Q is N is sufficiently large. Thus if N is sufficiently 
large Q does not intersect bdry P. Thus each component of Q is either a 
subset of P or disjoint from P. Since each component of Q intersects S C P, 
it follows that Q C P, as was to be proved. 

Now assume that P is prepared. We must show that À CP if N is 
sufficiently large. To this end it suffices as above to show that R does not 
intersect bdry P. Assume therefore that (bdryP) NR is non-void for a 
sequence {Nm} of values of N, where N,—>0o as m—>co. Choose a constant 
ce with r+<c<1 and write 


Ee RE Bey, 
where 
V = {p: |A| <1 SiS n}. 
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Since (bdry P) NE is non-void, there exists a component G of R— V which 
intersects bdry P. Now G contains a point g, of the boundary (in L) of 
V N L, since otherwise G would be a component of À containing no points 
of 8. Let Tm be the component of T°, containing qo, so that J, C G. Now 
Tm intersects bdry P, for otherwise Tm would be a component of R—V and 
would therefore equal G, contradicting the fact that @ contains a point of 
bdry P. For each p in Tm there exists k, 1S kn, with |[f.(p)|Zc. For 
this value of k we have 


N| AY = | (rfe(p) )¥ | — | (rhe) — (efi HONTE (or) ¥—1, 
where N=N„. Hence, for pE Tm, fı(p) 0 and 


(ADY CAPI IT ler)" —1)* < 2 (cr) 


if N Nm is sufficiently large. Let Dm consist of all complex numbers z 
such that |2¥—1|<2(cr)-%. For z in Dy, 


1—2{cr) N < |z|- 1+ 2(er)-%, 
so that 
1—2(er)-N <|2|<1+2%(er)N, 


or |1—|2||<2(cr)-%. Also, if arg z¥ is chosen between — and +, then 
|2V¥—1|=4largz’ |, so that |argz" | S4(er)"Y. There therefore exists 
an integer 7,0 = 7 N — 1, such that 


| arg 2—2jnN+ | S AN (er) N < A(cr)-% 
if arg z is chosen properly. Thus, if £/—exp(2r(—1)4;N-*), we have 


[z= | S|] 2|—| || + | arg2—arg g! | 
S Rer) N + 4er) N = 6 (er) N, 


Therefore Dm is contained in the union of the circular neighborhoods of radii 
6(er) X about the Nm-th roots of unity. These neighborhoods are clearly 
disjoint if Nm is sufficiently large. Thus the functions fif), SiS n, 
each map Tm into the union of these disjoint neighborhoods. Since Tm is 
connected, f;(f,)"" maps Tm into a particular such neighborhood Fmi Let 
the corresponding N„-th root of unity be {+ Thus 


|fı(p) (f1(p) )7* — lm. | < 6 (cr) Y~ 


for all p in Tm. By passing to a subsequence of {Nm} if necessary, we may 
assume that {£,:} converges for each i to a number (; as m>w. The 
sequence {Tm} of compact subsets of the compact set P may also be assumed 
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to converge to a compact subset T of P, in the usual topology for compact 
subsets of a compact space. Tm is connected because 7’, is connected, so that 
T is connected. Clearly T is a closed subset of P. Since Tim contains points 
in bdry P and bdry V, T also contains points in bdry P and bdry V. Also 
Klo) (fa (p))7 = bs |  ?SiIEn, 

for all p in T. Partition T into equivalence classes by defining p=qg, for 
p and q in T, to mean fi(q) —fi(p), 1Sı=n. Since T is connected and 
contains points in bdry P and bdry V, since each f; is bounded in absolute 
value by c < 1 on bdry V, and since to each point in bdry P there exists fi 
having absolute value 1 at that point, it follows that some f; assumes an 
uncountable number of values on the set TNP. Therefore there are an 
uncountable number of partition classes of T N P. Thus there exist an Ma C L 
such that Ma, intersects an uncountable number of partition classes of 
TOP. Let 8 be that level set of the functions fe(f1) =, © <, falf) = on 
PO Mat {p: fı(p) 40} which contains the set TN P, so that S contains 
an uncountable number of level sets of f:,- © <+, fa on Ma. The locally analytic 
set S in Ma splits into a countable family {84} of irreducible analytic sets, 
none of which is a subset of the union of the others. There exists k, such 
that fı’ > -,f, are not all constant on Sr, Since S}, is irreducible the sets 
of constancy of fi," - +, fa on S,, are all of dimension less than the dimension 
of Si, If po is a point in Sz, not in any of the other S+, it follows that the 
dimension on the manifold Ma of fi,‘ - -,f, over fe(fı) © +, fa(fr) at po 
is at least 1, contradicting the fact that P is prepared. This completes the 
proof. 


Lemma 4. Let {L;} be a fimte family of central subsets of a partially 
analytic space K, and let fu: ` +, fn be functions in X such that for each j 
there exists an integer y= y(j), 1Sy(}) Sn, such that fi: > >, fy define 
an analytic polyhedron P; with frame L,; For each j let 8; be a compact 
subset of P, Then there exist functions Fa, ` +, Fa in U such that for each j 
the functions Pi,‘ + +, Fy define an analytic polyhedron P’, with frame L; with 

8;C PC P; 
such that P’, is unreduced and prepared tf P; is unreduced. 
Proof. Choose e> 0 such that 
Sy C PiN {p: | fi(p)| < 1—26 LStSy(j)} 
for all values of 7. Consider a value of 7 for which P; is unreduced and let 
Ma be any structure manifold which intersects P; and is a subset of L; Let 


Nye = Py Mat {p: fi(p) 5 0}. 
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The dimension of X on Nya is less than y, since P, is unreduced. ee the. 
level sets of A are the same as the level sets of 


H=YXU Ah) fa), 
the dimension of H on Na is at most y— 1. Let G; be the set of all 
(92° © *,9n) in "A such that for all « the set H has dimension 0 on the: 
manors Nyx over the set 

= {92 + half)" > tady + fy (fi) 7}, 
and let G— (1 G; By Theorem 1, with Ba the void set, 1% G, is of third 

J | 
category in *1%. Thus the set 
my a= U (A G) 

is of third category in "1N, where the union is taken over all f for which P, 
' is unreduced. Thus there exists (g2.,°--°,gn) in @ such that for all 7 we 


have |g(p)| <e whenever 2<1<-y(;) and pes whether or not P; is 
unreduced. Define 


fim (ie) Ta +h), 2 SIEn, ` 
and ff. Since the level sets of W are the same as the level sets of H, 
we see by the above that Y has dimension 0 over the set 

FH (1 —e) D 
on the manifolds NX for each 7 for which P; is unreduced. For each 7 let 
P, be the union of those components of 

Pj= {p: pe L; |F| <LI SiS y(i) 

which intersect S; For each p in 8, and for 21 y, we have 


Hostel HIDE G —) 70 e) (1— 2) <1. 
Clearly also | f’:(p)| <1 for p in 84. Therefore DEC pP”, and hence 8, C Ph 
Consider now p in bdry P}. By Lemma 3, | fi(p)| —1 for some à, 1Si=y. 
If t=1, then clearly p is not in P,. If 21 y, then 


(PIE A—e) Th) Ih) |] ZE A —) td —) = 1, 


so that p¢ P’; in this case also. Thus P’; does not intersect bdry P;. Since 
each component of P’; contains a point of 8; C P; it follows that P’, C P}. 
Thus F; is an analytic polyhedron with frame L; defined by f,,- - -,f’,. 
If P; is unreduced then P’; is also unreduced since P’; C P; implies dim P’; 
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< dim P}; P’; is also prepared since we have seen that 2 has dimension 0 over 
Falay Se + Fy Fa) on each of the manifolds 


Nja D PiN Ma {p: Fılp) 0} 
This completes the proof. 


THEOREM 3. Let {L;} be a finite family of central subsets of the 
partially analytic space K. Let the functions f,,- © +, fn in U define for each 
jan analytic polyhedron P; with frame L; Let „=y(j) =min{n, dim Pj}. 
Let S; be a compact subset of P;. Then there exist functions fi,‘ ` +, f'n 
in À such that for each 7 the functions Fa: > ",f define an analytic poly- 
hedron P’, with frame L; such that S, C P’; C P} 


Proof. Let T be the class of all positive integers m such that there 
exist Ay,‘ * ‚Au in Y such that for each 7 the functions h.,: > +, ha define 
an analytic polyhedron Q; with frame L; with S; C Q; C P,„ where 6 == 8(7) 
= max{y(7),m}. Clearly the set T is non-void, since by hypothesis n€ T. 
Clearly also the lemma will be proved if it is shown that 1€ T. To this end, 
assume 1¢ T. Let m be the least integer in T, and choose h,,: © *, hn as above. _ 
We will prove that m— 1€ T and thus obtain a contradiction. The polyhedra 
Q; with y(7) <m are unreduced, since dim Q; = dim P;=y(j). Therefore, 
- by applying Lemma 4, we may assume that the polyhedra Q; with y(1) < m 
are prepared. Let r > 1 be such that | k(p)| <r1, 1StSy(j), pe Sp for 
all values of 7. We define 


hh’, == (rha) — (rha), 


h m-i = (Thin) — (rh), 
h'm = (thy), 
Re = (hm) — (rh) 


h'n == (rhn) Y — (rh). 


If N is sufficiently large it follows from Theorem 2 that h’,,: > -,h’g define 
an analytic polyhedron Q’; with frame L; such that S; C Q’; C Q; C P, where 
8 =max{y(j),m—1}. This shows that m— 1€ T. From this contradiction 
we conclude that 1€ 7’, as was to be proved. 


Definition 6. A partially analytic space K is called weakly holomor- 
2 
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phically conver if it is the union of its structure manifolds and if for each 
compact S C K each component of the set 


Š — {p: pE K,|f(p)|Smaxyeg|f(q)|, all f in A} 


is compact. 


Definiiton 7. A continuous mapping ¢ of a topological space T, into a 
topological space T, is almost proper if each component of ¢*(S) is compact 
for each compact subset 9 of T2. 


THEOREM 4, Let {L,} be a finite family of closed central subsets of a 
weakly holomorphically conver partially analytic space K. Let the dimensions 
of X on the structure manifolds of K be bounded and have the maximum 
value n. Let yy(j) be the maximum of the dimensions of X on the 
structure manifolds of K which are subsets of L; Then the set of elements 
f— (fis: fn) in "I such that for each j the mapping 


F: p> (fil), + +s fy(p)) 
of L; into CY is almost proper ts dense in "Y. 


Proof. It is permissible to assume that L,==K. Let {S;} be a sequence 
of compact sets whose union is K with S; C interior Sı. Let T; be an open 
set containing S; whose closure is compact and whose boundary does not 
intersect &. For each point p in bdry T, there exists A in UY with 


|h(p)| >1> maxges, |h(g)|. 


By the compactness of bdry Ti, there therefore exist a finite number ha, + +, hm 
of functions in Y such that | ka(q)| < 1 for q in 8; and 14m and such 
that | hz(p)| > 1 for at least one k if pe bdry T4 If we let Q be the union 
of those components of | 


Qo—{p: pE K, | h(p)| <1,1<i£m} 


which intersect &, it follows that Q is an analytic polyhedron with frame K 
and &;C Q. Thus Q N L; is an analytic polyhedron with frame L; defined 
by the functions A, + +, hm, and SNL COQNlLs It follows from Theorem 
3 that there exist g‘1,---*,g', in X such that for each 7 the functions 
g's,’ ,9%, define an analytic polyhedron Q with frame L; such that 
SN LC Qy. If we construct the Qy by induction on i, we may assume, 
by increasing the size of Sı if necessary, that U) Ou C Sur. Let Ay,‘ * *,An 


3 
be given functions in W. We show that if the complex constants {a;} and the 
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positive integers {4} are chosen properly then the functions fẹ defined by the 
series ` | 


fem > Gi (gtx) + Ag, 1sSkzn, 
ja 


have the required properties and that fẹ is arbitrarily close to A; in 3. 
To this end, write 


= l 
fr = D (gtx) ft + Ar 1SkSn1lSm<e. 
i=1 
Let m, be an arbitrary positive integer. Choose a, : ‘,@m, to be zero and 
t1,° "tm, to bel. We now give the rules for choosing a, and tm, assuming 


that the previous a, and %& have been chosen. Choose 


| am | > max{| f",(p)|: 1SkSy(j), p € dary Qu, all} + m + 1. 
Then choose tm so large that | 
max(| dm(g(p))' |: 1SkSy(j), pE Gaps < m, all j} < 2. 
This can be done since for s < m we have 
Oy, EEE, NZ 


so that | g”.(p)| <1 for p€ @,; and k=Zy(j). The sequences {am} and {tm} 
having been chosen in this way, we show first that the series defining the 
functions fẹ converge uniformly on compact subsets of K, so that fx is well- 
defined and belongs to W. It is clearly sufficient to consider the compact sets 
Qu D Se Now | an(g"e(p))*= |S 2 for m >s and p in Qu, so that the 
series for fy converges uniformly on Qs. Therefore fpe W. To see that the 
mapping f/ is almost proper, consider a compact set H C CY. It is clearly 
sufficient to assume that 


H = {(4,° 7 eggy) acl za1=S:ı5y} 


for some g > 0. Let T be any component of (f?)"(H). Choose à such that 
TN Qy is non-void. Choose a positive integer m larger than «, 1, and mo. 
Then | 9”,(p)|==1 for some k, 1S kSy(j), if pe bdry Qu; Therefore 


[fe(p) =| Palp) + È algal p)) + an (grl) ) | 


> | am | — | F(p) | -> | ar(gtx(p))* | =m+i— E rama 


r=m+1 


Thus we see that (ff) (H) does not intersect bdry Qm; We therefore have 
TC Qj Thus T is a closed subset of the compact set Om; Therefore T is 
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compact. It follows that f? is almost proper, as was to be proved. It is also 
clear that fx can be made arbitrarily close to A, by taking m, sufficiently large. 


4. Special analytic polyhedra and integration. In order to study the 
local properties of an analytic ployhedron, it is helpful to ne certain 
restrictions. 


Definition 8. A reduced analytic polyhedron P in a partially analytic 
space K with frame L defined by functions fi, .- -,f, in X will be called 
special if the level sets of fi,‘ - -,f, on P are countable and if the set A of 
all « such that M, C L, Ma intersects P, and dim Ma == n has the property 
that (U Ha) N P is dense in P and that Man P is open in L for each «in A. 


It is clear that each component of a special analytic DE is a 
special analytic ployhedron. 


Definition 9. If X is a topological space we define „A, called the k-fold 
unordered product of X with itself, to be the set of all unordered k-tuples 
of elements of X. The natural map of the k-fold Cartesian product *X of X 
with itself into,X is denoted by Qx, or Or if k is not clear from the context. | 
A set in X is defined to be open if and only if its inverse image under the 
map {x is an open set in *X. | | 

It is clear that „X is Hausdorff if X is Hausdorff and compact if X is 
compact. 


Tasorex 5. Let P be a special analytic polyhedron with frame L in 
a partially analytic space K defined by the functions fa © >, fan A. Let Er 
be the subset of O” consisting of points whose coordinates are less than 1 in 
absolute value, and let f be the map 


p> (fi(p),- | ‘,fn(p)) 


of P into Er. For each a in A let M%, be the subset of Ma consisting of all 
points in Ma P at which (fa, - -, fx) ts a coordinate set of functions. Then 
the set M; = U M,” is dense in P and H =f (P — Mı) ts closed and nowhere 


dense in Er. There extsts an integer À = 1, called the multiplicity of P, such 
that for each z in E*— H there exist exactly À distinct points p in M, with 
f(p)—2. The map w from Er — H into „P which takes z into the unordered 
A-tuple of such points can be uniquely extended to a continuous map œ of Er 
into aP. The set P has only a finite number of components. 


Proof. If acA the set M,“ = (Mae N P)— M“ is a locally analytic 
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subset of Ma, since locally it is given by the vanishing of a certain Jacobian. 
Also Mc M, N P because M, — MaN P would imply that locally one of 
the functions f:,: : ,f, depends on the others, contradicting the fact that 
the level sets of f= (f1,- * *,f.) on MaN P are countable. Thus M,” is 
the union of a finite family {N%g} of analytic submanifolds of Me, with 
dim Nes < dim Ma==n. Since M,® is clearly dense in Ma and U Ma is dense 


in P, M, is dense in P. Now each N%g is a countable union of closed. sets, 
as is each Mae NP, ag A. Thus f(N%), a€ A, and f(MaNP), a¢ A are 
countable unions of closed sets of topological dimensions = 2n—2, since the 
analytic image of a closed set of dimensions =2n—2 is of dimension 
<S2n—2. It follows that real dim H =2n—2. Therefore Er—H is 
connected (see [7] for these theorems). Since f(M,) is of real dimension 2n, 
f(M,) —H is non-void. | 

For each z in #*—-H let I(z) be the number of points p in M, with 
f(p) =z. If 1(2) were not finite, the set of such points p would have a limit 
point po in P. Actually p, is in P, since f(p,) € E” implies by Lemma 3 
that po is not in bdry P. If po € Ma for some «EA, the fact that MaN P is 
open in P implies that the level set of f on Ma containing p, also contains the 
points p which are sufficiently near to po. Thus this level set has p, as a 
limit point and is therefore not 0-dimensional; it is therefore uncountable, 
contradicting the fact that P is a special analytic polyhedron. Thus p, is 
not in M, C U Ma. Also po is not in P— M, since z is not in H. Thus po 

ae 


is not in P at all. This contradiction shows that I(z) is finite. For each 
positive integer y let 
Ty = {2: 2€ E”— H, I (2) = y}. 


If zo € Ty, there are distinct points p,,° - -, py in M, with f(p:) =Z, Choose 
ain A with p,€ M,%. For each 1, 1 S15 y, the functions f,,-- -,f, are a 
coordinate set at p; on the manifold Af,%. There therefore exist coordinate 
neighborhoods U,,- ' +, Uy of these points. Thus f(U;) is a neighborhood V;. 
of & in Er and if zE N V4 there exists q in U, 1SiSy, with f(g) =z. 
It follows that I (z) = y. Thus Ty is an open set in Er—.H. 

To see that Ty is closed in #*—H, consider z, in 7, (H*—H). 
Let {z;} be a sequence of points in Ty converging to z. Let pt’ +, p; be 
distinct points in M, with f(p';) =z; We may assume that for each i, 
11S, the sequence {pt} converges to a point pt in P. Clearly f (p+) = zo, 
so as above we have pte P. Since 4€ H*--H, pte M,. If the points pt, 
151S y, are not distinct, for instance if pl == p?, then pt; and p°; are distinct 
points which are arbitrarily near to p! at which f assumes the same values. 
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Thus f is not one-to-one on any neighborhood of p!, contradicting the fact 
that pt€ M,. Thus the points pt, 11S y, are distinct. Therefore z€ Ty. 
Thus Ty is both open and closed in Er—H. Since E”— H is connected it 
follows that either Tẹ is void or Ty=E*r—H. Now Ty is certainly void for 
some integer y; take y larger than I(z) for some z in E*— H. Let À be the 
greatest integer such that T) is not void. It is clear that I(z) ZA for all 
z, since Ty —=H*— H. If I(z) > for some z, then Tyn is non-void, contra- 
dicting the choice of A. Therefore I (z) — À for all z in #*—H. This integer 
À is called the multiplicity of the analytic polyhedron P. | 
To see that H is closed in Er, for each r < 1 let 


Pr=PN{p:]fi(p)| <r1£iZ£n}. 


Now M, is open in P since each M,° is open in P. Thus P,— M, is compact. 
Therefore f(P,— M,):is closed in Er. But 


f(Pp— Ms) = f(P—My) A av: 5) Bilal <r1<i<n}. 


It follows that H == f (P — M,) is closed in Er. 

It remains to show that w is continuous on Er—H and to extend w 
continuously to E”. The extension of w will perforce be unique because 
Er —H is dense in Æ”. To see that w is continuous on Er—H, let {4} be a 
sequence of points in E?—— H converging to a point z in #*—H. Let w(x) 
be thé unordered A-tuple {p',,- - -,pt\} in aP and let w(z) be {pp - AK) 
If » is not continuous on Ë7— H, the sequence {4} and the point z can be 
chosen so that w(%) converges to a point u>&u(2,) in aP. As above we see 
that » consists of À distinct points p in M, with f(p)—2. Therefore 
p==w(2), & contradiction, proving that œ is continuous on Er—H. 

To show that œw can be extended continuously to Er it is enough, since 
aP is metrizable, to show that w has a continuous extension to (E*— H) U {2} 
for each z in H. To do this, let p.,- - >, px be all points in P with f(%) — Zo, 
so that actually me P,1=Sı=k Let Ui: © -, Uy be disjoint neighborhoods 
of pı,’ * `, px respectively. Assume that there exists a sequence {z} of points 
converging to z such that for each + there exists a point gq in P—JU, 
—" "Us with f(q) =z. Then any limit point q of the sequence {qu} 
has the property that f(q) ==2 and q€ P—U,—---—JUy,. This contra- 
diction shows that the seqeunce {z,} does not exist. Therefore 


PVN CU, 0; 


if V is a small enough neighborhood of z. Since V is open in Er and real 
dim H = 2n — 2, the set V — H is connected. For each z in V—H let 8(z), 


PARTIALLY ANALYTIO SPACES. 281 


1<41<k, be the number of elements in the set w(z) NT, = f> (2) N Us 
Since w is continuous on E*— H, & is continuous. Since V-—H is connected, 
& is therefore constant on V—H. Clearly $,& =À. Define w(z) €P to 
consist of the points p,,° * <, pa with the respective multiplicities ,,- + -, ôx- 
This choice is clearly independent of the neighborhood V, and the extension 
of w so defined to (E*— H) U {zo} is clearly continuous at zo. 

To see finally that P has a finite number of components, note that each 
component of P is itself a special analytic polyhedron, and therefore by the 
analysis just given contains a point p with f(p)0. Since by the analysis 
just given P contains only A such points p, it follows that actually P has at 
most À components. 


Lemma 5. Let P be a special analytic polyhedron in a partially analytic 
space K defined by functions fi,‘ * *,fn. Let s be a function on OR which 
is a symmetric polynomial in the variables (2:,: > - ,21) and let § be the unique 
continuous function on C (where C ts the complex plane) such that 50 Qy = s. 
Let g be a continuous function on P. Let 1g be the continuous function 
on P which takes the unordered d-tuple {p:,° °°, pa} mto the point 
fm), ',9(m)} mıC. Let Gum Foxgow. Then g is a continuous func- 
tion on Er which is analytic on Er tf g is analytic on Ma N P for each « in A. 


Proof. Since g is continuous yg is continuous. Therefore 97 —=F°,g°o 
is continuous. Assume that g is analytic on each M, N P for «€ A. Consider 
any point z in E*—H. There exists a neighborhood U of z such that 
f2(0) NP is the union of disjoint neighborhoods U,,- > +, U of the points 
of o(p). We may assume that each U, lies in some Ma, «€ A, and that U, is 
mapped homeomorphically onto U by f. This makes it clear that ÿ is analytic _ 
at z. Thus ğ is analytic on #*—-H. To show that g is analytic on Er, 
we need only show that ÿ is analytic on all one-dimensional coordinate planes. 
As typical of such coordinate planes, consider the planes 


Len {2 = (21, ° £ m) E ER: (2, i 21) = C= (C, i "y Cn1)}, 


where c is a point of Er. Let Œ consist of all c in Er! such that HN Le 
is countable. Since 5 is continuous on H* and analytic on H*—H, G is 
analytic on Z, for each c in G. Clearly, then, ÿ is analytic.on Le for all c 
in G. Thus we need only show that G == Er. To do this we shall show that 
Er: Q is of first category in Emi, 

Let {Ur} be a countable basis for the open sets in H*. Let {Js} be the 
family consisting of the manifolds Ma N P, ad A, and N%g, a€ A, where the 
N“; are defined as in Theorem 5. Thus H C y f(Js). For each 8 let {Ga} 
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be a countable family of open sets in Ja which have compact closures in Js 
and which cover Js. Then | 
Hc U f (Gs). 


For each 8, each y, and each positive integer k let 


Foy = {01 cë BY, {0} X Ür C f(Goy)}. 


The set Fax is closed because U, and f(@s,) are closed. Also Feys bas no 
interior points, since otherwise f(Gs,) would have an interior point in Æ*, 
contradicting the fact that real dim f (Qey) S 2n—2. | 

It follows that Y =a- u „For is of first category in Er". To complete the 


proof we show that Art — “a CY. Consider ce E"=— G. There exists Gs, 
such that f(@s,) NZ, is uncountable. Thus f, assumes an uncountable 
number of distinct values on the analytic subset 

S = Gay N F7 (Lo) 


of Gey. It follows that fa (9) contains some open set in Et, so that U, C fa (8) 
for some k. Thus {c} X Üx C f (Gey), so that cE Fep. Thus #**—@C Y, 
as was to be proved. - 


Definition 10. Let K be a partially analytic space and P a special 
analytic polyhedron in P defined by the functions f,,---,f,. For 0<r<1 
let | 
Pr= PO {p:|fi(p)| <<r,1 StS}. 
Let Bp—= P.O {p:|fi(p)| =r, 1 Sisn}. Let 

E”, =» { (4, ° " tyfn) >| z | <n,1Sı=n} 


and V,—/f(B,)C bdry E". Let s be the function on C defined by 
8(23° °°, 2%) =a +: :+ex If g is a continuous function on P, define 
ÿ as in Lemma 5, so that 


Ga) =g (m) +: +--+ (pr), 


where w(z) = {p1, : -,px}. Thus ğ is continuous and is analytic if g is 
analytic on each Ma N P, @E A. 
Now the linear functional 


g> [td 
is a continuous linear functional in the uniform norm on the space of all 
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continuous functions g on B,. It follows by the Riesz representation theorem 
for such linear functionals that there exists a unique finite complex-valued 
Borel measure p on B, such that 


f, g(p)du(p) = Í, G (2) da," ` ` dën 
for all continuous functions g on B,. The measure du is written dfi: ` -dfa 
We now give an integral formula for special analytic polyhedra which, 
while trivial, is fundamental. 


THEOREM 6. Under the conditions of Definition 10, tf g ts an analytic 
function on Ma N P for each a€ A and if q€ Pr, then 


Ari)” J, IDA) — LDE op) al)" fap) 
= 9(f(q)). 
Proof. Write h= gli — fl] : - [fs —fa(g) 7. The proof depends 
on computing A, which is defined on FV, because À is continuous on B, Con- 


sider z in V, and let w(2) = {pa * :,pA}. Since f,(p;) = for all j, where 
z= (21, © *,%,), it follows that 


h(z) = 9 (2) [%—fi(g)]** > + [en fo). 
We therefore have 


(Ami) OLEOJ + dfa(p) 
mr f „Ion + Ln fal Yea: + den 


Since (f:(¢),° °°, fn(q)) € Er, it follows from the n-times iteration of the 
Cauchy integral formula that this quantity is just g(f(q)), as was to be 
proved. 

The integral formula of Theorem 6 is apparently only good for repre- 
senting functions which have equal values at points of P mapping into the 
same point of £”. That this is not the case is shown by the following 
theorem. 

THEOREM 7. With the notation of Lemma 5 and Theorem 6, let w be 


any analytic function on P (continuous on P and analytic on Ma P for each 
gE A). Let w be the function on PX P defined by 


w(p,q) = [w(p) —w(g)] -[w(pr) —w(g)], 


where w(f(p)) —{p==p1,;"  ",p1}. Then w is continuous on PX P and 
analytic in q for each value of p and analytic in p for each value of q. If w 
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is in A, then w(p,q) is in À when considered as a function of q for each fixed 
pin P. For each function g analytic on P and each q m P, 


Cr f ERTL) fala) O) A) 
| öde 
where the function w(q) =w(g,g) ts analytic on P. 


Proof. Clearly 
ed 
(p,q) — È + a(p) Lw(q) J’, 
where &(p) is the A--t—-1-th elementary symmetric function of 


{w (Pa); a -, W(pr)}. 


Since p— {ps,' ' <, pa} is a continuous map of P into yP, it follows that 
the a, are continuous functions on P. Thus w is continuous on P XP. 
Clearly is analytic in g for each fixed p and w(p,q) EX for each fixed p 
if weX. To show that w is analytic in p, it is enough to show that the 
elementary symmetric functions of {#(p2),: : -,w(m1)} are analytic as 
functions of p. It is a consequence of Lemma 5 that the elementary symmetric 
functions of {w(p.),: - *,w(p,)} are analytic as functions. of p. Now each 
elementary symmetric function of {w(p:),: : °,w(m)} is a linear com- 
bination of an elementary symmetric function of {w(p;),: : -,w(p,)} and 
the product of w(p,) =w(p) by an elementary symmetric function of 
{w(p2)," © *,w(m)} of lower order. Thus it follows by induction that the 
a, are analytic functions of p. 
By Theorem 6, 


riy” See -aI dfa() 
fg), | 
where h is the function on P defined by 


h(p) == 9(p)w(p, 4). 
By Definition 10, | 


h(z) == h(p:) +: + + Am) 
| = 9(p:) (01,9) +: + g(m)w (px 9). 
Thus to compute A (f(q)) we replace {pu + =, pa} by {qu : *, Qa}, obtaining 


h(f(q)) = 9 (qu) (9,9) +: * + g(q)È (ax 9) 
— g(q)0(q, q) =g (q) (q) 


PARTIALLY ANALYTIO SPACES. 235 


since qı = q and w(q,g) 0 for 2£1<A Since h is analytic on P, A is 
analytic on Er, so that hof gù is analytic on P. Taking g==1 it follows 
that w is analytic on P. 

5. Mappings into higher dimensional spaces. The following lemma 
continues the study of special analytic polyhedra. 

Lemma 6, Let P be a spectal analytic polyhedron in a partially analytic 
space K defined by functions fi,‘ * -, fa in À. Let 

P =PN {p:|f(p)|<7,1 S15} 
for 0<r <1. Let A, be the uniform closure of X on P,, so that U, is a 
Banach algebra in the uniform norm. If o is any bounded multiphcative 
linear functronal on U,, then there exists a point po in P, such that.. 
a(g) =g (po), allg in XL. 


If in addition LEN, and A, separates points of P,, there exists a function & 
in U, which has the value 1 on any open and closed set in P, and the value 0 
on tts complement. 


Proof. Since ø is bounded, |o(f,)|<r for l1<i<n. Thus 


zo = (o(fa),* © *,o(fn)) € Em. 


We wish to show that there exists pẹ in P, with f(po) =, and o(g) =g (p0) 
. for all g in X. Assume that this is not the case. Then there exists g, in WI 
with 9:(p%) £0 (g:i) for each p% in w(%) == {p° < >, p%}. There therefore 
exists a linear combination ge of ga," * *, ga such that go(p%) = ago), LESA. 
For each z in Er and each i with 1S:=XA write 


s (2) = 2, 0e Un ai  Go( Ph); 


where {p1,° * ',m}==u(z) and where j,,: : -, 4; runs over all combinations 
of the integers 1,: : -,À taken 1 at a time. By Lemma 5, & is an analytic 
function on £”. If we let E f, then clearly 


A_ 
| (ge) + Lil) — 0 
identically on P, since 


u | 
[PP + LE) Loe(p) T4 LI (go) — goln) ) = 0 


for all pin P. Since & is analytic on Æ”, it can be uniformly approximated 
on f(P,) =, by polynomials F in z,,- : -,z,. Therefore à, can be uniformly 
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approximated on P, by polynomials F in = "+ fae Hence à E Wr. Since ¢ 
is continuous, we have R 


_o(&) =oLF (fo: s fa)] —lim F(o(f:),- + +, ¢(fs)) 
= lim F (za) == & (20). $ 
Thus 


0 = [o(go) + > Lo (&) ] Co (go) Pt 
== [o (go) ]> + > [è (z0) ] el. ği 


Since 8:(20),° © °,8,(z) are the elementary symmetric functions of 
Jo(p°x),* + >90(p%), this implies that (go) = go(p%:) for some +. This 
contradiction shows that a point p, in P, with the desired property exists. 
Assume now that 1E %. According to what we have just proved, P, is the 
maximal ideal space of the Banach algebra 1, Therefore according to a 
theorem of Silov-Calderon-Arens, (see [1]), the function ¢ exists. 


THROREM 8. Let K be a weakly holomorphically convex partially analytic 
space, the maximum of the dimensions of whose structure manifolds ts n. 
Let each n-dimensional structure manifold be open and let their union M, 
be dense in K. Let X contain the unit function and separate points of K. 
For each subset T of À let each compact component V, of each level set V of 
T on K consist of just one point, which is isolated in V. Let f==(f1,- + +, fe), 
HE, be an almost proper map of K into Cr. Let {Sx} be a sequence of 
compact subsets of K, with U S,—K and Sy C interior Sy, each of which 
has a finite number of components. Let w, 1Sı=n, be positive functions 
of a real variable z, with lim, a(t) =œ. For r>0 let 


D, = {2: z€ Cr, |a| Ca(r),1Sisn}. 


For each positive integer k let Hy be the union of those cnet of f (Di) 
which intersect Kye. Write 


Gr = [F> (Di) N Heu] — Hr, 


for k= 1. Write Go= H,. For each non-negative integer k let Àx be any 
function in A and ex < 1 a positive real number. Then H, is compact and 
there exists fay, in À such that 


| ra (D) — À4(p)| <<, all P in Gr, k = 0,1, 2,- j 
The map f =f X fn of K into C™ is proper if 
(#) inf | Ax(p)| >œ as k>o. 


peGy, 
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If S is a countable subset of M, at each point of which rank f <n and 
rank Ween, fra can in addition be chosen to have the property (*) rank 
(u fm) = 1 + rank f at each point of 8. The function fn can also 
be chosen to have the property (*) of taking distinct values at the points of 
a gwen countable subset of K. 


Proof. Let Q be any component of f*(D;). Since Q is a subset of some 
component of f *(D,), d is compact. Thus Q is an analytic polyhedron with 
frame K defined by multiples of the functions f,,::-,f,. Since each level 
set of fon Q is closed in ©, and therefore compact, it follows from the hypo- 
theses of the theorem that such level sets are finite. Therefore Q is a special 
analytic polyhedron. For k given, choose 7 so large that f(S;) CD, Thus 
each component of S, is contained in some Q, so that a finite number of such 
Q cover S; The union Q of these Q is an analytic polyhedron. Clearly 
H, C Q, so that H, is compact. 

We construct by induction functions go, g1,° * * in UW such. that for all 
k = 1 

|gu(p)| < ad for p in Hy 
and for all k20 


| go(p) +: + gx(p) —Ax(p)| <tex for p in Gr. 


For this purpose there is no loss of generality in assuming that ex} < er for 
all k. Choose go==Ao, and assume that go,- * *, 9x4 have been chosen with 
the above properties. Let r be a real number with kSr<k-+-1. From the 
compactness of Hau it follows that 
Pr = Hyu O FD, ) 

is an analytic polyhedron with frame K, defined by multiples of the functions 
fott sfm It follows, as above for the analytic polyhedron Q, that Pr is a 
special analytic polyhedron. By Theorem 5, Pr has only a finite number of 
components. Also by Theorem 5, applied to Pr, itis easy to see if k r<k-+-1 
that 

Hen N f° (De) = {pi pE Pr, | fi(p)| S ulk), 1£i£n) 
is the closure of the set P% == f(D) NH; Since Pk has only a finite 
number of components, the set 


Gi, U Hy == (Dr) N Hrn 


has only a finite number of components. By the definition of Hy, H+ is the 
union of certain components of @,U Hy; therefore Gy} is the union of the 
remaining components of Gy U Hy. Thus Ge and H, are disjoint closed sets. 
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Since Gs U À, is the intersection of the nested compact sets Pr, k<r<k-+1, 
there therefore exists a value of r in the range such that the finite number 
of components of Gy U Hy all belong to separate components of Pr. Then 
G, belongs to an open and closed set W in Pr and Hy belongs to Pr— W. 
It follows from Lemma 6 that there exists a function r in Ÿ which is arbi- 
trarily near to 0 on H+ and to 1 on G. Write 


ge = — T| go +: + "+ Jea — Ar]. 
It is then clear that gą has the desired properties if r is near enough to 0 and 


1 on H, and G, respectively. 
Define 


fari zu D Jk 
k=0 


This series converges uniformly on H, since for j= k 
| gap) | < 24D for pe Hy CH 


Now if A is any compact subset of K, there exists j with AC S; Ifk>7 
is chosen so large that f(9;) C De it follows that A C 8; C Hy. Therefore 
the series for f,,1 is well-defined and lies in X. For p in G, we have | 


Palp) =f (P) E Al) — S gl À lolo) 
< te + 202° Se. 


Thus the function fwn satisfies the required inequalities. An obvious modifi- 
cation of the proof yields a function fa. which in addition ‘has properties 
(*).and ($). j 

It remains to show that ig fn =] -is proper if the onito (#) is 
satisfied. Consider p in } (F3), where Fy =D, X {2: ze 01, |z| <k}. Let 
j be the smallest integer = k such that pe H; If j> k, then p is in G 
Therefore | 

k >| fna(2)| > |à (p) | — E 


It follows from condition (#) that this can happen for only a finite number 
of values of 7. Therefore (F+) is contained in the union of Hy and such H,. 
Since H; and H, are compact, this implies that f is proper, as was to be proved. 

The hypothesis in the last theorem, and also in the following theorem, 
that compact components V, of V consist of just one point,, which is isolated 
in V, is in fact unnecessary if K is a complex space. This can be seen from 
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results of Stein [11], which states that if f is an analytic mapping of a 
complex space K having the property that the components of the level sets 
of f on K are compact then it is possible to introduce an analytic structure 
into the class K of such components in such a way that the natural map of 
K into K is analytic. However, we will not pursue this question here. 


THEOREM 9. Let K be a weakly holomorphically conver partially analytic 
space, the maximum of the dimensions of whose structure manifolds is n. 
Let each n-dimensional structure manifold be open and let their union Al, 
be dense in K. Let À contain the unit function and separate points of K. 
For each subset T of U let each compact component V, of each level set of V 
on K consist of just one point, which is isolated in V. Let K be the union 
of a sequence Ky of compact sets, each having a finite number of components, 
with 8, C interior Sy. Let M be a particular n-dimensional structure 
manifold of K, such that X has rank n at each point of M. Let G be the set 
of functions (fa, * *,foner) in PYN such that 


(i) f= (fs; In) ts almost proper, 
(ii) f= (fs + +> Pasa) 18 proper, 
(mi) the rank of (f1,- - +, fon) at each point of M ts n, 
(iv) the functions (fi: > +, fons.) separate points of M. 
Then G ts dense in YN. 


Proof. By Theorem 4, the elements f in "Y which are almost proper are 
dense. Fix such an element f. If V is a level set of f, each component Vy 
of V is compact because f is almost proper. It follows from the hypothesis 
of the theorem that V, consists of one point, which is isolated in V. Therefore 
V is countable, so that all level sets of f are countable. For 1 =i n let A% 
consist of all points in M at which rank f <1. Each of these sets is analytic 
in M and A, CA%,. Clearly 


dim A’, < dim M == n, 


since f, whose level sets are countable, must have rank n at some point of M. 
We now show inductively, starting with t=n and working backward, that 
dim A°,< + Assume therefore that dimA%, <t+1. Let the analytic set 
À, be written as the union of submanifolds {N} of M, and let {Ntg} 
consist of those W##1, of dimension i. To show dim 4% < à, it will be sufficient 
to show that 4% does not contain any of the N*ttg. For if this is the case 
the inclusion 4%, C A%,, implies that A°; is contained in the union of certain 
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proper analytic subsets of the N***, and of the N*+, of dimension less than 1. 
so that dim A, <4. To see that V1, C- A%, note that f has rank 1 at some 
point of N#1,, since its level sets are countable and dimN**,<=1. This 
completes the proof that dim 4%, < $. l f 

Let S be a countable dense set in M. For each Ntg, 1&4 S n, choose 
a point ptg in Ntg at which the rank of f is at least —1. Let H be the set 
of all fw in MW such that ff X fa is proper, such that f has rank 4 on M 
at the point pts for each + and 8, and such that fwn takes distinct values at 
the points of the set f*(S). By Theorem 8, there exists fa in H such that 


| fa (p) —A(p)| <e 
for all p in G,—}H, where H, is defined as in Theorem 8, where À is any 
function in N, and where e > 0. Since by an appropriate choice of the sequence 
{S:} and the functions a of Theorem 8 the set H, can be. made to contain 
any compact subset of K, it follows that H is dense in Y. 

We now choose the functions fais): © "> femi by induction. Assuming that 
far" © “,fnax have been chosen, let At, 1<Si=n, consist of all points in M 
at which f’ - °, fai have rank less than +. Clearly each A* is an analytic 
subset of M. Let B, consist of all points in M— A*, which are identified 
with some other point of M by the functions f1,' - +, fax. Since f is proper, 
the points in K which are identified with a given point p in B+ by the functions 
fs" "mr form a compact set L. By the hypothesis of the theorem it 
follows that L is finite. Let pp, --,p,be the points of M N L. Lete bé 
a small positive number and write | 


G=er(fi—filp)), 1<i<hn. 


Since f is almost proper g == (91, ` *, 9n) is almost proper. Therefore each 
component of g*(Er) is an analytic polyhedron defined by g with frame K. 
Let Pm be that component of g(E*) which contains pa, 1Sm=Sj7. Fora 
fixed m the intersection Im of the Pm», taken for all values of e, is clearly a 
subset of the countable discrete set f"(f(p)). Since Im is also the intersection 
of the Pm, which are nested connected compact sets, it follows that Im is 
connected. Hence J, =—= {pm}. It follows that e can be chosen so small that 
P:,° +,P; are disjoint subsets of M. We can also choose « so small that 
(fot © +> fase) Is one-to-one on Py, since pp pe M—A*,. Write 


h= (fi—fi(p)), Ä 1Si<n+k, 


h=(hı,'' +, hug). It follows by an argument similar to the one just used 
that there ete a neighborhood U C P, of p such that 


UN By U Nh? (P,U- + -UP,)). 
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Now A maps Pm properly into Er X CE, since Pm is an analytic polyhedron 
defined by g == (hı,' © ,h,). Let Wa—=A(P,). Since h is proper on Pm, 
it follows from a standard result ([9], Satz 23) that W,, is an analytic subset 
of En X C4 Thus W = W,U- -U W; is analytic. Thus UNA(W) 
— 7 N B, is an analytic subset of U. Since p was any point in B,, it follows 
that By is locally analytic. | 
We choose the functions fac, * *,famx by induction to be arbitrarily 

close to given functions in X on a given compact subset of K and to have 
the properties | 

dim A*; < max {0,t— k}, 

dim By < n—k +1. 


We first check that the function f,,, already chosen has these properties. 
Since f has rank + on M at p?p, it follows that A7; intersects Ntg in a proper 
subset, which therefore has dimension at most i—2. Since 41, C A%, it then 
follows as above that dim AN S1—2. Let p be any point in S— A'a. By the 
choice of fai we see that pé B, Thus B, is a proper analytic subset of the 
manifold M-—-A*,; it follows that dim B, <n. 

Assume now that fi,‘ - fne have been chosen so that the above dimen- 
sion inequalities are true. Write | 


Ad y Nix, 
a countable union of submanifolds of M. Write 
B= U JB, 
B 


a countable union of submanifolds of M. Now if i— k > 0, consider N’ 
of dimension i—k—1, the maximum possible dimension by the induction 
hypothesis. Since Nfe E A*i (f1,: cofar) have rank at least t—1 at 
some point pfi of Nix. Thus fmx can be chosen to be arbitrarily close to a 
given function in Y on a given compact subset of K and to have the property 
that fı * *, fnexss has rank 1 at pP, for each pf. It follows then that 


dim A1, < max {0,1 —k — 1}. 
The function fx: can be chosen to have the additional property that each Ja 
contains some point p not identified by fmx with any of the points which 
fi’ * > mx identify with p. Thus p is not in By, so that Byn intersects Jg 
in a set of dimension at most (dim Jg) —1 (dim B) —1<n—%. Since 


Ben C BU A*a C U Jg U AR, 
it follows that 
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+ 


dim Braun = max{dim 4#, , dim Bra N Jp} <n—k=n—(k+1) +1. 


Thas the functions fit °°) fener With the desired properties are dense in Y, 
Now (iti) follows from the fact that 


dim A", < max {0 n — n} = 0, 


so that A*, is void. Finally, (iv) follows from the fact that Ar", C An, is 
void and that | 


- dim Baa < n— (n +1) +10, so that B,,, is void. 
This completes the proof. | | 


` UNIVERSITY OF CALIFORNIA, BERKELEY. 


REFERENCES. 





[1] R. Arens and A. P. Calderon, “Analytic functions of several Banach algebra 
elements,” Annals of Mathematics, vol, 62 (1955), pp. 204-216. 
[2] H. Behnke and K. Stein, “ Modification komplexer Mannigfaltigkeiten und Rie- 
mannscher Gebiete,” Mathematische Annalen, vol. 124 (1955), pp. 1-16. 
[3] S. Bergmann, “Über eine in gewissen Bereichen mit Maximumflache gültige 
Integral darstellung der Funktionen zweier komplexer Variabler,” Mathe- 
matisohe Zeitschrift, vol. 39 (1934), pp. 76-04. 
[4] H. Cartan, Séminaire Hoole Normale Supérieure, 1951-1952. 
[5] , Séminaire Hoole Normale Supérieure, 1963-1954. 
[8] H. Grauert, “ Characterzierung der holomorphvolständigen komplexen Räume,” 
Mathematische Annalen, vol. 129 (1955), pp. 233-259. 
[7] W. Hurewiez and H. Wallman, Dimension theory, Princeton, 1948. 
[8] R. Remmert, “Sur les espaces analytiques holomorphiquement separables et holo- 
morphiquement convexes,” Oomptes Rendus Hebdomadaires des Séances de 
l’Académie des Sotences, Paris, vol. 243 (1956), pp. 118-121. 
[9] ———, “ Holomorphe und meromorphe Abbildungen komplexer Räume,” Hathe- 
matische Annalen, vol. 133 (1957), pp. 328-370. 
[10] H. Rossi, Analytio spaces, U. 8, Air Force eue report, Princeton University, 
1960. 
[11] K. Stein, “Analytische Zerlegungen komplexer Räume,” Mathematische Annalen, 
vol. 132 (1956), pp. 63-93. 
and R, Remmert, “Über die wesentlichen Singularitäten analytischer 
Mengen,” ibid., vol. 126 (1953), pp. 263-306. 
[13] A. “Weil, “L/int£grale de Cauchy et les fonctions de plusieurs variables,” ibid., 
vol. 111 (1936), pp. 178-182. 





[12] 





PARTITIONS IN CERTAIN ARITHMETIC PROGRESSIONS.* 


By SHÔ ISEKI. 


Introduction. Let Q == {a,,a.,- ' ',a,} be a set of y distinct integers 
satisfying 0<a;< M, (a, M) —=1 (j=1,2,---,v), where M is an integer 
= 2. Such a set @ will be called symmetric, if with a also M — a belongs to Q. 

For any given nonnegative integer n, one may consider partitions? of n 
into positive summands whose least positive residues (mod M) belong to 
@, or in other words, partitions of n into numbers of the form Mla; 
(E==0,1,2,° 551,2," *,v). In case M is an odd prime, this partition 
problem was treated by E. Grosswald [2], who obtained an asymptotic formula 
for the partition function. 

-~ When @ is symmetric, the special case Q — {a, M —a} (M = 3) may be 
regarded as fundamental; in this case the corresponding partition function 
p(n;a, M) has been fully discussed in [6]. 

In the present paper we shall be concerned with another interesting case 
of symmetric sets. Namely we shall treat the partition function associated 
with a symmetric set @ consisting of all integers a for which 0 < a < M, 
(a, M) —1; or more simply, the number of partitions of n into those sum- 
mands which are positive and prime to M. This partition function will be 
denoted by par(n). Applying the method developed in [5] we shall find a 
suitable transformation formula for the generating function of py(n) and 
represent pa(n) exactly as a convergent infinite series. The same method 
would also be valid for general symmetric sets, though we shall not go so far 
in this research. . 

In case M==3 or 6, our partition function pa(n) is identical with 
p(n;1,M) mentioned above, and in case M==2 it reduces to p(n;1,4) (cf. 
L. K. Hua [4], I. Niven [8]). M. Haberzetle [3] has treated the case where 
M is a product of two different primes under the restriction that ¢(M) =0 
(mod 24), $(M) being the Euler function. This restriction she imposed 

* Received September 7, 1960. 

1 By ‘the number of partitions of n’? we mean the number of solutions of 

n == 1,8, + Pass +: :- 
in nonnegative integers ny, ne. . ., Where 8, 5,,. . . are the given (positive) summands. 


This implies, in particular, that when n = 0 the partition number is 1. 


243 


244 SHÔ ISEKI. 


t 


on M in order to avoid difficulties arising from the estimation of certain 
exponential sums which occur in the analysis. 

The present paper will deal with p(n) for general values of M, covering 
all the previously known results which were obtained in particular cases. We 
may assume, without loss of generality, that M 18 a square-free number. In 
Section 1 we shall develop a transformation theory for the generating function 
Fy (a) of the partition function py(n) ; the result is possibly of some interest 
in itself, apart from its application to the partition theory. We shall show, 
among others, that Fu(x) is transformed into Fy(z) or into Fır!(z’) 
(= 1/Fy(a’)) by taking an appropriate new variable z’. In their treatments 
of the special cases, Niven [8] and Haberzetle [3] have utilized the theory 
of the Dedekind modular function to derive the transformation formula for 
Fu(z). Their method, however, seems to be unfeasible in the general case, 
For our method, on the other hand, it is unnecessary to make any use of the 
theory of modular functions. ‘In Section 2, we shall study a certain sum of 
complicated roots of unity which will be needed in the analysis. This sum 
can be reduced to a generalized Kloosterman sum and consequently a satis- 
factory estimate for the sum will be obtained. In both Sections 1 and 2, 
frequent quotations will be made from [5] so as to establish the desired results. 
In Section 3 we shall obtain a series expansion for pu(n) in terms of Bessel 
functions, by using the method of Rademacher [9]. This expansion is valid 
for all nonnegative integers n, except that, in case e (M) =0 (mod 24) and the 
Mobius function (M) is equal to +1, we have to assume that n546(M) /24. 
The final section is devoted to derivation of asymptotic formulae for py(n) 
for large values of n. The method in this section will be quite analogous 
to that of [5,84]. We shall give an asymptotic formula in terms of elemen- 
tary functions of n as well as a more precise formula involving a Bessel 
function. 


1, Transformation theory for the generating function. The generating 
function Fy(x) of the partition function py(n) is given by 


Fuis) =È pu(n)z — IT ans (el <1). 
= (I; M)=1 


Our subject in this section is to establish a transformation formula for 
Fu(z) which will exhibit the behavior of F(x) in the neighborhood of its 
singularity at each rational point of the unit circle. To this effect, we put 


T == EXP (Qrth/k — 3rz/ k), 
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where h, k are coprime integers. (k = 1), and z is a complex variable with 
R(z) > 0. Further, let 


K = L.C.M. of k, M; D == F.C. D, of k, M, 
and put k==k,D, M=m,D. Then we have (m, kı) —1 and (m,,D) =1 
(the latter follows from the stipulation that M is square-free), so that also 
(m,k)—=1. Take, then, an integer H to be any fixed solution of the 
congruence 
(1.1) m,hH =—1 (modk), 
which is solvable on account of (h, &) = (m:,k) —1; and set 

T == exp (2rtH /k — 2n/K2). 
We are now in a position to state our transformation theorem. 


TsEeorem 1. We have 
Py (z) = 7(M, D) Ox (h, k) 


2 
oa exp (wg (M) /12k) (u(D) /mye — (M2) Pure). 
Here f i 
M+, if M is a prime and D == 1, 
(4:8) ao LE a otherwise ; 


p(t) and p(t) are, respectively, the Euler and the Möbius functions; e= pCa); 
and Qu(h,k) 18 a root of unity defined by 


(1.4) Oar (h, k) = exp{xida(h, k) } 

with the notation 

(1.5) Zu(h,k)— E ((A/K))((hA/E)) (M 23), 
LACK 
QM)=1 


2 ((A/#))((A/E)), if 4Tk, 
CA CE 


(À, 2)=1 


(1.6) 3a (h, k) — occa ((A/2k))((hA/k)), if 2|& and 44k, 
E ((Mak))((hA/k)), if 24k, 
aaa 
where 


0, if t is an integer, 


(1.7) ((é)) = j a [t] — 4, otherwise, 


[t] denoting the greatest integer not exceeding t. 


246 ©. SHÔ ISEKI. 


. To prove Theorem 1, we require the following lemma. 


Lemma 1. Let N be a positive tener and u(t) the Möbius function. 
1) If f(t) is any function defined for 0 < ig 1, then 
2  y/ = Ze (N/a) | 2 JT): 
| ra ma 
2) If f(t) is any function defined for 0 <t<1 and f(t) 0, then ` 
fm = IL fer/a) yon. 
N= 
3) If g(t) is an arithmetical function for which sn is absolutely 


convergent, then 


it 0 TT {9 (nd) un, 


(1, Mai 
Proof. 


1) We apply the Mobius inversion formula: 
ZF —G(N) implies F(W) — a(N/d) Ga) 


to the obvious identity 
2 è f0) = 2 a A): 


alN srs 
(r, ee 
and the result follows. 
2) The proof is similar to that of 1) and may be omitted. 
3) Since 
£0 no 00 LT co 
I 90) — 11 Uo(rt+sWy— Hg (W(r/N +3), 
(1,N)=1 (,N=1 (r, N)=1 
we can apply 2) with f(t) =I g (N (t+ 8)). The right member of the 
identity in 2) then becomes 


It Tg (N (r/d +-2)) aera 


diN 1SrSd s=0 
-M H JL iT 9 ((W/a)(r-+ sd) ) Jaia TI {119 ((W/d)n) peor 


<= I PACA (N/d)n) VANIA). | 


The required result now follows on replacing d by N/d. 
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In what follows in this section, we shall sometimes say that two integers 
N, N, are complementary with respect to N to mean that they satisfy the 
relation nı + nı =N for a fixed positive integer N. 

We now proceed to the proof of Theorem 1. 

Let us treat first the case M=3. We begin by HUE 4b(M) 
(— x) integers &,@:,: * *, a defined as follows: 


Case 1). D—lor2. Let a, đa’ > *,a be the set of all distinct integers 
a for which 0 <a < M/2, (a, M) = 1. 


Case 2). D=3. Take an integer b of the interval 0 < b < D/2 with 

(b, D) = 1, and another integer c of the interval 0c < m, with (¢,m,) <1. 
Define, then, an integer a by 
(1.8) O<a<M, ha=b(modD), a=c (mod m). 
Since (h, D) = (D, m,) =1 and Dm, = M, it is plain that (1.8) yields a 
unique @ for any set of h, b, c. This being so, we keep h fixed and let b, c 
range over their values, so that we have in all 44(D) : (m:) = 4ġ (M) such 
integers a. Let these a’s be &,@,: - *,dx. We then see that these integers 
are distinct and prime to M and pairwise incomplementary with respect to 
M. (If, for example, a,, a2 were complementary with respect to M, then we 
should have b, + b,==0 (mod D), where bı, bz are the values of b which 
correspond to 4,, & respectively. But this is impossible since 0 < b, < D/2, 
0<b,< D/2). 

From the above definition, it follows that in both Cases 1) and 2), all the 
integers a satisfying O<a< M, (a, M) —1 are just given by di, d@s,- ' `, Gx, 
M—a,M— 0, ` ',M— ax Accordingly, our generating function Fy(z) 
can be expressed in the form 


(1.9) Fa) I PM), Mm {la,la * +, Ox}, 
ae 


where 


F(a; a, M) + II (1 — gra) -1 (1 — pMa) 1, 
m=0 


Some properties of the function F(z;a,M) have been studied in [5] and 
[6]. We quote here the transformation theory for F(z;a,M) from [5, 81] 
and [6, Theorem 2]:? 

Choose any fixed pair of integers y, & such that yk,—-8m,—1. Define 
then an integer H as any fixed solution of the congruence AH =è (mod k). 


3 In what follows, the letters 47, h, k, z, K, D, ka, m, have the same meanings 38 
before, though df is not necessarily restricted to be square-free in [5] and [6]. ` 
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Let 
T == exp (2rth/k — 2rz/k), T == exp (?riH/k—Rr/Kz). 


Also define 


aan integer of the interval 0 <a < M with (a, M} 1, 
pa == exp (— 2riay/M), 


(1.10) b= b(a) —ha— D[ha/D] (note that ha=b (mod D), 0 &b < D), 
(1.11) A—6a—6Ma+ M,  B=6b?—6Db + Ds, 
ws (h, k) == exp{2riag(h, k) J; oa(h, k) = 2 ((p0/K))(Chpe/k)) 

(ba = a, M + a, 2M + a, a (k,—1)M +a), 


(1.13) F(2’;b, D, pa) =T (1— poa’™P+b)-1(1 — p -ta’mD+D-)-1 (D>1). 
m=0 


(1.12) 


In the case D =- 1, we define an integer £, by 
(1.14) sk =a (mod M) (0<&< MM); 


then we have pa = exp(— drié, / M). . We note that for D ==1, H is also 
determined by the congruence MhH =-—1 (mod k), which is coincident with 
the special case D == 1 of (1.1). 


With the above notations we have the tranformation formulae: 
F(z;a,M) —0(h,k)exp{(r/6Mk) (B/2— Az) } F(x’; }, D, pa) 
for D> 1, and 


F (230, M) =} csc (r&/M)as(h, k)exp{(r/6Mk) (B/z— Az)} 
“TI (1 psa’) *(1— peta’) 
for D =1.? ™ 
Consequently we obtain, by (1.9), 


(1.15) Fu(z) =w*(h, k)exp{ (1/6Mk) (B*/2 — A*z) } ITF; b, D, pc) 
for D > 1,4 and 


Fy(z) -H $ csc(m&,/M) -w* (h, kjexp{(r/6 Mk) (B*/z— A*z)} 


1.16 = 
oe TL Open) pig) 
ae m=1 
* When D = 1, the actual value of B is 1. 
t We remark that in the case D = 3, the letter b means the same thing in (1.15) 
as in (1.8) by virtue of (1.10). 
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for D — 1, where 


+ = JI o(h k) A*— SA, Bt DB. 
(1.17) o*(h, k) = IT va (h,k) 2, È 


Let us now calculate the values of A* and B*. It is clear from (1.11) 
that A is invariant under the transformation a— M — a, and therefore 


A*=} 2 Amd (60'—6Ma+ 1) 


Oat M 
(a, M)=1 (a, M)=1 
—iM? 3 {6(a/M)°—6a/M +1}. 
a<M 
(„M)=1 


Furthermore, by Lemma 1.1), this becomes 
$M? Su(M/d) X {6(a/d)*—6a/d-+ 1} —4M? X u(M/d)/d 
g|M lad d\M 


Be DPM eeM A LANA — 4Mp(M)p (M). 
Thus 
(1.18) At Mu (M) p(t). 


Next, to evaluate B* for D = 3, we take into account the relation between a 
and b which is shown in (1.8). We obtain 


Bt=4s(m,) Z (66°—6Db + D?) —46(m,)Da(D)$(D) 
Dr 
— De (D) (M). 


When D == 2, we have b 1 for all a, and hence 
BY — 4o (M) (6—62 +27) =} ul) (M); 
while, when D == 1, we have b =. 0 for all a, and so 
B* == ġġ (M). 
Consequently, for all values of D, we have 
(1.19) © B*=4Dpa(D)$(Ħ). 
Now by (1.12) and (1.17) we get 
(1.20)  w* (A, k) = exp{2mto*(h,k)},  o*(h, k) = 2 salh, k), 


og(h, k) = 2 (Gio/Æ))((hta/k)) | 
(uo == a, M +a,2M +a, - -,(k —1)M +a). 
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Here ((£)) is an odd function of ¢ and has period 1, as is seen from (1.7), 
so that 


colh, k) = 2 (CE pa) /E)) (OE — pa)/k)) = 2 ((va/E))((Ava/E)) 


(E — pa = va; Va = M—a 2M — a. + + kM — a). 
Therefore 


2o*(h, k) — 2, F (Cea/ E) Chua/E)) + E E/E) v) 
= x ON) = Sul k) 


a 
by (1.5). It then follows from (1.20) .that 


w* (h, k) =exp{riäu(h,k)}, 
and hence, by (1.4), 
(1. 21) o* (h, k) = Qu (h, k). 


Our argument is now split into three cases according as D= 3, D==2, 
or D=1. 


Case i). DZ3. By (1.13), we have 
1.22) TL F(2’sb, Dy pe) = IL II (1 por #08) (1 de), 
ae m=0 a€ 


in which the left member has appeared in (1.15). Here pa = exp(— ?riay/M), 
and y is defined by ykı==1 (mod m,). Let us now employ that y which 
satisfies the additional condition y=0 (mod D). Putting y= yD, we have 
Pa = exp (— 2atay,/m,), where (yı, Mı) =1. We note, in passing, that yı, 8 
are then defined by yık — ôm, = 1 and H by m,hH ==—1 (mod k), and that 
this congruence coincides with (1.1). 

Now, remembering that the integers i, đe,’ ' ',Q@« are constructed by 
means of the congruences ha= b. (mod D) (0 <b < D/2, (b, D) ==1), a=c 
(modm,) (OSc< m, (¢,m,) =1) (see (1.8)) and observing that pa 
=== exp (— 2ricy,/m,), we obtain 


IL (1 — pat me) (1 — pa ia’mD+D-b) 1 


a€ 
(1.23) = || II (1—exp(— 2rtcyi/m,) a/’mP*>)-4 
Ob D/2 080<m 
(b D}=1 (osmz)=1 


& (1 — exp (Artcyı/mı) g/mD+D-b) =, 
Here, since (yọ mı) =1, it follows that both exp(—-®ricy;/m;) and 
exp (Artcyı/m,) run over all primitive m,-th roots of unity. Hence the right 
member of (1.23) becomes 


ARITHMETIC PROGRESSIONS. 251 


‘ TI | Ir (1 — pa’mD+d)- (1 — px’ PHP) 
0<b<D/2 pm) 
un: Z D+b\-1 
= II If 1a), 
CCD pim:) 
(b, D)=1 
where IĮ’ denotes that p ranges over all primitive m,-th roots of unity." 


p(t) 
Therefore, by (1.22), 


i RAGE b, D, pa) =" TI Ll’ ae 
am 


(1.24) | 
= I I G—ps")”. 


We now use Lemma 1.2), substituting f(t) = deriji N = m, ; thus 
TY pa")? TT (IT Coe de 


p(my) 


where IT denotes that p ranges over all d-th roots of unity. Since 
H Ay (1— z’}#)-2, we have 
Ir (1 — pe!) m ji (1 — 274) mid), 


pim) 
The right member of (1.24) is E 
II I (1— gi), 
1 dim 
(1 D)=1 
Using Lemma 1.3), this becomes 
(1.25) TL IL II (1 — rta aD, | 


n= d'ID dim 
Here we have 


a(m/d)u(d) = p(m)n(d)u(d) = eu(dd) (c= p(m,)). 


Now, since (D,m,) — 1, we see that as d’ runs over all divisors of D, and d 
over all divisors of m,, d'd runs just over all distinct divisors of Dm, (== M). 
Accordingly, writing d instead of d’d, (1.25) reduces to 


Il II (1 — are) end), 
n=1 d|Af 


which furthermore is written, a uae again Lemma 1.3), in the form 


(1.26) I Gt 
an 


s This notation will be also used in Cases ii) and iii) below. 
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The right member of (1.24) now turns out to be equal to (1.26), which in 
turn is identical with Fy°(z’) ; consequently 


(1.27) IL F(2’38, D, pa) = Far (2’). 


Inserting (1.18), (1.19), (1.21), (1.27) into (1.15), we are led to the 
transformation formula (1.2) for D Z= 83. 


Case ii). DR. In this case we have always b= 1, and so 
JJ F(z’; 6, D, pa) == [| F(2’;1, R; Pa) 
act act 


(1. 28) a tl TI (1 — pag 2741) 11 RR, 
m=0 ae Wf 


Here pa =exp(— 2mtay/M), and y, § are given by yk,—$8m,=-1. Now, let 
=() (mod?) and put y == 2y;, so that yik — êm, == 1. H is then determined 
by m,hH==-—1 (mod k), a congruence given in (1.1). Since M == 2m,, we 

have pg==exp(——2riay,/m,), where (Yu Mı) == 1. 

Now the integers i, az’ * *,@, which constitute the set Y, are pairwise 
incomplementary with respect to m,. For if we assume, for instance, that 
a, + Q; == M, then m, must be an even integer; indeed a, and a, are both 
odd since M is even. But the relation M — 2m, shows that m, should be odd, 
contradicting the above. In addition, we have 0 <a < m, (= M/2) (a€ X) 
by definition. Hence the integers a,m,—a (a€ X) are distinct, the number 
of which being (M) — p(m:), and belong to the interval (0,m,). This 
shows that these integers form a reduced residue system modulo m,. There- 
fore the aggregate of the numbers pe, ps! (aE À) coincides with the set of 
all primitive m,-th roots of unity. Thus we obtain 


IT IL (1 — pa gam) (1 — p a mja 


m=0 gel 
I Tim). II If (Gp) 
m=0 p(m) j=1 


p(m) 
(1,2)= 


pot 


The last expression simplifies to Fy®(z’) (e= p(m,)) as in Case i). Conse- 
quently, by (1.28), 
(1.29) ILF(@;5,D,9) = Fut (2). 


From (1.15), (1. 18), (1.19), S 21), (1.29), it follows that the 
formula (1.2) is valid for D=2. 


Case iii). D=1. In (1.16), the number £é, is defined by (1.14), and 
pa = 0Xp(— Rrtés/M). Here a runs, as a does, over a set of $(M)/2 integers 
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which are distinct, prime to M, and pairwise incomplementary with respect 
to M. Hence we get 


(1.30) IT 4csc(rés/M) == { IL £cesc(rr/M)} 
ace Darius 
and | 
(31) IL (por) (1 pan) IP (1 pr), 
aed P(A) 


To evaluate the right member of (1.30), we employ Lemma 1.2) with N = M, 
f(t) =— 4 caC(rt) (O<t<1), f(1) —1; we obtain 


II %esc(mr/M) = II { II $esc(mr/a) ua 
En dM 1Sr<a | 
Eger nn gaa 
iM a|M d|M 
{ M", if M is a prime, 
1, 


otherwise. 
Thus, by (1.30), 


(1. 32) ALEcsc(ré/M) = (M) 
where 
(1.38) t(M) = { 


Also we have, as in Case i), 


M, if M is a prime, 


1, otherwise. 


(1.84) I IP (pen) TAN) (ea (lH). 
(1,M)=1 
By (1.31), (1.34), we find that 


(1.35) IL HU) po) Rz). 


On combining (1.16), (1.18), (1.19), (1.21), (1.32), and (1.35), the 
desired formula (1.2) is proved for D —1. 

We now turn to the proof of the case M == 2 which we have excluded from 
the above arguments. Now Theorem 3 of [6] states that 

Fa) —1(2, D)o* (h, k)exp{ (7/12) (u(D) /miz + 2) }Pat(2’), 
where 
x = exp (?rih/k — 2wz/k), L = exp (Rat /k — 2r/Kz), 
m,hH =— 1 (mod k), e= u(m), 

and 
(1.86) wt (h, k) =m exp{2ric, (h, k)} 
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with re | Ä 

(E) (11,59, kB), if al, 

oh, k) — 2 ((u/2k))(Chu/k)). (u=—1,6,9,:  ,2k—3), if 2 |k and 47k, 
LE ((a/4%))(Chan/B)) um 1, 6,9,- 463), if BTR 


Hence we have, as in (1. 21), 
(1.37) ot (h, k) = exp {aida (h, X) } = Ra (h, k) 


with the X:(h,k) defined in (1.6). The formula. (1.2) therefore remains 
true for M ==2. | 


The proof of Theorem 1 is thus a in all cases. 


2. Estimation of some exponential sum. Let us consider the OONDE 
exponential sum: 


(I) Se= Balm viso 3) = F Ou Ch, koxp (2ni(—mh A 
(hmod k, 8, < (A) < s2). 


Here n, v, 81, 8, are all integers with n=20, v0, 0 < s,—8, =k; H and 
Qu(h,k) are defined respectively by (1.1) and (1.4); À is any fixed solution 
of Ah==1(modk); the notation sı Œ (4) < sy implies that there exists an 
integer t such that t= A (mod k), 8 =t<8; and the summation symbol 
> denotes here and subsequently that h runs over any reduced residue system 


of the given modulus with various summation conditions indicated in paren- 
theses. We see that each summand in S+ has a period k with respect to A, and 
hence the residue system modulo k over which the summation extends can 
be arbitrary. | 


We shall now establish the following theorem. 
THEOREM 2. The sum Sy defined by (2.1) is subject to the estimate 
| Sa | < Oke (n+1)8 | 


for n nonnegative integers and nen, tf tom u(M)pb(M)/24 is a positive 
integer. Here a, B are any numbers satisfying 0 < a < B < 4, and C u positive 
constant depending only on a, B and M. 


Proof. Throughout the proof, we shall make free use of the results of 
[5; 82, pp. 948-950], and the meaning of the unexplained notations in the 
proof will be the same as in [5]. | 
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It is convenient to divide the discussion into two cases according as D > 1 
or D = 1, 


Case (1). D>1. In the first place, we notice that S, is written in 
the form 
(2.2) = 2 > Qur (h, k)exp{2at(— nh + vH) /k} 
O<eoctD A 


(0,D)=1 


(hmodk,h=c (mod D},s,< (A) < sa). 
Next, by (1.21), (1.20), (1.87), and (1.36), we have 
(2.3) Qulh,k) = exp{2rio* (h,k)},  o* (hy k) = X oh), 
where 
Um {aa aa °°, Ox} (M23), A= {1} (Mer) - 
On the other hand, [5, p. 947] implies that ° | | 
(2.4) ca (hy k) = (Wah + VaH)/(9DE) + We (mod1); 
in which’? | | 
U, == gD*y,(aX + MY) —03{2K? + 3K(2a—M) + A}, 
Va==— p(B — k’), 
Wa = — (y:1/4)(k + 2b —2D) + {(ay,/2M) + (808m,/gD)} (2 — D) 
— (g¥8/4) {2a + 2M + (2b —1)m}, 
y1, ô being integers so chosen that yık — $m; == 1. 
Therefore we find that 
(2.5) of (h,k) = J oa(h, k) = (U*h-+ V*H)/(gDk) + W* (mod 1), 


where U* = U, V* = > Va, Who S Wa. 
act get art 
We note that when A==c (mod D), we have, by (1.10), b==ah==ac 
(mod D), and hence b == ac — Dfac/D]. 
Putting 2,4= a", 2, bb =" (6), DS Á = A+, © B = B*, we obtain 
- ae ac set acr 


the following result: 


° In the special case M = 2, we must put instead a == 1, M = 4 in the subsequent 
formulae. 

7, ¥ are any fixed integers satisfying fP + gDkY = 1 (see [5; (2.22), p. 9461). 
These integers were denoted by ¢, y in [5], but we have to use here different notation 
since ¢ stands for the Euler function. 
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(2.6) U* = gD’yı(a*X + MY4(M)/2) —65{$(MH)K° 
+ 8K (2a* — My(M)/2) + A*), 
= = — b(B* —k*4(M)/2), 
(2. 6) == — (y1k,/4)(kp(M)/2 + 2b* — Do(M)) + ( 2 aby / id 
— a*y,/(2m,) + (8b8m,/gD)(2b* — Dé(M)/ 2) 
— (gW8/4) {2a* + Mb(M) + (2b* — d(M)/2)mı} 
om W*(c). 
By (2.2), (2.3), (2.5) (see [5; (2.34), p. 948]) 
Sm $, (gD) exp (2nW*(c) ) 
0<o<D 


(0,D)=1 
k-1 
. 2 C1 2 exp(2ri{(U*— gDn)h + (V*8 + gD + 1))h}/gDk) 
(h mod gDk, h ==c (mod D)). 
Denoting the innermost sum by 7%(l,c), we may write 
k-1 
Sym 2 (gD) exp (2riW*(c)) D Trl c). 
(oD) | = 


The sum T,(1,c) here is a generalized Kloosterman sum, and is known 
to admit of the estimate (see [1], [10], [11]): 


| Ti, c)| < Co(gDk)**(gDk, U*— gDn}f, 


where a, B are any numbers satisfying 0 <a << B<+, and Cy is a positive 
constant depending only on a and £. 


Accordingly 
; k-1 
= 3 (gD) E lal|Ti(, c)| 
oLD i=0 
(o,D)=1 ' i 
(2.7) <e(D)(gD)> 0. (gDk) (gDk, U* — gDn)6 2 | cr | 


< Cop (D) (gD) k- (g Dk, U* — gDn)? log (4k). 
Now, in (2.6) we have | 
gDX =0 (modk), gDY =0 (modk) (see [5, p. 949]), 
and hence U*==—-6§A*(modk). Then we get 
(gDk, U* — gDn) = gD(k, UF— gDn) = gD(k, — &8A* — gDn) | 
== gD (k, fb8A* + fgDn) = gD(k, 8A* + 12Dn) 
(2.8) = 9 D(k, m8A* + 12m,Dn) 
w= gD(k, (yık —1)A* + 12Mn) 
== gD(k, 12Mn—A*) S gD | 12Mn— A* |, 
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where the last inequality follows only when 12? Mn — A* 3&0. But, by (1.18) 
we have 

12 Mn — A* —=12Mn—4Myp(M)d(M) =4M (24n— v(M)s(M)) 
for M 4, and | 

12Mn — A*—=48n 4-2 
for M=4. Hence 1 Mn — A* 0 for n20 and nn in case to 
== u(M)&b(M)/R4 is a positive integer. 

From (2.7) and (2.8), we derive further that 
| Sz | < Cop (D) (gD)-=Re{gD | 12 Mn — A* |} log (4k) 
— O (k2 (n +1)Plog (4%). 

Here we can omit log(4%) from the O-term since we may choose « arbitrarily 


large so far as x < B. This proves Theorem 2 for D> 1. 


Case (2). D==1. In the sum (2.1), the root of unity Qy(h,k) is 
also expressed by (2.3). Now let 


oa’ (h, k) = N (pa/Mk — $) (hpo/k — [hpa/k] — 4) 
"(nga a, M+a2M a, (k—1)M +a), 


then we have 
Ca (h, k) = oa(h,k) + ($ — £a/M)/2, 
where £, is defined in (1.14) (see [5; (3.17), p. 953]). 
Consequently we obtain, in analogy with (2.4), the following result: 
oa(hyk) = (Uuh + Voll) / (gk) + We (mod1), 
where 
Us = gy (aX + MY)— 68{2k? + 8k (2a— M) + A}, 
Va==— (1 —k?), 
Wa =— (yık/4) (k —2) — (ay1/2M) — (888M/g) 
— (g¥8/4) (2a + M) + (&/M — 3) /2. 
We can therefore prove Theorem 2 in the case D—1 by the same method 
as in Case (1). 
3. Convergent series for the partition function. In this section, we 
shall deal with the partition function py(n) for M= 2, n= 0, and nn 
if no == »(M) (MM) /24 is a positive integer. 


We mean throughout the paper that the constant implied in the O-symbol always 
depends at most on «, 8, and M. 


4 
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We begin by representing pu(n) as a contour-integral : 
pu (nt) == pha J, 777 Far) dz, 


where C is any circle with centre at = 0 and radius less than unity. Taking 
C to be the circle |x| <-exp(—2%rN*), where N is a natural number, and 
using the Farey dissection of order N, we obtain (see [9] ) 


m | 
(3,1) puln) = X exp(— 2rinh/k) Í, Fu(exp(Rmih/k — mw) jexp(2rnw)dð 
hk z 
(OSALES N; E =F ny, lag w = NIA). 


We now utilize the transformation formula (Theorem 1). By definition 
By (2) = & pa (v) 2”, 
7-0 
and furthermore we define the coefficients gir(v) in the power series expansion 


PE) = TL 1-2) Sauter 
(1, M}=1 

It is evident that the qa(v) are all integers. 

In the transformation formula (1.2), we substitute z = kw, and employ 
the above expansions. This gives us 

Py (exp (2ath/k — rw) ) 
(3.2)  —r(M,D)Qu(h, k)expt (r (M) /12k) (u(D)/Kw —p( If) kw) } 
5 z (v)exp (QaivH /k — rv/Kkw), 

where | 


mé pa(v), if u(m,) = +1, 
qu(v), if w(m,) =—1. 


Inserting (3.2) into (8.1) yields 
pu(n) — I’ (A, D)Qu(h, k)exp(— 2rinh /k) 2 J > z (v) 


(3. 8) exp{ (4/810) (uD) — 24) — (rn/12) (A$ — 240) 
| exp (mi /k) dé. 
We separate here the sum over v into two parts as 
œ  {p(M)/24} 
DE 
y=0 y=0 »>{#(M) 24} 
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({t} denotes the greatest integer less than 7) so that the coefficient of w is 
positive in the first sum when (D) == +1, while it is negative or zero in 
the second sum. The right member of (3.3) then splits into two parts 
according to the above separation. Let that one which corresponds to the 
first sum be Q(n), and let the other be R(n). Then it will be established 
without difficulty, though we omit here the details, that, by using the method 
of Rademacher [9] and applying the estimation in Theorem 2, one can 
obtain the following result: 


(3. 4) pu(n) =Q (n) + Ein), 
N AD yay 
Q(m) ee 2 MD) Z gy) Se (nv) Zum v) 
(3.5) Dat = 
+O(NE(n + 1)P exp (2anN*) ), 
(3.6) R(n) = O(N“ (n +- 1)8 exp (2anN-*) ), 
where i 


(3.7) Silny) = Srn, v0, k) = SY Qy (h, kjexp{2rmi(—nh + vH) /k} 
(see (2.1)) and di 

Ix(n, v) 
— hy {exp (x/12Kw)($ (Md) — 24) — (1w/12) (a HH) —24n)} du 


(KEJAM) — 24n)-A(o(M) — 24y)4 
(3. 8) -J ((a/6(kE (A) — 24n)3((M) —24v)8) 
| if (M) == 1 and n < $(M)/R4, 


(RE) A(RAn — w(t) (it) (HU) — 247) 
"L((r/6GÆ))(RAn — aM) AMEH) — 24r)) 
if n > a(M)(M)/24, 


Jı(t), I(t) being Bessel functions of the first order. 


1 


Now, when p(D) == 1 we have r(M,D) ==r(M) (see (1.3), (1.33)) and 
| p(m,) =p(M), and so we may write (3.5) in the form 

N° {( 84) /24} 
Q(n) = mM) E E ruf) Se(n, ») Len») 


(3.9) u(D)=1 
+ O(N-*(n + 1)f exp (2rn N) ) 
with the notation 
a pu(v), if p(M) = + 1, 
eM) rule) RCD it Rd) ood 
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In (3.4), (8.9), and (3.6), we keep n fixed and let N>w; we thus : 
obtain : 3 

THEOREM 3. If pu(n) denotes the number of partitions of n into 
positive summands prime to M, where M ts a square-free number = 2, then 


we have, for n= 0 and nn, (in case nn(M)p(M)/24 is a positive 
integer), the convergent serses eee 


© {oma 
(8.11)  pu(n)—?m(M) 2 2 ru) Se (m v) Lans»). 


w(DJ=1 
References to the meaning of the symbols r(M), ru(v), Sx(n,v), and Ly(n, v) 
are gwen tn (1.38), (3.10), (3.7), and (3.8) respectively. 


4. Asymptotic formulae for the partition function. We quote here 
two lemmas from [5, p. 956]. 


Lemma 4.1. Let I (t) be the Bessel function of the first order with 
purely imaginary argument. Then 


(4.1) I(t) is positive and increasing for t > 0, 
(4.2) L(t) =0(t) (t-0), 
(4.3) I(t) = (rt) het(1+O(E1)) (= Lo). 


Lemma 4.2. Let R be a real number = 2, and define 
SR ait 
K (E) = reth, a(R) == © retn, 
y=1 y=2 


Then 8,(R) < 2e® for R= 6, and 8,(R) < 5AE for R> 12. 


We shall now investigate the asymptotic behavior of pa(n) as n becomes 
large and M is fixed. | 

It is easy to see that in (3.11) of Theorem 3, the summation over k can 
be written in the form 


(4. 4) a= >} f= 
k=l DIM kunt k=1 D|M,DZ6  k=1 
i MD) MD) (kum)=1 (k M)=1 HD) (km) 
where k == k,D, M = m,D, and we have used the fact that D > 1 and (D) —1 
together imply that D=6. The right member of (3.11) then divides into 


° The series for pu(n) is in fact absolutely convergent, as may be seen from ATgU- 
ments in the next section. 
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two parts according to the separation on the extreme right of (4.4). These 
parts will be denoted by pu®(n) and par (n), namely, 


(4. 6) pa(n) = pa (n) + pu (n), 
=  {p(M)/24} 
(4. 6) : pa (n) nu rar (M) 2 2 ru (vy) Se (n, v) Ly (n, v), 
(k, M)=1 i 


œ (h(E) / 24} 
(4. 7) pu (n) «= 247 (M) > > > ru (v) Skl, v) Ly(n, y). 
DIM,DES8 k1 p=0 
aD) (kumı)al 
Now, by (3.7) we have, since Qx(h,k) are roots of unity, the trivial 
estimate 


(4. 8) | Sk (n, v) | = 2 ish 
On the other hand, by Theorem 2, we have the non-trivial estimate 1° 
(4.9) | Sen, v)| < Cik(n +1) (0<a<B<E). 

Next, by (3.8) we may write | 
(4.10) Lan, v) = (kK) AH (QCM) — 24y) AT (eH /6 (EK )#) (BCM) — 2498) 
with the abbreviation 


(4.11): B= (24n—p(M)g(M))* (n > g (4) /24). 
Also we have 
(4.12) kK == k DM 


since k= kD, K == kM. 
From (4.1), (4.8), (4.9), (4.10), (4.12) we deduce 


{p(Ad)/24} 

| 2 rar (v)Sx(n, v) Lg (n, v) | 
(4. 13) as f E"Zul, (F/k,), 

nn CH Zu(n + 1)Pk, I, (F/k,), 
where 
{HM 124} 
Zu = 2 | rar (v) | (6 (ML) — 24)? 

and 
(4.14) F = (rE/6D4) (#(M)/M)%. 


Let us deal with pu® (n) first. By (4.7), (4.13), (4.2), (4.3), and 
Lemma 4.2, we get 


10 In what follows we shall use Cu Os- . . , to denote certain positive constants 
depending at most on a, 8, and M. 
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| pu (n)| < 2r (W) oes È CHF her 
ar De | 
(#12) + 2er(M) 3 Z OBt(n + 1)PRkııe 
DIM,DES kF 
AD} 
<OE* Z FeF+CEt(n+1)8 S Fe, 
BMI D| M, DZ 


(D) p(D)=1 
Now set 


(4.16) G= (mE/6) (p(M)/M)t— (1/6) ((M)/M) (24n — p(M)o(M) à. 
Then, by (4.14), we have F == DAG. Moreover, since 6 D = M, we find 
that MAGS F = 64G. Hence, by (4.15), 

(4.17) | pac) (n) | < CE G4 exp (64#G) + C,H (n + 1) e, 


We next treat py“)(n). On the right-hand side of (4.6), we distinguish 
the term k==1 from the others, and observe that S,(n,v) —1. This yields 


| {$(M)/24} | 
(4.18) pul (n) = 2er(M) 3 ru(r)Zi(n,y) +u(n), 


{p(M)/24} 
und) Z XÈ rur(v)Sx(n,v) Le(n, 7). 


A M)=1 


Using (4.13), (4.2), (4.3), and Lemma 4.2 (note that we have here F = G), 
we infer 


|u(n)| < ?rr(M) S OEG 
(4.19) Es 
+ ur (Af) X CE (n + 1) 
k>G 
< Oy HG tet? + 01,8 (n +1)“, 
Noting that 4 > 6-4, we have, from (4.17), (4.19), 
(4.20) = | p(n) + u(n)| < CE Ge + OE (n + 1) 8G, 


Next, in the sum over » on the right of (4.18), we separate the term 
v==0 from the others, and obtain 


Mi #} 
dart (M) ru (v)La(n, v) 
j (6/24) 


= Rat (M) La (n, 0) + ?rr(M) 2 u(y) Li(n,v), 


(4.21) 


where the second term on the right side occurs only when (if) > 24. 
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Now we have 
(4.22) L,(n,v) = ME (DM) — 24v) 41, ( (7H /6M5) (6 (1) — 245) 
by (4.10). Also, by (4.16), 
(wH/6M*) (p(M) — 24)4—= G(1— 24/$(M) = AM, 


where 
(4.23) = (1—24/$(M))E <1 02 (b(H) > 24). 
Therefore, using (4.1), (4.3), we derive 


en 
(4.04) | À tal) Li(n,)| < OEI ((rE/6M) ($(W) —24)4) 
< Cisk GeG Mi, 
On the other hand, from (4.22), (4.16), and (4.3) we see that 
L:(n,0) = (b(M)/M)ÈEI,(Q) 
= (p (M)/M) ES (mG) (1 + O(G*)). 


It now follows from (4.5), (4.18), (4.20), (4.21), (4.24), and (4.25) 
that 


(4.25) 


Par (n) = Sarr (M) ($ (AL) /M RET, (G) 
{1+ 0 (69% 6) + O (et?) + O((n + 1)804 ea) 3. 


But we have 3S1—Mı according as ¢ (Hf) = 32, and so, by (4.26) and 
(4.16), | 


(4.27) par(m) = (AL) (p (AL) /MBTL (QG) {1 + O (exp (— ent) J}, 


(4.26) 


where c is a positive constant defined by 
= N _ J if PCM) = 82, 

(4.28) c=-2n(b(M)/6M)ic, © HAT ht oe i 
with the M, of (4.23). 

Substitution of (4.11) and (4.16) into (4.27) yields the following 

THEOREM 4. We have, as n>w, the asymptotic formula 

pu (n) = Zar (M) ($ (I) /HL)4(24n — a (M) $ (1) à 

-Ia ( (7/6) (p (AL) /U)? (24n — (ABM) )*) {1 -+ O (exp (— end) ) } 

with the constant c of (4.28). 


From Theorem 4 and (4.3), we can easily find an asymptotic formula 
for pa (nm) in terms of elementary functions of n; we have 
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pu(n) = 2- 38 (M) ($(M)/M)3(24n— p (M) (M) YA 
-exp ( (7/6) (p (AL) /M)*(24n — p(M)6(M) )*) {1+ O(n) }, 
which furthermore simplifies to 
fu(n) == kr (M) (¢(M)/6M) nF exp (2x (p(M) /6M)'n') (1 + Oma), 


This formula will also be deduced, except for the order of its error term, from 
a result of Meinardus [7]. 


DEFENSE ACADEMY, YOKOSUKA, JAPAN. 
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REGULARIZATION OF SINGULAR INTEGRAL OPERATORS 
ON COMPACT MANIFOLDS.* 


By R. T. SEELEY.! 


Introduction. An important technique in the use of singular integral 
operators is that known as regularization, which means roughly reduction to 
an ordinary integral. There seems to be no thorough investigation of this 
method for singular integral operators on manifolds, either for a single 
operator or for systems. This paper demonstrates that on compact manifolds 
of dimension two or more, for any elliptic singular integral operator H there 
is an invertible operator H’ such that H’H ‘is the identity plus a completely 
continuous operator. Here “elliptic” means “with symbol never zero.” The 
well-developed theory of singular integrals along plane curves shows that this 
result is not true for the circle, so that the restriction to dimension two or 
more is essential. 


The last section of the paper develops theorems of Fredholm type for 
singular integral operators, along with some results on the smoothness of 
solutions of singular integral equations. 


The author is grateful to a number of people for helpful discussions about 
the topological aspects of the problem, particularly A. P. Calderon, R. K. 
Lashof, and Richard Swan. This side of the problem is treated fully here, 
while the analytic side is presented only summarily, relying on [4] for details. 


1. In this section we summarize, with slight changes, the relevant results 
for singular integral operators as developed in [4]; and we state the main 
results of the present paper. M will consistently denote a compact manifold 
of class r = 3, of dimension k= 2, and with a Riemannian metric of class 
r—1. Cm denotes the functions of class m&r on JM, i.e. functions whose 
derivatives of order m, with respect to any local coordinates, are continuous. 
Cg denotes the functions of class [8] whose derivatives of order [8] satisfy 
a uniform Hölder condition with exponent 8— [£]; here [8] is the largest 
integer = £. 


* Received November 26, 1960. 
* A large part of the work on this paper was done while the author was temporarily 
employed by the University of Chicago and by Massachusetts Institute of Technology. 
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In the definition of singular integral operators we use the space of 
functions with Schwartz distribution derivatives of order Sn in D, for 
which we use the notation LP. These can be defined and given a norm by 
the use of a resolution of the identity $, t= 1, in which each ¢* is = 0, 
in C,, and has support in a simply connected coordinate neighborhood U; 
with coordinates zt (st denoting the k real-valued coordinate functions 
mt," +,a%*) mapping U, onto the open set G, in Er, k-space. If f is a 
function on M, let f; denote the function on @ given by fi(y) — f(x" (y)), 
where x! denotes the inverse of the mapping sf. Then we say that f is in 
LP (n&r) if and only if for each 4, fi is in Lẹ (Gi). A norm can be 
introduced in L,? by | 


NF Imo — CE EAC) f 2) 


where ||g | denotes the Zr norm of g on Ex. Here a— (a`: -,a%), the 
a are non-negative integers, |a| =$ a, and (0/iy)% == dl@l/dy,%- + - Oy, 
An operator T on L?(M) (1< p<) is smoothing of order n if, for each 
~ non-negative integer m <n, T is bounded from Lm? to Lm”, and T* is 
bounded from Lmt to Lund (1/p +1/q=1). If ¢ is a function on M with 
support in a neighborhood U with coordinates z, then ¢, denotes the trans- 
formation which takes functions f on M into functions ef on Er in guch a 
way that def (y) = ¢(27*(y) )f(a*(y)) whenever y is in the range of x, and 
psf (y) == 0 otherwise. Similarly ¢* transforms functions g on E+ into func- 
tions ¢°g on M in such a way that ¢*g(m) —=¢$(m)g(2(m)) for any m in M. 

Definition 1. An operator T on L?(M) is of type Cg” (8 &n—1) if 
and only if it satisfies the following conditions. 

i) For each ¢ and y in C, with disjoint (compact) support, the operator 
pTy given by (pTy)f==pT(y:f) is completely continuous and smoothing 
of order [8] on all Lr(M), 1< p<. Here f'g indicates the pointwise 
multiplication of the functions f and g, and [8] indicates the largest integer 
<p. a 

ii) For each ¢ and y with (compact) support in the same coordinate 
neighborhood with coordinates x, ¢Ty—¢*Hy.-+R, where H is a singular 
integral operator on Æ, of type Cg”, in the sense of Calderon and Zygmund 
[1], 

Hf(y) = a(y)f(y) Him fo h(y,.y—2)f (2) de; 
0 J yal >e 
and ÆÀ is completely continuous and smoothing of order [8] on all L°(M), 
1<p<oo. | 
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The coordinates + give rise to a basis for the tangent plane at any point 
m in their domain; the members of this basis are indicated in a natural way 
by 4/82, - :,0/0æx. The metric on M gives an inner product (é) on each 
tangent plane. The dual space to the tangent plane at m, which we call the 
co-tangent plane, has the dual basis denoted by dz,,‘ : *,dæx, and a dual 
inner product denoted by (£,7). With this notation, the function A(z, 2) 
on Ex X Ey appearing in Definition 1 gives rise to a function A on the part 
of the tangent bundle over the domain of the coordinates z, h(m, 20/0) 
—h(z(m),z). Its principal value Fourier transform with respect to z 
appears naturally as a function on part of the bundle of cotangent planes, 
whose value at (m, %é&d2,) is given by 


lim exp (tX&,2,)h(z(m), z) dz. 
290 7 & D> /e|>e 

This function is positively homogeneous of degree zero in the &, and 
all derivatives with respect to the & are in Cg on the part of the cotangent 
bundle where the function is defined and where 34? = 1. 

By the cosphere bundle CS(M) we mean the bundle obtained by con- 
sidering the subset of the cotangent bundle consisting of all cotangent vectors 
whose Riemannian length (2&da,, Zdr)? equals one. Then the function 
described immediately above is determined by its values on CS(Àf). We call 
a function on CS (M) of type Cg” if and only if, after being extended over 
each cotangent plane so as to be positively homogeneous of degree zero, it has 
on each cotangent plane derivatives of all orders with respect to the variables 
€ arising from a coordinate system a, and these derivatives are in Cg on the 
part of the cotangent bundle over the domain of x where 3&7 = 1. 


Definition 2. The symbol of a Cg” operator T is the function on CS (M) 
defined by o(T) (m, 3é:da;) = a(z(m)) + lim f exp (i364) (2(m),2) de 
e) a el>lalse 


where z, a, and h are the functions in Definition 1, z = (z,,---, 2), | 2 |? = 327, 
and #(m)y(m) 0. 

It is shown in [4] that the function thus defined depends only on T, 
and not on any of the intermediate funetions z, a, or h. The above discussion 
asserts that it is of type Cg*. The symbol thus defined for Cg” operators 
has the following properties. 


i) o(T)==0 if and only if T is completely continuous and smoothing 
of order [8]. 


ii) If 8>#1, the Cg” operators form a self-adjoint algebra, and o is a 
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homomorphism of this algebra onto the algebra of functions on CS (M) of 
type Cg”, such that o(T*) is the complex conjugate of o(T). 


iu) In [4], Theorem 2, the “onto” part of assertion (ii) is proved by 
constructing an operator with prescribed symbol. In what we do here it is 
important to have an estimate of the norm of this operator in terms of the 
symbol. The complete derivation of such an estimate, based on the corre- 
sponding result for operators on Euclidean space, is more tedious than 
enlightening. We shall only state carefully the form of an estimate based 
on the resolution %¢+==1 and the coordinates zt introduced above to define 
the norm on L,?. Suppose F(m,y) is a function on the cotangent bundle, 
homogeneous of degree zero on each cotangent plane, whose restriction to 
CS(M) is of type Cg”. Let N, denote an upper bound for $*(m) F (m, Sé,dx;t) 
and its derivatives of order 2k with respect to the é, evaluated in 3° = 1. 
Let N «max NV; Then there is a constant K depending only on the dt 
and zt, and a constant A, depending only on p and the dimension of M, such 
that if T is the operator constructed in Theorem 2 of [4] with o(7) =F, 
then | T lp < NKA, 

Because of the relation of the symbol of a Cg* operator to the charac- 
teristic polynomial of a differential operator (see [1], Theorem 7, and [4], 
Theorem 6) we make the following 


Definition 3. A function F on CS(M) is called elliptic if and only if 
it never vanishes. A Cg” operator is elliptic if and only if its symbol is 
elliptic. 


The main result of the present paper is 


| THEOREM 1. If 81 and F(m,n) 1s an ellpitic Cg” function on CS(M), 
then for each pin 1 <p <œ there is a Cg” operator T with o(T) =F, and 
such that T is invertible when operating on Lr. | 


2. This section establishes the basic lemma for our approach, Lemma 3, 
and completes the proof of Theorem 1 for dim(M) >2. Here p and £ are 
fixed numbers, 8341, 8 Z 0, and 1 < p <œ ; and | À || denotes the norm of A 
operating on-L?. As a formal convenience we introduce the class P of symbols 
of Ug” operators which are invertible on L?, and show that if F is elliptic 
then F is in P. Clearly P is closed under multiplication; and if F(m,n) is 
elliptic, in Cp”, and independent of », then F is the symbol of the operator 
consisting of multiplication by F(m,n) and hence is in P. 


Lemma 1. Let F(m,n),N,K, and À, be as in the discussion of property 
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(ili) of Section 1 above. Then tf |1—F| < (A,K)* and N < (4,K)*, 
F is in P. 

The proof is obvious: under these conditions it is possible to choose a 
Cg” operator T, with o (T4) =1—F and | 7,] <1. Then let T = I — T, 
I the identity operator. 


Lemma 2. If the complex argument of F can be defined continuously 
on each individual cosphere, and F, is the function on the cosphere bundle 
whose absolute value and argument on each cosphere are the averages 
respectively of the absolute value and argument of F on that cosphere, then 
F is homotopic to F, by a homotopy F, such that min | F; | Z min | F|]. 


Proof. Construct on the cross product of the unit sphere in E, with 
itself-a kernel K,(Z,Z’) with the folowing properties. 


i) For each #, K;(Z, 2’) depends only on the distance d(Z, 2). 

ii) K,(Z,2’) is constant. 

ii) For t>0, K,(Z,Z’) is continuous in its three variables. 

iv) For each e> 0, sup K;(Z, Z) for d(Z, Z’) = e tends to zero as t-> 0. 
v) K,(Z,2’) = 0. 


vi) Í K:(Z, Zdu =1. (dw = volume element on | Z’|==1). 
Z'|=1 


This, of course, can be done easily in a variety of ways. Now define F; on the 
cosphere over the point m by |F;(m,u)|= fK;(uw)|F(m,n)|dp, and 
arg Fi(m, p) = [Kilp arg F(m, p’) dp’, where arg (m,w) is any contin- 
uous function on the cosphere over m for which F = | F | exp[targ F(m, p’)]. 
By property (i) of K,, these integrals over the cosphere are independent of 
any choice of coordinates for the cosphere, and depend only on its metric and 
surface volume element as a unit sphere in Æp. Since the cosphere in question 
is connected (dim M = 2), any two continuous definitions of arg F differ by 
a constant rn, so that by property (vi) of K,, arg F, is well defined mod 2r. 
Thus F; is well defined. To see that it is continuous, define arg F continuously 
on the part of the cosphere bundle over a simply connected coordinate neighbor- 
hood on M ; the F, obtained from this as above has continuous argument and 
absolute value. It is clear from the properties assumed for K; that F, == F, 
F, is as advertised, and min | F; | = min | F |. 


Lemma 3. If F ts elliptic and arg F can be defined continuously on each 
cosphere, then F ts in P. 
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Proof. Let F, be the function obtained from F in Lemma 2. Then F, 
is in P, since it is constant on each cosphere, and it is enough to show that F/F: 
isin P. But F/F, is homotopic to F,/Fı==1. Define arg(F,/F,) = 0, and 
extend this argument function continuously to Fy/F, for 0 =t=1, (see next 
paragraph for details), obtaining a continuous arg(F/F,) over the whole 
cosphere bundle. Then take n large enough that (F#/F,)1/" satisfies the 
hypotheses of Lemma 1, so that (#/F,)*/" is in P. Since P is closed under 
multiplication, F/F, and F are in P. 

To define arg(#,/F,) we rely on the “ second covering homotopy theorem ” 
in [5], page 54. In this case the reals form a bundle B’ over the unit circle 
X’, with p(b) =e; and we are given a map fo = arg (F/F) —0 from the 
cosphere bundle X into B’ along with a map f = F;|F,|/Fi|F;| of XX I> X 
which is a homotopy of p(fo). The covering theorem asserts that there is a 
homotopy f: X X I— B’ which covers f, i.e. a continuous definition of 
arg(F,/F,). Thus the lemma is proved. 

Lemma 3 proves Theorem 1 in case dim(M) > 2, since in this case the 
cospheres are simply connected and arg F can always be defined continuously 
over each one. Sections 3 and 4 below complete the discussion for dim(M) == 2. 


3. In this section we prove 


Lemma 4. Suppose M is not a torus, dim(M)==2, and F is a con- 
tinuous function from the tangent circle bundle of M to the complex unit 
circle. Then the restriction of F to any tangent circle has degree zero. 


This result shows that Lemma 3 applies directly to all manifolds except 
the torus, and hence completes the proof of Theorem 1 in those cases. 

For non-orientable manifolds the proof of Lemma 4 is quite easy. Suppose 
F has non-zero degree on O°, the tangent circle at m, € M, and let m, be any 
other point in M. Connect m, to m, by a differentiable path T, with points 
mM, and give an isometry ġo from St=={|z|=<-1} to C° such that z—1 is 
mapped onto the unit tangent to the curve T. Extend the isometry con- 
tinuously to ¢;: St'—> Ct (Ct the unit tangent circle at m.) so that for each 1, 
z= 1 is mapped onto the tangent to T at m, Then F'(d;) is a homotopy 
of F'(ho) to F(¢,), so that F has non-zero degree on Ct. Now for each m € M 
orient the tangent circle at m so that the degree of F restricted to this circle 
is positive. This gives a continuous orientation to M, which is impossible if 
M is not orientable. 

In the remaining cases M is orientable, but not the torus, so the Kuler 
characteristic x(M) is not zero. We rely on this fact to show that the degree 
of the restriction of F to any tangent circle is zero. 
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Suppose this is not the case, and M is oriented so that the degree of F 
restricted to any tangent circle is n>0. Then from F we can construct a 
continuous function F, on the tangent circle bundle so that on each circle 
it looks like et%z%, For this represent the circle bundle locally as pairs (m, 6), 
me M, 086 < 2x, so that 9 is the arc length on the unit circle in the tangent 
plane at m, measured in the positive direction from some particular point 
on the circle. This representation is unique except for the choice of the 
point corresponding to 8—0. Where the representation is valid we have 
F(m,6) = expi[nd + f(m, 8) ], with f(m,8) continuous, of period 27 in 6, 


27 
and determined mod®r. Let Fo(m,6) =expi[nd + = f f(8)d8]. Since 
0 


f was determined mod 2r, F,(m,8) is well defined for this local representation 
of the tangent circle bundle. It is not difficult to check that F, is in fact 
independent of this representation, provided @ is the arc length from some 
point. Clearly #’, is continuous. On each tangent circle F, assumes the value 
1 at each of n equally spaced tangents, yielding what might be called a con- 
tinuous spoke field over Af. In the case n = 2 it is essentially a line element 
field over M. We show such a field cannot exist when x(M) >£0 by a device 
suggested by the article of L. Markus [2], basically the construction of a 
Riemann surface for a multiple-valued vector field. 

Cover Jf with simply connected coordinate neighborhoods U; with coordi- 
nates tt: U—> Ea. On each U, define n distinct cross sections en, + * , ex, of 
the tangent circle bundle such that Feux) —1. Consider M* == { (m,e); 
m € M, ein the tangent circle at m, and Fe) =1}. Let Uy, == {(m, en,(m)); 
m € Ui}, and note that (m,e) € Uiw implies e = e(m). In Uy, define coordi- 
nates z#*: (m,ex(m))—zti(m). We show that this makes M* a manifold 
by checking the Jacobian of coordinate changes. For this consider (mo, €o) 
in UN Up Since ey (mo) = ey == ey (Mo), Ay ey in a neighborhood T, 
with m€U C UNU; Let U’ be the points (m,e) in Ur N Uy for which 
mEU. Then in U’ ci*(m,e) =zr(m,ex(m))=r'(m), and similarly 
z’!(m,e)=z!(m). Thus U’ is mapped 1-1 onto an open subset of E, by 
atk as well as by z7}, and the Jacobian of the associated transformation of F, 
is the same as for st and z’. Thus M* is a manifold of the same class as M, 
except that M* may not be connected. It forms an n-fold covering space 
for M with the projection p:(m,e) —m. M* also carries a non-zero vector 
field: to define it in U we need only lift ex from U, with the mapping of 
tangent spaces induced by the restriction of p to U. This definition is easily 
shown to be consistent in Uw MU, by an argument like the one used above 
for the Jacobian. The Euler number of M* is n times that of M; for any 
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triangulation of M yields, by way of p°t, a triangulation of M* such that each 
simplex of M corresponds to n simplexes of M*. Thus the Euler number of 
at least one of the components of M* is not zero, contradicting the fact that 
each component carries a continuous non-zero vector field. 


4. On the torus it is possible for an elliptic Cg” function on the circle 
bundle to have any degree. The approach here is to construct invertible Cg” 
operators with symbols of arbitrary degree. Consider the flat torus, i.e. the 
plane reduced 2x in both coordinates. Then any function in L* is represented 
by a double Fourier series, f ~ > dam exp t| ns + ma]. Let P, be projection 
on the constants, Pof == doo. Let A be the Laplacian (@/82,)* -+ (8/60x:)*, and 
define B= (P,—4A)%. If f has Fourier coefficients aim, Bf has coefficients 
bam = Gum (nm!) (n?-+-m?40), boom doo. We want to show that 
R, <= (8/82,)B is a Ow” operator (Cg® for every 8>0). For this an altered 
version of the proof given in [4] for the operator (0/02,)J suffices. We give 
only the outline. 

B is analyzed as a contour integral of the operators Fy = (A — P,— A)". 
The first step is to use the same approximation a to fa as in- [4], but let 
Ki (A—P,—À)e Then there is a real number L such that, for A= L, 


Fy is given by the series a (1 + % (—1)"K,™), which converges uniformly 
j m=i 


as a series of operators or as a series of kernels. We can now define Fy for 
OSA < L by giving its kernel as a solution of 


(1) Py + LP iF, = Fan. 


This is possible, and uniquely, since f>£0 and f + LFi,;f = 0 would imply 
that —1/L is in the spectrum of Fra = (A—P,— L— A)", contradicting 
the fact that this spectrum lies strictly between —1/(Z-+A) and zero. This: 
is the proper extension of the Fy, since for A < L, 


(A—P.—A) Fy = [(A— Po —L— A) + DL] Pia (I — LP) =I. 


From its defining equation (1), F} has, for all A, the same singularity as 
Fra. The kernel for (P,—A)t—B is then given by a contour integral of 
the F,, from which it can be deduced as in [4], Theorem 5, that the kernel 
for B has a singularity — (2/s4)r(z,y)+, and that Ry== (0/82,)J is a 0” 
operator with symbol — (—1)i#z,/|z|. Here we represent the cotangent 
bundle as (2,2) with z == (2,, 2.) mod 2r, z == (21,22) ; and let | z |? == 2,3 + 2,2 
Since Po is completely continuous and smoothing of all orders, U == P, + iR, 
— À is a Cg” operator with symbol (z, + tzy)/|z2|. Its action on the Fourier 
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series shows that UU*—1], Thus U and its inverse U* are Co” operators, 
and U is invertible on all LP, 1<p<w. 


This construction shows that Ge = (z, +12,)/|z| is in the class P of 
symbols of invertible Cg” operators. Suppose now we. are given a symbol 
G(z,z) such that its restriction to each cotangent circle is of degree n. Then 
Go"G has degree zero on each circle, and by Lemma 3 is in P. Thus 
G = Go"(Go"G) is also in P.. 

This completes the proof of Theorem 1. 


5. Here we give results of Fredholm type, and on the smoothness of 
solutions of elliptic singular integral equations, which apply on a compact 
manifold Af. We shall consistently assume that the numbers p, po, and q 
used below lie strictly between 1 and o. The discussion involves a few more 
of the ideas in [4], which we summarize. The space La? (n= 0) is the set 
of bounded linear functionals on Lat, where g++ pt ==]. (There is a mis- 
print in the corresponding convention given in [4]; page 672, line 15, should 
have L,%, not LP.) If 8 >1, any Og” operator H can be considered as a 
bounded operator on Ln? if n = B, for H* is a CP” operator, and hence bounded 
on L,7. With this notation, the definition of smoothing of order n given in 
Section 1 can be phrased as follows: an operator T is smoothing of order n 
if T and its adjoint preserve Lm? for 0 = m&n, and T is bounded from Zu? 
to Lm? for ——n Sm <n. 

THEOREM 2. Suppose H is an elliptic Og” operator (B1), FE Lr, 
gE Ly (— [B] Sm<nS[]), and Hf =g, Then fE Le. 

Proof. ‘Let H’ be any Cg” operator with o(H’)=o(H)*. Since 
o(H’H) =1, H’H —I-+-K, where I is the identity and K is smoothing of 
order n. From Hf—g we conclude f= H’g—Kf. Here Kf€ Lm? and 


H’ge L,? so that, since m <n, we can conclude that f € Lm”. This argument 
can be repeated until we have f € La. | 


THEOREM 3. Let H be an elliptic Cg” operator, considered as an operator 
on some L?, 1< p <œ, and let H* be tts adjoint, an operator on IA, Then 


i) the nullities of H and H* are finite and equal; 
ii) the range of H is the orthogonal complement of the null space of H*. 


Proof. (i) Let H’ be a Cg” operator, invertible on Le, with o(H’) 
—=o(H)", so that H’H=-m=I-+K with K completely continuous. Then, 
writing v(A) for the dimension of the null space of A, (H) = »(H’H) 


5 
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sH *H’*) —y(H*). The second equality here is the standard result that 
v(I+K)=v(1+ K*) for completely continuous K. It is also standard that 
v(I + K) is finite. 


(ii) We say fE Lr is orthogonal to gE LA when J, fg* dv —0, and 


denote the orthogonal complement of a set $ in L? or £a by St. Let N be 
the null space of H* and R the range of H. Then it is trivial that E C NL 
and RL C N. Since N is a closed linear subspace of L4, NLH a= N; thus we 
find by taking further annihilators of the above inclusions that (closure of 
R) = RLL == NL. It remains to prove that Æ is closed. To do this, let H” 
be any Cg” operator with o(H’H) =e 1, so that ’H—=I-+K. Then as in 
the proof of (i) we deduce that N is finite dimensional, so that it has a closed 
linear complement L in LP; i.e. LP is the direct sum of N and L. For any g 
in À there is a unique fin L with Hf =g. Moreover there is a constant A 
such that, for all such g and f, | f 54] gl. To see this, suppose the con- 
trary, i. e., suppose there is a sequence fa with | fa | — 1 and Hf,—0. Then 
H’Af,<=fa+Kf,— 0. Since K is completely continuous, we can assume that 
Kf, converges, so that f, converges to some function fy. Since L is closed, 
fo € L; since Hf, > 0, Hfo = 0, and fo = 0, which contradicts || fa | 1. Thus 
iff Allg]. Now let 9€ R and g,—>g. Pick fa in L with Hf,=— gp: 
Then f, is a bounded sequence. Pick a subsequence fna such that Kf’, con- 
verges, and let g'n = HFa Then HW'Hf'n = fn HEF n = H’ g'a — H'g, so that 
f„ converges to an element f in L. Clearly Hf == g. Thus R, the range of H, 
is closed. 

This completes the proof of Theorem 3. Part (ii) is practically the same 
as a proof given in Mihlin for L* ([3], pp: 33-34), and does not require 
Theorem 1. Theorem 2 does not require Theorem 1 either. 


ÜOROLLARY. If fe L® for some po, H is an elliptic Cg” operator, Hf == g, 
and ge LP for all p, then f € LP for all p. 


Proof. Let S(p) be the set of functions $ in LP satisfying Hẹ =g. 
S(p) is a coset in L? of finite dimension v(p). Since Le D I” for psp, 
v(p) is a non-increasing function of p. But v(p) == dimension of null-space 
of H on i? = dimension of null-space of H* on L4 (q== p/(p—-1)), which 
is a non-decreasing function of p. Thus v(p) is constant, and S(p) is 
independent of p, so that the solutions in Læ are the same as those in Zr. 


THEOREM 4. Suppose H is an elliptic Cg” operator, B>1, fE Lm”, 
Hf = g, and for all p, g¢-L,?, with n= 0, and — [8] 5m <n = [8]. Then 


w 
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fE L, for all p. If n=, then f is of class n—1, i.e. f has continuous 
partial derivatives of order n—1. 


Proof. By Theorem 2, fE L®. By the corollary above, f € L? for all p. 
By Theorem 2 again, f € La? for all p. In case n= 1, a Sobolev lemma shows 
that f is of class n—1. 


Remark. Theorem 3 could be proved for L,” in place of LP, with a little 
more attention to the nature of Cg” operators with vanishing symbol. Then 
the restriction to n = 0 for the first conclusion in Theorem 4 could be removed. 


Harvey Mupp COLLEGE. 
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BIEBERBACH’S THEOREM ON SPACE GROUPS AND DISCRETE 
UNIFORM SUBGROUPS OF LIE GROUPS, IL* 


By Lovis AUSLANDER.! 


Introduction. In the previous paper [1], with essentially the above 
title and henceforth called I, we discussed generalizations of the classical 
Bieberbach theorems. Our main result, listed as Theorem 1 in I was the 
following: Let N be a connected, simply connected nilpotent Lie group and let 
C be any compact Lie group of automorphisms of N. Further, let T be a 
discrete uniform subgroup of N -C, where the dote denots the semi-direct 
product. Then r N N is uniform in N (H is uniform in @ if G/H is compact) 
and T/T N N is a finite group. At the end of I, we gave an example to show 
that the above result is false if N is replaced by a connected, simply connected 
solvable Lie group. It is the purpose of this paper to generalize the above 
result in two directions. Our main tool theorem is the following: + 


 Tueorem 1. Let § bea connected, simply connected solvable Ine group 
and let C be a compact group of automorphisms of S. Further, let T be a 
discrete (nat necessarily uniform) subgroup of S-C and let TS be the closure 
of the group : generated by the en of T and u Then the identity com- 
ponent of TS is solvable. 


From this we can deduce the following two results. 


THEOREM 2. Let T be a discrete uniform subgroup of 5:0, where S, 
Cand 8-C are as above. Then there exists a subgroup T* of finite index in T 
such that T* ts a discrete uniform subgroup of a connected simply connected 
solvable Lie group S*, where dim. § = dim. S*, 


THEOREM 3. Let T be a discrete subgroup of N-C, where N is a 
connected, simply connected nilpotent Lie group, O is a compact group of 
automorphisms of N and the dot denotes the semt-direct product. Then there 
exists a subgroup T* of finite index in T and a connected subgroup N* of N 
such that T* is a uniform subgroup of N*. 


* Received December 9, 1960. 


1 Research supported by N. S. F. Grant 15565 and O. O. R. contract SAR-DA- 
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Before proving our results a general word about method of proof may 
be in order. In I, we essentially used the same outline of proof as originally 
used by Bieberbach. -In this paper, this is no longer the case. This paper 
indeed contains a new proof of the main theorem in I and can be read without 
reference to the results in I. 


1. Proof of Theorem 1. 


Lemma 1. Let O(n) denote the orthogonal group and let y,n€ O(n). 
Then there is a neighborhood U of the identity in O(n) such that if.y, n€ U 
and yn =F ry, then y will not commute with yyy i= (y,7)- 


Proof. Let us assume that y and (y,7) commute. Then y and nyy! 
commute. Hence 7 can be represented as a permutation of the invariant 
space of y? or y amongst themselves followed by a mapping of these spaces 
onto themselves. Hence if y is sufficiently close to the identity 7 can only 
map these invariant spaces onto themselves. Hence n and y commute. This 
contradiction proves the lemma. 


Lemma 2. Let G be a Ine group. Then there is a à nono too W of 
the identity in G such that for any 91,92€ W, (91,92) EW. 


Proof. Take canonical coordinates. The coordinates of (z,y) can be 


represented as power series in the coordinates of x and y with quadratic 
leading terms. 


Lemma 3. Let -C be as in Theorem 1 and let A be any normal, 
connected, simply connected abelian subgroup of S-O. Assume that there 
exist elements in D whose images in S-C/A are arbitrarily close to the identity 
and, further, in the image of these elements in S-C/S, there are elements 
arbitrarily close to the identity which do not commute. Then D is not discrete. 


Proof. Choose yı, ya € D such that - 


1. The images of y; and yz in 8: C/A satay t the en of Lemma 2 
with @ replaced by S$: C/A. 


=- R. The images of y, and y: in C satisfy the hypothesis of Lemma 1. 
Then choose y == #19, such that y, € À and x, satisfies the hypothesis of Lemma 
2 for G=8-C. This is possible by the standard Lie group theory concerning 
existence of local cross-sections. Then 


(sa) = (a 22) 0d (arret) [ (ad (21) —Z) yi + (T —ad(21)) (y), 


278 LOUIS AUSLANDER. \ 


where ad(z) denotes the automorphism of A induced by z*Ar. We may 
now choose x, and z, so small that | ad(a)—JI|<107. If we now form 
the series yı, (Yy Y2); (yi (yu Y2) ),° © *, the z; components remain in a bounded 
neighborhood of the identity by Lemma 2 and the components in A are easily 
seen to be bounded. But by Lemma 1, this series can never become the 
identity element from some index on. Hence D is not discrete. 


Proof of Theorem 1. Let us assume that the theorem is false. Then let 
the identity component of TS be denoted by @*. Hence there exist in 18/8 
elements arbitrarily close to the identity which do not commute. Let 
S? == [8,8], where [ , | denotes the commutator subgroup of the group in 
the bracket, and let S*—[S*",S*"], where S"==1. Consider the group 
G*/S?. We wish to apply Lemma 3 to this group. We let C==G@*/S and 
A == § == 5/8? and let D—T/S*. Then 1/5? is not discrete in G*/S? and 
we may seek to apply Lemma 3 again, but this time to the group @*/8°. 
Again let C==(*/S. Let S==8/S*, À = 5/0 and D=T/S8*. Again we 
see that the hypothesis to Lemma 3 is satisfied and T/S? is not discrete in 
G*/S*. For the k step of the induction let D == Q*/8, S—8§/S**, 
A = SF/SH* and D = T/S*1, Then again Lemma 3 tells us that I/S* 
is not discrete. Hence at the r—1 step of the induction we get LYS" = 
is not disecrete. This contradiction proves Theorem 1. 


Remark. It might be worth noting here that Lemma 3 in the special 
case where S == A can be used to provide an elementary proof of the classical 
Bieberbach Theorem. For let W CA be the subspace of A spanned by the 
pure translations of F. Then T induces an action on A/W; i.e. we have a 
homomorphism of T into the group of rigid motions of A/W such that the 
identification space of A/W is a compact manifold. Further, the image of T 
contains no pure translations. Since the identity component of TA is solvable, 
the identity component of TA/A is abelian and it is then easy to see the 
above is impossible. Hence I contains dim. A linearly independent transla- 
tions and the identity component of TA must be A. 


2. Proof of Theorem 2. 


THEOREM 2. Let T be a discrete uniform subgroup of S:C. Then 
there exists a subgroup T* of finite index in T such that T* is the discrete 
uniform subgroup of the solvable Ine group S*. 


Proof. Let G equal the identity component of TS and let TË =T N G. 
Now, since G/S is a compact solvable group, G/S=—T is abelian and the 
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commutator subgroup of G@,(G,G@), is contained in S. Let M denote the 
maximal analytic nilpotent normal subgroup of 8 and let M* denote the 
maximal normal analytic nilpotent subgroup of G. Then since M is a charac- 
teristic subgroup of S, M is normal in G and hence M C M*. Further, it is 
trivial to verify that M*/M == T* is compact. Hence M* is isomorphic to 
M-T*. Now T* must act trivially on M. But since G/M is solvable and 
S/M is abelian, T* must act trivially on S/M. Hence since T* is compact, 
it acts trivially on S and it is, therefore, the trivial group. This shows that 
M is the“maximal normal nilpotent analytic subgroup of G. But then 
M2>(G,@). Hence G/M is abelian and isomorphic to the direct sum of T 
and S/M. 

By a theorem of Mostow’s [4] TM is closed in G. Hence T/MNT=T* 
is a discrete uniform subgroup in T @ S/M, where @ denotes the direct sum. 
But if dim. S/M =r, this means that I'* is free abelian on r generators, say 
Z1,°' *,2 Since the exponential mapping is onto in G/M, we may choose 
one parameter groups P;(é),: : -,P,(t) such that Pi(1) =, 11," ©; r. 
Let S* be the subgroup of @ generated by P,(t),- © -,P,(t) and M. Clearly 
S* satisfies the conclusions of our theorem. 


3. Proof of Theorem 3. 


Trrroreat 3. Let T be a discrete subgroup of N-C, where N ts a con- 
nected, simply connected nilpotent Lie group, C is a compact group of auto- 
morphisms of N and the dot denotes the semi-direct product. Then there 
exists a subgroup of T* of finite index in T and a connected subgroup N* of 
N such that T* ts a uniform subgroup of N*. 


Proof. Consider the identity component @ of TN and let T*—GNT. 
By Theorem 1, @ is solvable and since G/N =T is compact, it is abelian. 
Let W be the analytic subgroup of N left point-wise fixed under 7. Now 
let Life T"NN. We assert that T,* C W. This follows from the fact 
that T,* is normal in T* and the action of T* on T,* coming from components 
in T must be unimodular. This means that no element can be close to the 
identity. But from the definition of G, we can conclude that I* acts trivially 
on Tı* or n*c W. 

We now assert that we may choose a semi-direct product representation 
for @ such that for all y€ T,"*y==w-c, where we Wand c€ C. To see this, 
we choose yo € T* such that the subgroup of N left point-wise fixed is exactly 
W. Now applying the arguments in [2], we see that we can choose mE N 
such that n,N Tr, will be the desired semi-direct product for the single 
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element no But now if y€ r* did not have the desired form in this semi- 
direct product representation, yoyyo'y'NNT* would not lie in W. This 
proves the assertion. 

Hence we have imbedded T* in W @ T, where W is a connected, simply 
connected nilpotent Lie group and T is a compact torus group. Since T* is 
discrete in V-C, T*/T* N T ~I* and T* is a discrete subgroup of the group 
W. Now Theorem 3 follows from the standard theorems on discrete subgroups 
of nilpotent Lie groups. Ä 
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ORTHOGONALE GRUPPEN UBER LOKALEN RINGEN.* 


Von WILHELM KLINGENBERG. 


1. Resultate. 


1.0. In einer früheren Note [5] hatten wir die Struktur der linearen 
Gruppen über einem lokalen Ring bestimmt. In der vorliegenden Arbeit setzen 
wir das Studium der klassischen Gruppen über einem lokalen Ring fort mit 
der Untersuchung der orthogonalen Gruppen. 

Das Hauptergebnis (siehe Theorem 6 unten) ist eine vollständige Be- 
stimmung der invarianten : Untergruppen einer orthogonalen Gruppe vom 
nicht- kompakten Typ über einem lokalen Ring L der Charakteristik. 2, 
Abgesehen von einigen Ausnahmefällen in niedrigen Dimensionen, ergibt sich 
das Folgende: Die Menge der invarianten Untergruppen zerfällt in disjunkte 
Klassen @(J), die den Idealen J von L entsprechen. Jede Klasse hat, 
bezüglich der Inklusion, ein grösstes und ein kleinstes Element, die durch 
gewisse Kongruenzuntergruppen modulo J repräsentiert werden, und jede 
Gruppe, die zwischen den extremalen Elementen der Klasse 8 (J) liegt, gehört 
zu der Klasse (J). _ 

Von derselben Art ist die Verteilung der invarianten Himei bei 

der Kommutatorgruppe der orthogonalen Gruppe; in diesem Falle enthält 
jede Klasse @ (J) höchstens zwei Elemente, und dann hat das kleinere den 
Index 2 in dem grösseren, 
Die Struktur der orthogonalen. Gane über einem lokalen Ring ist also 
von derselben Art, wie die Struktur der linearen.Gruppen über einem solchen 
Ring: Wir hatten in [5] gezeigt, dass auch für eine lineare Gruppe über 
einem lokalen Ring die invarianten Untergruppen in Klassen zerfallen, die 
den Idealen entsprechen, so dass jede Klasse ein grösstes und ein kleinstes 
Element enthält und jede Gruppe dazwischen zu der Klasse gehört. Man kann 
also erwarten, dass dieses die typische Verteilung der invarianten Unter- 
gruppen einer klassischen Gruppe über einem lokalen Ring ist. 

Falls der lokale Ring L nur die Ideale L und 0 besitzt, d. h., falls L ein 
Körper ist, so erhalten wir die bekannten Ergebnisse von Dieudonné [3], [4] 
über die orthogonalen Gruppen über einem Körper. 


* Received November 28, 1960. 
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1.1. Grundlegende Definitionen. Ein lokaler Ring L ist ein kommu- 
tativer Ring mit Eins und einem grössten Ideal I4 L. L*—=L-—-I ist eine 
Gruppe unter der Multiplikation. Das homomorphe Bild eines lokalen Ringes, 
wenn es nicht der Nullring ist, ist wieder ein lokaler Ring. L/I ist ein 
Körper. 


Wair setzen voraus: char L/I 542. 


Unter einem (n-dimenstonalen) Vektorraum über L verstehen wir einen 
L-Modul isomorph zu L*, n= 1. Sei © eine symmetrische Bilinearform auf 
dem Vektorraum Af. & bestimmt einen Homomorphismus de: M —> M* von 
M in den dualen Raum M*, vgl. Bourbaki [2]. & heisst nichtentartet, wenn 
da ein Isomorphismus ist. 

Unter einem metrischen Vektorraum (über.dem lokalen Ring L) ver- 
stehen wir einen Vektorraum über L, auf dem eine nichtentartete symmetrische 
Bilinearform & gegeben ist. Bezeichnung: V oder V(L). 

Sei V ein metrischer Vektorraum. Ein Unterraum von V, U, ist ein 
Untermodul von F, betrachtet als Z-Modul, mit folgenden Eigenschaften: 
(i) U ist direkter Summand in V, (ii) Kern(ds|U) ist direkter Summand 
in V. 

Hier und im folgenden bezeichnet ds | U die durch die Einschränkung 
von ® auf U erklärte lineare Abbildung dejy von U in den dualen Raum U*, 
das heisst, für (X¥,Y)¢UXU ist (de| U) (X) (XY) = (X,Y). 

Falls L ein Körper, so ist jeder Untermodul ein Unterraum. Sei U ein 
Unterraum. Der von deU C V* annullierte Untermodul U° est wieder ein 
Unterraum; wir nennen ihn den zu U orthogonalen Unterraum. Es ist 
dim U + dim U’ = dim V und UY =U. Ein Unterraum U von V heisst 
isotrop, wenn Kern(ds|U) 340, und totalisotrop, wenn Kern(ds | U) =U. 
Beispiele von nichtisotropen Unterräumen (das sind Unterräume U mit 
Kern(de|U)—0) sind V und 0. 0 ist gleichzeitig totalisotrop. 

Ein Vektor X€ V heisst nichtisotrop, wenn der von X erzeugte Unter- 
modul <ÆS ein nichtisotroper Unterraum =< 0 ist. X heisst isotrop, wenn <X> 
ein isotroper Unterraum ist. Ein nichtisotroper Vektor X ist gekennzeichnet 
durch $(X,X)eL* Hin isotroper Vektor X ist gekennzeichnet durch 
X x0 modulo J und $(X, X) —0. 

Seien V und V’ metrisches Vektorräume. Ein Isomorphismus von V 
in V’ heisst auch Isometrie. 

Unter der orthogonalen Gruppe von V, O(V), verstehen wir die Gruppe 
der Isometrien von V auf sich. Die Isometrien mit Determinante 1 bilden 
die speztelle orthogonale Gruppe von V, SO(V). 
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1.2. Die Theoreme von Witt und Cartan-Dieudonné. Ein erstes wich- 
tiges Ergebnis ist die Übertragung des Theorems von Witt auf metrische 
Vektorräume über einem lokalen Ring: 


THEOREM 1. Seien V und V’ metrische Vektorraume über einem lokalen 
Ring. Es gebe eine Isometrie von V auf V’. Wenn o: U —> V eine Isometrie 
eines Unterraumes U von V in V’ ist, so gibt es eine Isometrie von V auf V’, 
die eine Fortsetzung von o ist. 


Als eine der Folgerungen haben wir, dass je zwei maximale totalisotrope 
Unterräume von V dieselbe Dimension haben. Diese Dimension heisst der 
Index von V, ind Y. Es gilt 2ind V = dim F. 

Sei U ein nichtisotroper Unterraum. Dann ist V == U | U? (direkte 
Summe). Die Symmetrie bezüglich U ist die Isometrie o von V, die gegeben 
ist durch | U=1 und o | U? =m — 1, 

Besonderns wichtig sind die Symmetrien bezüglich (nichtisotroper) Hy- 
perebenen (das sind Unterräume der Kodimension 1). In Verallgemeinerung 
eines Resultats von E. Cartan und Dieudonné gilt das 


THEOREM 2. Set n=dimV>2. Jedes Element o€ O(V) ist das 
Produkt von höchstens 2n—2 Symmetrten an Hyperebenen. Dann und nur 
dann, wenn « € SO(V), ist die Anzahl der Symmetrien gerade. 


1.3. Die Kongruenzuntergruppen. Sei J ein Ideal in L mit J Cl. 
Der natürliche Homomorphismus gy: L>L/J bestimmt einen natürlichen 
Homomorphismus (den wir wiederum mit g, bezeichnen) 


(1) g5:V(L)>V(L/J) 


von V==V(Z) auf den metrischen Vektorraum V(L/J) über dem lokalen 
Ring L/J, dessen nichtentartete symmetrische Bilinearform ®, festgelegt ist 
durch die Identität ©;(gsX,gsY) =g (X,Y) für (X,Y)EV XV. Wir 
erklären V(L/L) als 0-Modul und lassen in (1) jetzt auch das Ideal 
J = L zu. 


Der Homomorphismus gy, (1), bestimmt einen Homomorphismus 
(2) hy: O(V(L)) > O(V(L/J)) 


durch die Festsetzung hyogy—g so für o€ O(V). Hier soll O(V(L/L)) 
die Einheitsgruppe E sein. Ebenso setzen wir SO(V(L/L)) =F. 

Wenn wir absehen von den Fällen, dass grV = V (L/T) die hyperbolische 
Ebene (d.h., dimg;V==2, indg;V==1) über dem Körper L/I=F, ist, 
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dann ist Zentrum O(V) = {1,—1}, wo 1 die Identitit ist und —1 die 
Symmetrie am Unterraum 0. 

Sei J ein Idealin L. Unter der Kongruenzgruppe mod J von Y, ovv,J J; 
verstehen wir die invariante Untergruppe von O(V), die aus den Elementen 
c€O(V) besteht mit hzo € Zentrum O (g;V). Unter der speziellen Kon- 
gruenzuntergruppe modJ von V, SO(V,J), verstehen wir die Gruppe 
SO(V)NO(V,J). 

Wenn gV nicht die hyperbolische Ebene über L/J == F, ist, so besteht 
O(V, J), für J CI, aus den o€ O(V) mit hyo=1 oder —1. Insbesondere 
jst O(V,L)—O(V), O(V,0)—ZentrumO(V}), SO(V,L) =SO(V), 
SO(V,0) —SO(V) N Zentrum O(V). | | 
| Sei J ein Ideal von L. Unter der Kongruenz-Kommutatorgruppe mod J 
von V, O(V,/), verstehen wir die gemischte Kommütatorgruppe von O(V) 
und O(V,J). Für Q(V,L), d.h., für die Kommutatorgruppe von O(V), 
schreiben wir auch O(V). Wir erklären Q(V(L/L)) durch E. 

Eine erste Kennzeichnung der Kongruenz-Kommutatorgruppen liefert 
das - eue 


THEROREM 3. Set dimV=23. Se J ein Ideal in L. 


(i) acy, J ) ist die gemischte Kommutatorgruppe von Som und 
SO(V,J). 7 


(ii) Q(y,J ) wird erzeugt von den Elementen (r7), wo r und r 
Symmetrien an Hyperebenen sind und hy(rr’) = 1. 


Zu den Folgerungen aus diesem Theorem gehört, für dim V = 3: 
SO(V)/Q(V) ist kommutativ und jedes Element hat eine Ordnung < 2. 
Zentralisator SO{V) — Zentralisator Q(V) = {1,—1}, also Zentrum SO (T) 
== SO(V) N {(1,—1}, ZentrumQ(V)=Q(V)N{1,—1}. Für ein Ideal 
J C Ist SO(V,7)=hys Zentrum SO(g,V). 


1.4. Die Cliffordalgebra. Eine zweite Charakterisierung der Kongruenz- 
Kommutatorgruppen mit Hilfe der Spinornorm für ind V Z1. Die Clifford- 
algebra über V, C(V), ist in der üblichen Weise erklärt, vgl. Bourbaki [2]. 
C*(V) bezeichne die Unteralgebra, ‚die erzeugt wird von den Produkten aus 
einer geraden Anzahl von Vektoren, aufgefasst als Elemente von C(V). In 
der multiplikativen Gruppe von'C+(V) haben wir die spezielle Cliffordgruppe, 
D{V), bestehend aus den een einer geraden Anzahl von nichtiso- 
tropen Vektoren. 

D(V)/L* ist kanonisch ne zu SO(V). Dieser Isomorphismus 
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induziert einen Homomorphismus 0: SO(V)— L*/L*?, der Spinornorm 
heisst. Kern 6 heisst reduzierte orthogonale Gruppe, O’(V). 

Es ist Q(V) CO(V). Falls ind V =1, so fallen diese beiden Gruppen 
zusammen, und die Spinorum übernimmt für die orthogonalen Gruppen die 
Rolle, die Determinante für die linearen Gruppen spielt: 


THEOREM 4. Ser J ein Ideal in L mit JCI. Es bezeichne 6; den 
Homomorphismus 


OX hy: o € SO(V) -> (8(c), hyo) € L*/L¥* X SO(gsV). 


(i) Set dim V =} oder ind V Z1. Dann ist 
Kem 0 =Q(V), Kemð;=Q(V,J). 


(ii) Set ind V Z1. Dann tst 
SO(V)/Q(V) tsomorph zu Bild(0) = L*/L*. 
Ser ausserdem dim V = 3. Dann tst 
SO(V,J)/Q(V, J} isomorph zu Bild (8z|SO(V,J)) — Unter- 
gruppe der Paare (aL*?,5) in L*/L*: X Zentrum SO (g,V) met 
gaL*? == 0 (T). | | 


(iii) Set dimV23,indV 21. 
Dann ist (SO(V,J)NQA(V))/Q(V,J) tsomorph zu Zentrum 
O(gsV). | 


1.5. Die Struktur der orthogonalen Gruppen für dimV=<4 Die 
Cliffordalgebra C(V) über V liefert, für dim V Æ 4, in natürlicher Weise 
Isomorphismen von Gruppen SO(V) in projektive lineare Gruppen in 2 
Variablen. Diese Isomorphismen sind fundamental für die Bestimmung der 
Struktur orthogonaler Gruppen von beliebig dimensionalen Räumen, vgl. 1.6. 


THEOREM 5. - 


-(i) Set dim V =—2. (a) Set ind V =— ind gV —0: Dann ist SO(V) 
tsomorph L’*/L*, wo L’ = L((— A)5) ein lokaler Ring ist, der 
aus L durch quadratische Erweiterung mit einem Element —A, 
A € 6(—1), entsteht. a | 
(b) Set ind V—1. Dann ist SO(V) isomorph L*. 


(ii) Sei dimV—8 und indV—1. Dann ist SO(V) isomorph zu 
PGL(2,L) = GL(2, L)/Zentrum GL (2, L). 

(iii) Set dim V'= 4. (a) SecindV—=indg;V—1. Dann ist PSO(V) 
—SO(V)/ZentrimSO(V) isomorph zu einer Untergruppe von 
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PGL(2,L’), die PSL(2,L’) umfasst, wobei L’ == L(A) ein lokaler 
Ring ist, der aus L durch quadratische Erweiterung mit einem 
Element A€ 6(—1) entsteht. 

(b) Sei ind F =2. Dann ist PQA(V)—Q(V)/ZentrumQ(V) 
isomorph zu PSL(%,L)X PSL(2,L). 


1.6. Die Struktur der Gruppen SO(V) und Q(V) für ind V Z1 und 
dim V=3. Seic€ O(V). Unter der Ordnung von o,0(c), verstehen wir das 
kleinste Ideal J in L so, dass e€ O(V,J). 

Sei G eine Untergruppe von O(V). Unter der Ordnung von G, o(G), 
verstehen wir das kleinste Ideal J so, dass O(V,J) D G, das heisst, A,G 
C Zentrum O(g;V). 

Offenbar wird o(@) erzeugt von den Idealen o(c), wo o die Elemente 
von @ durchläuft. 

Sei dim V3. Aus Theorem 3 folgt, dass Q(V,J) die Ordnung J hat. 
Theorem 4(ii) lehrt, dass SO(V,J)/Q(V,/) kommutativ ist, und dan(V,J) 
invariant ist ergibt sich: Jede Untergruppe @ von SO(V) mit Q(V,J) CG 
C SO(V,/) ist invariant und von der Ordnung J. Unser Hauptergebnis ist, 
dass dieses auch die einzigen invarianten (ja sogar die einzigen unter Q(V) 
invarianten) Untergruppen der Ordnung J von SO(V) sind: 


THEOREM 6. Set indV=1 Set dim V=% ode dim V =4 und 
ind grV == 1 oder dim V — 3 und L/I=£F,. 


(i) Jede Untergruppe G von SO(V) der Ordnung o(G) =J, die 
invariant ist unter Q(V), genügt den Beziehungen 


(3) Q(V,J) CEC SO(V,J). 


Andererseits ist jede Untergruppe G von SO(V), die den Bezie- 
hungen (3) genügt, invartant und von der Ordnung J. 


(ii) Eine invariante Untergruppe von Q(V) der Ordnung J ist von 
der Form SO(V,J) NQ(V) oder Q(V,d). 


KoRoLLAR. (Dieudonné [3], [4]) Sei L ein Körper. Unter den an- 
gegebenen Voraussetzungen gilt 


(i) Hine Untergruppe G von SO(V), die invariant ist unter Q(V), 
genügt einer beiden Beziehungen 
E CGCZentrumSO(V), Q(V)CGCSO(F). 
Andererseits ist jede Untergruppe G von SO(V), die einer dieser 
Beziehungen genügt, invariant in SO(V). 
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(ii) Die invarianten und echten Untergruppen von O(V) gehören zu 
Zentrum a(V). PQ(V) ist einfach. 


1.7. Bemerkung. Die Beweise der vorstehenden Ergebnisse beruhen auf 
einer Weiterentwicklung und Verfeinerung der Methoden, die, zu einem 
wesentlichen Teil von Dieudonné, für die Untersuchung der orthogonalen 
Gruppen über einem Körper entwickelt worden sind. 

Insbesondere wird Theorem 6 dadurch bewiesen, dass die Struktur von 
SO(V) in Verbindung gebracht wird mit der Struktur der in Theorem 5(ü) 
und (ili, a) genannten Gruppen, also mit projektiven linearen Gruppen in 2 
Variablen. Die Struktur dieser Gruppen hinwieder ergibt sich aus früheren 
Untersuchungen [5] von uns vgl. den Anhang. 

Im übrigen schliessen wir uns in den Bezeichnungen und in den Beweisen 
soweit wie möglich der Darstellung an, die Artin [1] von der Theorie der 
orthogonalen Gruppen über einem Körper gegeben hat. Bei den einleitenden 
Abschnitten und bei der Einführung der Cliffordalgebra sei auch verwiesen 
auf Bourbaki [2]. | 


2. Allgemeine Theorie der orthogonalen Gruppen. Theorem 1 und 2. 


2.1. Allgemeine Vereinbarungen. Mit L bezeichen wir einen lokalen 
Ring mit grösstem Ideal I>£L und char L/I 542. 

Mit V oder auch V(Z) bezeichen wir einen metrischen Vektorraum über 
L. Die nichtentartete symmetrische Bilinearform von V werde mit & be- 
zeichnet. Es bezeichne 
(4) da: V>YV* 


den durch »X(F)=S(F,X)—=#(X,Y) erklärten Isomorphismus \ von V, 
aufgefasst als freier L-Modul, in den dualen L-Modul V*. 

Seien Y,Y,Z,- ++. Elemente von V. Den von diesen Elementen er- 
zeugten Untermodul bezeichnen wir mit (X, Y, Z, © >. 

Für das Skalarprodukt &(X,Y) zweier Vektoren X und Y von V 
schreiben wir auch XY. X? steht für XX. Wenn XF = 0, so sagen wir auch: 
X und Y sind orthogonal zueinander. 

Seien U, U, und U, Unterräume von V. Wir sagen: U ı und U, bilden 
eine orthogonale Zerlegung von U, in Zeichen: U = U, 1 Us, wenn U direkte 
Summe ist von U, und U, und wenn jeder Vektor von U, orthogonal ist zu 
jedem Vektor von U,. Hier lassen wir auch ausdrücklich den Fall zu, dass 
U,—0, der Nullraum, and Us Ọ ist. Sei V=-U1W eine orthogonale 
Zerlegung von V. Wenn o: V — V’ eine Isometrie von V in den metrischen 
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Vektorraum V’ ‘ist, so ist o eindeutig bestimmt durch die Restriktionen 
p=0| U: U>V’ und r=o| W: W>V’. Wir schreiben daher o auch in 
der Form pr. 
Für die identische Abbildung von V auf sich, X -> YX, schreiben wir 
auch 1, und für die Symmetrie an 0, X —> — X, schreiben wir auch — 1. 
Sei A ein nichtisotroper Vektor. Für die Symmetrie an dem zu <A> 
orthogonalen Raum <A>° (vgl. Satz 1) schreiben wir auch ra. 


2:2. ` Orthogonalität. 


Sarz 1. Ser U ein Unterraum von V. Bezetchne U? den von daU C V* 
annullierten Untermodul von V. U® ist ein Unterraum und es gilt 


(5) dim U + dim U° = dim F. 

Es ist U” =U. Es ist 

(6) D n U° — Kern(de | U) — Kern (de | U°) 
UND? ist totalisotrop. 


Wenn W ein in U u UN TU°-komplementärer Untermodul ist, so ist 
Kern (de | W) —0, das heisst, W ist ein nichtisotroper Unterraum, und es ist 


(7) U =U NA U° LW. 


Beweis. Da ds, (4), ein Isomorphismus ist, ist dẹU — U* ein direkter 
Summand von V*. Also ist auch der von U* annullierte Untermodul U° von 
V direkter Summand und es gilt, wegen dim U == dim U*, (5). Da U DU 
und dim U™ = dim U, ist U” = Ọ. 

Für ZEU ist die Higenschaft: “dă (Y) = (X,Y) =Y (X) — 0 
für alle Ye U” gleichwertig mit “Ye Kern(ds | U)” und gleichwertig mit 
“XE U°,” also gilt die erste Gleichung in (6), und aus Symmetriegründen 
gilt auch die zweite. Das heisst insbesondere, dass Kern (de | 7°) ein direkter 
Summand ist, also U° ein Unterraum. 
= Da ‚Kern (dẹ | U N U’) =U N U’, ist UN U°.totalisotrop. 

Sei W komplementär zu U N U°in U. Für YEUN UV? und Z € W haben 
wir XZ == dX (Z) ==0. Da Kern(d; | W)C Kern(d3|U)=UNUS und 
WNUND—0, ist Kern(dy | W) —0, also gilt (7). 


Bemerkung. Sei U ein Unterraum. UN U® heisst Radikal von U, rad U. 
U nichtisotrop ist gleichwertig mit rad U = 0. 


| SATZ 2. Set U ein Unterraum von V, U® der zu U orthogonale Unter- 
raum. Folgende Eigenschaften sind dquivalent: 
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(i) U ist nichtisotrop, 
(ii) U? ist michtisotrop, 

(Gü) VæUILUr. 

Beweis. Es gelte (i), das heisst, dẹ | U sei ein Isomorphismus. Zu jedem 
FEV gibt es genau ein Y,€U so, dass dẹY |U==dsY.|U, das heisst, 
Y—Y¥°c¢ U°, es gilt also (iii). (iii) impliziert (i), denn wenn Kern (dẹ | U) 
#0, so U N U°s40 und wegen U” == (7 impliziert (ii) auch (ii) und (ii) 
impliziert wiederum (iii). 

Satz 3. Ser U ein Unterraum von V so, dass X’—0 für jedes XEU. 
Dann ist U totalisotrop. 


Bewes. XY — ( (X + Y)?—X*— Y?)/2=0 fiir beliebige X und Y 
aus U. 


Satz 4. V besitzt eine orthogonale Basis, d.h., es gibt eine Basis E, 
1&1 n = dim V, von V so, dass die E; nichttsotrop sind und EE = 0 für 
15 k. 

Beweis, Da V nichtisotrop ist, gibt es in V einen nichtisotropen Vektor 
E, (wir setzen stets dim V > 0 voraus). Wenn dim F > 1, so folgt aus Satz 
2, dass <H,5°=40 und nichtisotrop ist und von der Dimension n— 1. Der 
Beweis ergibt sich also durch Induktion. 


2.3. Die Witt-Zerlegung. Theorem 1. Seien N und M zwei isotrope 
Vektoren in V mit NM =1. Wir sagen dann: N, M bilden ein hyper- 
bolisches Paar. 


Sei N, M ein hyperbolisches Paar. Dann sind N und M modulo I 
linear unabhängig, das heisst, <N, MS ist ein direkter Summand. Da ferner 
Kern (dẹ | <N, My) —0, ist <N, M> sogar ein nichtisotroper Unterraum; wir 
bezeichnen ihn auch:als hyperbolische Ebene. 


Sei U ein nichtisotroper Unterraum. Unter einer Wttt-Zerlegung von U 
verstehen wir eine direkte Zerlegung der Form 


(8) | U=U’+U" LW 
wobei U’ und U” totalisotrope Räume sind und W nichtisotrop. 


Satz 5. Ser P ein nichtisotroper, 2-dimenstonaler Unterraum von V.. 
Wenn N ein tsotroper Vektor in P ist, so gibt es genau einen weiteren iso- 
tropen Vektor M in P mit NM ==1. Damit wird P==<N,M). 


6 ` 
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Beweis. Da P nichtisotrop ist, gibt es A € P mit NA € L*. Wir setzen 
M == Nz + Ay und bestimmen y aus 1— NAy und x aus 0 = NA2zy + A?y’. 


~ 


Sarz 6. Sei U ein Unterraum von V und set U in der Form (7%) zerlegt. 
Falls U N U° 0, so set Ni, © °, Np eine Basis des totalisoiropen Raumes - 
UNTU’. Dann gibt es isotrope Vektoren M,,---,M, in V so, dass N, M, 
für jedes j, 1 Sj Sr, ein hyperbolisches Paar bilden und so, dass die hyper- 
bolischen Ebenen P;==<N,,M;> paarweise orthogonal auch zu W orthogonal 
sind. Wir erklüren den nichtistropen Raum U durch 


(9) Ū == P L +  LPIW—= EN, NS + <M,- Ma LW. 


Hier steht an der letzten Stelle eine Witt-Zerlegung von U. 


Beweis. Für r= 0 ist der Satz jedenfalls richtig. Sei r= 1 und sei 
der Satz für r—1 schon beweisen. Wir setzen U,=<N,,'' *,Nrnid W. 
Dann ist U,°==U° 1 <N,>, radU,—rad Uo? == <Ni,: + -,N,.,. Wegen 
Non US = <N,, Uo? = U’ gilt für einen Vektor A € U,’ mit der Eigen- 
schaft U == U? -+ <A>: AN,€ L*. Daher gibt es auch in U,° ein hyper- 
bolisches Paar der Form N, M@, Mit P,==<N,, M, ist auch P,° nichtisotrop, 
und es ist U, C P,®. Nach Induktionsvoraussetzung gibt es in dem nichtiso- 
tropen Raum P,° einen Raum der Form U, =e Pil ©- LP L W. Durch 
U, LP, erklären wir dann U. 


Sarz 7. Sei o: U—V' eine Isometrie eines Unterraumes U von V in 
einen metrischen Vektorraum V’. Dann lässt o sich erweitern auf den in 
Satz 6 erklärten, U unfassenden Unterraum U, (9), von V. 


Beweis. Setze oN; = N’; und oW = W. Für oU =U’ haben wir dann 
die Zerlegung U’=<N’,,---,N’,>1W’. Nach Satz 6 gibt es in V’ eine 
Erweiterung von U’ zu U’ mit Hilfe von isotropen Vektoren M'i: © -, Wr 
Wenn wir die M,€ U abbilden auf die M’ € U’, haben wir o auf Ü erweitert. 


THEOREM 1. Seven V und V’ metrische Vektorraume. Es gebe eine 
Isometrie von V auf V’. Wenn o: U>V’ eine Isometrie eines Unterraumes 
U von V in V’ ast, so lässt o sich erweitern zu einer Isometrie von V auf V’. 


Bewers. 1. Sei Ü eine Erweiterung von U zu einem nichtisotropen Raum, 
wie es sie nach Satz 6 gibt. Nach Satz 7 lässt o sich jedenfalle auf Ü 
fortsetzen. Wir können daher von vorneherein annehmen, dass U nicht- 
isotrop ist. 


2. Angenommen, das Theorem ist für niedrigere Dimensionen schon 
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bewiesen. Wir schreiben U in der Form U = U, LU}. Setze cU, == U’, und 
olU,=r. Dann lässt r sich auf V erweitern. U4° geht dabei über in U’,”, 
insbesondere sind also U,° und U’,° isometrisch. «| U, bildet Uz, das ja zu 
U,° gehört, in U’,° ab. Es gibt also eine Erweiterung von o | U, zu einer 
Abbildung A: UP>U’. 11: V =U, LUL —> U’ LU? = V ist die ge- 
suchte Erweiterung. 


3. Da ein nichtisotroper Unterraum U als orthogonale Summe von 1- 
dimensionalen nichtisotropen Unterriumen dargestellt werden kann (Satz 4), 
genügt es, das Theorem für den Fall Ọ == <A>, A nichtisotrop, zu beweisen. 
Sei så = 4”, Seip: V— V’ eine Isometrie von V auf V’. Setze pA’ = B. 
Wenn wir eine Isometrie 7: V —> V mit 7A = B angeben, dann ist pr: V — V’ 
eine Erweiterung von «. 

Wegen (A + B) (4— B) =0 ist einer der Vektoren A + B und A — B 
nichtisotrop. Denn wären sowohl gr(A-+B) als auch gr(A— B) isotrop, 
so wären auch g;A und g;B isotrop. Sei also D = À -+ eB, mit e—1 oder — 1, 
nichtisotrop. Sei r= rp die Symmetrie an <D>°. Dann ist rA == — «B und 
—1rA = B. + oder — Ir ist also eine Isometrie von V, die A in B überführt. 


FOLGERUNG 1. Je zwet maaimale totalisotrope Unterraume von V sind 
isometrisch. 


Die Dimension eines solchen Raumes heisst Index von V, ind V. 


FOLGERUNG 2. Ausgehend von einem maximalen totalisotropen Unter- 
raum von V mit den Basiselementen Na, © +, Np r—ind Y, ergeben sich auf 
Grund von Satz 6 r paarweise zueinander orthogonale hyperbolische Ebenen 
: Hatte, H, m V. Den zu der Summe dieser Ebenen orthogonalen Raum 
bezeichnen wir mit W. Damit erhalten wir für V die Darstellung 


(10) Ve Axl: LH, 1 W . r =a ind V, ind W =Q. 
Durch (10) ist eine Wett-Zerlegung von V bestimmt, vgl. (9). 


Forcmrung 3. Sind U,, U, tsometrische Unterräume von V, so sind 
auch U,°, U,° tsometrisch. | 


ERGÄNZUNG zu THEOREM 1. Seta: U — V eine Isometrie eines Unter- 
raumes U von Vin V. Falls dim U + dim rad U < dim F, so gibt es unter 
den Erweiterungen von o zu einer Isometrie von V auf V solche, die zu SO(V) 
gehören, und solche, die nicht zu SO(V) gehören. 


Beweis. Die Voraussetzung bedeutet, dass der nach Satz 6 zu U gehörige 
Raum 7, (9), eine Dimension < dim F hat. Daher gibt es in U° einen nicht- 
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isotropen Vektor A. Sei r==r4 Wenn p: V— V eine Erweiterung von © 
ist, so auch TP; und det Tp == — det p. 


2.4. Das Zentrum von O(V). 


Satz 8. Set dim V =23 und ind V = 1, das hetsst, V enthalte isotrope 
Geraden (—1-dimensionale Unterräume). Set ve O(V). Ser J ein Ideal 
von L so, dass für jede isotrope Gerade <N> gilt: gso Ny = g< N5. Dann ist 
hyo == + 1. 

Beweis. Die Behauptung ist trivialerweise richtig für J=L. Wir 
nehmen daher an: J CJ. V enthält ein hyperbolisches Paar X, M. Es 
sel gyoN —=hyog,N = gyNa und gy M = AyegyM=g,Mb. Pm ÇN, MS ist 
nichtisotrop und besitzt eine Basis aus nichtisotropen Vektoren #. Wenn wir 
zeigen, dass fiir jeden dieser Vektoren E gilt: gyoE == hyogyE = gyEc mit 
gst == gja = gb, so heisst das, dass hyo eine Homothetie von g,V ist, und da 
hyocO(gsV), folgt die Behauptung. 

Wir betrachten jetzt den nichtisotropen Raum U=<N,M,E3. In U 
liegt der isotrope Vektor N—ME?/2 LE, Nach Voraussetzung ist 
gso(N — ME?/2 + E)—g,(N—ME?/2 + E)d—g,Na— 9,MbE®/2 + groB. 
Hieraus folgt gyoH € g,U, und da 950% orthogonal ist zu gyoP = g,P, folgt 
gol =m g;Ec und damit gja = gyb =m gye. | | 


SATZ 9. Set o eine Isometrte, die alle nichtisotropen Geraden von V 
festlasst. Wenn dann gıV nicht die hyperbolische Ebene über dem Primkorper 
L/I = F, tst, so folgt o= + 1. 


Beweis. Wir wählen eine orthogonale Basis in V. Es seien A, B zwei 
verschiedene Elemente dieser orthogonalen Basis. Nach Voraussetzung haben ` 
wir cA = Aa und oB == Bb. Wenn wir zeigen, dass ab, so ist o eine 
Homothetie, und da o eine Isometrie ist, folgt e = + 1. 

Falls nicht L/I =F, und gleichzeitig g;<A,B> hyperbolisch ist, so gibt 
es in <A, B> eine nichtisotrope Gerade (Au + Bud, die modulo J verschieden 
ist von (Ay und <B>, d.h., we L* und ve L*; im Falle L/I =F, ist es z.B. 
die Gerade <A + B>. Aus o(Au + Bv) = (Au + Bù)d == Aau + Bbv folgt 
dann a= b. 

Es bleibt der Fall zu betrachten: L/I =F, und g;<A, By hyperbolisch. 
Nach Voraussetzung gibt es dann in <A, B>? einen nichtisotropen Vektor C. 
A-+B+C ist nichtisotrop. Aus o(A+B+C)—(4+B+C0)d=dAa 
+ Bb + Ce folgt wiederum a—b. 


SATZ 10. Es sei g;V nicht die hyperbolische Ebene über L/I— Fy. 
Darn ist Zentrum O(V) = {1,— 1}, 
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Bemerkung. Wenn V die hyperbolische Ebene über Z=F, ist, so ist 
O(V) kommutativ. 


Beweis. Jedenfalls gehôren 1 und —1 zu Zentrum O(V). Falls an- 
dererseits « € Zentrum O(V), so ist o mit der Symmetrie ra an der nicht- 
isotropen Hyperebene <A>° vertauschbar. oa lässt also die nichtisotrope 
Gerade <A> ungeändert. Die Behauptung folgt aus Satz 9. 


2.5. Symmetrien. Ein Element o€ O(V) heisst Involuton, wenn 
o =]. 


Satz 11. Set ocO(V) eine Involution. Setze U =a Kern(o +1), 
W = Kern (o —1). Dann bilden U und W eine orthogonale Zerlegung von 
V, F=U LW. Für o haben wir die Darstellung 


(11) g=a—1/U11/W, 


d.h., o ist die Symmetrie bezüglich W. Ist umgekehrt V =«U LW eine 
orthogonale Zerlegung von V, so ist dazu durch (11) eine Involution bestimmt. 


Beweis. 1. Sei o eine Involution. Sei U=Kern(co+1) und W 
== Kern(o—1). Aus X == (o +- 1)X/2 + (o—1)4/8 folgt: V wird von U 
und W erzeugt. Ferner UNW=0. Für ZEU und Ye W haben wir 
AY =oXoY = (—X)Y =— XY =0. Es bleibt noch zu zeigen, dass U 
oder W ein Unterraum ist. Sei A ein nichtisotroper Vektor von V. Dann 
ist einer der Vektoren (o +1)A€ W und (o-—1)AE U nichtisotrop. Wir 
kônnen also annehmen, dass einer der Räume U und W einen nichtisotropen 
Vektor B enthält. Wegen oB == + B ist o | <By° eine Involution. dim<B>° 
= dim V — 1. Für dim V1 ist die Behauptung richtig, wir können also 
durch Induktion schliessen, dass U oder W ein Unterraum ist. 


SATZ 12. Set dim V —2. 
(i) Jedes Element o € O(V) lässt sich in der Form + oder rr’ schreiben, 
wobei r und t Symmetrien an nichtisotropen Hyperebenen = (Geraden sind. 


Dann und nur dann, wenn o = 77", gehört o zu SO(V). In der Darstellung 
tr von o kann r beliebig vorgegeben werden. 


Gi) SO(V) ist kommutativ. 


(iii) Falls gV nicht die hyperbolische Eben über L/I == F, ist, so gibt 
es in SO(V) ein Element o mit ho? 41. 


Beweis. 1. Sei o€ SO(V) und r—r, vorgegeben. Wegen (oA — A) 
X (A + 4) =0 ist oA + À oder oA — A nichtisotrop. In jedem Falle 


294 WILHELM KLINGENBERG. 


gibt es also einen nichtisotropen Vektor B mit (r"4A—A)B=0 und 
(ot14+A)€ <B>. Es ist daher rnot4——A, also rargo*d==A. Da 
targo E€ SO(V), folgt o==rats. Da jedes Element von O(V), das nicht 
zu SO(V) gehört, in der Form rao mit o € SO(V) geschrieben werden kann, 
ist (i) bewiesen. 


2. Zum Beweis von (ii) bemerken wir, dass wir, nach (1), zwei Elemente 
O1, o: von SO(V) in der Form o, = TTi == T2973, ou rro Schreiben können. 


Damit wird 030102" = rreteTgTgT = TT gh et == TTITT == 01, 


3. Zum Beweis von (iii) nehmen wir an: V ist so beschaffen, dass für 
jedes o € SO(YV) gilt krot —1, d.h., h,SO(V) =SO(h:V) besteht nur aus | 
Involutionen. Da dim V = 2, können als Involutionen nur in Frage kommen 
1 und — 1, das heisst, SO (gV ) besteht aus 2 Elementen. Da SO(g;V) den 
Index 2 in O(g;V) hat, besteht O(g;V) aus 4 Elementen, es gibt also nur 2 
nichtisotrope Geraden in g,V, zwei andere Geraden in g,;V müssen isotrop sein, 
gıV ist also die hyperbolische Eben über Fs. 


THEOREM 2. Ser n=medimV=2. Jedes Element o€ O(V) ist das 
Produkt von = 2n—2 Symmetrien an Hyperebenen. Dann und nur dann 
gehört o zu SO(V), wenn die Anzahl der Symmetrien gerade ist. 


Foramrung. Der Homomorphismus (2), hy: O(V) > O(gV), ist sur- 
jektiv, und dasselbe gilt für die Einschränkung hs: SO(V) > SO(gsV). 


Beweis. 1. Für n ==2 folgt die Behauptung aus Satz 12. Wir machen 
einen Induktionsschluss nach n. 


2. Selo€ O(V). Es gebe einen nichtisotropen Vektor A mit oA == eA, 
e=] oder —1. Dann ist H—<AY° eine nichtisotrope Hyperebene der 
Dimension n— 1 mit cH == H. Setze ra =r. Nach Voraussetzung ist o | H 
das Produkt von rS2n-—4 Symmetrien „, 1<1i<r. Wir setzen die ri 
durch die Identität auf <A> fort und schreiben dafür wieder 7; Jenachdem 
ob e— 1 oder —1 ist, dann o—J[ ny oder = 7 [[ n, 1 Sis, d.h., o ist das 
Produkt von Æ 2n — 3, Symmetrien an Hyperebenen. : 


3. Sei À nichtisotrop. Wegen (oA + À) (cA — A) —0 ist oA + €A für 
€ == 1 oder —1 nichtisotrop. Sei r == rotses. Dann ist rod ——ed. Nach 2. 
ist ro das Produkt von SS 2n— 3 a also o das Produkt von 
= 2n—2 Symmetrien. 


4. Die letzte Behauptung folgt aus der Bemerkung, dass die Symmetrien. 
an Hyperebenen nicht zu SO(V) gehören. 
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5. Zum Beweis der Folgerung bemerken wir, dass die Abbildung (1), 
gs: V(L) — V(L//), surjektiv ist. Jede Symmetrie an einer nichtisotropen 
Hyperebene in O(V(L/J)) besitzt also em Urbild in O(V(L)). 


ERGANZUNG zu THEOREM 2. Set J em Ideal in I. Jedes Element 
cf O(V) mit hyo — 1 ist das Produkt von = (n— 1) Elementen der Form 
(rr), wobei r, t Symmetrien an Hyperebenen sind und hy(rr’) — 1. 


Beweis. Sei A ein nichtisotroper Vektor. Wegen gr(aA + À) = 2g,A 
ist dann auch (oA + A) nichtisotrop. Seir=r, und r = 74,04. Dann ist 
TroA = A, also o == rr'o mito’ | <A> =1. Die Behauptung folgt jetzt durch 
Induktion. 

3. Die Kongruenz-Kommutatorgruppen. Theorem 3. 


3.1. Hine Kennzeichnung der Kongruenz-Kommutatorgruppen. 
Theorem 3. 


THEOREX 3. Set dim V = 3. J bezeichne ein Ideal von L. 


(i) Q(V,J) = gemischte Kommutatorgruppe von SO(V) und 
SO(V,J). | 


(11) D(V,J) wird erzeugt von den Elementen 
(12) (rr); r,r Symmetrien an Hyperebenen mit hy(rr’) = 1. 
FOLGERUNG 1. Die Kommutatorgruppe Q(V) =Q(V,L) von O(V) ist 
zugleich die Kommutatorgruppe von SO(V) =SO(V,L). Q(V) enthält das 


Quadrat eines jeden Elementes aus SO(V). SO(V)/Q(V) ist kommutativ 
und jedes Element hat eine Ordnung = 2. 


FOLGERUNG 2. Q(V,J) hat die Ordnung J, d.h., J ist das kleinste 
Ideal K so, dass O(V,K) > Q(V,J). 
FOLGERUNG 3. Der Homomorphismus hy: O(V) >Q(g,V) ist surjektiv. 


Beweis. 1. Sei o€ O(V,J) und A ein nichtisotrope Vektor. Dann ist 
oA +e4 nichtisotrop für em 1 oder —1. Damit wird oA = — erosseaA, 
also Toa = Tirgaras). Damit erhalten wir 


(13) TA0T4 tomt Tod MS TAT(T syed) = (ratodsed) 3 hy (ratosses ) == J, 


2. Wir bezeichnen die von den Elementen (12) erzeugte, invariante 
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Untergruppe mit G(J). Nach Theorem 2 wird O(V) erzeugt von den Sym- 
metrien an Hyperebenen. Die Formel 


“1. <1 


Pıpsopa pL Tot = pı (props to") (oprto p) pr 


“zeigt, dass die gemische Kommutatorgruppe Komm(O(V}),O(V,J)) erzeugt 
wird von den Elementen (13) mit e€ O(V,/). Damit haben wir 


G(J) > Komm(O(V),O(V,J)) > Komm(SO(V), SO(V,J)) 


8. Wir müssen jetzt noch zeigen, dass G(J) enthalten ist in 
Komm(SO(V),SO(V, J)), 


d.h., dass ein erzeugendes Element (12) von G(J) enthalten ist in 
Komm (SO(V),SO(V,J)). Dazu schreiben wir r und r aus (12) in der 
Form ra und rg. Wir zeigen in 4., dass wir uns auf folgenden Fall beschränken 
können: Die nichtisotropen Vektoren A und B gehören einer nichtisotropen 
Ebene P an. 

Dann ist auch P° nichtisotrop, dim P? == n —}2 = 1, es gibt also in P° 
einen nichtisotropen Vektor C. Der 8-dimensionale Raum U == P | <C> ist 
dann ebenfalls nichtisotrop und wir haben 


rasta |U11]U, re tp | U 11| 0°. 
Damit konnen wir rr’ == rarp auch in der Form schreiben 
(14) rats = 0408 mit og = (—1-74)| U 11 | 0° 303 = (—1-73)|011| 0°. 


oa und og sind Symmetrien an den (r—%)-dimensionalen Räumen (AS 1 U° 
bzw. <B> 1 U°, insbesondere gehören also o4 und or zu SO(V). Wegen (14) 
kônnen wir das Element (12) auch folgendermassen schreiben: 


(rar) 2 om (cave) B mi CT A (opoa)oa* (agoa)? € Komm (SO (F), SO(V, J) ). 


4. Es seien A und B nichtisotrope Vektoren. Wir müssen noch zeigen, 
dass (rars)? dargestellt werden kann als Produkt von Elementen aus 
Komm(SO(V),SO(V,J)) und von Elementen (rarr)*, wo A’ und B’ 
einer nichtisotropen Ebene angehören. 

Dazu bemerken wir, dass es zu 4 und B stets eine. Menge nichtisotroper 
Vektoren A, 0<j<r, gibt mit folgenden Eigenschaften :A,—4, A, = B, 
hyta,,ra, =1l und A,,,4, in einer nichtisotropen Ebene P;, gelegen, 
1=jsr. In der Tat, falls J'C I, so wählen wir eine orthogonale Basis E; 
1£<i<£n,in V mit E, == A. Sei B= $, Em. Setze Ay Ban ++ + Ha, 
rn, Ph, = <4, Ep. Falls dagegen J == L, so gibt es einen Vektor C in 


4 


ORTHOGONALE GRUPPEN. 297 


V so, dass gO nichtisotrop ist und mit g;A sowie mit g;B eine nichtisotrope 
“Ebene aufspannt. Setze A, = C, r—2. 

Mit den so eingeführten Vektoren Aj, 0271, haben wir: tars == rar, 
==|[r4,,74, LS] Sr. Die Formel 


(r46T410) tes (T4T4,) 2 [ (74,79) o( TATA) ot] g? 


zeigt, dass (rara)? = (]]r4,,ra,)” als Produkt von Elementen aus Komm 
(SO(V),SO(V,J)) und von Elementen (ra,,74,)? geschrieben werden kann. 


5. Zum Beweis der Folgerung 1 bemerken wir: Nach Theorem 2 wird 
SO(V) erzeugt von Elementen der Form (rr’), nach dem soeben Bewiesenen 
gehören die Quadrate dieser Erzeugenden zu Q(V). Da Komm SO(V) = Q(V), 
ist also SO(V)/Q(V) kommutativ und besitzt ein System von Erzeugenden 
der Ordnung 2, woraus sich die Behauptung ergibt. 


6. Die Ordnung 0(Q(V,/)) von D(V,J) wird erzeugt von den Ord- 
nungen o(o) der Elemente se N(V,J). Zum Beweis der Folgerung 2 genügt 
es also zu zeigen, dass es zu jedem uw € J nichtisotrope Vektoren A und B so 
gibt, dass das Element (rars)? die Ordnung (u) hat, wo (u) das von u erzeugte 
Ideal bezeichnet. Falls (u) = L, so wählen wir für A und B zwei orthogonale, 
nichtisotrope Vektoren. Falls (uw) CJ, so wählen wir zwei nichtisotrope 
orthogonale Vektoren A und C und setzen B = A + Cu. Dann ist o( (rarz)*) 
= (4). 


7. Die Folgerung 3 ergibt sich, ähnlich wie die Folgerung zu Theorem 2, 
aus der angegebenen Erzeugung von 2(V). 


ERGÄNZUNG ZU THEOREM 3. Sert dim V Z= 3. Ser J ein Ideal ın I. Ein 
Element se O(V) mit Ayo — 1 ist Produkt von Elementen der Form 


(15) (pp), wobei p und p Symmetrien an Unterräumen der Dimension 
n— 2 sind und hy(pp’) =1. 


Beweis. Nach der Ergänzung zu Theorem 2 ist e Produkt von Elementen 
(rt), WO t= r4 und 7 == rg Symmetrien an Hyperebenen sind und Ay(rirs) 
== 1. Nach Teil 4 des vorangehenden Beweises können wir annehmen, dass 
A und B einer nichtisotropen Ebene angehören. Auf Grund von (14) können 
wir dann für rr m TITR schreiben OATB, d. h., mit p= 04; p = 0B; (15). 


3.2. Das Zentrum von SO(V) und Q(V). 


DATZ 13. Ser dimV=3. Wenn o€ O(V) vertauschbar ist mit dem 
Quadrat p? eines jeden Elements pe SO(V), dann ist o= + 1. 
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Beweis. 1. Wir zeigen, dass, unter den angegebenen- Voraussetzungen, 
æ jede nichtisotrope Gerade in sich überführt. Dann folgt die Behauptung 
aus Satz 9. 
Sei A ein nichtisotroper Vektor. In <A>° wählen wir zwei zueinander 
orthogonale, nichtisotrope Vektoren B und C. Setze P==<A,B> und Q 
==<(A,C>. Dann ist <AD=PNQ. 


2. Wir schliessen zunächst den Fall aus: L/I =F, und gıP oder g:Q 
hyperbolisch. Dann gibt es nach Satz 12(iü) ein p€ SO(P) mit g? 541. 
Wir setzen p durch die Identität auf P° fort und bezeichnen dieses Element 
wiederum mit p. Dann ist also p € SO(V) mit p?| PP=1 und gı(p | P) 1. 
Wegen op°o 1 = p? gilt auch p?|oP°—1, also oP? = P° und folglich oP =P. 
Ebenso ergibt sich oQ == Q, also « A) = oP N oQ =P N Q = <A>. 


3. Sei jetzt L/I = F, und gP sowie g1Q hyperbolisch. Dann ist gr<B, O> 
nichthyperbolisch. P’ == <4, B + C5, Q’ = <4, B — CS sind nichtisotrop und 
gı” und g;Q’ sind nichthyperbolisch. Es ist <4 == P N Q’. Wir können 
schliessen wie in 2., dass o< Á> = <A). 


4. Sei L/I =F, und genau eine der Ebenen g;P und grQ hyperbolisch. 
Wir nehmen an, grP is hyperbolisch, der andere Fall wird ganz analog be- 
handelt. Dann ist gr<B, CS hyperbolisch. 


R=<B,4 +05 und S=<B, 4—05 


sind nichtisotrop und g;# und g;S sind nichthyperbolisch. Damit folgt wie 
in 2%, wegen <B> =R N 5, c(B>=cohNcoS=RAS=<By. Also auch 
o<A + Cy =<4 -+C und «(A—O>=<A—CO)>. Folglich o¢A> == <AY 
oder == <CS. Wir wollen den Fall «<A> == <C> ausschliessen. 

Setze U == <A,B,C>. Jedenfalls ist oU == U. Wir bezeichnen die Ele- 
mente von gU und O(g,U) jetzt mit einem Querstrich. Anf Grund der 
Folgerung zu Theorem 2 ist das Element ¢==hy mit jedem Quadrat p? 
eines BE SO (Q) vertauschbar. Wir betrachten nun das p€ SO(Ü), das 
gegeben ist durch p(4 + B) = (4 + B), p= (4 +B)+C. Man erkennt: 
Die einzigen Vektoren von U, die invariant bleiben unter 72, sind die Vektoren 
von <Å + B>. Wegen 5p°0' == p° bleiben auch die Elemente von 5A + BY 
invariant, also <4 + By == <A + B), also KÄy == (AD, «(AD = A). 


Satz 14. Ser dim V == 3. Der Zentralisaior von SO(V) in O(V) ist 
gleich dem Lentralisator von Q(V) in O(V) und besteht aus {1,—1}. Daher 
ist Zentrum SO (V) =SO(V)N Zentrum O(V) und Zentrum 0(V) =0(V) 
N Zentrum O (V). 


ORTHOGONALE GRUPPEN. 299 


Beweis. Nach Satz 18 ist der Zentralisator der Menge von Quadraten p* 
von Elementen p € SO(V) gleich {1,—1}. Nach Folgerung 1 zu Theorem 3 
gehören diese p? zu Q(V). Nach Satz 10 ist Zentrum O(V) = {1,— 1}. 


Satz 15. Set dim V = 3, sei J ein Ideal in J. Dann ist SO(V,J) 
= Gruppe der oe SO(V) mit Ayo € {1,— 1}, für dim V gerade, oder, mit 
hyo = 1, fiir dim V ungerade. 


Beweis. SO(V,J) == Gruppe der o € SO(V) mit 
hyo € hySO(V) = SO(g:V) 


und Ayo € Zentrum O(g,V), d.h., hac € SO(gsV) N Zentrum O(g,V) — Zen- 
tram SO(g,V). 


4. Anwendungen der Cliffordalgebra. Theorem 4 und 5. 


4.1. Die Cliffordalgebra über V. Für die weiteren Untersuchungen 
benötigen wir die wichtigsten Eigenschaften der Cliffordalgebra über V. 
Bei der Herleitung dieser Eigenschaften begnügen wir uns mit Andeutungen 
der Beweise, sobald diese ebenso verlaufen wie in dem Fall, dass L ein Körper 
ist. Wir verweisen, neben Dieudonné [4] und Artin [1], auf Bourbaki [2], 
wo auch die Cliffordalgebra über einem freien Modul betrachtet wird. 


Sei T(V) die Tensoralgebra über V. Mit S bezeichnen wir die Unter- 
algebra von T(V), die erzeugt wird von den Elementen 


(16) XOX—X:, Xey 


von T(V), wobei wir V als Untermodul von T(V) auffassen. 

Unter der Cliffordalgebra über V, C(V), verstehen wir die Quotienten- 
algebra T(V)/S. Das Bild eines YE V C T(V) in C(V) bezeichnen wir 
wieder mit X. Die Multiplikation in ((V) bezeichnen wir mit (a, 8) —>aog. 

Aus (16) haben wir die Relation 


(17) XoY + ¥oX =Y. © 


Da V eine Basis besitzt, hat auch ((V) eine Basis. Und zwar ist, wenn 
E, 1S1 S n= dim V, eine orthogonale Basis von V ist, Eio: -oE 
a<: <ir (k==0,-- -,n) eine Basis von C(V). Also dimC(V) = 2, 
Aus (17) folgt: Hof, + Ero E= 0 für i k, und Eo Ex BR. 
Mit C*(V) bezeichnen wir die Unteralgebra von C(V), die erzeugt wird 
von den Produkten einer geraden Anzahl von Vektoren aus V. 
Das Zentrum von O(V) ist gleich L, falls n == dim V gerade, und gleich 
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L-HerL, falls n ungerade, wobei ey das Produkt aus den n Elementen einer 
orthogonalen Basis von V ist. Es folgt C*(V) N Zentrum C(V) =L. 

. Die Elemente a€ C(V), die mit jedem X € F antikommutativ sind, d.h. 
ao X ==— X oc, sind von der Form « =Q oder falls dim V gerade, a = yc, 
cE L. In jedem Falle gehören diese Elemente also zu © (V). 

Sei a€ C(V) invertierbar. s(a) bezeichne den inneren Automorphismus: 
BEC(V) > 8(a)B=m=aofogteC(V). Unter der Chffordgruppe von FV, 
R(V), verstehen wir die multiplikative Gruppe derjenigen invertierbaren 
Elemente a€ C(V), für die s(a)V—=V ist. R(V) NO*(V) heisst speztelle 
Cliffordgruppe von V, D(V). 

Wir behaupten, dass, für a€ R(V), s(a)| V: V—V eine Isometrie von 
V ist. In der Tat, s(«), angewandt auf (17), lässt die rechte Seite von (17) 
ungändert, während die linke übergeht in s(a)Xos(a)¥ +s(a)Yos(a)X 
= 28(a)Xs(a)¥. Den durch a€ R(V)>s(a)| VEO(V) erklärten Homo- 
morphismus bezeichnen wir mit s. Wegen D(V) N Zentrum C(V) == L* ist 
Kem (s| D(V)) = L*. 

Zu der Cliffordgruppe von V, R(V), gehören insbesondere die nicht- 
isotropen Vektoren B von V. Denn durch B/B? ist B- erklärt und für X € V 
haben wir 


(18)  s(B)X—=BoXoBt— (— XoB-+2BX)oB- 
om — X + B(QBY/B*) —=—Irp¥ € V. 


Hier bezeichnet rg die Symmetrie an <B5°. 
Da nach Theorem 2 jedes o€ O(V) eine Darstellung als Produkt von 
Symmetrien rg, besitzt, wo die B, nichtisotrope Vektoren sind, folgt aus (18) 


Fern: ‘ra, € O(V) impliziert, mit X € V, 
(19) oXam(—1)'8(B,o- + -oB,)X 
pom (—1)"B,0°- *-0B,040B,"10: ::.0B,"1, 


Sei «€ D(V). 8(a)|V==o habe die in (19) angegebene Darstellung. Aus 
(19) folgt s(a) == (—1)"s(B:0: : -oB,), also s(ato B0: + +0 B) = (— 1Y. 
r muss gerade sein. Denn wäre r ungerade, so würde, da ac C*(V), 
B =a Bo; - +o B, nicht zu Ct(V) gehören und mit jedem X€ V anti- 
kommutativ sein, was wir oben ausgeschlossen haben. Also ist r. gerade, 
c€ SO(V), BED(V). Wegen Ken(s|D(V))—L* haben wir «= cB, 
o- -o B, mit cE L* oder, mit B'i == Bic, a= B'or : :oB,. Zusammen- 
fassend gilt also 


Jedes Element a der speziellen Cliffordgruppe D(V) von V ist das 
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Produkt einer geraden Anzahl von nıchtisotropen Vektoren. Durch «€ D(V) 
—s(a)| VE O(V) ist ein surjektiver Homomorphismus 


(20) s: D(V)>SO(V) 
gegeben mit 
(21) Kern(s| D(V)) =L*; D(V)/L* isomorph SO(V). 


Es bezeichne &-—>& den natürlichen Antiautomorphismus von C(V), 
der in der Umkehrung der Reihenfolge der Multiplikation besteht. Für 
g == B, o:  oB,E D(V) haben wir dann ao&-=B,;0:::0B,0B,0: - -oB, 
—§,7---B¢€ L*. 


(22) N:a€D(V)—N(a)=aoûe L* 


ist ein Homomorphismus, den wir (Chfford-) Norm nennen. Kern N heisst 
reduzierte Cliffordgruppe von V, D,(V). Das Bild sD,(V) von Do(V) in 
SO(V) heisst reduzierte orthogonale Gruppe von V, O’(V). Da Kern 
(s| Do(V)) = {1,—1}, folgt 


(23) D,(V)/{1,—1} tsomorph O'(V). 


Sei o € SO(V). Nach (21) unterscheiden sich zwei Elemente « und a 
von D(V) mit s(a) ==s8(o’) =g um ein Element aus L*. Zu o€ SO(Y) 
ist daher N(a)L** mit s(a) =o eindeutig festgelegt. Der so erklärte 
Homomorphismus 
(24) 0: SO(V) > L*/L® 
heisst Spinornorm. 


Mit Hilfe von (19) erkennen wir: Falls «€ SO(V) in der Form (19) 
geschrieben ist, so ist @6(c) —=B,?---B-AL**, Insbesondere, wenn F; 
1=1n-—dim FV, eine orthogonale Basis von V ist, und — 1 € SO (F), so 
wird 8(— 1) == H,?- + -#,?D*?, 

Kern ĝ == O (F). 


4.2. Eine weitere Kennzeichnung der Kongruenz-Kommutatorgruppen. 
für ind V =1. Theorem 4. 


Satz 16. Set dim V =2. @(—1)—=—1-L™ ist âquivalent mit ind 
V = 1. 


Beweis. Falls ind V = 1, so sei N, M ein hyperbolisches Paar in F. 
E, == N + M/2, E,~-N—M/2 ist eine orthogonale Basis von V. 6(—1) 
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un LE LE um — 1: Lt, Wenn umgekehrt, für eine orthogonale Basis Æ, 
E, von V, EE, == —c}, so ist FE + F,c ein isotroper Vektor in Y. 


THEOREM 4. (1. Teil) Sa dimV=—2. Set J ein Ideal von L mit 
J Cl. Set | 


(25) 40 X hy: o€ SO(V) > (8(0), ho) € L*/L* X SO (gs V).. 
(i) Kernÿ—Q(V). Kemy=n(V,J). 


(ii) Sei indV—1. SO(V)/Q(V) ist isomorph Bild(#|SO(V)) 
= L*/L**, SO(V,J)/Q(V,J) ist isomorph Bild(8;|SO(V,J)). Falls 
L/L Fa, ist SO(V,J)/Q(V,J) tsomorph 


Bild (6 | SO (7, J)) = gr {1 —1}/1*2. 


Beweis. 1. Beweis von (i). Zunächst ist klar: Q(V) C Kerné und 
Q(V,J) C Kemd,. Sei umgekehrt e€ Kern§. Nach Satz 12 lässt o sich 
in der Form rırz schreiben, mit vorgegebenem nichtisotropen A. Es ist also 
AB?E L*. Daher gibt es be L* so, dass C == Bb und C?=-A*, Nach der 
Erginzing zu Theorem 1 gibt es p€ SO(V) mit pA=C. Damit wird 
o = TATB == TATO = TATpA = TAapTAp E Q(V,L)—Q(V). Sei jetzt noch hyo me 1. 
also o € Kern y. hje = hyrarpa == 1 bedeutet: hyp<gsA> = <gsA>, d.b., Ayp 
lässt die nichtisotrope Gerade <g,A» fest, oder auch, hjp ist vertauschbar mit 
der Symmetrie r,,4 Da A beliebig war, ist hyp € Zentrum O(g;V), also 
pE SO(V,J), also o == raprap t E A(V,/). 


2. Beweis von (ii). Nach (i) ist jedenfalls SO(V)/Q(V) isomorph 
Bild(6|SO(V)), und dies ist enthalten in L*/L*:. Ist andererseits 
aL*? € L*/L*? vorgegeben, so ist o==ty.utwsara€ SO(V) und 0(c) = aL*, 
also Bild ð == L*/L*:. Damit ist der erste Teil von (ii) bewiesen. Sei jetzt 
J CI. Nach (i) ist jedenfalls SO(V, J)/Q(V, J) isomorph Bild(#, | SO(V, J)) 
= Gruppe der Paare (6(c),Ayo) mit «€ SO(V,J). Wir setzen jetzt 
L/I54F, voraus. Nach Satz 10 ist in diesen Paaren dann stets hyo == 1 oder 
— 1, also g,4(o) = O(hyo) = 0(1) = (L/J)*? oder = 6(—1) = — 1: (L/J)™, 
nach Satz 16. Also Bild(@|SO(V,J))C gs {1,—1}/L**. Ist aL* 
€ gr *{1, —1}/L** gegeben, wobei wir annehmen können, dass gja € {1,—1}, 
80 ist o == rysuTneas € SO(V,J) mit 9(o) =aL*. Also Bild(# | SO(V,J)) 
==gy*{1,—1}/L**. Es bleibt noch zu zeigen, dass Kern(4 | SO(V,J)) 
= O(V,J) ist. Für ein g€ SO(V, J) mit 4(o) = L* ist g(s) <= 0(hyo) 
= (L/J)**,; also hyo == 1, also c€ Q(V, J). 
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THEOREM 4. (2. Teil) Sei dimV23, indV21. Set J ein Ideal 
in I. 6, sei erklärt durch (25). 


(i) Kemn@=—O(V). Kermnés;—(V,-/). 


(ii) SO(V)/Q(V) ist isomorph Bild(6|SO(V)) = L*/L**, 
SO(V,J)/Q(V,J) ist isomorph Bild(6,|SO(V,J)) = Unter- 
gruppe der Paare (aL**,c) € gy Bild(# | Zentrum SO(g,V)) /L*? 
X Zentrum SO (g; V) mit gab” —=9(F). 


(iii) (SO(V,7J) NA(V))/Q(V,/) ist isomorph Zentrum Q(gsV). 
Forserune. (i) Kern(hy: O(V) > Q(g7V)) = Q(V,J). 


(ii) Falls dim V ungerade, also Zentrum SO (g,V) — 1, so tst 
SO(V,J)/Q(V,7) tsomorph g (L/S) *?/L*?. 


(iii) Falls dim V ungerade, so tst Zentrum 9 (g7) — 1 und folglich 
SO(V, J) NQ(V) =Q(V,J). 


Beweis. 1. Beweis von (i). Offenbar O(V) C Kern und Q(YV,/) 
C Kern$,. Sei jetzt «€ Kern. Nach Theorem 2 lässt o € SO (F) sich als 
Produkt [[ rarı von Elementen rara schreiben, wo ra und rae Symmetrien 
an Hyperebenen sind. Wegen ind V = 1 gibt es in V ein hyperbolisches Paar 
N, M. Setze <N, Mò =P. Zu jedem Paar A, A’ erklären wir B und B’ 
in P durch B == N + MA?/2, B' =N + MA”/2. Wir haben B? == A? und 
B”? =m A”. Daher gibt es e und € mit den Werten 1 oder — 1 so, dass 
C= À -+B und C =A’-+ B’ beide nichtisotrop sind. Es ist reB == — eA 
und 7¢B’ == À". Daher | 


TATA’ == TOTRTOTOTB'TO! ™ [ro [ (roTo)Te (roro) irg] Tot] & g’ (Tarp ) ro” (rars) a T 


d. h., TATA’ WAL’TBTPB' mit waar € Q(T) è Also auch q ms TI TATA’ = 0) TI TBTB' 
mit ven(V). Setze [I rsrs =p. Wegen p| P°—1 können wir p auffassen 
als Element von SO(P), und wegen 6(c) = L* und 8(w) = L*? ist auch 
8(p) = L**, also nach Theorem 4, Teil 1, (i), pE Q(P), oder auch pen(V), 
also auch o==wpE€Q(V). 

Sei jetzt ausserdem noch Ayo=1, J CI, d.h., o€ Kernd,. Nach der 
Ergänzung zu Theorem 2 können wir o als Produkt [Į rara: mit Ayrary = 1 
schreiben, d. h., <g7A> = <gsA’>. Wir können daher annehmen: gjA = gjd’. 
Dann ist auch, für die oben konstruierten Vektoren, g,B=g9,B’ und, mit 
ee, gl em gC", Daher auch in rary = 0ga'TRTB'! waar € Q(Y, J), also in 
o = wp: wE Q(V,J), und wegen hyo = hyw == 1: hyp ==1, d.h., nach Theorem 
4, Teil 1, (i), pE Q(V,/), also auch o==wpE 2(V,/). 
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2. Beweis von (ii). Nach (i) ist jedenfalls SO(V)/Q(V) isomorph 
Bild(é|SO(V)), und dies ist enthalten in L*/L*. Sei N, M ein hyper- 
bolisches Paar in V, setze <N,M>==P. Nach Theorem 4, 1. Teil, (i), 
gibt es « € SO(P) so, dass 8(o) einen vorgegebenen Wert in L*/L** annimmt. 
Indem wir o als Element von SO(V) auffassen, erhalten wir Bild (4 | SO(V) ) 
— L*/L*?, Damit ist der erste Teil in (ii) bewiesen. 

Sei jetzt J CI. Nach (i) ist jedenfalls SO(V,J)/n(V,J) isomorph 
Bild(#,!SO(V,J)) = Gruppe der Paare (#(o), hyo) mit e€ SO(V,J), also, 
nach Satz 15, mit hyo — 1 oder, falls dim V gerade, — 1. Sei (aL*,7) 
gegeben mit gjaL**=-6(c) —0(1) = (L/J)*. Wir können annehmen: 
gj&= i. Für ER TA a SO(V, J) haben wir dann (O(c), hyo) 
== (aL*3, 1). 

Für dim Y gerade müssen wir noch den Fall betrachten: aL*? gegeben 
mit gyaL** == §(—1]9,V). Dazu wählen wir in P° eine orthogonale Basis 
Hy, 3<j< num dim V. Zusammen mit N-+M, N— M liefert dies eine 
orthogonale Basis von V. Wir setzen 


(N + M)?(N—M)?E,?- © Ep —<=— 46,2: - - Bl =A. 


Dann ist 6(—1) = AL**. Sei also gyaL*?— gj AL**, Wir können annehmen: 
gs@—=g A. Dann haben wir für 


O == TN4UTN-AMa/ATH,’ © THE SO(V, J): (O(c), hyo) = (aL*?, —— 1); 


3. Beweis von (iii). Nach (ii) ist (SO(V,J) NQ(V))/Q(V,J) iso- 
morph zu Bild(#, |SO(V,J) NQ(V)) = Gruppe der Paare (9(0), hyo) mit 
(o) =L* und Ay € ZentrumSO(g;V). Das heisst, 6(hyo) = 9,9 (0) 
== (L/J)*?, also nach (i), kys E Q(gyV). Das Bild ist also isomorph zur 
Gruppe Zentrum SO (g;V) NO(g,V) =Zentrumn(g,V), nach Satz 14. 


4.3. Über die Gruppen SO(V) für im V=4. Theorem 5. 


Satz 17. Falls dim V = 4, so besteht die spezielle Clufordgruppe D(V) 
von V aus den Elementen a von C+(V), für die aoae L*, 


Beweis. Nach (22) ist für jedes «€ D(V) aoseL* Wenn umgekehrt 
für a€ C*(V) gilt aoge L*, so ist durch &(1/a0od) ein Inverses a+ von « 
erklärt. Für Æ € V C C(V) haben wir s(a) X =maoYog t==qoXog/aog. 
Wir erkennen, dass s(a)X invariant ist unter dem kanonischen Antiauto- 
morphismus von C(V). Da s(a)X nicht zu C*(V) gehört und dim Y = 4, 
muss daher s(a) X zu V gehören, also a€ D(F). 


Texzorzm 5. (i) Set dim V =}. 


ORTHOGONALE GRUPPEN. 305 


(a) Set indVomindg;V=0. Dann ist C*(V) ein lokaler Ring U’ 
== [,((—A)#), der aus L durch quadratische Erweiterung mit einem Element 
—A,A€6(—1), entsteht. SO(V) tst tsomorph L*/L*, 


(b) Se indV==1. Dann ist SO(V) isomorph L*. 


Beweis. 1. Sei ind V—indg;,V =0. Sei #,,#, eine orthogonale Basis 
von V. Setze #,oH,=—ey und eyo gy == — EE? =A. Nach Satz 16 ist 
gi(—A) nicht Quadrat in L/I. Ct(V) —L- erL ist also ein lokaler Ring 
L’ mit grösstem Ideal I’ == I -t eyl. Für a =a -+ eyb wird ao g& == a? -+ Ab?, 
ao&eE L* also genau dann, wenn «€ L’*. Nach Satz 17 ist also D(V) == L*, 
nach (21) ist SO (V) isomorph L’/L*. 


2. Sei ind V ==1. Sei N, M ein hyperbolisches Paar in V. Setze 
E = N + MA2, Eg m N — M/2. Für ey = 0 E, haben wir 6p © Ep =a ], 
Setze fe (1 +- ey)/2, f ~= (1—ey)/2. Damit wird C*(V) = L + eyL 
—=fL+fL isomorph zu LX L, also, nach Satz 17, D(V) isomorph zu 
L* X L* und SO(V) isomorph L*. 


THEOREM 6. (ii) Sei dimV—=3,indV—1. Dann ist SO(V) isomorph 
zu PGL(2,L). Dabes geht Q(V) über in PSL(2,L). 


Beweis. Sei N, M ein hyperbolisches Paar in V. Wir betrachten eine 
orthogonale Basis von V der Form FE, == N -+ M/2, E, = N — M /2, Ex. Setze 
E, =a € L*. Die Cliffordalgebra C*(V) besitzt als Basis die Elemente 1, 
u 1,0 Hs, ta = Eg 0 Hy, t mm K, 0 E, Damit haben wir 

ta O a = A, ty O fa mm — fg O fy mm — gl, Ta Oty = — tut, 
to ol. 


Wenn wir also der Basis {1,1,,%,t3} von C*(V) die Basis 


k 0 0 a 0 4 1 0\ 

0 1/7 \1 0/7 \—1 0)’ \O —1 

der L-Algebra M(2,L) der (2,2)-Matrizen über L zuordnen, erhalten wir 
einen Isomorphismus 


(26) $: C*(V)—M(2,L) mit ao & == det (a). 


Wegen Satz 17 liefert 4, (26), einen Isomorphismus von D(V) auf GL(2,L) 
— multiplikative Gruppe der invertierbaren Matrizen in M(2,L). Das 
Zentrum L* von D(V) geht unter $ über in das Zentrum von GL(2,L). 
Wegen (21) ist also SO(V) isomorph zu D(V)/L* und dies ist isomorph zu 


PGL(2,L) = @L(2, L) /Zentrum GL(2,L). 
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Aus (26) erkennen wir, dass D,(V) unter ¢ übergeht in SL(2, L). Wegen 
Theorem 4 (i) und (23) ist Q(V) == O’(V) isomorph D.(V)/(Do(V) N L*) 
und dies ist also isomorph zu PSL(2,L)— SL(2,L)/(SL(R,L) N Zentrum 
GL (2, L)) = GL(2, L)/{1,—1}. 


_ Encinzune zu THEoReM 6 (ii). Set J em Ideal in I. Ber dem Isomor- 
phismus von SO(V) auf PGL(2,L) geht SO(V,J) über m PGC(2, L,/) 
und Q(V,J) geht über in PSC (2, L,/). 


Bemerkung. Für die Definition und die wichtigsten Eigenschaften der 
Gruppen GC(2,0,J) und 8C(2,L,/) vgl. den Anhang. 


Beweis. Bei dem Isomorphismus &, (26), besteht ¢2@C (2, L, J) aus den 
«€ D(V) mit hja € Zentrum D(gsV) = (L/J)*, wobei wir mit hy: D(V) 
—>D(g,V) wiederum den natürlichen Homomorphismus bezeichnen. Bei‘ 
dem Homomorphismus s, (20), geht Ry1(L/J)* = p>GC (2, L, J) C D(V) 
über in die Gruppe der Elemente o € SO(V) mit hw — 1, d.h., da Zentrum 
SO(g;V) — 1, in die Gruppe SO(V,/). 

@79C(2,L,7) C D(V) ist gleich Ayt(L/J)*ND,(V). Bei s, (20), 
geht diese Gruppe über in SO(V,J) NQ(V) =Q(V,J), nach der Folgerung 
(11) zu Theorem 4. 


THEOREM 5. (ii) Set dim V ==4, 


(a) Seiind Væindg;V =1. Dann ist ZentrumCt(V) = L + eyL ein 
lokaler Ring L’ == L(A#), der aus L durch quadratische Erweiterung mit einem 
Element A € 9(—1) entsteht. PSO(V) =SO(V)/{1,—1} ist tsomorph zu 
einer Untergruppe PU(2,L’) von GL(2,1/). Dabei geht PQ(V), isomorph 
zu Q(V), über in PSL(2, L’). 


m 


(b) Ses wd V—?. Dann ist en Pe: =) tsomorph zu 
PSL(2, L)x PSE(2, L): 


Beweis. 1. Sei N, M ein hyperbolisches Paar in V. Wir wählen eine 
orthogonale Basis von V der Form E, == N + M/2, H,==N—WM/2, Es, Eu 
Der 8-dimensionele nichtisotrope Unterraum W == < F, Ea, E> hat den Index 
1. Wir wählen in C*(W), wie beim Beweis von Theorem 6 (ii), als Basis: 
elemente 1, h = F0 Bs, t = E 0 By, ts = E0 E, Setze E, o E30 E 0 Ei =m ey. 
Wir haben ëy == ey. Für By © by == by © ëy = HH ZH HS = ER, schrei- 
ben wir A. Das Zentrum von (V), Z*(V), ist L+erpL. Damit können 
wir C+(V) in folgender Weise als Tensorprodukt darstellen: 


(27) (V) = (W) @Z*(V). 
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2. Sei jetzt ind V =ind gV =— 1. Da ind<E, #,>—1, ist dann ind 
CE Bay = ind g)<E4, E> — 0, das heisst nach Satz 16: gr(— EE) =g: 
ist nicht Quadrat in L/I, also auch 9(—1) -£Z** und folglich Zentrum 
O(V) = {1}. 2*(V) =D eyL ist ein lokaler Ring L’ mit grösstem Ideal 
T’=I--eyrl. Aus (27) folgt daher | 


(28) (Y) = C+(W) @ I’ = C+(W ® L) = (W) 


wobei W = W @ I ein 3-dimensionaler Raum vom Index 1 über L’ ist. 

Nach Satz 17 besteht D(V) aus denjenigen œ € C+(V), für die aoae L*, 
Diese «, aufgefasst als Elemente von C*+(W’), machen eine Untergruppe D’(W’) 
von D(W’) aus, wobei D(W’), nach Satz 17, aus den a € C*(W7) mit aoge L’* 
besteht. Es ist D’(W)ND*={L*,ey,L*}. Aus (19) ergibt sich s(ey) 
—=—1€SO(V). Mit (21) ergibt sich also: PSO(V) =SO(V)/{1,—1} 
ist isomorph zu D(V)/{L*, eyL*} = .D’(W’/)/(D(W)NL’*) und dies ist 
isomorph zu einer Untergruppe O” (W) von SO (W’). 

Nach Satz 17 besteht D,(W’) aus den ae Ct(W’) = C*(V) mit aoa == 1, 
und das sind gleichzeitig die Elemente von D,(V), d.h, Do( W’) = D(F). 
Da D,(W’) C D’(W’) und D,(W’) NL’* == {1,—1}, folgt mit (23), da 
O'(V) = 2(V) und O'(W’) = a(W’): Q(V) ist isomorph zu D.(V)/{1, —1} 
== D,(W’)/{1,—1}, isomorph zu 2(W’). Bei dem Isomorphismus von 
PSO(V) auf O” (W’) geht also die Untergruppe PQ(V) (die wegen Zentrum 
Q(V) == {1} isomorph ist zu Q(V)) über in AW), yx wir haben also: Q(W’) 

C O"(W') C SO(W’). 

Nach Theorem 6 (ii) ist SO(W’) isomorph zu PGL(2, L’); dabei geht 
0(W’) über in PSL(2,L’). Also geht O’’(W”) über in eine au PUQR,L), 
die zwischen PSL(2,L’) und PGL(2, L’) liegt. 


8. Sei ind V-== 2. Nach Folgerung 2 zu Theorem 1 ist dann V =P, 1 Ps, 
wo P, und P, hyperbolische Ebenen sind. Wir können also in V eine 
orthogonale Basis E, 1 ts 4, so wählen, dass # JHE? =]. In 
Z*(V) == L + erL ist also eyo ey «1. Setze f = (1 -+ ep)/2, F = (1 — éy)/2. 
Damit wird Z+(V) = fL + PL und, mit (80), C+(V) = fO (W) + PC*(W), 
isomorph zu C*(W)X Ct(W). Dabei geht ein Element ce LCZ*(V) über 
in das Element (c,c) € C*(W)X C*(W) und ein Element eyce Z*(V) geht 
über in (c,—c)E C*(W)X C*(W). Da O(V) —O(V), A(W) =O’ m) 
und s(ey) ==— 1€ SO(V), haben wir mit (23): Ä 


PQ(V)—0(V)/Zentram Q(V) =9(V)/{1, —1} 


ist isomorph zu D,.(V)/{1,—1,ey, —ey}, isomorph zu D,(W)/{1,—1} 
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x D,(W)/{1,—1} isomorph zu 0(W)X Q(W).-und dies ist, nach Theorem 
5 (ii), isomorph zu P8L(2,L) x PSL(2,L). 


ERGANZUNG ZU THEOREM 5 (ii,a). Se J ein Ideal in I. Bet dem 
Isomorphismus von PSO(V) auf PU(2,L’) geht die Untergruppe PQ(V,/J) 
(=0(V,7)/(Q(V,J7) N Zentrum SO(V)), tsomorph Q(V,J)) über in die 
Untergruppe PSC(2,L/,J’) von PU(2,L’), mit J =J O I’ =J + eyd. 


Beweis. Nach der Folgerung (i) zu Theorem 4 ist 0(V,/) == Kern (hys: 
2(V)—>0(g,V)). Andererseits ist (siehe Anhang) 


PSC(2,L, J) = Kern (hy: PEL(2, L) > PSL(2, L’/J’)). 


Da bei dem Isomorphismus von SO(V) auf PU(2,L’) Q(V) übergeht in 
PSL(?,1/) und wegen (28) dem Ideal J das Ideal J’—=J@L’ entspricht, 
ergibt sich die Behauptung. 


5. Die Struktur von SO(V) für ind F = 1, dim V = 3. Theorem 6. 


` 5.1. Die Ordnung einer Gruppe und deren Erzeugung. Sei A ein 
Vektor in V mit gr4 0. Sei c€ O(V). Unter der Ordnung von o be- 
züglich A, o(c,A), verstehen wir das kleinste Ideal J in L so, dass gyoA 
-a t gJÅ, das heisst, hoo |<gsA> = + |. 


= SATZ 18. (i) Sat o € O(V) und set A ein nichtisotroper Vektor von V. 
Setze (AN == H. Set E, 2SjSn—dimV, eine Basis von H. Wenn 
cA = Aa + X Eja; so ist 0(0, A) cae dem von den ay, 2S jn, erzeugten 
Ideal (ar: ",a). 


(ii) Set dimV=3. Se «€ O(V). os) wird erzeugt von den 
Idealen o(o, A), wo A alle nichtisotropen Vektoren von V durchläuft. 


Beweis. 1. Beweis von (i). Setze 0(,,4)—=J und (a,' - -,a,) =K. 
Dann ist AxogxA == groA == GxAG, und da hxo € SO(grV), ist gra= +1, 
also K DJ. Da g;(oA— À) —0 oder (oA + A) mm 0, ist (I Hja;) — 0, 
also K CJ. | 


2. Beweis von (ii). Wir setzen o(o) == K. Mit J bezeichnen wir das - 
von den o(c,A) erzeugte Ideal, wo A alle nichtisotropen Vektoren durchläuft. 
Wegen hxo == + 1 haben wir god + gxA, also o(c,A) CK für alle A, 
also JC K. Andererseits ist, für jedes nichtisotrope A, hyogsA = gyo À 
== 9 A, das heisst, hyo lässt alle nichtisotropen Geraden in g;V fest. Dann 
folgt nach Satz 9 hys = +1, also JD K. 
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Satz 19. Se mdVz1 Set dimV—4 und L/I F; oder sa 
dimV=5. Set r ein Element von SO(V) und set Œ die von w erzeugte, 
unter Q(V) invariante Untergruppe von SO(V). Dann gilt: Wenn ACV 
nichtisotrop ist, so ist o(m, A) enthalten in einem Ideal, das erzeugt wird von 
Elementen b mit folgender Eigenschaft: Das von b erzeugte Ideal (b) kann 
dargestellt werden als (b) ==0(p,B) mit pE G und B nichtistrop. 


Beweis. 1. Sei A ein nichtisotroper Vektor. Sei H, 2<j<n— dim Y, 
eine orthogonale Basis von H==<A>°. Setze 


(23) rÅ = Aa -+ > Es, 

Nach Satz 18 wird o(r, A) erzeugt von den Elementen a, 2S7 S&S n. Falls 
o(m, A) = (1) == L, so wählen wir p—a und B—A. Wir nehmen daher 
jetzt an: o(m, A) CI. Es genügt zu zeigen, dass ‘a, enthalten ist in einem 
Ideal (ba, b2), dessen Erzeugende bs, b’, die im Satz geforderte Eigenschaft 
haben. 


à. Sei L/I=&F,. Wir wählen in der nichtisotropen Ebene P= (Es, Hs) 
ein Element x € SO(P) so, dass grx? 541, vgl. Satz 12 (iii). Es ist 6(x?) == L*, 
Wir setzen x? durch die Identität auf P° fort und bezeichnen dieses Element 
mit A. Wegen (à) € L* ist nach Theorem 4 (i) AE aN Daher 
r= àr rte Œ. Wir finden 
(30) tA == nA = rA + (AB: — E1) ta + (AEs — Es) ds. 
Da hyA | grP = hi? nicht die Identität i und nicht die Symmetrie an einer 
Geraden, ist (AB; — Ea AEs — Es) == (#3, #,5 eine nichtisotrope Ebene. Da 
ofm, A) CI, ist gıB = grA orthogonal zu gr Ez Hs. Folglich erzeugen die 
Vektoren 


(31) B cum TA, BEE, F,—\E—E, 
einen nichtisotropen 3-dimensionalen Raum W. Wir setzen 
(32) P, = fi’, — B(BE’,)/B*, F= E’,— B(BE’;) /B?. 


Die Vektoren F2, F’, sind orthogonal zu B in W und spannen eine nicht- 
= isotrope Ebene auf. Es gibt also in <F’,, F’s> eine orthogonale Basis Fs, Fy. 
Damit erhalten wir aus (30) 


(33) TB = AB = Bb + F,b, + Fb’, 
mit (ba, b'a) is (a2, Qs), also insbesondere la € (bz, b'a). 


Wir ergänzen B, Fa, Fa durch eine orthogonale Basis Fy, 42k =n, von 
W° zu einer Basis von V. Es gibt wiederum pE 2(V) so, dass p auf <F2, F5 
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die Identität ist, während Fa — F, und uF,—F, eine Basis von <F:, Fa 
sind. Dann gehört auch p == war" zu G. Wir finden, da die Gleichung (33) 
an die Stelle von (29) getreten ist, als Gegenstück zu (30) 

(34) prB = urB==rB+ (uf, — Fa) bo. 

Damit wird (b2) =o(p,rB). 

Wir wählen jetzt yen(V) so, dass y auf <F:,F,5° die Identität ist, 
während „F;— F, und yF, — F, eine Basis von <F,, Fay. bilden. Dann gehört 
auch y == yry tr zu G, und wir haben 
(35) | xr B = yrB =— 7B + (yF — F's) b's. 

Also (8'2) = 0(x,7B). 


3. Sei jetzt L/I = F}. Nach Voraussetzung ist dann n == dim V = Ð. 
Wir unterscheiden drei Fälle: 


(i) indg,<#;, E =0. Dann können wir zunächst schliessen wie in 2. 
Nach Satz 12 (iii) gibt es x C SO(<E,, EY) so, dass grx nicht eine Involution 
ist, Wir setzen x? | <E, E> 11) <B2,Hs>° =A. Dann Ard tat = 7€ G und 
es gilt (33). In W° = <B, F2, Fay? gibt es einen Vektor F, mit gF, = gF}. 
Denn dim gW’ = n—3 Z2. Damit ist <F,,F,> nichtisotrop und ind 
gi<F.,F = 0. Auf die Ebene (F,,F,> können wir die Überlegungen aus 2. 
anwenden und finden, wie in 2., pE GŒ so, dass (b,) ==0(p,7B). Ebenso lässt 
sich (b’,) darstellen, und a,€ (b,,b’,). 


(ü) Sei ind gr<Ez, Es) == 1 und ind gr<E2, E> —0. Wir lassen F, und 
a, an die Stelle von Z, und a, treten und schiessen wie in (i). 
(iii) Sei ind g)<F., Fay ind g< En E —1. Dann ist indgr<Es, Bs 
— 0. <E,Es + Ea ist nichtisotrop und ind gr< Ea, Es + Hy, =» 0. Wir setzen 
Ef’, = Hy, + E, Eye Ee — E, mit c= B/E. Aus (29) wird 
7A = Áa + Ha, + EE + Ed, +: ARE 
Wegen ind gi En, E’, ==0 können wir wie in (i) schliessen. 


SATZ 20. Sa dimV=3 Set o€ O(V) von der Form o= rsata, also 
oE SO(V) und A nichtisotrop. Dann ist o(o) —0(x, À). 

Beweis. Setze o(o)—=J und o(r, A) =K. Aus hates = toyed = Tagg 
folgt Agreata==1, also K DJ. Andererseits folgt aus kjo == +1, d.h, 
Toyx A Tosa = 1, dass gyrA == hyngyA und 9,54 linear abhingig sind, also J D K. 


= 6.2. Invariante Gruppen G, die erzeugt werden von Elementen der 
Form o==twata, W0 o(a) ein Hauptideal ist. 
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Satz 21. Sei dimV=4 Set À ein nichtisotroper Vektor o€ SO(V) 
so, dass A und oA einem 2-dimensionalen Untermodul P angehören, d. h., 
P ist direkier Summand von V der Dimension 2, aber nicht notwendig Unter- 
raum. Sei gıP isotrop in gıV. Dann gibt es in der von o erzeugten, unter 
Q(V) invarianten Gruppe G in SO(V) ein Element X so, dass A, AA einer 
nichtisotropen Ebene angehören und o(à, A) = 0 (0, A). 


Beweis. 1. Nach Voraussetzung enthält gP ein Radikal 0. Da gr4 
nichtisotrop ist und zu gıP gehört, ist dimradg;P—1. Sei N ein Vektor 
in P so, dass <g;N> ==radg,;P. A und N sind eine Basis von P. 


à. SeicA = Aa-+ Nu. Aus aE I folgt gro À = gıNu isotrop—ein Wider- 
spruch. Also ae L*. Für 1/a schreiben wir a und für — u/a schreiben wir u. 
Damit wird | 
(36) À == c AG + Nu. 


3. Wir bezeichnen die Elemente von grV mit einem Querstrich. Setze 
<cA>° == Ë. Wegen NE A gibt es in A einen isotropen Vektor M so, dass 
N, M ein hyperbolisches Paar bilden. Da dim H=n—123 > dim<N> 
+ dim rad <N> == 2, gibt es nach der Ergänzung zu Theorem 1 ein 5 € SO(Æ) 
mit oN=x M.- Es sei 0(¢) == 52**, Wir definieren 5€ SO(<N, M>) durch 

pM == Mb, pÑ == N/b. Dann ist für À = po: 6(A) = L", algo, nach Theorem 
4 (i), AE Q(B). 

Sei À ein Urbild von À in Q(H), H—<cA>*. Ein solches Urbild exi- 
stiert, nach Folgerung 8 zu Theorem 3. Damit erhalten wir mit. (36): 
AA == }o Aa + ANU mm cAa+ANuemA+ (AN—WN)u. A und AN—N er- 
zeugen eine nichtisotrope Ebene. Denn A und AN—N = Mb—WN sind nicht- 
isotrop und aus Af== (Mb—WN)é folgt AF + Ns Mb5, also AR = Hbg 
cm (), 4180 F mmr 3 mm C), 


SATZ 22. Se dimV=2 3, mdV=1. Seren À, B zwet nichtisotrone 
Vektoren in V, die einem 2-dimensionalen Untermodul P angehören. . Dann 


gibt es einen 3-dimenstonalen nichtisotropen Unterraum U mit ind U —1, 
der P enthält, 


Beweis. 1. Wir betrachten zunächst den Fall, dass P eine nichtisotrope 
Ebene ist. Dann ist auch P° nichtisotrop. Wir behaupten: Es gibt einen 
isotropen Vektor N so, dass g;N weder zu gP noch zu gıP° gehört. Wenn 
wir das gezeigt haben, dann erklären wir U durch U — <P, N>. Wäre nämlich 
für jeden isotropen Vektor N gıN € gıP oder gr N € gıP°, so würde die Sym- 
metrie o = 1 | P 1—1 | P° an P die Voraussetzungen von Satz 8 erfüllen mit 
J == I, also hyo = + 1, ein Widerspruch. o 
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| 2. Es sei jetzt P nicht nichtisotrop, das heisst, grP sei isotrop. Da g;P 
den nichtisotropen Vektor grA enthält, ist dimradg,P—=1. Wir wahlen NEP 
Bo, dass <g7N>=radg;P. Dann ist A, N eine Basis von P. Wir behaupten: 
Es gibt ein M isotrop in V so, dass <grM> komplementär ist zu <g,;N>° 
in gıV, also NMEL*. Wenn das gezeigt ist, erklären wir U durch 
U == <4, N, M). 
~ Angenommen, für mie isotropen Vektoren m von V gilt: grM € <g;N>°. 
Sei N’, M’ ein hyperbolisches Paar in V. Dann also g;N’ und g;M’ in <gıN>°. 
Setze Q—<N’,M'>. Q° ist nichtisotrop und enthält Vektoren D so, dass gD 
nicht zu <g;NS° gehört. Unter diesen D gibt es auch einen nichtisotropen 
Vektor. Denn es können nicht alle Vektoren des (n—2)-dimensionalen 
nichtisotropen Raumes 970°, die komplementär sind zu dem darin enthaltenen 
(n—3)-dimensionalen Unterraum <g;NV>°N 9,Q°, isotrop sein. Mit einem 
solchen nichtisotropen D ist dann M= N'— M’D?/2--D isotrop und so, 
dass NM € L*, 


SATZ 23. Sei L/I = Fg, dim v= 5. Se v. ein 3- Amanat nicht- 
isotroper Unterraum von V mit indU om 1. Dann gibt es einen 4-dimen- 
stonalen nichtisotropen Unterraum W in V, der U enthalt und 80, dass 
ind W — ind gW =1. 


Beweis. :In U gibt es ein hyperbolisches Paar N, M. Sei B ein zu <N, M> 
orthogonaler, nichtisotroper Vektor in U. Damit wird U ==<N,M,By. 
U® ist nichtisotrop und dim U? = n—8 2: Daher gibt es in g;U° einen 
Vektor Ö mit = g,B?. Wähle CO € V°- mit w= Č: Vo M,B, > 
hat dann die geforderten Eigenschaften. i 


Sarz 24. Ses dim V = 6, ind Vl. Set o = rrara € SO(V) 80, dass 
ole) = (u) ein Hauptideal ist. Dann ist die von o erzeugte, unter a(V) 
invariante Hi G von SO(F) gleich O(V, 0(c)) —Q(V, (u)).. 


Beweis. 1. In den Abschnitten 2. bis 4. sotzen wir voraus L/I5<F;, 


2. Nach Satz 20 ist ed == (4), also Per. wo grå und 
grB linear unabhängig sind in gV. A und wA gehören also dem 2-dimen- 
sionalen Untermodul <A,By an und nach Satz 22 einem 3- dimensionalen 
nichtisotropen Unterraum U mit ind U—1. Wegen o|U°=1 können wir 
o als Element von SO(U) auffassen. Wir. haben, vgl. (13), om-reara 

= (traseaTA)? mit «== 1 oder ==— 1. Nach Theorem 8 ist o also ein Element 
von QU, (u)) der Ordnung (u). Nach Theorem 5 (ii) und der Ergänzung 
ist GN A(U, (u)) eee eined unter PSL, L) invarianten Untergruppe G” 
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von PGL(2,L), die ein Element der Ordnung (u) enthält (nämlich das Bild 
von cE GN A(U, (u))) und die enthalten ist in PSC(R, L, (u)) (da Q(U, (u)) 
übergeht in PSC (2, L, (u))). Nach dem Struktursatz von PGL(2,L) (siehe 
Anhang) ist daher @ = PSC (2, L, (u)), also GN Q(U, (u)) —Q(U, (u)). 


8. Sei U’ ein beliebiger nichtisotroper Unterraum von V mit dim U’ = 3 
und ind U’==1. U’ enthält ein hyperbolisches Paar N’, M’. Insbesondere 
enthält der Raum U aus 2. ein hyperbolisches Paar N, M. Die hyperbolischen 
Ebenen P==<N,M> und P’ == <N’,M’S sind isometrisch. Nach der Er- 
gänzung zu Theorem 1 gibt es o€ SO(V) mit oP =P’. In SO(P’) gibt es 
nach Theorem 4 (ii) ein p 80, dass 6(p) = 6(c), also 0 (pa) == L*#?, das heisst 
nach Theorem 4(i):A==po€ Q(V). EsistAP—P’. Da G invariant ist unter 
Q(V), enthält G mit der Gruppe N(P, (u)) C Q(U,u)) auch AN(P, (u) JA" 
== Q(P",(u)). In Q(P’,(u)) gibt es ein Element o” der Ordnung (u), 
zum Beispiel «N —N’(1-+u)*, dW = M’/(1+u)% Da o’en(P, (w)) 
CENA(T’, (u)), schliessen wir wie in 2.: Q(U’, (u)) C G. 

4. O(V, (u)) wird erzeugt von Elementen der Form prepre == TpBTB 
mit p€ SO(V, (u)), also o(rpp7s) C (u). Falls o(ronrs) == (u), so gehören 
B und pB einem ?-dimensionalen Untermodul an, also nach Satz 22 einem 
nichtisotropen Unterraum U’ mit dim U’==-3 und indU’==1. Nach 3. ist 
dann tpsts € Q(U’, (u)) C @. Falls dagegen o(rpar») 54 (u), so wählen wir 
x€O(V). derart, dass O(rxgrs) = (u) (Wir können etwa, falls (u) CI, 
K==T540u Wahlen, wo C ein zu B orthogonaler, nichtisotroper Vektor ist). 
Dann ist auch o(tpstxp-pp) == (u), und mit rogreg und repre gehört auch 
TOBTKBTKBTB— TpBTB zu G. Q enthält also alle Erzeugenden von Q(V, (w)) 
und wird erzeugt von einem Element o von 2(V, (u)), also G ==Q(V, (u)). 


5. Sei jetzt L/I—F,. Zunächst schiessen wir wieder, wie in 2., auf 
Grund von Satz 20 und Satz 22, dass A und rA enthalten sind in einem 
nichtisotropen Unterraum U mit dim U = 3, ind U —=1. Nach Satz 23 ist U 
enthalten in einem Unterraum W mit dim W = 4, ind W==1nd g;W —1, 80 
dass wir o auffassen können als Element der Ordnung (u) in GNA(W, (u)). 
Nach Theorem 5 (iii) und der Ergänzung ist G N Q(W, (u)), aufgefasst als 
unter Q(W) invariante Untergruppe von SO(W), isomorph einer unter 
.PSL(R,I/) invarianten Untergruppe @ von PU(2,L’) C PGL(R, L’). 
@ enthält em Element der Ordnung (w), wo (u) —ul; das von u in L’ 
erzeugte Ideal bezeichnet, nämlich das Bild von se GM Q(W, (v)), und da 
2(W, (u)) übergeht in PSC (2,1, (w’)), ist G’ enthalten in PSC (2, I’, (w’)), 
das heisst nach dem Struktursatz von PGL(2,1’) (siehe Anhang): @ 
—PSC(2,7, (#)), also ENAH, (u)) —Q(W, (u)). | 
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Jetzt können wir weiterschliessen wie in 3. und 4.: Q(V, (w)) wird erzeugt 
von Elementen ropre mit o(p,B) = (u), und, wie wir in 4. zeigten, können 
wir uns auf den Fall o(rpnrr) = o(p, B) = (u) beschränken. B und pB gehören 
dann einem nichtisotropen Unterraum U’ an mit dim U’==3, ind Ọ’ == 1, 
und U’ ist, nach Satz 23, enthalten in einem nichtisotropen Unterraum W’ 
mit dim W = 4 und ind W=indg/W'=1. Mit Hilfe von hyperbolischen 
Ebenen P C W und P C W schliessen wir dann wieder, dass G N 0(W’) ein 
Element der Ordnung (u) enthält, also, wie oben, toste € Q(W’, (u)) CG. 


5.3. Die Zurückführung des Falles einer beliebigen invarianten Unter- 
gruppe G auf den in 5.2 betrachteten Fall. | 


Satz 25. SaindY=1,dmV=5. Seiae SO(V) von der Form TxATA. 
Die von o erzeugte, unter O(V) invariante Untergruppe G von SO(V) 
enthält die Gruppe O(V,0(c)). 


Beweis. 1. Nach Satz 20 ist o(o)—=0(m,4). Si Hy, 27 2n= dim J, 
eine orthogonale Basis von H==<A>°. Sei rA == Aa + > Ha, Nach Satz 18 
(i) wird o (o) ==0 (m, Á) erzeugt von den a,2 json. Falls 0(o) = (1) = L, 
so haben wir den in Satz 24 betrachteten Fall vor uns. Wir nehmen daher 
an: o(o)CI, also (a;)C I für alle 7, 2=S7=n. Der Satz ist bewiesen, 
wenn wir zeigen, dass für jedes 7, 2=S7=n, Elemente b; b’; existieren so, 
dass a, € (b; b'i) und A(V,(b;)) C G und O(YV, (0’;)) C G. Wir führen diesen 
‚Nachweis für den Fall j == 2 und schliessen uns dabei eng an den Beweis von 
Satz 19 an. 


2. Sei L/I54F,. Wir wählen A€ O(V) wiel.c. 2. Wegen AA =A haben 
wir rod lol = Areatad tar = ryxatea€ C. Für Awd haben wir den 
‘Ausdruck (30), also o{r) =0(A,7A) = (a,4). Wir setzen rA—=B und 
wählen in W == <B, Ea, E> eine orthogonale Basis B, Fe, Fa wie l. c., mit Hilfe 
von (31) und (32). Für Ard =—=AB haben wir den Ausdruck (33), mit 
aa € (bab2). Wir wählen pE Q(V) wie l.c. Mit rA ==rA haben wir 
p = PTIT == prywaT eA Tran "= Tuxratara € G. pAwA ist, mit Awd = rB, 
gegeben durch (34), also o(p) ==o0o(p, àrA)== (b2). Aus Satz 24 folgt 
Q(V,(b2)) CG. Wir wählen schiesslich yen(V) wie l.c. und haben, mit 
yrÅ == rÅ, y= yry r m yTArATrAy testy = Tarn E G. yArA ist, mit 
àrA == rB, gegeben durch (35), also o(y) == 0(y,ArA) == (b’,). Aus Satz 24 
folgt wiederum Q(F, (0’,)) C G. 


3. Sei L/I=F;. Wie wir in Teil 3 des Beweis von Satz 19 gezeigt 
haben, lässt dieser Fall sich zurückführen auf den in 2. betrachteten Fall. 


SATZ 26. Set dim V =3 und L/I-4F, oder si dim V =4. Set J ein 
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Ideal in I. Sei A ein nichtisotroper Vektor in V und set o€ SO(V) ein 
Element mit folgender Eigenschaft: hyogsA—=gjA und, falls B* = A’, 
hzogsB = + gsB. Dann ist hyo == 1. 


Beweis. 1. Setze <A>°=—H. H besitzt eine Basis aus nichtisotropen 
Vektoren. Sei # ein solcher Vektor. Setze <A, ES =P. Wir wollen zeigen, 
dass hyo | gyP = 1, also hyogyH == g,E. Damit wird der Satz dann bewiesen 
sien. Wir unterscheiden drei Fälle. 


2. L/T enthält wenigstens 6 Elemente oder L/I=F, und ind gP =0. 
Unter diesen Voraussetzungen gibt es wenigstens 6 nichtisotrope Geraden in 
grP. Es gibt also eine Gerade in gP so, dass die Symmetrie 7 an dieser 
Geraden einen Vektor 7g,A liefert, der zusammen mit gyA eine nichtorthogo- 
nale Basis von grP bildet. Wir wählen r€ O(P} so, dass hrr =F. Setze 
TA = B. Wegen B? == A? haben wir AyogsB == + gyB. Aus hyogsB = — g,B 
ergibt sich ein Widerspruch: Denn dann ist gAB=0, also grá und 
gıB == hrrgrA bilden eine orthogonale Basis von gP, was ausgeschlossen war. 
Also yog,B= g5B, d.h., hyo | gP =1. 


3. L/I=F, und indg;P—1. Also 3(i) g;A?-+9,H?==+0 oder 3(ii) 
grA*—g,;H? =— 0, Wir beschränken uns darauf, den Fall 3(i) zu diskutieren, 
das Fall 3(ii) wird ganz analog behandelt. Sei F ein weiteres Element der 
orthogonalen Basis von H. Dann ist 3(ij) g:H?-+-g:F?340 oder 3(ijj) 
gh? —gi"? 0. Im Fall 3(ij) sind <A,E + F> nichtisotrop und ind 
grå, E+ Fy =0, so dass nach 2. folgt: hyo(g7E + gF) = gE + gjF, 
also AyogsE=gsE. Im Fall 3(ijj) sind <A,E+2Fy nichtisotrop und 
ind 9}<A, E + 285 =Q, also, nach 2., hy (gsF + 29,F) = QE + 29,F, also 
hrogsE = gs. 

4. Sei L/[=F, Da dim P°=n— 2 22, gibt es FE P® mit gF’? 
= —gıE?., Setze N ==2E + F, M—-— E —F. Dann wird E =- N -+ M. 
9ıN und gıM sind isotrop. Ferner gr(4 +- N)? = gr4A?. Es gibt also ein 
ACO(g:V) mit AgrA =grı(4 +N). Sei AC O(V) so, dass hà ==). Dann 
ist (AA)? == A?, also hyogs(AA) == + gy(AA). Da hwgr(AA) = hy gi(A +N) 
= gÅ + hyogiN, folgt hyogsN=g,;N. Ebenso ergibt sich hyog,M — g;M 
und daher auch hyogyH = g EF. 


SATZ 27. SetindV 21, dim V = 5. Wenn es zu einem o€ SO(V) einen 
michitsotropen Vektor A so gibt, dass cA mm À ist, dann enthält die von o 
erzeugte, unter Q(V) invariante Untergruppe G von SO(V) die Gruppe 
0(V,0(c)). | 


Beweis. 1. Wir betrachten das Ideal J, das erzeugt wird von den Idealen 
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o(c,B) wo B alle Vektoren mit B*— A? durchläuft. Wir behaupten: J = o(o). 
Wenn J == L, so steht das Gleichheitszeichen. Wir nehmen daher an: J C J. 
Das Element o erfüllt dann die Voraussetzungen von Satz 26. Wir haben also 
hyo = 1, also o(c) Cd. 


2. Sei B ein Vektor in V mit B?=—=A*, Es gibt ne SO(V) mit pA =B. 
Dann À == Tora = urap tra € OV) und p = oà A? = orprao rate = rogre € Q. 
Nach Satz 25 haben wir Q(V,0(0,B))C G. Mit 1. folgt jetzt die Behauptung. 


Sarz 28. Se ind V Z1, dimV=2b. c€SO(V). Die von o erzeugte, 
unter Q(V) invariante Untergruppe G von SO(V) enthält die Gruppe 
0(V,0(c)). 

Beweis. 1. Nach Satz 18(ii) wird wird o(c) erzeugt von den Idealen 
0(o, A), wo A alle nichtisotropen Vektoren von V durchläuft. Wenn wir 
zeigen, dass-Q(V,0(c,4)) C G für jedes solche Ideal NUE dann ist der 
Satz beweisen. 

Nach Satz 19 ist o(c,A) enthalten in einem Ideal, das erzeugt wird von 
Elementen u so, dass zu jedem u ein p € G und ein nichtisotroper Vektor B 
existieren mit (uw) ==o(p,B). Der Satz ist bewiesen, wenn wir zeigen, dass 
Q(V, (u)) C G für alle diese u. | 

Wir betrachten daher jetzt ein «€ SO(V) und einen nichtisotropen 
Vektor A so, dass o (o, À) == (u) ein Hauptideal ist. Sei G die von o erzeugte, 
unter 0(V) invariante Untergruppe von SOLEI Der Satz ist bewiesen, wenn 
wir zeigen : 

(37) _A(V,(u)) CG. 

2. Wegen o(o,4) = (u) gibt es einen zu A orthogonalen Vektor B so, 
dass gB 540 und 
(38) - oA = Aa + Bu. 


Auf Grund von Satz 21 können wir annehmen, dass die Ebene P == <A, By 
nichtisotrop ist, so dass A, B eine orthogonale Basis von P bilden. Wir wählen 
in dem nichtisotropen Raum P® eine orthogonale Basis Fy, 8SkSn—dim PV. 
Sel 


(39) oB == Av 4- Bb + X Eby, | 3<k<n. 


Mit K bezeichnen wir das von den by, 3<k<n, erzeugte Ideal. Wir 
behaupten 


(40) | | Q(V,Æ) C G. 


Dazu genügt es zu zeigen, dass Q(V, (b:)) C G für alle k, 3<k<n. Wir 
beweisen diese Inklusion für k=3. Dazu wählen wir ein Element à € 0(P°) 
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so, dass g;(AH,;——-H,) 40 ist Ein solches À gibt es, da, wegen dim P° 
—=n—-2= 3, F, enthalten ist einer nichtisotropen Eben Q von P° mit 
ind g;Q=0. Nach Satz 12(iii) gibt es x€ O(Q) mit gr? 541. Wir setzen 
A=«7/Q11(/Q°NP% Da (x) = L*, ist nach Theorem 4(i) x? € 2(Q), 
also auch AC Q(P°), und da grà | grQ = gr? nicht die Symmetrie an der zu 
gr’, orthogonalen Geraden in gQ sein kann, ist gr(AE, — E) 540. 
Mit ve G ast auch pm Acà late G. Auf Grund von (39) haben wir 
poA = sÅ, 
poB = oB + (AB — Es) bs + X (AE, — Er) br, 4er Zn. 
Nach Satz 27 haben wir daher G D O(V,0(p)) D Q(V, (bs) ), da o(p) D (ba). 
Damit ist (40) beweisen. 


3. Jedenfalls ist K Co(o,B)Co(c). Falls K = L, so folgt mit (40) 
auch (87). Wir nehmen daher an K C I. Wir betrachten jetzt alle Grössen 
modulo K und bezeichnen diese Aquivalenzklassen mit einem Querstrich. 
Wir behaupten | 
(41) Q(V,(à)) CG. 


Nach Folgerung (i) zu Theorem 4 (2. Teil) ist Kern (Ag: Q(V)—Q(gxV)) 
=Q(V, K). Daher können wir aus (41) und (40) auf (37) schiessen. Zum 
Beweis von (41) schreiben wir (38) und (39) modulo K auf: 


(42) oA =m Ad + Bi, oB == Abd + Bb. 

Auf Grund von (42) können wir ¢ in der Form 

(43) kip; Kerl pos| Pe 

schreiben. Für jedes À € Q(P°) berachten wir das Element 
p(X) = ni tnt € Q(P°) N G 


Wir setzen n(À) durch die Identität auf P fort und bezeichnen das so erklärte 
Element von 0(V) NG wieder mit a(A). Hs ist a(A)| P=1. Nach Satz 27 
folgt daraus 

(44) | N(V,o(a(1))) Cd. 


4. Sei J das von den o(p(A)) erzeugte Ideal. Aus (44) folgt 


(45) | 2(V,7) CG. 
Wir behaupten 
(46) J me 0 (a). 


Denn wegen o(p(A)) C'o(n) ist jedenfalls J Co(n) Angenommen, es 
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wäre J>40(p). Dann ist also insbesondere J C F. Wir haben dann hjp(X) 
—Aj\hjphjA hjp t == 1 für alle AjA von AZN(P°) =N(g5P°). Das heisst, 
hsp gehört zum Zentralisator von Q(g;P°), und daher, nach Satz 15, hyp == + 1, 
also o(a) C J. Damit ist (46) bewiesen. 


5. Mit (45) und (46) haben wir 
(47) Q(V,o(x)) CĂ. 

Wenn o(p)==Z, so gilt (41). Wir nehmen daher an o(a) CI. Wir 
betrachten jetzt alle quergestrichenen Grössen modulo J— o(a) CI und 
bezeichnen diese Äquivalenzklassen mit einem doppelten Querstrich. Aus (42) 
wird Bern ee mes | ee 

(48) cA=AGt+ Bu, B= ÁT- Bb. 

Da andererseits 7 | P=1, folgt mit Satz 27, wegen (à) C o(5) 

(49) | a(V, (Ñ) CG. 

Da Kem(hj: O(P) >a(g;57)) —n(V,F), können wir aus (49) und (47) 
und (46) auf (41) und damit, wegen (40), auf (37) schliessen. 

5.4. Der Struktursatz : Theorem 6. : 

THEOREM 6. Set indV=1. Se dim Y = 5 oder seit dim V =—=4 und 
ind g;V == 1 oder set dim V == 3 und L/I=£F;. 

(i) Jede Untergruppe G von SO(V) der Ordnung o(G)—J, die 
invariant ist unter Q(V), genügt den Beziehungen 
(50) Q(V,J) CGCSO(V,J). 
Andererseits ist eine Untergruppe G von SO(V), die den Beziehungen (50) 
genügt, invariant und von der Ordnung J. 

(ii) Hine invariante Untergruppe der Ordnung J von O(V) ist von 
der Form SO(V;,J) NQ(V) oder Q(V, J). 

Beweis. 1. Nach Folgerung 2 zu Theorem 3 ist Q(V,J) invariant in 
SO(V) und von der Ordnung J. Nach Theorem 4(ii) ist SO(V,J)/Q(V,J) 
kommutativ. Also ist jede Untergruppe Œ von SO(V), die den Beziehungen 
(50) genügt, invariant in SO(V) und von der Ordnung J.. (ii) ist eine 
unmittelbare Folge von (i) und Theorem 4(iii). Es bleibt also noch zu zeigen, 


dass jede unter Q(V) invariante Untergruppe @ von SO(V) der Ordnung J 
die Gruppe 9(V,7) enthält. Wir unterscheiden drie Fälle. 


2. Sei dim V —3. Dann ist ndV~1 und L/JF;. Nach Theorem 
5(ii) und der Ergänzung ist SO(V) isomorph zu PGL(2,L) so, dass dabei 
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Q(V) übergeht in PSL(2,L) und G übergeht in eine unter PSL(2, L) 
invariante Untergruppe @ von PGL(2,L) der Ordnung J. Nach dem 
Struktursatz von P@L(2,L), siehe Anhang, enthält G” daher die Gruppe 
PSC(2,L,J), die der Gruppe Q(V,J) entspricht, also Q(V,/) C G. 


3. Sei dim —4. Dann ist ind V — ind grV =1. Nach Theorem 5 (ii) 
und der Ergänzung ist PSO(V) = SO(V)/{1,—1} isomorph einer Unter- 
gruppe PU (2, L^) von PGL(2, L^) so, dass dabei PQ(V) übergeht in PSL(2, L’) 
und PG—=G/(GNM (1,—1}) übergeht in eine unter PSL(2,L’) invariante 
Untergruppe @ von PU(2,L’) C PGL(2,L’) der Ordnung J’—JL’. Nach 
dem Struktursatz von P@L(2,L’), siehe Anhang, ist dann PSC(2, L’, J’) 
C G’, und da PSC(2,L’,J’) der Gruppe | 

P(Y, J) =0(V,J)/(Q(V,9) O {1—1))=0(7,J)/4} 
entspricht, ist PO(V,/) C PG, also D(V,J) C G. 

4. Sei dim V Z5. Dann ist indV2Z1. o(@)=J wird ərzeugt von 
den Idealen o(o), wo-o die Elemente von @ durchläuft. Nach Satz 28 ist 
Q(V,o(o)) C @ für jedes c€ G, also auch Q(V,/) CG. 


Anhang: Die projektive lineare Gruppe in 2 Variablen, 


Sei Z ein lokaler Ring mit grösstem Ideal IL und sei char L/T 2. 
Mit GL(2,L) und SL(2,L) bezeichnen wir die allgemeine bzw. spezielle 
lineare Gruppe in 2 Variablen über L. In [5] hatten wir die Struktur dieser 
Gruppen bestimmt. | 

Für jedes Ideal J von L haben wir den kanonischen Homomorphismus 
(51) Ä hy: QL(2,L) 3 GL(2,L/J). 
Hier ist auch J = L zugelassen; in diesem Falle soll GL(2, L/J) die Ein- 
heitsgruppe E sein. Mit Hilfe von hy, (51), und der Détermiñante, det: 
GL(2,L) — L*, haben wir, für jedes Ideal J von L, folgende beiden invarianten 
Untergruppen von GL(2, L), vel. [5]: 

GO (2, L, J) = Gruppe der o € GL(2,L) mit hyo € Zentrum GL(2,L/J), 

SC (2, L, J) = Gruppe der o€ GL(2,L) mit hyo —1 und deto = 1. 
Das Zentrum von GL(2,L/J) besteht, fir JC J, aus den ee 
ist also isomorph zu (L/J)*. ` Dagegen Zentrum ` GL(2, L/L) = E. 
Daher GC(2, L, L) == = L), nn L, 0) == Zentrum a L), 80 (2, L, 2 
— SL(2,L). 
` Wir betrachten den kanonischen Homomorphismus 
(52) ~ P: GL(2,L) > GL(2, £) /Zentrum GL (2,L). 
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Das Bild PGL(2,L) von GL(2,L) unter P, (52), heisst projektive lineare 
Gruppe in à Variablen über L. 

Der Homomorphismus hj, (51), induziert einen Homomorphismus von 
PGL(2,L) auf PGL(2, L/J), den wir wieder mit y bezeichnen. Die Deter- 
minante induziert einem Homomorphismus, PGL(2, L) > L*/L*?, für den 
wir wiederum det schreiben. Damit können wir die Bilder PGO(2,L,/) und 
PGC(2,L,J) der Gruppen GC(2,L,J7) und 8C(2,L,J) unter der Abbildung 
P, (52), folgendermassen charakterisieren : 


PGC (2,L,J) = Gruppe der o € PGL(2, L) mit hye =1 € PGL(2,L/J), 
PSC (2, L, J) = Gruppe der o € PGL(2,L) mit hro = 1 und deto = L*?, 


Die Ordnung o(@) einer Untergruppe @ von @L(2,L) ist das kleinste Ideal 
J 80, dass GC GC(2,L,J). In [5] hatten wir gezeigt: 


Se L/ISF, Eine unter SL(2,L) invariante Untergruppe G der 
Ordnung 0o(G) =J genügt den Beztehungen SC(2,L,J) CE CEC(2,L,/). 
Andererseits ist jede Untergruppe G von GL(2, L), die diesen Beziehungen 
genügt, invariant in GL(2,L) und von der Ordnung J. 

Unter der Ordnung o(@’) einer Untergruppe Œ von PGL(2,L) ver- 
stehen wir das kleinste Ideal J so, dass G’ C PGC(2,L,7). Wenn G eine 
Untergruppe von GL(2,L) ist mit PG—@’, dann ist o(4)—0(4). Das 
oben zitierte Ergebnis aus [5] liefert daher das folgende 


STRUKTURTHEOREM FÜR PGL(2,L). Set L ein lokaler Ring mit grössten 
Ideal IL und sei char L/I £2 und L/I4F;. Eine Untergruppe G’ von 
PGL(2,L) der Ordnung 0(G’) = J, die invariant ist unter PSL(?, L), genügt 
den Beziehungen PSC(2, L,J) C.@ C P@C(R,L,J). Andererseits ist jede 
Untergruppe @’, die diesen Beziehungen genügt, invariant in PGL(2, L) 
und von der Ordnung J. 
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SUR LES REPRÉSENTATIONS DES GROUPES CLASSIQUES 
y-ADIQUES I.* 


par FRANÇOIS BRUHAT. 


Soient un groupe de Lie semi-simple réel linéaire et À un sous-groupe 
compact maximal de @: on sait depuis les travaux de Gelfand-Naimark, 
Harish-Chandra et R. Godement qu’une représentation irréductible de K 
intervient un nombre de fois inférieur à sa dimension dans la restriction à 
K de toute représentation complèment irréductible de @. De ce résultat, 
découle la théorie des “fonctions sphériques ” sur G [4]. 

Il est naturel de chercher à étendre ce résultat aux groupes semi-simples 
sur un corps p-adique. C’est ce que nous faisons dans cet article pour le 
groupe spécial linéaire SL(n, P) et pour certaines représentations d’un sous- 
groupe compact maximal K. Nous retrouvons ainsi en particulier un résultat 
obtenu par F. I. Mautner dans le cas du groupe spécial linéaire à deux 
variables et de la représentation unité de K [7]. Le cas des autres groupes 
classiques (orthogonal, symplectique, etc.) sera traité dans un article ultérieur. 


1. Rappels et notations. Rappelons tout d’abord quelques résultats 
de la théorie des fonctions sphériques [4]. Soient G un groupe localement 
compact et K un sous-groupe compact de G. Soit U une représentation 
continue de @ dans un espace de Banach & et soit M une classe de représen- 
tations irréducibles de K. Soit xx le caractère de M et posons ry — dim M. 
Désignons par dz une mesure de Haar à droite sur G et par dk la mesure 
de Haar de masse totale 1 sur K. On sait que l’operateur 


EU) = ry Sem U: dk 


est un projecteur continu sur le sous-espace 9¢(M) des éléments a de X qui 
se transforment suivant M par la restriction de U à K (c’est-à-dire tels que le 
sous-espace F engendré par les Uza pour kEK soit de dimension finie et 
que la représentation de K dans F se décompose en somme de représentations 
irreductibles de classe Af). Nous poserons dy(U) — dim #(#). 

Soit (G) l’algèbre (pour la convolution) des fonctions continues à 
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support compact sur G et soit (M) le sous-espace de (G) formé des fonc- 
tions ‘qui se- -transforment suivant M..(resp. suivant la représentation M 
conjuguée de M) par la restriction à K de la représentation régulière gauche 
(resp. droite) de G. On voit aussitôt que les fonctions f € S(M) sont les 
fE €(G@) satisfaisant aux relations: 


f = (rata) +f — f * (ru). 


On en déduit que £ (M) est une sous-algebre de £(G). Les relations d’ortho- 
gonalité des caractères d’un groupe compact entrainent que, pour fe (M), 


l'opérateur U; = f f(z)U,dx annule les sous-espaces 3 (M’) pour M’54M 
G 


et conserve le sous-espace Y (M). L'application f— U; peut donc être con- 
sidérée comme une représentation de (Af) dans 4 (M), que nous noterons UM, 

Rappelons d’autre part qu’un système Q de représentations d’une algèbre 
A est dit complet si pour tout élément a>£0 de À il existe une représentation 
VEN telle que Ug540. Avec cette terminologie, le résultat fondamental 
suivant est dû à R. Godement [4]: gil existe un système Q de représentations 
continues du groupe G dans des espaces de Banach tel que: 


a) les représentations UM pour VEN forment un système complet de 
représentations de l'algèbre (M); | 


b) 1} existe un entier p = 0 tel que du(U) = p dimM pour tout U EQ; 
alors, on a dy(U) = p dim M pour toute représentation complétement irré- 
duchble U dans un espace de Banach (on dit encore que M est contenue au 
plus p fois dans toute représentation complétement irréductible de G). 


Durant tout ce travail, les notations suivantes seront utilisées: 

P est un corps valué complet, non archimédien et localement compact; 

v désigne la valuation (discrète) de P, supposée normée (c’est-à dire 
ayant le groupe des entiers comme groupe de valeurs) ; 

Ö désigne Panneau des entiers de P; 

O* désigne l’ensemble @-p des éléments inversibles de 6; 

p est l’idéal maximal de Ø; 

est une uniformisante (Cest à dire un générateur de p), choisie une 
fois toutes; 

F, désigne le corps des restes O/p de P: c’est un corps fini à q éléments. 


2. Quelques Lemmes sur SL(n,P). Dans les n° 2 et 3, nous désig- 
nerons par G le groupe SL(n,P) des matrices carrées de déterminant 1 à 
coefficients dans le corps localement compact P. Pour g€ G, nous désignerons 
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par gy (pour 1LSi,j=n) les éléments de la matrice g. Nous désignerons 
par: | 
T (resp. I”) le sous-groupe de @ formé des matrices triangulaires 
supérieures (resp. inférieures) : on a g € T si et seulement si gu = 0 pour j <t; 
T (resp. T”) le sous-groupe de T (resp. I”) formé des matrices dont les 
coefficients diagonaux sont des puissances entières positives ou négatives de 7; 


N (resp. N’) le sous-groupe de T (resp. 7”) formé des matrices uni- 
potentes (de coefficients diagonaux égaux à 1); 


D le sous-groupe T N I” des matrices diagonales ; 


A le sous-groupe TND des matrices diagonales dont les coefficients 
diagonaux sont des puissances de r. 


Soit À l’ensemble des systèmes «—(a,,---,@,) de n entiers tels que 
a0 et A* l’ensemble des «€ À tels que a a =: <a, Pour tout 
«€ À, nous désignerons par da l’élément de A défini par les relations 
(de)u==m*. Nous noterons A*t l’ensemble des da pour «€ At. 

On vérifie aussitot que N et T sont des sous-groupes distingués de T. 
De plus, on a T= DN == ND et T =— AN = NA avec DO N=ANN = fe}: 
autrement dit, I (resp. T) est produit semi-direct de N et de D (resp. A). 

Enfin, nous désignerons par K le sous-groupe de G formé des éléments 
dont les coefficients sont entiers: autrement dit, on a K — SL(n, 6). Comme 
© est un sous-groupe ouvert et compact de P, on voit que K est un sous- 
groupe ouvert et compact de G. Par suite, une mesure de Haar sur @ induit 
sur À une mesure de Haar et on peut ainsi normaliser la mesure de Haar 


dg sur G de telle sort que f dg = 1. 
. K 


Le résultat suivant est bien connu: on en trouvera d’ailleurs une démon- 
stration valable pour tous les groupes simples de Chevalley sur un corps 
p-adique dans [8]. Pour être complet, nous allons en donner une démon- 
stration élémentaire : 


LEMME 1. On a G= TK. 


Nous allons raisonner par récurrence sur n: l’assertion est évidente si 
n=]. Supposons donc-n>1 et le Lemme démontré pour les groupes 
SL(m,P) avec m<n. Il nous suffit de montrer que, pour tout g € G, il existe 
un kE K et un tE T tels que tgkeT. Le système équations linéaires 
homogènes 


jan 


D: gyz = 0 pour 1<1=n 
ja 
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. & toujours une solution non nulle, Par multiplication par un élément con- 
venable de P, on peut en déduire une solution (2;) appartenant à 6* et 
telle qu’il existe un indice a avec 1=a=n et z,—1. Désignons alors par 
dy indice de Kronecker et posons: 


key = ôy pour 1l=t<a et 7 >], 
ka = 0 pour ee 
kiy = 8-1); pour a<tsn et 3> 1, 


ku = (— 1) 942, pour lSt=n. 


On vérifie aussitot que la matrice k = (hy) 1s: jn appartient à K et que l’élément 
g = gk est tel que g'u = 0 pourl <i& n. Par suite, on a 91,50 et il existe 
un entier a et un élément y € @* tels que ı=r*y. Soit alors ŻE A tel que 
lu mr et soit VEDNEK tel que Kit: Pélément g” =u tgi = tgkh’ 
est alors tel que ”u=0 pour l<tn et ul. La matrice 
g° == (Gr) ost. gon est alors un élément de SL(n—1,P) et d’après l’hypothèse 
de récurrence, il existe une matrice h’— (h’4;) sss, de déterminant 1, à 
coefficients dans @ telle que g°h’ soit une matrice triangulaire supérieure, dont 
les coefficients diagonaux sont des puissances de w. 

Posons alors hy—hy pour ISi SEn, hu hp = 0 pour 1<1i=n 
et A1: nous obtenons un élément h— (hy) de K et on vérifie immé- 
diatement que g”h = tgkk'h appartient à T. 


Remarque. Il est clair que la décomposition g==tk n’est pas unique, 
contrairement à ce qui se passe, mutatis mutandis, dans le cas des groupes 
de Lie réels. Cependent comme TNKEK=NNK, les coefficients diagonaux 
de t sont bien déterminés: si on a d ==ndk (avec d, d EA, nEN et KEK), 
on à d'in id’ d ntd: dt EN d'où dtd’e N et dd. 

Passons maintenant à l’étude des doubles classes modulo K: 


Lemme 2. Dans toute double classe modulo K sl y a un élément de A* 
et un seul. 


C’est une conséquence immédiate du théorème des diviseurs élémentaires. 
Soit en effet gE G; posons w==infv(g;y;): on a wo0 puisque detg—t1. 
Posons qu 7gy. La matrice a (ay) est alors à coefficients entiers. 
Comme @ est un anneau principal, le théorème des diviseurs élémentaires 
- (cf. [1],8 4, prop. 4) entraine qu’il existe une matrice diagonale d et une 
seule dont les coefficients diagonaux d’x soient des puissances entières «4 
de l’aniformisante + et satisfaisant aux deux conditions: 


1) Bi = Ba =" ° ‘= Bq; 
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2) il existe deux éléments inversibles k, et k, de Panneau des matrices _ 
dordre n à coefficients dans © tels que d’—k,ak,. (Nous avons utilisé le 
fait que un idéal quelconque de @ admet une puissance de m comme générateur). 
De plus, on sait ([1],8 4, prop. 3) que les entiers 8, sont déterminés comme 


4=p 
suit: pour tout entier p avec 1S psn, la somme © £; est égale à la borne 
1 
inférieure des valuations des mineurs d’ordre p de la matrice a. En particulier, 
{=n 
on a Bix 0 et E Bi——n1nx. On a donc dét d = déta et par suite dét k, 
4=1 


= (détk,)+. En multipliant la première ligne de k, par dét k, et la première 
colonne de k, par dét kı, on voit qu’on peut supposer dans la condition 2) que 
dét kı == dét kı — 1, autrement dit que k, et k,€ K. 
Revenant à g, on en déduit aussitot le Lemme 2, avec de plus la précision 
suivante: pour que g E€ KdK (avec de € A*), il faut et il suffit que, pour tout 


t=p | ` 
p avec 1S p Æ n, la somme > æ soit égale à la borne inférieure des valuations 
| i=1 | 
des mineurs d'ordre p de-g. Em particulier, on a a, == inf v (gy). 
COROLLAIRR. K est un sous-groupe compact maximal de G. 


En effet, si un sous-groupe A de G contient K et est 4 K, il contient 
un élément dé € A avec da 0. Mais le sous-groupe engendré par un tel da 
n’est pas relativement compact, car les valuations des coefficients de ses 
éléments me sont pas bornées inférieurement. 

Remarquons qu’il est bien connu que réciproquement, tout sous-groupe 
compact de G@ est contenuu dans un transformé zKr' de K par un élément z 
du groupe linéaire GL(n,P): Cest une conséquence facile du théorème des 
diviseurs élémentaires, que nous ne démontrerons pas, car nous n’en aurons 
pas besoin. 

Etudions enfin les rapports entre les décompositions de @ en doubles 
classes modulo K donnée par le Lemme 2 et en classes à gauche modulo K 
donnée par le Lemme 1. Tout d’abord, toute classe à gauche gK et toute 
double classe KgK sont ouvertes et compactes. Par suite une double classe 
est réunion d’un nombre fini de classes & gauche. | 
| Ordonnons totalement A par l’ordre lexicographique: B= (B, + *, Bn) 
est supérieur à a = (a,,' ",a,) si et seulement si l’on a 8; > œ; pour le 
plus petit indice 1 tel que 8; 54 œ. 


LEMME 3. Sat a€ At. Si NdgK N KdaK west pas vide, alors B= a. 
De plus, on a NdgK N KdgK mm dak. 
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Soit en effet n € N tel que ndg € KdaK : cela signifie d’après ce qui précède, 
que la borne inférieure des valuations = mineurs d’ordre p de ndg est, pour 


tout entier p avec is Spin, égale à > a En considérant le mineur formé 


= p un lignes et colonnes nds, on en déduit aussitôt que 


SRE Sa pour tout p, done que Baza. 


Soit maintenant neN tel que g==nda€ KdaK. Considérons pour 
1=1< jn le mineur A, d'ordre i de g obtenu en supprimant les (n—t) 
dernières lignes et les (n—+t-+1) dernières colonnes excepté la colonne 
d'indice j. On a Ags ama" *%-19,, et par suite, on a: 


= OS 0(Ay) at ++ ogy) 


et par suite (gy) = a, 
On peut alors, par récurrence sur j, déterminer pour 1Sı <j=n des 
éléments ky € O tels que: | 


r=j-1 


(1) 2 Jirkrs + Jy = — key 


le premier membre de (1) étant de valuation =: &. Complétons alors ces ky 
en une matrice kE KNN en posant ky — 1 pour tout + et ky == 0 pour +>}: 
on vérifie aussitot que gk = da et par suite g€ d«K, d’où la seconde assertion 
du Lemme 3. 
Pour tout a € A+, nous désignerons par I (a) l’ensemble (fini) des classes 
à gauche modulo K contenues dans KdK. Dans chaque classe c€ I(a), 
choissisons un élément t(c)€cNT élément qui s’écrit d’une manière et 
d’une seule sous la forme n(c)d,, avec n(c) EN et y(c) € A. Le Lemme 3 
montre que y(c) = a pour tout c€ T (a) et qu’il existe un et un seul ca € I (a) 
tel que y(ca) ==4: nous prendrons toujours ¢(¢a) == dy (done n(ca) == 8). 


3. Le résultat principal. Soit À un caractère du groupe abélien discret 
A; comme A identifie au, groupe quotient T/N, on peut considérer À comme 
un caractère de T (et on obtient ainsi tous les caractères de T, car N est le 
groupe des commutateurs de T). Nous allons chercher & montrer que l’on 
obtient “beaucoup” de représentations de G en considérant les représentations 
unitaires de G induites par les divers caractères unitaires À de 7. Pour la 
définition et les propriétés élémentaires des représentations induites, nous 
renvoyons à [2] et à [6]. 
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Désignons par p une “fonction p” sur @ relative à T au sens de [2] 
(p. 102), c’est à dire une fonction continue strictement positive sur G, avec 
p(e) == 1 etp(tz) = (8r(t)/ôa(t))p(t) pour tout zE G et tout tE T (où ôr 
(resp. 5g) désigne le module de T (resp. @)). La restriction dep à Test un 
caractère réel positif de T. On a donc p= 1 sur tout sous-groupe compact 
de T, en particulier sur TMN K. On montre aisément (en utilisant le lemme 1 
et le fait que K est ouvert et compact) que l’espace Y> de la représentation UN 
de Œ induite par le caractère unitaire A de T est l’espace des fonctions & sur 
satisfaisant aux deux conditions: 


(2) (tx) =p(t) (4) d(x) pour tout zE G et tout tE T, 


(3) la restriction ° de & au sous-groupe K est de carré intégrable, 

et Œ opère dans Y^ par translation à droite. De plus, l’application ¢— ¢° 
est un isomorphisme de l’espace de Hilbert ^ sur le sous-espace fermé Y de 
L?(K) formé des fonctions satisfaisant à la condition (2) pour tout ze K 
et tout ZEETNK. Mais on a p(t)=1 sur TAK et d’autre part, on a 
TNK=NNEK et par suite on a aussi A(t) —1 pour ETAK. Lrespace 
SL est donc simplement le sous-espace fermé de L?(K) formé des fonctions 
invariantes par les translations à gauche par les éléments de NNK et est en 
‘ particulier indépendant de À (mais naturellement, la représentation de G dans 
9 déduite de U dépend elle de A). 


Remarque 1. Comme D est produit direct de A et de D N K, la représen- 
tation PU* de D induite par le caractère A de A est le produit du caractère A 
par la représentation régulière de D MK. Comme DNK est compact, PUA 
se décompose en la somme directe discrète des caractères unitaires de D égaux 
à À sur A. On en déduit que la représentation de T induite par le caractère 
x de T se décompose en somme directe discrète de caractères de r. Le théorème 
d’induction par étages montre alors que la représentation U? de Œ se décompose 
en somme directe discrète des représentations de @ induites par les caractères 
de T égaux à À sur T (représentations de la “série principale,” qui sont “en 
général” irréductibles ([8], théorème 6)). Par suite, on obtient les mêmes 
résultats au point de vue qui nous intéresse (savoir dans quelle mesure le 
système des U est complet) en considérant les représentations induites par 
les caractères unitaires de T ou ceux de T. 


Remarque 2. Dans le cas des groupes unimodulaires réels ou complexes, 
les représentations induites par les caractères unitaires de T forment un 
système complet de représentations de G [4]. Ici, au contraire, ces représen- 
tations ne forment pas un système complet (même si l’on prend tous les 
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caractères de A, non nécessairement unitaires). En effet, l’algèbre £(K) est 
une sous-algèbre de £(G@) (puisque K est ouvert dans 4). Si les U% formaient 
un système complet, leurs restrictions à K formeraient un système complet 
de représentations de K. Les relations d’orthogonalité sur un groupe compact 
entrainent qu’une représentation irréductible quelconque de K serait con- 
tenue dans l’une au moins des U*. Or la restriction de U^ à K est la représen- 
tation de K induite par le caractère unité de N N K et le théorème de récipro- 
-cité de Frobenius montre que les représentations irréductibles qui interviennent 
dans la restriction de UA à K sont exactement celles dont la restriction à 
NOK contient la représentation unité. Or il existe des représentations 
irréductibles de K, provenant par exemple de représentations du groupe fini 
SL(n,F,) (qui est un quotient de K), qui ne possèdent pas cette propriété 
[8]. On voit par suite que l’utilisation des U* ne nous permettra d’obtenir 
de renseignements que pour les “fonctions spheriques” correspondant à cer- 
taines représentations de Æ, celles dont la restriction à NNK contient la 
représentation unité. | 


Soit f€ L(G) avec f40. Nous cherchons à démontrer qu’il existe un 
caractère À de A tel que 74,540. Nous allons done supposer que UÀ, == 0 pour 
tout A et étudier les conséquences de cette hypothèse. Soit 3 le support 
(compact) def: il ne rencontre qu’un nombre fini de doubles classes modulo K. 
Nous désignerons par S(f) (ou plus simplement par 3) l’ensemble (fini non 
vide) des 8€ A* tels que X rencontre KdgK et par a(f) (ou plus simplement 
&) le plus petit élément de S(f). Pour pE H`, et & continue, nous avons 
(en désignant par e l’élément neutre de @): | 


(rA) (e) = TOOL 
=F 2, J $O) dok)fnle)dyok)dk 


BES ocl(f) 


= 3,2, PH) (dre) f 4 (t(o)) dk 
et les indices y(¢) sont (pour BE Set cE I(8)) tous supérieurs Aa. De plus, 
Pindice a n’intervient qu’une seule fois dans la sommation, pour pg et 
C =m Ca. Nous avons donc obtenu une relation de la forme: 


(4) (UN 8) (2) = E Qn (#")A() 
avec : | 
OT COIA EOC. 
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et en particulier: 
(6) Qu (6) = p(da) 3 | 4° (L)f (dak) dk. 
K 


Or, pour tout y€ A, l’application A> A(d,) est un caractère unitaire y* 
du groupe dual A* de A et à deux y distincts correspondre deux caractères y* 
distincts. Les caractères d’un groupe étant linéairement indépendants, la 
relation > Q,(p°)A(d,) = 0 pour tout À € A* entraine donc Q,($°) ==0 pour 
tout y et en particulier Qa(¢°) =. 

Par suite, si U, == 0 pour tout À, alors on a 


SH WF (dak) de — 0 pour toute BE Y. 


Mais, pour tous k, h’ € K, la condition U^ == 0 est équivalente à U%, = 0 
où g est la fonction z — f(h-*wh’), puisque l’on a U^ == UAUAUXS. De plus, 
on a S(f) =S(g) et a(f) =a(g). Par suite, si UA;—0 pour tout A, nous 
avons AUSSI : 


OR f $(E)f (Fadakks) dk = 0 


pour toute ¢ E et tous kı, ka € K. 


Posons alors Ka =K N da`Kde. Soit h€ Ka et h€ K; prenons 
kı == dehr de? et k= h> dans (7): nous obtenons: 


(8) f aeh eas SF dakka) dk — 0 


d’où le résultat suivant: 


LEMME 4. Soit fE (G) avec f0. Posons «== a(f) et supposons que 
U` = 0 pour tout AE A*. Alors la fonction k— f (dak) est orthogonale dans 
L(K) à toutes les translatées à gauche par des éléments de Ka et à droite 
par des elements de K des fonctions appartenant à H. 


Remarquons que S est invariant par les translations à droite par les 
éléments de K et qu’on pourrait donc sans rien perdre supprimer les trans- 
lations à droite dans l’énoncé du Lemme 4. 


Etudions maintenant le sous-groupe Ke: 


LEMME 5. Pour tout a€ At, le sous-groupe Ka contient le sous-groupe 
KOT de K. 


En effet si ke (ky) € K, on a (datkde)y—=r sky. Par suite, le 
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sous-groupe K® est formé des matrices kE K telles que wk, soit entier 
quels que soient + et 7. Or si kE K NT, on a ky= 0 pour i <j et why E O 
pour += j, puisque a= a; pour 42 f. 

Nous allons maintenant considérer une représentation irréductible de K 
dans un espace de dimension finie # satisfaisant à la condition suivante: 


(S) les transformés par les opérateurs M, pour zeKNIT’ des 
éléments de E invariants par les nee M, pour ye EON forment un 
ensemble total dans E. 


Remarquons que, comme I” == N'D et que N est un sous-groupe distingué 
de T == ND, le transformé par un opérateur M, pour re KN D d’un élément 
de E invariant par K NN. Par suite, on peut dans la condition (S) remplacer 
le sous-groupe K N T” par le sous-groupe K N N’. 

Nous pouvons maintenant démontrer notre principal résultat: avec les 
notations du n° 1, on a le: 


Tafonème 1. Soit M une représentation irréductible de K satisfaisant 
à la condition (8). Les représentations (UM pour X€ AY, forment un 
système complet de représentations de l'algèbre £(M). 


Nous ponvons supposer que M est réalisée comme sous-représentation 
irréductible de la représentation régulière gauche dans un sous-espace E de 
L'(K). Soit fE LM), f 0 et supposons que U%,==0 pour tout À Pour 
tout kE K, la fonction g: s—f(hr) appartient encore à (M) et UM; = 0 
est équivalent à U%,==0. Nous pouvons donc, quitte à remplacer f par g 
pour un choix convenable de h, supposer que la fonction ¢(k) =f(dak) (avec 
q= a (f) a(g)) n’est pas nulle sur K. 

Soit F le sous-espace de L?(K) formé de éléments qui se transforment 
suivant la représentation conjuguée M de M par la représentation régulière 
droite de K: on sait que c’est aussi l’ensemble des éléments qui se trans- 
forment suivant M par la représentation régulière gauche de K. On a donc 
EC F. De plus, la double représentation régulière de K restreinte à F est 
irréductible. Par suite, les translatés à droite des éléments de Æ forment un 
ensemble total dans F. La condition (S) et le Lemme 5 entrainent donc 
que les translatés à droite par K des translatés à gauche par Ka des éléments 
de E invariants par NNK (cest à dire des éléments de EN $f) forment, 
pour tout «€ A*, un ensemble total dans F. 

Par suite, d’après le Lemme 4, la fonction $(k) est orthogonale à F. 
Mais puisque f € £(M),la fonction f, donc aussi la fonction d(k) —=f(dak), 
se transforme suivant Æ par la représentation régulière droite de G restreinte 
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à K. Autrement dit, est un élément non nul de F, d’où une contradiction: 
par suite, les conditions f€ 2(M) et U\, —0 pour tout À entrainent f—0, 
d’où le théorème. 


COROLLAIRE 1. Soit M une classe de représentations trréductibles de K 
satisfaisant à la condition (S). Alors M est contenue au plus dim Mf fots 
dans toute représentation complètement irréductible de G. 


Il suffit d’après le résultat fondamental de R. Godement rappelé au n° 1, 
de montrer que dim #A(H) = (dim M)? pour tout A, ce qui est évident puisque 
U` restreinte à K s'identifie à une sous-représentation de la représentation 
régulière gauche de K. 


COROLLAIRE 2. La représentation unité de K est contenue au plus une 
fois dans toute représentation complètement irréductible de G. 


En effet, il est clair que la représentation unité satifait à la condition (S). 


COROLLAIRE 3. Si M est la représentation unité, l'algèbre (M) est 
commutatwe. 


En effet, l’algèbre (M) admet alors un système complet de représen- 
tations de dimension 1. 

Les Corollaires 2 et 3 redonnent, dans le cas n == 2, des résultats dus à 
F. I. Mautner [7]. 


4, Exemple de représentations satisfaisant a (S). Le groupe 
SL(n,F,) des matrices de déterminant à coefficients dans le.corps des restes 
F, du corps b-adique P est canoniquement isomorphe au goupe quotient 
de K == SL(n, @) par le sous-groupe invariant des matrices entières congrues 
à Punité modulo p. Par suite, une représentation de SL(n,F,) détermine 
canoniquement une représentation de K: nous dirons que cette dernière 
“provient” d’une représentation de SL(n,F,). Nous allons démontrer le 
résultat suivant: 


THEOREME 2. Toute représentation irréductible M de K — SL{n, G) 
qui provient d’une représentation de SL(n, F) et dont la restriction à NOK 
contient la représentation unité, satisfait à la condition (S). 


Changeons de notations: dans le reste de ce n°, G désignera le groupe 
SL(n, Fq); T (resp. I’) le sous-groupe des matrices triangulaires supérieures 
(resp. inférieures) de G, N (resp. N”) le sous-groupe des matrices unipotentes 
de T (resp. I’). Soit R l’ensemble des représentations irréductibles de G 
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dont la restriction à N contient la représentation unité. Il est clair que le 
Théorème 2 est équivalent à Kassertion suivante: toute représentation ME & 
satisfait à la condition: 

(S’) les transformés par les opérateurs M, pour se N’ des éléments 
invariants par les opérateurs M, pour y € N, forment un ensemble total dans 
Pespace de M. | | 

Le théorème de Frobenius montre que les représentations M € œ sont 
exactement les composantes irréductibles de la représentation de G induite 
par le caractère unité de N. Or cette dernière représentation se décompose 
en la somme directe des représentations de G induites par les caractères de T 
(cf. n° 3, Remarque 1). D’autre part, on vérifie facilement que pour qu’une 
représentation de Œ satisfasse à (S’), il faut et il suffit que toutes ses com- 
posantes irréductibles y satisfassent. Le Théorème 2 sera donc conséquence du: 


Lemme 6. Soit À un caractère de T et soit H° le sous-espace de N 
engendré par les transformés par N’ des éléments de H> invariants par N. 
On a H? = Y>. 


Le reste de ce n° est consacré à la démonstration du Lemme 6. Etudions 
la restriction de U^ à N. Pour toute classe à droite D = Tv, désignons par 
fo un élément 340 de Y` nul en dehors de D: il est clair que fp est déterminé 
à une constante multiplicative près et que les fp forment, quand D décrit G/T, 
une base de Y>. De plus, les opérations de G dans 9X permutent entre elles, 
à des scalaires multiplicatifs près, les différents fp. Soit maintenant C == TN 
une double classe modulo (T:N) et soit Xo le sous-espace de SM formé des 
fonctions nulles en dehors de C. Il est clair que Yo est invariant par N et la 
représentation de N dans 4/0 est équivalente à la représentation de N induite 
par le caractère Ag: n—>A(znzt) du sous-groupe N N ere de N ([5], th. 1). 
Mais, si n€ NO aL, alors ena* est une matrice unipotente de T, donc 
appartient à N, et on a A(ænzt) — 1, puisque N est le groupe des commu- 
tateurs de F. Par suite, A, est le caractère unité et le théorème de Frobenius 
entraine que la représentation de N dans Xo contient la représentation unité. 
D’où : | 

Lemme %. Pour toute classe à droite D, modulo T, il existe dans Y° un 
element $(D,) 40 invariant par N et de la forme Sia(D)fp, la somme 


étant étendue aux classes à droite D modulo T qui sont contenues dans la 
double classe D,N. On a a(D,) 0. 


En effet, comme N est transitif sur l’ensemble des classes à droite D 
contenues dans D:N, si l’on avait a(D,) <0, l’on aurait aussi $(D,) == 0. 
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Nous allons maintenant interpréter géométriquement classes à droite 
modulo T et doubles classes modulo (T: N). Soit S un espace vectoriel de 
. dimension n sur F, Rappelons qu’un drapeau de type (a,::-,ax) de 8 
(où les a; sont des entiers positifs avec OS aSa SS: =,=n) est 
l’ensemble de k sous-espaces vectoriels DU: - -,D* de 8 avec D'C D? 
CC Dk et ca amr Nous appelerons ou complet un drapeau 
de u (1,2 ne 

Soient D, = (Di, „,Dort) et Do = (Dat, © <, Dar!) deux drapeaux 
complets en “position générale,” c’est à dire tels que l’espace 8 soit, pour 
tout j, somme directe de D,/ et de D.”, ou encore que les dimensions des 
intersections Dot N DJ soient, pour tous 1, J, les plus petites possibles, compte 
tenu des dimensions de Dit et de Df. Pour 17s2n, lintersection 
Dit N Ds" est alors de dimension 1 (en posant Do = Da” = S). Sie, 
est un vecteur engendrant cette intersection, on vérifie immédiatement que 
les &1,° - *,e; (resp. any," * *,@n) forment une base de D,’ (resp. Dot) 
pour l1=j;s2n. Le choix de cette base permet de faire opérer ( sur S, donc 
aussi sur l’ensemble des drapeaux de 9. On vérifie facilement que T (resp. I’) 
est alors le stabilisateur de D, (resp. Do). D’autre part, il est bien connu 
que G est transitif sur l’ensemble des drapeaux de type donné. Par suite, 
l’espace homogène G/T des classes à droite modulo T sidentifie à l’ensemble 
des drapeaux complets, en faisant correspondre à la classe d’un élément ze G 
le transformé de D, par x. Nous désignerons dans la suite de ce n°, par 
la même lettre D une classe à droite et le drapeau complet qui Ini est ainsi 
associé. | 

Soit D = (D1,- - +, DE) un drapeau de type (a, - *, az). Posons: 


(9) | d (D) = dim (D! A Dat), 
(10) da (D) = dim (D! N Dat) 
pour 1SıSket 1SjSn—1. Possons de plus: 
(11) s& (D) = 2% (D) et 8(D) = Di dur (D). 
S , tj 
Si D’ est un drapeau transformé de D par un élément de T (resp. I”) on a 


do! (D) = d (D) (resp. dat! (D) = dot! (D)), puisque T (resp. I”) laisse 
fixe Do (resp. Do). Réciproquement: 


Lemme 8. Le sous-groupe N (resp. N’) est transitif sur l’ensemble A 
des drapeaux D de type (a, ` ',ax) pour lesquels les nombres d, (D) 
(resp. do’ (D) ) ont, ppur 1 Si & k et 1SjSn—1, des valeurs données di, 
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Nous démontrerons ce Lemme par récurrence sur n: il est trivial pour 
n=]. Supposons—le démontré pour les dimensions < n. On se ramène 
aussitot au cas a, > 0, ax <n et A non vide, ce que nous supposerons dans 
la suite. Il existe alors un entier A et un seul compris compris entre 1 et 
k + 1 tel que: 

di) = oy pour 1ISı<h, 
MR) =e g—1 pour hick. 


Faisons la démonstration dans le cas de N et des indices d,*, l’autre casse 
traitant de la même manière. Soit D == (D',---,D®)€ A; si h Sk, il existe 
dans D* une droite V non contenue dans D,*t. Or il est immédiat que N 
est transitif sur l’ensemble des droites non contenues dans D,.**. On peut 
donc par une transformation de N envoyer la droite V sur la droite Det. 
Nous sommes donc ramené à démontrer que N est transitif sur l’ensemble B 
des drapeaux D tels que dh (D) — dif et que Dt D, purhsısk. 

Posons Dit Dt N Di: on a Di Di pour 1Sı<h et Dé est, pour 
Rh=Zi=k, somme directe de D,* et de Dat. On en déduit que Papplication 
qui au drapeau DEB fait correspondre le drapeau D, <= (D,1,: - -,D;*) de 
l’espace vectoriel à n—-1 dimensions D"! est une application bijective de B 
sur l’ensemble B, des drapeaux D, de type (a, * *, Ar- Aa —1," © ,ax—1) 
de Dort, tels que dott (D,) = d pour 1SiSket1SjSn—1 (remarquons 
que l’on a nécessairement a > a4 Si hS k)... 

Or, le sous-groupe G, de G formé des matrices gy avec gu = gu = 0 pour 
+> 1 et gi; = 1 laisse stables D,*-1 et Dat et s’identifie au groupe SL(n —1, F,) 
opérant sur l’espace vectoriel à n— 1 dimensions 8,—D,*! (muni des 
drapeaux complets “intersections” de D, et Do avec S,). De plus, le sous- 
groupe V,=NMG, sidentifie au sous-groupe des matrices triangulaires 
supérieures unipotentes de @, et l’application D— D, de B sur B, commute 
avec les opérations de N,. Or Vhypothése de récurrence entraine que N, est 
transitif sur B,, d’où le Lemme. 


ÜOROLLAIRE. Soit D un drapeau complet. Les drapeaux complets cor- 
respondant aux classes à droite modulo T contenues dans la double classe DN 
sont exactement les drapeaux D’ tels que dat! (D) == dot (D). 

C’est évident. 

Puisque S est somme directe de D,’ et de Dr, on a, pour tout sous- 
espace V‘ de dimension $: 


(2) dim (V4 N Dot) + dim (ViN Dan) Si, 


om, 
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LEMME 9. Pour tout drapeau complet D, il existe un drapeau complet 
D, et un seul satisfaisant aux deux conditions suivantes : 


(13) datt (Dy) = dol (D), 
(14) da (Dy) + dot") (D) —1 
pour 11,7 5n—1. 


Ici encore, le Lemme est évident si n == 1. Supposons—le démontré pour 
des dimensions < n. Il existe un entier k et un seul (avec lk 71) tel que: 


da (D) =] pour 1&4 < k, 
daD (D) =]—1 pour kSjsn—1. 


On vérifie aussitôt que l’hyperplan somme directe de D,** et de Do** (en 
posant D, =a Do? = {0}) est l’unique hyperplan V satisfaisant aux deux 
conditions : | 

(15) dim(V N Dot) = da" (D), 

(16) dim(V N Det) + dm(V N Dot) =n —1. 


D’après le Lemme 8, il existe un élément de N” qui transforme le sous-espace 
Dr de dimension n — 1 du drapeau D donné en l’hyperplan F (grâce à (15)) 
et par suite transforme le drapeau D en un drapeau complet D’ dont le sous- 
espace de dimension n—1 est V. De plus, on a de (D) = de (D): en 
résumé, on peut se borner à démontrer le Lemme 9 en supposant Dr! V. 

D’autre part, le sous-espace de dimension n— 1 d’un drapeau complet D, 
satisfaisant à (13) et (14) satisfait en particulier à (15) et (16), done coin- 
cide avec V. 

Par ailleurs, la formule (16) montre que les drapeaux D,’ et Da’ inter- 
sections avec V des drapeaux D, et D, sont (après suppression de Y N D,* 
et de V N Do si k < n et de VND," et de V N Do si k = n) des drapeaux 
complets en position générale de V == D1, L’hypothése de récurrence entraine 
donc qu’il existe un drapeau complet (D,3,- - -,D,"-?) et un seul de V tel 
que: 


dim (D+ N De!) =deti(D), 
dim (D,* N De!) + dim (Din Do!) =i 


pour 11,j2n—2. Il est alors clair que le drapeau 
D, pane (D1, aa Dy, F) 
est l’unique drapeau complet satisfaisant à (13) et (14). 
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COROLLAIRE. Pour tout drapeau complet D, il existe un drapeau complet 
D, et un seul satisfaisant à la condition (13) et tel que pour tout autre 
drapeau complet D’ satisfaisant à (13), l’on att 8)(D’) < 8(D,). De plus, 
pour tout drapeau complet D” tel que dt (D") =d (D1), on a 8(D”) 
S 80(D;), l'égalité n'étant réalisée que st D” =m D. 


La première assertion résulte immédiatement du Lemme 9 et des inégalités 
(12). La seconde résulte également du Lemme 9 en échangeant les rôles 
des indices 0 et oo. Ä | 


Nous pouvons maintenant démontrer le Lemme 6: nous allons montrer 
par récurrence sur 8.(D) que fn € #° pour tout drapeau complet D. C’est — 
vrai pour s»(D) <s„(D,) puisque (D) =s.(D,) pour tout drapeau 
complet D. Supposons donc que fn € H° pour tout drapeau D avec 8,(D) <a 
et soit D un drapeau complet avec s,(D) =a. D’après le Corollaire du 
Lemme -9, il existe un drapeau D, et un seul parmi les transformés de D 
par les divers éléments de N’, pour lequel 8,(D;) soit maximum. Par 
définition même de °, il nous suffit de démontrer que fp, € Y°. Or, toujours 
d’après le Corollaire du Lemme 9, on a 8, (D) < s„(Dı) pour tout drapeau D’ 
transformé de D, par un élément de N et distinct de D,. L'hypothèse de 
récurrence entraine donc que Pon a fp € 3° pour D’ CDN et DAD. 
Appliquons alors le Lemme 7: on a: 


fo, == a(Dz)*(¢(Di) —Xa(D’) fo), 


la sommation étant étendue aux classes à droite modulo T (ou aux drapeaux) 
D’ contenues dans D,N et distinctes de D,. Comme ¢(D,) € H°, on en déduit 


que fp, E &, ce qui achève la démonstration du Lemme 6 et donc du: 
Théorème 2. 


9. Le cas de SE(2,P). Nous reprenons les notations des n° 2 et 8, 
mais nous supposons de plus la dimension n égale à 2. Nous avons alors 
le résultat suivant: | 


THÉORÈME 8. Soit M une représentation irréductible de K — SL(2, 0) 
dont la restriction à NNK ne contient pas la représentation unité. Alors, 
M est contenue un nombre de fois inférieur à dim M dans toute représentation 
complètement irréductible de G= SL(2,P). 


Dans le cas n= 2, l’application z— e j Jesi un isomorphisme du 


groupe additif du corps P sur le sous-groupe N. La représentation régulière 
de N se. décompose donc en somme continue ‘des caractères unitaires 0 de N, 
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correspondant aux caractéres additifs de P. La représentation régulière de @, 
qui est équivalente à la représentation de G induite par la représentation 
réguliére de N [6], se décompose donc en somme continue des représentations 
U? de G induites par les caractères 4 de N. Mais la représentation régulière 
de G forme à elle seule un système complet de représentations de £ (G), donc 
a fortiori de £(M). Par suite, les représentations U forment un système 
complet de représentations de £(M). Or si 6 est le caractère unité, on voit 
comme au n° 3, Remarque 1 que la représentation U® se décompose en somme 
continue des représentations U* de G, induites par les caractères unitaires de 
T, que nous avons étudiées au n° 3. En particulier, nous avons vu (n° 3, 
Remarque 2) que ces représentations ne contenaient pas M, puisque la 
restriction de M à KNN ne contient pas la représentation unité. La repré- 
sentation de (M) associée à U’ est donc nulle pour 8 = 1 et par suite, les 
représentations U’ pour #541 forment encore un système complet de repré- 
sentations de £(M). 
Considérons la restriction à N de la représentation TU? du groupe T 
induite par le caractère 6 de N. Nous avons vu que N est ouvert et distingué 
dans 7’; les doubles classes de T modulo (N: N) sont les mêmes que les classes 
à gauche par exemple et correspondent biunivoquement, puisque T est le 


produit semi-direct de N et de A, aux éléments dm= A a) de A (m 
T 


entier). On a N = dp Ndw et 


1 0 À 0 
dm 56s ‘) dm == Ea +. 
On déduit alors des théorèmes de G. W. Mackey [5] que la représentation 
TU® restreinte à N est somme directe discrète des caractères 6,,:x—> 0(r°"x) 
de N (identifié au groupe additif de P). 

D’autre part, la représentation U® de G est équivalente à la représentation 
de G induite par le représentation TU?’ de T (théorème des représentations 
induites par étages [6]). Comme G= TX, la restriction de U’ à K est 
équivalente à la représentation de X induite par la restriction à T N K de TU6. 
Mais, on a TNK=NNK et de ce qui précède, on déduit donc que la 
restriction de U? à K se décompose en somme directe discrète des repré- 
sentations de K induites par les restrictions 6,’ à NNK des caractères Om 
de N. 

Parmi les caractères fm’, on trouve le caractère unité une infinité de fois 
et les autres caractères 9,’ sont deux à deux distincts (C’est évident si 
0—1. $i 6-41, le noyau Q de 6 est, puisque P est totalement discontinu, 


9 
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un sous-groupe ouvert du groupe additif de P (identifié à N), distinct de P. 
Il existe donc un plus petit entier k tel que p* C Q. Comme l'identification 
de N avec P envoie NOK sur l’anneau © des entiers de P, on voit que 
Om == 1 si et seulement si 2m = k. Par contre, si 2m < k, le plus petit entier 
positif À tel que p* soit contenu dans le noyau de 6,, est k— 2m. Par suite, 
les caractères Om pour 2m < k sont distincts du caractère unité et sont deux 
à deux distincts. 

Soit alors a, le nombre de fois que la restriction de M à N N K contient 

le caractère On’. Par hypothèse, on a &m==0 si fm ==1. On a donc 
Sam < dim M. 
n D’après le théorème de réciprocité de Frobenius, M est contenue &m fois 
dans la représentation de K induite par 9m. Par suite, M est contenue > am 
fois dans la restriction à K de U’. Les représentations U® forment donc un 
système complet de représentations de Æ(M) et M est contenue au plus 
dim M fois dans chaque UP: il suffit donc appliquer le résultat fondamental 
de R. Godement rappelé au n° 1 pour obtenir le Théorème 3. 
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PATHOLOGIES OF MODULAR ALGEBRAIC SURFACES.* 


By Davin MUMFORD. 


The purpose of this note is to present two counterexamples to conjectures 
about the geometry of algebraic surfaces, which are, on the contrary, true in 
characteristic zero. Thus if F is a non-singular algebraic surface defined over 
an algebraically closed field k, one can form the vector spaces 


Ho. == Ht (F, 0°), 
H, om HO (F, O), 


where Qt is the sheaf of regular t-forms. One also has the vector space 


A, == cotangent space to the Albanese Variety 
~ A of F at the origin 0. 


Among these vector spaces various maps may be defined regardless of the 
ground field. First, the canonical map 


pb: F>A 
induces a homomorphism 
#*: Ao > Aino, 


which Igusa [4] has shown to be one-one. Secondly, if an embedding of F 


in projective space is fixed, and hence a canonical element A in HF, œ), 
then cup product and Serre duality induces a pairing 


Y : Hoi x Hio k. 
(See Kodaira [6] and Serre [9]). 


Now in the classical case, the usual constructive existence proof of the 
Albanese variety A shows immediately that 4* is onto (see Weil [12]) ; while 
the famous topological results of Lefschetz on the embeddings of varieties in 
projective space (see Wallace [11], and Kodaira [6]), allow one to conclude 
that the pairing & is non-degenerate. One deduces the “fundamental 
equalities” of Italian surface theory: 


z dim A, == dim H,,— dim H,,:, 


* Received January 4, 1861. 
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proven first by Poincaré by his method of normal functions in 1910, (Poincaré 
[81). A corollary of ¢* being onto, combined with the easy proof (valid in 
all characteristics—see Koizumi [7]) that regular differentials on an Abelian 
variety are closed, shows that the differentials in H,. are all closed. This 
has been generalized by Hodge, and has led ultimately to the result: analytic 
regular differentials on a Kahler manifold are closed (see Weil [12]). 
‘The question is what extends to the modular, or non-zero characteristic 
case. Igusa showed, first of all, that $* is not always onto [5]. Serre showed 
next that the pairing # is not always non-degenerate, since it can happen 
that Hı o == (0), while H,.54 (0), (see [10]). There remain the questions: 


(a) Are all differentials in Hı, closed? 


(b) Does the pairing 9 have the property that if x in H, is such that 
Af (x,y) = 0 for all y in Ho, then c—0? 


The answer to both is no. 


I; 
To answer (a), we prove (assuming the characteristic +0): 


THEOREM. Lei F be a non-singular algebraic surface, w any simple 
differential on F (t.e. 1-form) ; then there exists a non-singular surface F* 
and a regular map p: F*—> F which ts separable and algebraic, such that 
pY(w) ts regular on F*. 


Proof. Note first that it is enough to prove: 


(#) For all P in F, there exists an open U containing P, a surface 
F* and a regular map ¢: F*— F separable and algebraic such that 
(U) is non-singular, and ¢*(w) is regular on #7(U). 


If this is proven, then we can find a finite set U,* of open sets covering F 
and of surfaces F,*, and maps &: F;* — F with the above properties. Then 
let F* be some non-singular model of the function field of any compositum 
of k(F4*) (compatible with the identification of the common subfields k(F)), 
that dominates the models F4* (such exists by Abhyankar [1] and Zariski 
[13]). Let be the map from F* to F. Then for all P in F*, say o(P) 
in U. Then &*(w) is regular at ¢1(¢(P)), hence $*(o) is regular at P. 
But in fact it is enough to prove: 


(##) Same as (#) except for differentials w == Adz, x a uniformizing 
parameter at P. 
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For if at P, w— A dz + B dy, then pick F,” that does the trick for À dz 
and then #,* that does the trick for B dy, and take a suitable non-singu- 
larization of their join as in (#). 


But now if w = (A,/4,)de, A, and A, regular at a ‘and A,==0 at P, 
consider the extension 


ZP + (A,P-Z) + (x) —0, where p is the characteristic. 
It follows 
az — en A,PdZ. 


Now in the normalization F* of F in this field extension, there is a unique 
point P* above P. Moreover, it is simple since if x, y are uniformizing para- 
meters at P, then Z, y are uniformizing parameters at P*. Finally, 


W == (o/41) da = AA, *(dx/A,?) = AA PI dZ. 
Hence w is regular at P*, hence in an open set about P*. QED 


COROLLARY. There exist algebraic surfaces, non-singular and with a 
simple regular differential w that is not closed. 


Proof. Take in the above theorem F == P?, the projective plane, and 
o= zdy. Then the differential $*(w) on the covering F* given by the 
theorem satisfies the corollary. One must merely note that dp* Sa * (dw) 
40 as the covering is separable. QHD 


IT. 


To answer (b), consider the famous Enriques surface Æ, which is, in 
any characteristic, the normalization of the sextic surface Fo in P*: 


0 u yet D +. 22? -+ ge 1 rye, (2, y, 2), 


where f, is a general polynomial of second degree. Its normalization is non- 
singular and, regardless of characteristic, can be constructed as the join of 
the graphs of the following set of maps: 


hi: Fo > Pt, given by zy/z, 
ho: Eo— Pi, given by zz/y, 
ds: Eo — Pi, given by yz/z, 
as the reader may with some pains verify. It follows that the surface E in 


characteristic 2 is a specialization of E in characteristic 0, hence has the same 
Pa (see Hironaka [3], which has long been known to be 0 (for a modern 


842 DAVID MUMFORD. 


treatment, see Artin’s thesis [2]). On the other hand, the classical theory 
of adjoint surfaces tells us that canonical divisors on E, as divisors on Eo, 
must be cut out by (6—4) — ?2nd order forms in P? passing through the 
double lines (see Zariski [14]) ; in this case, we have a tetrahedron of double 
lines and such are contained in no quadric. Hence p,==0, hence H+ mu (0). 
Now in the remarkable case of characteristic 2, it is also the case that 
H? 4 (0). In fact, let t be a coordinate on P+; then: | 


pa* (dt) = ha (dt) == pa* (dt) == d(ayz) 


is immediately seen to be a regular differential on E. 


HARVARD UNIVERSITY. 
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SUR LES REPRESENTATIONS DES GROUPES CLASSIQUES 
p-ADIQUES IL* 


par FRANÇOIS BRUHAT. 


Dans [3], nous avons démontré quelques résultats sur la théorie des “ fonc- 
tions spheriques” au sens de Gelfand-Naimark-Godement-Harish-Chandra 
(voir p. ex. [7]) sur le groupe G — SL(m, P), où P est un corps p-adique locale- 
ment compact. Nous avons en particulier montré que si M est une représen- 
tation irréductible du sous-groupe compact maximal SL(m, 6) (où © est 
Panneau des entiers de P) satisfaisant à une certaine condition (S), alors 
la représentation M est contenue au plus dim M fois dans la restriction à 
K == SL(m, @) de toute représentation complétement irréductible de G dans 
un espace de Banach. Ceci s'applique en particulier st l’on prend pour M 
la représentation unité. 


' Dans ce qui suit, nous étendons ces résultats au cas des groupes sym- 
plectique, orthogonal et unitaire. Les démonstrations données dans [3] 
utilisent tout d’abord une étude détaillée de certains sous-groupes de G 
(sous-groupe compact maximal, sous-groupe unipotent maximal, etc.) et des 
décompositions en classes à droite et en doubles classes modulo K. Ces 
résultats une fois obtenus, on a déduit les théorèmes rappelés plus haut (et 
des exemples de représentations M satisfaisant à (S)) par des procédés qui 
ne font plus du tout intervenir la structure de G. Aussi dans ce qui suit, 
nous établirons en détail pour les différents groupes étudiés les résultats du 
premier type et nous nous bornerons ensuite à renvoyer à [3] pour en déduire 
les théorèmes cherchés, en signalant les quelques modifications qu’il faut 
alors apporter aux démonstrations de [3] pour les rendre valables dans notre 
nouveau cas. | 


1. Notations. Nous conservons en général les notations de [3]: on 
désigne par P un corps valué localement compact non archimédien, par v la 
valuation discrète normée de P, par Ø l’anneau des entiers de P, par p l’idéal 
maximal de Ö, par 6*— O —p le groupe des entiers inversibles, par + une 
uniformisante (générateur de p) et par F le corps résiduel @/b. Nous 
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supposerons que F est un corps fini: autrement dit, ou bien P est un corps 
fini (et m == 0), ou bien v n’est pas impropre et P est un corps p-adique. 

Nous désignerons par M,(P) (resp. M„(Ö)) Yanneau des matrices 
carrées d’ordre n à coefficients dans P (resp. @); par Œ le groupe linéaire 
général GL(m,P) des éléments inversibles de M,,(P) (et non SL(m,P) 
comme dans [3]); par T (resp. T’) le sous-groupe de G formé des matrices 
triangulaires supérieures (resp. inférieures) dont les coefficients diagonaux 
sont au signe près des puissances entières de 7; par N (resp. N’) le sous- 
groupe de T (resp. T”) formé des matrices unipotentes de T (resp. 7”). 
Enfin K désigne le sous-groupe GL(m, @) des éléments inversibles de Panneau 
M„(6), c’est à dire le sous-groupe de G formé des matrices à coefficients 
entiers dont le déterminant est un entier inversible: K est un sous-groupe 
ouvert et compact de G. 


Soit J: 2— 2’ un automorphisme involutif de P (qui peut être l’identité). 
Si g == (gu) est une matrice rectangulaire à coefficients dans P, nous désig- 
nerons par g’ Ja matrice d'éléments gi et par g* la matrice transposée de 9g’. 

Soit # un espace vectoriel de dimension m sur P et soit ¢@ une forme 
sesquilinéaire réflexive (au sens de [5]) non dégénérée sur E, relative à 
lautomorphisme J. Nous allons étudier dans ce qui suit certaines propriétés 
du groupe G°—G(¢) des automorphismes de Æ qui laissent ¢ invariante: 
Le choix d’une base de # définit un isomorphisme du groupe @° sur un sous- 
groupe fermé (que nous noterons encore G°) de G. Par suite, G° est un 
groupe localement compact. -Plus précisement, si & est la matrice de œ par 
rapport à la base choisie, une matrice g appartient à G° si et seulement si 
elle satisfait a: 


(1) g* bg = È. 
En particulier, on a (dét g) (dét g)? =1. 


On sait ([5], pp. 11-12) qu’on peut se ramener pour l’étude du groupe 
G° à Pun des trois cas suivants (quitte à multiplier $ par une constante non 
nulle). Cependant, nous excluons de notre &tüde les groupes orthogonaux 
et unitaires dans le cas où le corps résiduel F est de caractéristique 2. Nous 
exposerons ces trois cas en supposant P infini, en laissant au lecteur le soin 
de modifier nos considérations dans le cas où P est fini (il sufft de supprimer 
dans ce qui suit tout ce qui a trait à r). 


Cas I. J est l'identité et p est bilinéaire alternée. 


La dimension m de E est alors paire (m == 2n) et @° est le groupe sym- 
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plectique Sp(?n, P). On sait que tout élément de G° est alors de déterminant 
1. D’autre part (ef. [1], p. 79), on peut trouver une base (6, : `, €m) de Æ 


(base symplectique) telle que la matrice ® de ¢ par rapport à cette base soit 
égale à 


0 
(2) P — (| 3 avec iy = ẹ (€; &), 
i 


où s est la matrice carrée d’ordre n dont tous les éléments sont nuls sauf 
ceux situés sur la deuxième diagonale: 


G awa DT 
(3) O E 
1 0 Q 


et OÙ s = — 8. 


Cas II. J est l'identité, F n'est pas de caractéristique 2 et est bi- 
linéaire symétrique. G° est alors le groupe orthogonal 0(P,¢). 


Soit n Vindice de ¢.. On sait (cf. [1], 84) qu’on peut trouver une 
décomposition de # en somme directe de trois sous-espaces Fi, Es et E, tels 
que E, et E, soient totalement isotropes maximaux (donc de dimension 7) 
et que &, soit l’orthogonal du sous-espace non isotrope E, + E,. La restriction 
de ¢ à E, est alors anisotrope. Or on sait classifier toutes les formes quad- 
ratiques d(z,r) anisotropes sur P (cf. [6], p. 54): leur dimension est = 4. 
D’autre part, le groupe quotient P*/(P*)? des classes d’éléments de P* 
modulo les carrés est d’ordre 4 (cf. [8], p. 186) (d’ordre 2 si P est fini). 
Plus précisément, soit c un élément de Ö* dont la classe dans F n’est pas 
un carré: alors les quatre éléments 1, c, w et cr forment un système de repré- 
sentants de P*/(P*)?. On peut trouver une base ema,’ °°, Garg de Hy (avec 
g=u=xm—2n et 0X74) telle que (après multiplication éventuelle de & 
par une constante non nulle) la restriction à Æ, de la forme quadratique 


associée à œ soit l’une des formes suivantes (on désigne par tı,’ : ",zy les 
coordonnées d’un point x de E,): 


113 | q—0 0, 

112 q=1 2, 

113 q =? L1? — 002, 
II 4 | q=? rt — rtz, 


II 5 q=? P? — ort, 
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116 qg =3 T1? — Cla? — 123", 
117 gu: 2,?—cx,*— Cr”, 
118 q = 4 T1? — Clg? — r (23 — cr). 


On sait (cf. [6] p. 55 ou [4] p. 37) et on vérifie d’ailleurs aisément sur les 
formules précédentes, que si x€ Æ, est tel que p(x,x) € Ọ, alors on a 
2€ 0, et réciproquement (pour 1=1q). Plus généralement, si a est 
une matrice carrée d’ordre q à coefficients dans P telle que a*4a€c M,(6) 
(où À désigne la matrice de la restriction de ¢ à E, par rapport à la base 
En" © s Omg), alors a€ M,(Ö). En particulier, la matrice de tout auto- 
morphisme de F, laissant la restriction de ¢ invariante est nécessairement à 
coefficients entiers. 

Nous poserons g ==q dans les cas IT 1, 2 et 3; g — 1 dans les cas IT 4 
et 5 et g — 2 dans les cas IT 6, 7 et 8. Les coefficients diagonaux Ay de la 
matrice A sont de valuation 0 pour 1S+4= g et de valuation 1 pour d <iq. 

D'autre part, les sous-espaces Æ, et F, sont mis en dualité par la forme ¢. 
On peut done trouver une base (e,,: - `, €n) de Æ, et une base (êng © , Cm) 
de E, telles que la matrice $ de ¢ par rapport à la base (e:,° - -,e,) de # 
prenne la forme: 


008 
(4) @=—{|0 A 0j, 
8s 0 0 


où A a la même signification que plus haut, où s est donnée par (2) et 
OÙ $y = 8. , 


Cas III. J west pas l'identité, F west pas de caractéristique 2 et à 
est hermitienne. G° est alors le groupe unitaire U (P, ¢). 


Soit P’ le corps des invariants de J: alors P est une extension quad- 
ratique de P’ et J est l’unique P’-automorphisme de P distinct de Videntité. 
Posons @’= ONP et Y=hbnP’ et soit - un générateur de l’idéal p’ 
de ©’. Soit č un élément de ©” dont la classe dans F = @’/p’ n’est pas 
un carré: les éléments 1, ©’, x’ et c'a (1 et c’ seulement si P est fini) forment 
un système de représentants de P’*/(P’*)*. Par suite, on a P= P’ (84), où 
ô est l’un des trois éléments ©, x’ ou Cr. Si S==c’, extension P de P 
n’est pas ramifiée et on peut prendre z =m. Sid’ ou c’n’, Pextension P 
est ramifiée et on peut supposer que m == 8%, Dans les deux cas, on a 77 == + m. 
De plus, l’anneau © est un module libre sur 6’, admettant 1 et 88 comme 
base, et l’idéal p est lui aussi un module libre sur @’, admettent comme base 
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n’ = et rt dans le cas $ == €”, et x’ et r= 8 dans le cas ramifié. Pour tout 
u € P, nous poserons Ru =} (u +u) et Iu = (1/284) (u—w’): on a we G 
si et seulement si Ru et Iu appartiennent à ©’; si P est non ramifiée, on a 
u € b si et seulement si Ru et Iu appartiennent à p’, mais si P est ramifiée, 
uE p équivaut à Ruc p et Iwe 0. 

Soit n l’indice de et posons g=m-— Rn. On peut comme au cas II, 
décomposer E en somme directe de trois sous-espaces E,, H, et E, tels que E: 
et F, soient totalement isotropes maximaux (donc de dimension n) et que 
E, soit l’orthogonal de #,+H;. On a nécessairement qg=2 et on peut 
trouver une base orthogonale &,1,: + -,e, de Es telle que la restriction à 
E, de la forme quadratique hermitienne associée à œ prenne (après éven- 
tuelle multiplication par une constante) une des formes suivantes: 


TITI 1 g==0 0, 

III2 g=1 2,24", 

LIT 8 q = 2, ô = 240," + rtt, 
III 4 q = 2, Ò m r ou cn’ 40,7 — ctor’. 


On désignera par A la matrice de la restriction de ¢ à E, par rapport à la 
base choisie. Comme dans le cas II, on montre que pour qu’une matrice 
a€ M,(P) soit telle que a*Aa € M,(0), il faut et il suffit que a€ M,(Ö). 
On posera g’ =q, sauf dans le cas IIT 3, où on prendra g — 1. 

Enfin, on peut trouver une base 6,- * -,e, de F, et une base 8,011, °°", Em 
de E, telles que la matrice & de $ par rapport à la base &,,° * ', €m de E soit 
encore donnée par (4), avec S, =s donnée par (2). 


Dans chacun des trois cas, une base e,,: - - ,e, de E telle que la matrice 
® de & par rapport à cette base soit donnée par (4) (on par (1) dans 
le cas symplectique, ce qui peut encore s’écrire sous la forme (4) avec 
A == matrice vide et s;==—-s) sera appelée une base de Witt de E, la décom- 
position E = E, + E, + E, associée étant appelée la décomposition de Witt 
associée. Il résulte aussitôt du théorème de Witt (cf. [1], p. 71) qu’on 
passe d’une décomposition de Witt à une autre par un élément de G°. Par 
suite, les restrictions de œ aux espaces Æ, de deux décompositions de Witt 
sont équivalentes, ce qui entraine que les matrices de ¢ par rapport à deux 
bases de Witt de E sont les mêmes. 


Nous supposerons dans la suite qu’une base de Witt de E a été choisie 


une fois pour toutes et c’est cette base que nous utilisons pour identifier G° 
à un sous-groupe de G comme nous l’avons dit plus haut. 
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2. Quelques sous-groupes remarquables de G°. Nous allons intro- 
duire quelques sous-groupes de G° qui vont jouer le même rôle que les sous- 
groupes de @ étudies dans [3]. D’une manière générale, si X est un sous- 
groupe de G, nous poserons: 


(5) X= X ($) = INE. 


Par exemple, le sous-groupe T° sera le sous-groupe des matrices triangulaires 
supérieures apparenant à @° et dont les coefficients diagonaux sont au signe 
près des puissances de m. De même, K° est le sous-groupe ouvert et compact 
-des éléments de @° dont les coefficients sont entiers. 

Nous désignerons par H le sous-groupe de ( formé des matrices qui, 


une fois décomposées en tableau de matrices correspondant à la décomposition 
de Witt Em H, E, -+ E, sont de la forme: | 


Mi D AN 
(6) g—|0 a y], 
0 0 a 


OÙ a, as et z par exemple appartiennent à M,(P). Autrement dit, on a 
g € H si et seulement si g(E,) = E et g (E1 -+ E2) =H,+ E: Nous allons 
déterminer les éléments de H° = G° N H. Pour cela, calculons g*®g pour 
g € A: on trouve: an 


0 0 Ai * Se 
(7) g*hg = 0 lat Ade a,*Ay + r*sa, à 
Arts, QT + y Ad: Mrz + y*Ay + 2*sa, 

D’après (1), on aura gE @ si et seulement si les relations suivantes sont 
satisfaites : 

(8) a,*Sd, = 8, 

(8 bis) As" S1 = 83, 

(9) - a,*Aa, a À, 
(10) az” Ay + x*sa, = 0, 
(10 bis) sc + y* Ad, — 0, 
(11) as 8,2 + y* Ay + z*sa; == 0. 


Mais (8bis) est équivalente à (8) et on peut y satisfaire en prenant a, 
arbitraire dans GL(n,P) et en posant a, —8(a,*) ts. D’autre part, il ne 
faut faire intervenir (9), (10) et (10 bis) que si À n’est pas la matrice vide, 
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ce qui exclut le case symplectique. Dans les deux autres cas, on a sı —s et 
A* == A, ce qui montre que (10 bis) est équivalente à (10). 
D’autre part, ’élément ge H s’écrit d’une manière et d’une seule sous 
la forme dt, avec | 


a 0 0 L 6 4 
d=[0 a 0 et tx {0 1 »}. 
0 O0 “a 0 0 1 


Si g € H°, alors a,, a, et a, satisfont à (8) et (9), ce qui montre que de H°. 
On a donc aussi 6€ H°. Mais si l’on remplace g par ¢ dans les formules 
(8) & (11), celles-ci se réduisent a: 


(12) SÉ- n*4—0 (dans les cas IT et III, g> 0), 
(13) 8.0 + Es + Am 0. 
Dans le cas symplectique, la condition (12) n’existe pas et (13) se réduit a: 


(13 bis) — sf + tts == 0; 
autrement dit, la matrices s£ doit être symétrique. 


Dans les cas II et III, (12) détermine é si l’on se donne y. Quant à (13), 
elle devient, en posant Es == s¢ + 47*An: 


(14) fi + lite 0; 
autrement dit, £, doit être antihermitsene. 


Remarquons enfin que (9) signifie que a, appartient au groupe associé 
à la restriction de $ à Es. En particulier, a, est à coefficients entiers et 
dét a, € Ö*. 

Désignons par T° le sous-groupe des éléments ge H° tels que a, (done 
aussi a, d’après (8)) soit triangulaire supérieure. Soit g un élément unt- 
potent de T°: alors a, et a, sont des matrices triangulaires unipotentes. D’autre 
part, a, définit d’après (9) un élément du groupe de la restriction de à Es, 
restriction qui est antstrope, et a, est évidemment unipotente. Or si & est 
une forme quadratique ou hermitienne anisotrope sur un espace E de dimension 
q quelconque sur un corps Q quelconque, le groupe de œ ne contient pas 
d’elements u unipotents distincts de l'identité: c’est évident si q & 1; démon- 
trons donc cette assertion par récurrence sur q: puisque u est unipotent, il 
existe un élément f0 de E avec u(f)—f. Alors # est somme directe 
orthogonale de la droite engendrée par f et de orthogonal E’, de dimension 


350 FRANÇOIS BRUHAT. 


q— 1, de f. Puisque u conserve f, il conserve aussi Æ” et sa restriction à E’ 
est unipotente, donc est l’identité d’après l’hypothèse de récurrence. 

Donc, si g € I” est unipotent, on aag—-1. On en déduit que l’ensemble 
des matrices unipotentes de T° est exactement le sous-groupe N° des matrices 
triangulaires supérieures unipotentes de @. 

Considérons maintenant le sous-groupe T° == T N Œ. On a N°C TOC m. 
Si ge T°, les coefficients diagonaux gx de g sont par définition de la forme 
en™ avec a entier naturel et «== +1. Puisque a, doit être entière, on a 
u=0 pour n+1Sı=n-+g; mais on a v(déta)—0 et par suite 
nt" ++ angam 0, ce qui entraine a0 pour n+1<iZ<n+ 0. 
D’autre part, la formule (8) montre que eem- (n) en © 7] pour 
I1SIı5n Wot mus — Qi. 

Nous désignerons alors par T° le sous-groupe de T° formé des g tels 
que gg nt pour 1SiSn, et gu—1l pourn+1Sixn+gq. Ona alors 
Ju = (m) mu pour n+qg<i<m. Tl est clair que n’importe quel élément 
de T° s’obtient en multipliant un élément de 7°* par une matrice diagonale 
de coefficients diagonaux égaux à -+ 1. 

Pour tout système a == (a, @,° * `, An) de n entiers rationnels on désigne 
par dq’ la matrice carrée d’ordre n diagonale définie par (de) m“ pour 
1S+n; on pose de’ = 8(da'*)-1s: c’est la matrice diagonale définie par 
(da” )u= (m). On pose: 


dé 0 0 
(15) GO 1 0 |. 
0 0 da” 


Quand a décrit Z”, la matrice d décrit un sous-groupe de T™ que nous 
noterons A°. On vérifie facilement que T+ est produit semt-direct du sous- 
groupe invariant N° et de A°. | 

Nous désignerons par A* l’ensemble des «€ Zr tels que a, ==": 
= 4 == 0 et par A™ l’ensemble des da pour a € At. 


3. Les classes à droite modulo K°. 
PROPOSITION 1. On a Œ = THK", 


Soit gE @. On a (détg)(détg)/==1, ce qui entraine que détg est 
un entier inversible. Il existe donc un élément k, de K = GL(m, 6) tel que 
dét gk, == 1. D’après le Lemme 1 de [8], il existe un élément t€ T avec 
dett==1 et un élément k,€ SL(m,@) avec gk, == tk, Par suite, g sx écrit 
sous la forme tk avec tE T, dét t= 1 et k€ K. Puisque ge Q°, on doit avoir: 


(16) Fat (k*t) iok 
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et le second membre de (16) est une matrice à coefficients entiers puisque 
ke GL(m, 6). KEcrivons t sous la forme (6) (avec a, triangulaires supérieures 
à coefficients diagonaux égaux au signe près à des puissances de v) ; alors i*®t 
est donnée par (7). Nous voyons que a,*Aa, doit être entière, ce qui entraine 
que a, est elle aussi entière. D’autre part, on a dét q = +“, avec a, entier 
rationnel, et nous avons & = 0, a, + a, = 0 puisque a,*sa, est entière (en 
tenant compte de ce que déts+ 1 et que m’ == +r), et enfin ai -H aa -+ as 
= () puisque deti=1. On a donc a == a, + a, == 0 et par suite dét a; == + 1, 
dét(a:fsas) = + 1. Posons b ==sa,*sa,; ce qui précède montre que b est 
une matrice triangulaire supérieure à coefficients dans @, ayant sur la 
diagonale (au signe près) des puissances entières nécessairement positives de 
et de déterminant +1: par suite, les coefficients diagonaux de b sont égaux 
à +1. 

Nous allons déterminer un élément AE TOK tel que th Te T°: on 
aura alors g == (th) (hk), d’où hkE KN @ =K" et la Proposition 1 sera 
démontrée. 

Posons tout d’abord: 


b 0 0 
(17) h,—[0 a 0]. 
0 0 1 


Ona h ETNEK et: 
mO gag? 2 
(18) th,+* us 0 1 y + 


On a (a,b-*)*sa, = 8: autrement dit, nous pouvons supposer en changeant de 
notations, que dans notre matrice ¢ initiale telle que g = tk, on avait d’une 
part a = 1, d’autre part a,*sag=ms, En écrivant que t*®t est à coefficients 
entiers, on voit de plus que les matrices u = Áy + z*sa, et v == a,*5,2 + y*Ay 
+ z*sa sont à coefficients entiers. Cherchons alors à déterminer une matrice 


LEE 
(19) h= [0 1 0 
0 0 1 


à coefficients dans @ (donc appartenant à T N K), telle que th, € T°, c’est 
à dire que (the) *®thz——&. Un calcul immédiat montre (en utilisant les 
formules (8) à (11)) qu’il faut et il suffit que é et £ satisfasse à: 


(20) &*a,*sa3 == — (Ay + 2* sa), 
(21) dati + E*l tSas = — (a,*5,2 + y*Ay + 2* sas). 
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Tenant compte de @,*sa,—=8, on satisfait à (20) en prenant $&=—su* 
(rappelons que u est entière). Quant à (21), elle s’écrit dans le cas 
symplectique: 

(22) sf — + (sé) =, 


et v— !z30, — !(*zsa,) est une matrice carrée d’ordre n antisymétrique entière, 
avec des coefficients diagonaux nuls. Soit alors w la matrice carrée d’ordre 
n definie par wy==vy pour i<j et wy—0 pour 127: on a w—*w =v et 
il suffit de prendre (sw pour obtenir une matrice entière satisfaisant à 
(22). 

Dans les deux autres cas, on a s, = 8, v est hermitienne entière et (21) 
s'écrit: 


(23) + (av, 
et il suffit de prendre £ == — #sv. | 


Dans tous les cas, nous avons done trouvé un élément A, de TMK tel 
que tha € T°. Enfin, il existe une matrice diagonale hs à coefficients diagonaux 


égaux + 1 telle que thh € T™: il est clair que hshs € TN K, ce qui achève 
la démonstration. 


Remarque. On trouvera dans [2], Proposition 15 un résultat analogue 
pour les groupes simples de Chevalley sur un corps b-adique. 


4. Les réseaux maximaux, Rappelons qu’un réseau de l’espace vectoriel 
E est un sous-Ö-module de type fini engendrant l’espace vectoriel #. On 
sait (cf. p. ex. [6], p. 47) qu’un tel réseau est exactement le Ö-module libre 
engendré par une base de F. 

Soit À un réseau de Æ. Considérons Vidéal n(&) du corps P’ (avec 


P’ == P dans les cas I et II) engendré par les éléments suivants (où z et y 
décrivent à): 


dans le cas I: b(x, y); 

dans le cas IT: 4b(x,x) (remarquons que n contient alors automatique- 
ment les éléments ġ (z, y) =I(d(2 + y,2-Hy) — (x, x) — d(y,y)) ; autre 
part, le facteur 4 est pour nous sans importance puisque nous avons supposé 
que 2€ @*); 

dans le case III: $¢(2, £), Rolz, y) et Id(z, y) (remarquons que R(x, y) 
est déjà dans l’idéal engendré par les $¢¢(2z,2) et que ici aussi, le facteur 4 
est sans Importance). 

Nous appelerons norme du réseau à la borne inférieure A des valuations 
des éléments de l’idéal n: autrement dit, on a n == (p’)* dans les cas I, II 
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et III non ramifié et n= (p’)# dans le cas III ramifie. Remarquons que 
$(x,y) appartient, pour tous z,y€ À, à l'idéal On de P et que, sauf dans 
le cas III ramifié, l'idéal engendré par les d(z,y) dans P est p^. 

Si & est le réseau engendré par une base f,,---,fm de E, et si (ru) 
est la matrice de $ par rapport à cette base (ry = (fy, fi) ), on vérifié aussitôt 
que l'idéal n est engendré: 


dans le cas I par les ru, 
dans le cas IT par les gry et ry, 
dans le cas III par les Ẹru, les Fry et les Iry. 


Nous dirons qu’on réseau de norme À est mazimal s’il est maximal dans 
l’ensemble des réseaux de norme À, ordonné par inclusion. 

Considérons en particulier le réseau A, engendré par la base de Witt 
donnée &,° * *, En, Que nous appelerons réseau initial: c’est un réseau maximal 
de norme 0. En effet, il est immédiat que n( å) = G’, puisque tous les 
coefficients de la matrice de & sont entiers et que l’un au moins d’entre 
eux est égal à 1. Soit A un réseau de norme 0, contenant Qo, et soit 
pea STE À. On a: 


(24) (4, &) = + Ima-ı pour lSıSnetn+g<ımsm. 


Par suite, se @ pour 1Sısnetin+g<ismet 


nig 
y — 2 nn € à. 

Comme y€ E; et que ẹ(y,y) doit être entier, on a aussi 4€ Ọ pour 
m<tsn+q (cf. n° 2). Done ze e, ce qui montre bien que à, est 
maximal. 

Nous allons maintenant, en imitant une démonstration donnée par M. 
Eichler dans le cas orthogonal [6], comparer deux réseaux maximaux: on 
peut toujours se ramener au cas de normes positives. 


THEOREME 1. Soit A; (pour j=1,?2) un entier naturel (resp. un entier 
naturel pair dans le cas III ramifié). Soit u; (resp. vj) le plus petit entier 
naturel inférieur à 4 (A, -+-1) (resp. 4A). Soit à, un réseau maximal parmi 
les réseaux de norme ZA, Supposons às Zå Z0. Alors tl existe une base 
de Witt fi,‘ fn de H et n entiers naturels a, ``, a, avec HE 
= an = 0 tels que: 


(a) les vecteurs 
wf BT af m TT nus t G’ af n+g’s 
fang, ng fg, Togi a tg To 


10 
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forment une base du Ö-module 3,; 


(b) les vecteurs — 
mr fs, +, anf, wf ni t yng 
| rg En ng; Fr arqi mAT nigras 0 fm 
forment une base du Ö-module Jy. | 


‘Nous démontrerons ce théorème par récurrence sur Vindice n de &. 
Traitons d’abord le cas n—0 d’une forme anisotrope: on peut supposer 
m == q > 0, ce qui exclut le cas I. Nous avons vu que dans le cas anisotrope, 
la condition b(x,x) € @ entraine que les coordonnées de z par rapport à 
une base de Witt sont entières. Par suite, A, est l’unique réseau maximal 
de norme 0. Soit & un réseau maximal parmi les réseaux de norme =A. 
Si À est pair (A == 2u == 2y}, le seul réseau maximal de norme À est évidem- 
ment le réseau r#d,. Si À est impair (A == 2u — 1 == 2y + 1), deux cas sont 
à envisager. Si g’—g (cas II? et IT 3, III 2 et LIT 4), la forme ¢ sur l’espace 
vectoriel A,/p å, obtenue par réduction modulo p de la restriction à A de à, 
est anisotrope; par suite, (x, x) € p entraine ze pA, et (2, x) € pò entraine 
TE p* 3: le réseau pr, est donc l’unique réseau maximal parmi les réseaux 
de norme > À; il est d’ailleurs de norme À +1. Si g <q (cas IT 4 à 8 et 
cas ITI 8), la forme ¢ a pour noyau le sous-espace de À,/pA, sous-tendu par 
les images de 8,1," °°, €q et sa restriction au sous-espace sous-tendu par les 
images de e,° ° °,6,, est anisotrope. Si s= > ae, est tel que (2,2) €p, 
on a done %,°° +, tyr Ep et Tym’ © ' gE OG, et réciproquement. L’unique 
réseau maximal de norme À est le réseau engendré par me,,- ` -,#*6, et par 
megas’ +, weg. On en déduit aussitot le théorème dans le cas n==(), 

Supposons donc le Théorème 1 démontré pour les formes d’indice < n et 
supposons n = 1. On a tout d’abord: 


LEMME 1. Soit À un réseau mazimal de norme à et soit x un élément 
isotrope de à, tel que wix¢ I. Il existe un élément isotrope x’ de A tel 
que p(T, 2’) mar. 

Nous démontrerons ce lemme dans le cas III. Pour les autres cas, il 
suffit de supprimer les termes en 8 dans ce qui suit, ce qui simplifie un 
peu la démonstration. Montrons tout d’abord qu’il existe un y€ & avec 
v(P¢(z,y)) <A. Binon, on aurait (x,y) == a + BS avec a € O’ N pA* pour 
tout y€ A. Comme S4y€ À et que ¢ (z, Sty) = — Bd — aSt, on aurait aussi 
BSE O’ Np". Si P est une extension non ramifiée de P’, on a 8€ @’* et 
ceci entraine BE 6’ N p, d’où 


(25) p(er, y) € O’ Np + (0N p’)& pour tout y€ À. 
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Si P est ramifiée (donc m ==), alors À est pair et on a 6’ N pt = (p’) it 
== fN pò., On a done BE p et aE pr et bmx, y) — B + mad} satisfait 
encore 4 (25). On vérifie alors immédiatement en utilisant (25) et le fait 
que x est isotrope que le réseau N’ engendré par & et rx est encore de 
norme = À, ce qui contredit la maximalité de à. 

Nous avons donc démontré l’existence d’un yE À tel que (x,y) 
= rò (a + 88), avec a € G’* et BE O7. Mais «+ 88 est alors inversible dans 
6 : c’est évident si P est ramifiée ; si P est non ramifiée, on a 8 — g et a? — c’f? 
n'appartient pas à p puisque la classe de c’ dans @’/p n’est pas un carré. Par 
suite, on peut en multipliant y par une constante convenable trouver un ze à 
tel que D(T,z) == rt, On a alors (2,2) € p et par suite a — Ar hd (2,2) € Ø. 
Il suffit alors de poser z’ ==z—as pour trouver l’élément 2’ cherché, d’où 
le lemme. 

Pour tout vecteur x isotrope de &, (resp. As), désignons par t(z) (resp. 
u(x) le plus petit entier naturel tel que „!®z (resp. r“()x) appartienne à 
Aa (resp. &,): remarquons que, puisque &, est un Ö-module de type fini et 
que À, engendre E, il existe un entier ¢ tel que md, C 4, ; on a donc toujours 
t(s) St. 

Soit z un vecteur isotrope de &,, tel que r té &, et soit z’ isotrope € A, 
avec p(T, 2’) =r, On a: 


te = + rtta (2, 2’) € pr 
et par suite: 
(26) t(z) + t(2’) Z àd- 


Mais le vecteur isotrope y=r’®)z appartient à 9, et riy¢ A: le même 
raisonnement montre qu’il existe un vecteur isotrope y’ € I, avec d(y, y’) == 7% 
et tel que u(y) + u(y’) Z= à —A.. Mais on a u(y) —— Hz) et u(y’) === — t(2), 
en posant z =e rty, On a donc: 

(27) t(s) + 4(z) Su —Aı. 

Mais z est un élément isotrope de À, et mz 6 d,: on peut donc faire jouer 
à 2 le rôle que jouait z tout à Vheure et trouver un élément 2’ isotrope dans 
A, tel que: 

(28) t(z) + (2) 2=rA.—A,. 


Supposons alors que v ait été choisi au départ de manière à ce que t(z) ait 
la plus grande valeur possible (ce qui est loisible puisque t(s) St pour tout 
vecteur isotrope € 3,). On a alors t(z’) S t(x) et les inégalités (27) et 
(28) ne sont compatibles que si t(z’) == t(x) et 


(29) t(s) + ¢(2) = À —Aı. 
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On a alors: 
DUT, 2) =— D (ty, miy) er IE mu eget 
avec el. Posons fut, fy==cta™ et a= t(x): on a 
a, = (t(s) +i(2)) = (2 — À) 20. 


Les éléments f, et fm sont tsotropes et possèdent les propriétés suivantes (en 
choissant convenablement le signe de fı): 


(30) P (fm fr) =1, 
(31) fm et wf, appartiennent à &,, 
(32) fm et mf, appartiennent à à. 


Soit alors Æ” le sous-espace engendré par f, et fm et soit E” l’orthogonal de E”. 
La restriction de ¢ à H’ est non dégénérée d’indice n— 1 et E est somme 
directe orthogonale de E’ et de E” puisque E” est non isotrope d’après (30). 
Posons &/ =— E'N å; et soit rE d, On a z— af, + bf, + 2’, avec 2’ € EB’ et 


a— $ (fm 2) € PA, b == p (T, f1) € mp = O 


d’après (31). Donc af, + bf, appartient au sous-Ö-module &,” engendré par 
fm et wf,, et E A. Par suite, &, est somme directe orthogonale de à,’ 
et de &,”. On montre de même en utilisant (32) que å, est somme directe 
orthogonale de 3,’ et du sous-Ö-module à,” engendré par rf, et mıfm. 


Il est alors clair que å; est un réseau de l’espace E” maximal dans 
Pensemble des réseaux de norme =A, de Æ’. On peut donc appliquer 
Phypothèse de récurrence et trouver une base de Witt de E” soit fa,‘ - +, fma 
et (si n==2) des entiers naturels a, =: > -= 4, 0 tels que le réseau À,’ 
(resp. &,’) soit engendré par les multiples des vecteurs fa,‘ *, fm- qui 
interviennent dans la condition (a) (resp. (b)) du théorème. Il est alors 
clair que fi,‘ - -,fm est une base de Witt de E et que les conditions (a) et 
(b) sont satisfaites. ‘De plus, nous avons vu que 4, 0 et si n= 2, on a 
= a Car On a alors Go = t (fm) E t (fm) =a, d’après le choix même de 
fm =T. 


CoROLLAIRB 1. Sotent À, et A, deux réseaux masimaur de norme Q. 
Il eatste deux bases de Witt fi> ‚fm 6t Q1,'° >’, Om de E et n entiers 
naturels a, =` ` += a, =20 tels que: 

(a) 1," -fm est une base du O-module à; 


(b) 91," + 39m est une base du O-module 9;; 
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(c) mayg=rtf pour 1151, 
g= fi pourn<iSn+yq, 
gi== (a!) ufi pour n+q<i=m. 


En effet, il suffit d'appliquer le Théorème 1 en faisant A, == À, == 0: on 
obtient ainsi la base f:,:--,fm de &, et la condition (b) du Théorème 1 
montre que les vecteurs g; définis en (c) forment une base de À, (compte 


tenu de m= + r), et on vérifie immédiatement que c’est une base de Witt 
de E. 


COROLLAIRE 2. Le groupe G° opère transitivement sur les réseaux 
maximauz de norme 0. 


Avec les notations du Corollaire 1, on vérifie en effet aussitôt que l’applica- 
tion linéaire qui transforme f; en. g; pour tout t appartient à @°. On pourrait 
d'ailleurs énoncer et démontrer ce corollaire en remplaçant “de norme 0” 
par “de norme À donnée.” 


5. Les doubles classes modulo K°. Le sous-groupe K? est exactement 
le sous-groupe de G° stabilisateur du réseau initial åo. L’espace homogène 
G°/K° s’identifie done à l’ensemble des réseaux maximaux de norme nulle. 
Nous allons maintenant étudier les doubles classes modulo K°: 


Proposition 2. Dans toute double classe modulo K°, il y a un élément 
de A°* et un seul. 


Soit g€ G° (considéré à la fois et comme automorphisme de E ayant g 
comme matrice par rapport à la base de Witt initiale). Le transformé 
g(&o) de & par l’homomorphisme g est un réseau maximal de norme nulle. 
Il existe donc deux bases de Witt (f1,-- + fn) et (g1,° * ",9m) satisfaisant 
aux conclusions du Corollaire 1 au Théorème 1 (avec À, = Ay et A: —g(A)). 
Puisque le matrices de ¢ par rapport à deux bases de Witt sont les mêmes, 
Papplication linéaire k, définis par k,(e;) =f; (pour 172m) conserve 
la forme & et sa matrice (notée encore kı) par rapport à la base initiale 
(€1,' * *, êm) appartient à G°; de plus, comme (&,' - -,e) et (fo * +> fm) 
sont des bases du même réseau Qo, on a kif åo) = A, et par suite k, € K’. 
De même, puisque (91,° ``, gm) et (glei), :,g(en)) sont deux bases de 
Witt engendrant le même réseau g(&,), il existe un automorphisme k, de E, 
conservant &, tel que k:(g;) =g(e,) et la matrice (notée encore k) de cet 
automorphisme par rapport à la base (g:,° - *, 9m) appartient à K°. Enfin, 
considérons l’automorphisme d de Æ défini par d(f;) =g;: sa matrice par 
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rapport à la base (fı: ``, fm) n’est autre que la matrice de définie par (15), 
avec a= (a, * ',%) € A+, donc de € A%, Or on a: 


g(a) = 2 (ka) n9r = 2 2 (kz )ri(Ga) arf a 
EUER, 2 2 2 (Ke) 4 (da) or (Ki) tel: 


ce qui montre que la matrice g est égale au produit des matrices k.dak, et par 
suite, g € K°dK°, avec da € AP. 

Quant à l’unicité de dae, elle résulte du théorème des diviseurs élémen- 
taires (cf. [3], Lemme 2): plus précisément, les entiers a, sont déterminés 
par la donnée de g comme suit: pour tout r avec 1=r=<n, la somme 
— (+: -+ a) est la borne inférieure des valuations des mineurs d’ordre 
r de la matrice g. De plus, — (a +- :+a,) est aussi la borne inférieure 
des valuations des mineurs ordre # + r de la matrice g pour l=rq. 


COROLLATRE. Le sous-groupe K° est un sous-groupe compact maximal 
de @. 


Car si H est un sous-groupe de G° contenant Æ et distinct de K°, alors 
H contient un élément da distinct de l’élément neutre. Or les valuations 
des coefficients des puissances d’un élément ne sont pas bornées inférieurement 
et ne peut pas être compact. 


6. Doubles classes et classes à droite modulo K°. Ordonnons totale- 
ment Z” par l’ordre opposé à l’ordre lexicographique: 8 = (Bı : -,B,) est 
Z> à a= (a, * +, A) 81 Bi < & pour le plus petit indice + tel que Bi u. 


PROPOSITION 3. Sort a € A* et sont BEZ”, St N°dgk° N K°AK n'est 
pas vide, alors B= a. De plus, on a N°daK° N K°dgK® = da K”. 


Soit en effet t€ N° tel que tdg € K°d,K®. En considérant le mineur de 
tds obtenu en supprimant les m— r dernières lignes et les m— r dernières 
colonnes, pour 1=rÆ£n, on déduit de la caractérisation de de donnée plus 
haut que 


(Bip IE (Gre eas) pour 1=r=n 
d'où B= a. 
Soit maintenant t€ N° tel que g==tda € KdaK°. La matrice g est 


de la forme: 
w T 2 
g= 0 1 y 
0 0 as 
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avec. 


Considérons pour 1<i<j=n, le mineur Ay d’ordre + de g obtenu en 
supprimant les m —-i dernières lignes et les (m—+-+1) dernières colonnes 
excepté celle d’indice j. On a: 


r-i-i a4 
v(4y) = (gy) — 2 ar E — 2% 
d’après la caractérisation des a. D'où: 
(33) v(gy) Z —a pour 1Li<jEn. 


on peut alors par récurrence sur j déterminer pour 1Si<j=n des éléments 
ky € @ tels que: 

r-J-1 
(34) 2, Ik; + gy = — r “ky 
le premier membre de (34) étant de valuation =— a d’après (38) et 
l'hypothèse de récurrence (et le fait que les a vont en décroissant). Com- 
plétons ces ky en une matrice k, € SL(n, G) en posant ky—1 pour 1 StSn 
et ky= 0 pour lSj7<t2n. Posons k,—=s(k*)-'s et 


k 0 0 
k== | 0 1 0). 
0 0 k 


On vérifie immédiatement que k€ K? et que la matrice g’—=gk est de la 
forme: 

dd € + 
(35) g=/0 1 y |. 

Fi 


Si g=0, il faut supprimer la deuxième ligne et la deuxième colonne dans 
le tableau de matrices (35). Si q > 0, alors la matrice y est à coefficients 
entiers. En effet, ses coefficients sont les coefficients gi, de g’ pour n +1 
<i<n+getn+qg<jÆm. Considérons pour ces valeurs de + et 7 le 
mineur By d’ordre n+ 1 de g’ obtenu en supprimant les n + q dernières lignes 
excepté celle d’indice 4 et les n + q dernières colonnes excepté celle d’indice j. 
On a: 


r=1 rl 
v( By) =0 (gy) — Era — Dar 
r-1 ral 
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toujours d’après les propriétés des «,, d’où: 
(36) v( G43) Z0 pour n<ıSn+tgein+g<jzm. 


Enfin, considérons pour 1 S1='n etn+q<jm le mineur Cy d’ordre 
n de g’ obtenu en supprimant les n + g dernières lignes et les n + gq dernières 
colonnes, excepté celle d'indice j, et aussi la t-ième colonne. On a: 


DC) = — (a H st Opa) — (au +: 4 a) +0 ZT 
d’où : 


(37) V(g'y) = — a pour vSıSretn+g<jZSm. 
Posons alors: . 
1 (a) (de) 
kK == dg tg’ = | 0 1 y : 
\0 0 1 


D’après (36) et (37), les matrices y et (da) Z sont entières. Puisque 
k'e G°, on a (dx) 2 == sy’*A (10bis) et (d/) 7 est elle aussi entière. 
Autrement dit, k€ K° et par suite, g =— g'k == dukk 1€ duK°, se qui achève 
la démonstration. | 


7. Le résultat principal. Soit M une représentation irréductible du 
sous-groupe compact K° de G°. Rappelons qu’on désigne par £(M) l’algèbre 
(pour la convolution) des fonctions continues à support compact sur G° qui 
se transforment suivant M (resp. suivant la représentation Æ conjuguée de M) 
par la restriction à K° de la représentation régulière gauche (resp. droite) de 
G° (cf. [7] et [3], n° 1). 


Soit À un caractère unitaire du groupe abélien A°. Comme A° s’identifie 
au groupe quotient 7°*/N°, on peut considérer À comme un caractère de 7. 
Soit U* la représentation unitaire de G° induite par le caractère A de T”* 
et soit (U*) la représentation de £(M) associée à U* (cf. [3]; n° 1). 

THÉORÈME 2. Soit M une représentation irréductible de K° satisfaisant 


à la condition suivante : 


(S) les transformés par les opérateurs M, pour x € K° N N” des vecteurs 
invariants par les opérateurs M, pour y € K° N N° forment un ensemble total 
dans l’espace de la représentation M. 


Alors les représentations (UN)M forment, quand À décrit le groupe dual 
de A°, un système complet de représentations de l'algèbre £(M). 
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La démonstration donnée dans [3], n° 3 du résultat analogue pour le 
groupe G== SL(m,P) ([3], Théorème 1) s’applique sans aucun changement, 
les Proposition 1, 2 et 3 ci-dessus remplaçant les Lemmes 1, 2 et 3 de [3]. 


On déduit aussi du Théoréme 2 les corollaires suivants, exactement comme 
dans [3]: 


COROLLAIRE 1. Soit M une représentation irréductible de K° satisfaisant 
à la condition (S). Alors M est contenue au plus dim M fois dans toute 
représentation complètement irréductible de G° dans un espace de Banach. 


CoROLLAIRE 2. La représentation unité de K? est contenue au plus une 
fois dans toute représentation complètement irréductible de @°. 


COROLLAIRE 8. Si M est la représentation unité de K°, l'algèbre £(M) 
est commutative. 


8, Exemples de représentations satisfaisant à la condition (S). Cas 
des corps finis. Dans ce n°, nous supposerons que P est un corps fint (donc 
a=). On a alors G° = K’ et il est clair que toute représentation M de K° 
satisfait au Corollaire 1 du Théorème 2, et même à beaucoup mieux! 
Cependant, M ne satisfait pas nécessairement pas à la condition (S), car (8) 
entraine évidemment que la restriction de M à T° contient la représentation 
unité. Nous allons démontrer la réciproque. 


Pour cela, nous allons interpréter géométriquement les classes à droite 
modulo T° et les doubles classes modulo (T°: N°). Nous appelerons drapeau 
isotrope de type (a, :-,ax) dans l’espace # (où les a; sont des entiers 
naturels avec 0<a <:--<a;=n) une famille de k sous-espaces totale- 
ment isotropes D!,- ::,Dk avec dimDt—«a, et D C.-C D: Nous 
appelerons drapeau isotrope complet un drapeau isotrope de type (1,2,: : -,n). 
A un drapeau isotrope complet, nous associerons le drapeau (D!,- - -,D*, 
Da: - -, D») où Dt est, pour n+q<i<m—1, l’orthogonal de Det, 
On a encore dim Dat pour s&n—+g et Dr C DC: - » C YD" puisque 
Dr est totalement isotrope. 

En particulier, nous désignerons par D, (resp. De) le drapeau isotrope 
complet obtenu en prenant pour D,* (resp. Det) (pour 1Sı=n) le sous- 
espace de E engendré par e,,° - -,@& (TeSp. Em,‘ ` *,€m). T est clair que 
Dit (resp. Deot) est encore engendré par e,’ * *,e; (TeSp. Emit’ © ", Em) 
purn -+9gSı Sm—l. 

Let groupe G° opère évidemment sur l’ensemble des drapeaux isotropes 
de type donné et même y opère transitivement d’après le théorème de Witt 
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(cf. [1], p. 71). D'autre part, le stabilisateur du drapeau D, n’est autre 
que le sous-groupe F°: on a en effet D,” == F, et Dil H,+ E, ce qui 
entraine que le stabilisateur de D, est contenu dans le sous-groupe H° du 
n° 2; il suffit alors de remarquer que le stabilisateur dans le groupe des 
automorphismes de #, du drapeau Do, considéré comme drapeau de l’espace 
E,, n’est autre que le sous-groupe des matrices triangulaires supérieures 
(par rapport à la base e,,- - -,e, de #,). On a évidemment un résultat 
analogue pour le drapeau Da: en particulier N” est contenu dans le stabilisa- 
teur de D.. 

L'espace homogène @° /T? des classes à droite modulo I° s’identifie done 
à l’ensemble des drapeaux isotropes complets, en faisant correspondre à la 
classe I°x d’un élément z de @° le transformé de D, par xt. Nous désignerons 
dans ce qui suit par la même lettre D une classe à droite modulo T° et le | 
drapeau isotrope complet qui lui correspond. 

Soit D un drapeau isotrope de type (œ,:::,ax). Posons: 


(38) dti == dim (Dt N DJ), 
(39) dat == dim (D! N Dat) 
purlis:Sketlsjsnoun+tgSj<m. 


PROPOSITION 4. Le sous-groupe N° (resp. N°9) est transitif sur l’ensemble 
A des drapeaux tsotropes de type donné (a,,° - -,a,) pour lesquels les nombres 
dy‘) (resp. datt) ont des valeurs données dti. 


Nous ferons la démonstration pour le sous-groupe N°. La proposition 
est triviale pour n==0. Nous ferons donc la démonstration par récurrence 
sur l’indice n de ¢. On peut toujours supposer a, > 0 et A non vide. 

Supposons tout d’abord da, autrement dit on a DEC D," pour 
tout DE A. Si D, et D, appartiennent à A, on peut alors ([3], Lemme 8) 
trouver un automorphisme de FE, == D,” dont la matrice a, par rapport à la 
base €:,° * *,@, soit triangulaire supérieure unipotente, et qui envoie D, sur 
D. Posons as —=s(a,*)""s et 


a, 0 0 
te | 0 1 0 R 
0 0 a 
On a te N° et t envoie D, sur Dy. 


Si maintenant d** < ay, il existe un indice i avec 1Si<k tel que 
WP ay pour 1S j <i et dir Cu On a alors Di D," pour tout DE À 
et par suite D! D,™4, car tout sous-espace totalement isotrope de D,"*? est 
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contenu dans D,” puisque D,"* est somme directe orthogonale de D,” == E, 
et de F, et que la forme ¢ est nulle sur F, et anisotrope sur £s. 

Soit alors j le plus grand entier (avec n + q < jm) tel que dt) < a: 
on a Di D mais D! C D (avec Do” == E). Soit ze Dt mais sé D: 
alors x n’est pas orthogonal à D,”-/*!, mais est orthogonal à D,”/. Posons: 


(40) p(z, er) =A pour 1=r=<n. 


On a donc à = 0 pour L=rS=m—j et Ami 40: quitte à multiplier z par 
une constante convenable, on peut même supposer que Àm-y:1 "= 1. Posons: 


(41) Ym 8; + Am-patpı À  Anenagsi 


On a (2, er) =m D(y,8,;) pour 1& r&n (d’après (4)). Considérons alors 

‚le sous-espace W, (resp. W,) somme directe de D,” et de la droite engendrée 

par z (resp. y). Comme z et y sont isotropes, application linéaire de W, 

sur W, qui se réduit à l’identité sur D," et envoie z sur y transforme la 

restriction de ¢ à W, en la restriction ded à Wa. D’après le théorème de Witt, 

il existe donc un élément ge @ avec g= 1 sur D," et g(z) —=y. Puisque 
le stabilisateur de D, est T°, on a g€ T° et la matrice g est de la forme: 


1 ¢ 
g= [0 k nl]. 
k 0 7 
1 0 0 
home | O a, 0 
0 0 1 


appartient aussi à @° (cf. n° 2) et on a h-1(y)==y. Quitte à remplacer g 
par h-*g, on peut donc supposer que a; == 1, et alors g € N°. De plus, il existe 
d’après (41) un automorphisme de H, de matrice 5, triangulaire supérieure 
unipotente, qui envoie y sur e, Posons b, —5(b,*)"1s et 


b, 0 0 
Palo i oN: 
0 0 b 


L'élément g’ de G° appartient à G° et g'g € N° envoie D* sur un sous-espace 
totalement isotrope contenant e,. 


La matrice 


En résumé, nous sommes ramené à démontrer que deux éléments de 
l’ensemble B des drapeaux € A et tels que e; € Dt, peuvent être transformés 
l’un en l’autre par un élément de N°. Or, considérons le sous-espace E} de 
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dimension m-—2 engendré par les vecteurs 6, excepté 6; et emis: ces vecteurs 
forment une base de Witt de #7 pour la restriction $ de $ à E?, qui est 
d’ailleurs d'indice n— 1. Le sous-groupe G’° de (7° laissant invariant EP, e; 
et en s’identité au groupe de la forme ¢’ et le sous-groupe N° N Q” de G” 
est l’analogue de N°. Soit DEB; posons D” == Dr NES Les sous-espaces 
D+,- - -, D+ sont contenus dans l’intersection de D,” avec l’orthogonal de e; 
(puisque D* est totalement isotrope et contient e; et Dr pour r < 1), donc dans 
Ei et on a D" =D" pour 1Sr<t Quant aux sous-espaces Dt,- - -, DE 
ils sont contenus dans l’orthogonal de e; et contiennent e,: ils sont donc somme 
directe de la droite engendrée par e; et de leurs intersections Dt, - -,D*® 
avec Hi, Par suite, application D -> D’ est bijective de B sur l’ensemble B’ 
des drapeaux isotropes de type (@1,° © +, Qi 4—1, > -,ax—1) de E} dont 
les dimensions d’intersections avec les espaces Da N EI (pour ls=r=n et 
n+g=r<m) ont des valeurs convenables fixées et qu’il serait facile d’écrire. 
Enfin, il est clair que les opérations de G’°M N° dans B et dans B’ “commu- 
tent” avec Vapplication D— D’: il suffit donc d’appliquer l’hypothèse de 
récurrence pour achever la démonstration de la Proposition 4. | 


ÜOROLLAIRE. Sotti D un drapeau rsotrope complet; notons encore D la 
classe à droite modulo I qu'il définit. Les classes à droite modulo T° con- 
tenues dans la double classe DNS correspondent exactement aux drapeaux 
isotropes complets D’ tels que dj" (D') =m dati (D) pour 1 sıSne&elsjisn 
oun+qg=j<m. 

PROPOSITION 5. Soit D un drapeau isotrope complet. Il existe un 
drapeau isotrope complet D’ et un seul satisfaisant aux conditions suivantes: 
(42) d (D) = d (D), 

(43) | det! (D!) + dm (D) =i 
pour 1SısSnetlSjSnountgSj<m. 

Ici encore la proposition est triviale si n==0 et nous ferons la démon- 
stration par récurrence sur l’indice n de ¢. Considérons la droite isotrope D: 
il existe un entier 7 et un seul avec 1S7=n ou n+-q<j>Sm tel que 
DCD. pour j&r< m et DCD," pour 1Sr< j, autrement dit, tel que 
(44). df(D)=1 pour j &r <m et d" (D) =0 pour lsr<j 
La droite V; engendrée par e; satisfait à: 

(45) . dim (V; N Dor) == do" (D), 
(46) dim (Y; N Dor) + dim (V; N Det) mem 1 
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quel que soit r, et on vérifie facilement que c’est l’unique droite satisfaisant à 
(45) et (46). De plus, d’après (45) et la Proposition 4, il existe un élément 
ge N° qui transforme D! en V; Cet élément transforme le drapeau donné 
D en un drapeau ayant mêmes nombres dt" (puisque N° invarie Do); on 
peut donc supposer pour la suite de la démonstration que D! = V; De plus, 
le sous-espace D de dimension 1 d’un drapeau isotrope complet D” satis- 
faisant à (42) et (48) satisfait nécessairement à (45) et (46), donc coincide 
avec V;=s D*, Un tel drapeau D’ est alors contenu dans l’orthogonal de Vj, 
c’est A dire dans le sous-espace engendré par les e, excepté 6,14 Désignons 
alors comme plus haut, par Æ7 le sous-espace engendré par les e, excepté e; et 
Em L'espace Dr (resp. D’r) est totalement isotrope et contient V,: on en 
déduit que Dr (resp. DT) est somme directe de V; et de Cr = D'N Hi 
(resp. CT mms DT N Et). 

Considérons alors le drapeau C = (C1,- : : C”) de l’espace EI: Cest 
un drapeau isotrope complet de H/ et l'hypothèse de récurrence entraine qu’il 
existe un drapeau isotrope complet ©” et un seul dans #7 tel que: 


tr _ = 
dim (C’# N De) == dim(C*N Dr) — nA i io Een 
dim (0”* N Der) + dim(0* N Dur) mi u 
pour 1Sız& nr —1 


Il est alors clair que le drapeau D”, où D’* est la somme directe de F; et 
de C’#1 (pour 1S:=n, en posant C’ == {0}), est l’unique drapeau isotrope 
complet satisfaisant à (42) et (43), d’où la Proposition 5. | 

Les Propositions 4 et 5 sont l’analogue des Lemmes 8 et 9 de [3]. On 
en déduit comme dans [3] le résultat suivant: 


Proposition 6. Si P est un corps fini, toute représentation irreductible 
M de (= K” dont la restriction à N° contient la représentation unité, satis- 
fait à la condition (S). 


Nous nous bornerons à indiquer sommairement les modifications qu’il 
faut apporter à la démonstration donnée dans [3] pour la rendre valable dans 
notre nouveau cas. Tout d’abord, on se ramène exactement comme dans [3] 
(en utilisant le théorème de réciprocité de Frobenius) à montrer que la 
représentation U de G° induite par la représentation unité de N° satisfait à 
(S). Comme N° est distingué dans ©, cette représentation U se décompose 
en somme directe des représentations U* induites par les diverses représen- 
tations irréductibles À de T° triviales sur N° (chacune intervenant un nombre 
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de fois égal à la dimension de A). Il sufüt alors de démontrer que chaque U? 
satisfait à (S) (cf. Lemme 6 de [3]), ce qui-se démontre comme dans [3], 
en remplaçant les Lemmes 8 et 9 de [3] par les Propositions 4 et 5. Le seul 
point à modifier est le Lemme 7 de [3], qu’il faut remplacer par ce qui suit. 
Soit O —I°rN° une double classe modulo (I°: N°), et soit Hg le sous-espace 
de l’espace H` de la représentation U* formé des fonctions sur G° (à valeurs 
dans l’espace de À et satisfaisant à f(éy) =-A(é)f(y) pour tout yE @ et 
tout £€ I°) à support contenu dans C. Alors Ho est évidemment invariant 
par N° (qui opère dans Hò par translations à droite) et pour avoir l’équivalent 
du Lemme 7 de [3], il suffit de montrer que Ho contient r == dim À éléments 
linéairement indépendants et invariants par N°. Or (cf. [9]), la représen- 
tation de N° dans Hg est équivalente à la représentation de N° induite par la 
représentation As: {—>}A(æixt) du sous-groupe N° N atts de N°, Mais si 
tE N’Nar'T’z, alors t est une matrice unipotente de I” et par suite (n° 2) 
appartient à N°. Par suite, A, est équivalente à r fois la représentation unité 
et le théorème de Frobenius entraine que la représentation de N, dans Hg 
contient r fois la représentation unité de N°. 


9. Exemples de représentations satisfaisant à (S). Cas général. 
Supposons maintenant P infini. Nous pouvons considérer K° comme un 
groupe d’automorphismes du @-module &,, conservant le sous-module pd. 
Tout élément ke K° définit donc un automorphisme k de l’espace vectoriel 
E = &3,/p&, de dimension m sur le corps résiduel F. Comme la forme ¢ 
prend des valeurs entières sur J, on en déduit par réduction modulo p une 
forme $ sur À et il est clair que l’application k—>k est un homomorphisme 
de K° dans le groupe @(&) des automorphismes de Ë conservant ¢. Remar- 
quons que est une forme bilinéaire alternée dans le cas I, bilinéaire 
symétrique dans les cas IT et III ramifié et sesquilinéaire hermitienne dans 
le cas III non ramifié. De plus, & est non dégénérée, excepté dans les cas II 
4 à 8 et III 3: nous exclurons pour l’intant ces six cas et supposerons ¢ non 
dégénérée; cela signifie encore que l’inverse æ-! de la matrice & est entière. 

Montrons qu’alors l’image de K? est G($) tout entier. Il suffit évidem- 
ment de montrer que si une matrice g € M,(@) satisfait à 


(47) g*®g=® mod p 


alors il existe une matrice g’ € K° avec g’==g mod p. Nous allons déterminer 
par récurrence sur 7 une suite d'éléments g,€ M,(@), satisfaisant à (pour 
j2= 0): | 
(48) g=g mod p, 


GROUPES OLASSIQUES p-ADIQUES II. 367 


(49) Jii = 91 mod p/*, 
(50) dt mod pm, 


Alors les matrices g; convergeront vers l’élément cherché g’. D’après (47), 
on peut prendre go==g. Supposons les g, déterminées pour r=7 (avec 7 = 0 
et cherchons gj sous la forme: 


In = yH rth 
avec hE Mn(@), se qui entraine (48) et (49). On a: 
Ga OG yen mm gD + Cr) h* Dg; + ag FH + (nr!) ERÈGR. 


Posons : 
a = mi (gtg — D). 


D’après l'hypothèse de récurrence, on a a€ My(@) et pour que gp, satisfasse 
à (50), il faut et il suffit que À satisfasse à: 


(51) a+ di4h*dg,+ g"*bh=0 modp 


avec e= 1 Bi men) of e==—1 Si m m — r. 

Dans le cas I, on vérifie facilement que la matrice a est alternée ; désignons 
par 5 la matrice définie par brs == ap, pour rs et br, = 0 pour r=s:ona 
b+b*—a D’autre part, la relation (50) (en remplaçant j par j—1) 
entraine (dans tous les cas) (dét g)(dét g)” == mod p et par suite g,€ GL(m, 6). 
Il suffit alors de poser: | 

h == — Ze "0 
pour satisfaire à (51). 


Dans les cas II ou III, on a a* = «tta et 2 est inversible dans ©. 
Il suffit alors de poser: 
h = — $b" (g)*) "a 
pour satisfaire à '(51). 


D'autre part, on vérifie très facilement en utilisant les conditions (12) 
à (14) du n° 2 que l’image de N° (resp. N°) dans G(¢) est exactement le 
sous-groupe N (¢) (resp. N’($)) des matrices triangulaires supérieures (resp. 
inférieures) unipotentes de G($) (c’est à dire l’analogue de N° (resp. N’®) 
pour le groupe G($)). Disons alors qu’une représentation M de K° provient 
d’une représentation de G{¢) gil existe une représentation M, de (4) telle 
que M(k)—M,(k) pour tout k€ K°, autrement dit si M est triviale sur le 
sous-groupe des matrices congrues à l’identité modulo p: avec cette termin- 
ologie, on déduit immédiatement de la Proposition 6 le: 
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THÉORÈME 3. St la forme & est non dégénérée, toute représentation 
irréductible de K? provenant d'une représentation de G($) ei dont la restric- - 
tion à K" N N° contient la représentation unité, satisfait à la condition (S). 


Dans le cas où & est dégénérée (ce qui exclut le cas IT], ramifié) l’image 
de K? n’est plus @($) tout entier. Soit Ÿ le noyau de & et V l’image 
réciproque de V dans A, (cest à dire le sous-module engendré par 
eniga’ °°» Cmq). La restriction de m*o à V est encore une forme à valeurs: 
‘ entières et définit par réduction modulo p une forme ¢’ sur V qui est aniso- 
trope, donc non dégénérée. Soit d’autre part ¢” la forme non dégénérée 
sur E/V associée ad. Si k€ K°, alors k conserve V et par suite définit un 
automorphisme k” de E/V et k'e G(#”’). D'autre part; on vérifie facile- 
ment que la restriction kW de k à V conserve ¢’. On obtient donc aussi un 
_homomorphisme k— (kK, k”) de K° dans G(¢’) X G(¢”) et on déduit facile- 
ment de l’étude faite plus haut dans le cas où est non dégénérée, que 
cet homomorphisme est surjectif et envoie N° (resp. N’) sur le produit 
N(Y)X N(#”) (resp. N’(¢’)& N’(9”/)). On en déduit aussitôt que tout 
representation irréductible de K° provenant d'une représentation de G(¢’) 
X Gd”) et dont la restriction à N° N K° contient. la représentation unité, 
satisfait à la condition (8). 
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SOUS-GROUPES DISCRETS DES GROUPES RESOLUBLES.* 


par MASAHIKO SAITO. 


Introduction. L’objet de ce mémoire est l’étude de la compacité des 
espaces quotient des groups de Lie résolubles par des sous-groupes discrets, 
ainsi que l’étude des structures kähleriennes invariantes sur ces groupes en 
rapport avec la première question. On dira d’après A. I. Malcev qu’un sous- 
groupe D d’un groupe topologique G est uniforme dans G si l’espace quotient 
de G par l’adhérence de D est compact. Malcev [3] a démontre que pour 
qu’il existe un sous-groupe discret et uniforme dans un groupe de Lie nil- 
potent connexe et simplement connexe G, il faut et il suffit que l’algèbre de 
Lie g de G admette une base par rapport à laquelle les constantes de structure 
sont toutes rationnelles. Dans ce mémoire, nous établirons un théorème dans 
une certaine mesure analogue relatif aux groupes de Lie algébriques résolubles. 

Dans le $1, on étudiera diverses questions concernant les sous-groupes 
discrets des groupes de Lie nilpotents et résolubles. 

T. Ono [8] a récemment développé une théorie arithmétiqne des groupes 
algébriques ; il a notamment généralisé le théorème des unités de Dirichlet 
aux groupes algébriques résolubles en se servant des caractères rationnels d’un 
groupe algébrique. D’un autre côté, d’après G. D. Mostow [5], si G est un 
sous-groupe algébrique irréductible et résoluble de GZ (n, Q), l’espace quotient 
du plus petit sous-groupe algébrique de GL(n, R) contenant G par GN GL(n, Z) 
est revêtu un nombre fini de fois par le produit d’un espace euclidien et d’un 
espace compact. On déduira sans difficulté des résultats de Ono que la 
dimension de la partie euclidienne est égale au rang du groupe des caractères 
rationnels de G (Théorème 2). 

Dans le $ 3, la question d’existence d’un sous- g-gronpe discret et uniforme 
dans un groupe de Lie algébrique résoluble sera ramenée à celle de l’uniformité 
dans un certain groupe matriciel associé du sous-groupe des matrices entières 
de déterminant +1 (Théorème 3). En tenant compte du Théorème 2, on 
peut dans une certaine mesure exprimer ces conditions au moyen des caractères 
rationnels du groupe associé (Corollaires 1 et 2). 

Dans le $4, on déterminera d’abord la structure des groupes résolubles 
algébriques (ou bien des groupes de Lie résolubles connexes et simplement 
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connexes) qui admettent des sous-groupes commutatifs discrets et uniformes 
(Théorémes 4 et 5). Jin tenant compte d’un résultat de J. Hano [2], on 
saura qu’un tel groupe, pourvu qu’il soit de dimension paire, admet une 
structure kählérienne invariante (à gauche ou à droite). Si en particulier 
le groupe est unimodulaire et algébrique, la réciproque est aussi vraie 
(Théorème 5). 

Le reste de ce mémoire est consacré à une construction d’une variété 
abélienne à partir d’une structure kählérienne invariante sur un groupe de 
Lie résoluble connexe et simplement connexe. -Un résultat partiel de ce 
paragraphe a déjà été annoncé dans [10]. . 

L'auteur désire exprimer ici sa profonde reconnaissance à Monsieur C. 
Chevalley pour ses suggestions utiles et son constant encouragement au cours 
de ce travail. Entre autres choses, la. démonstration de la Proposition 5 lui 
est -due. 


Notations. On désignera par Z, Q et R à Panneau des 
entiers rationnels, le corps des nombres rationnels et le corps des nombres 
réels. Si K est un corps, GL(n, K) et gl(n, K) désigneront respectivement le 
groupe des matrices inversibles de degré n à coefficients dans K et l’algèbre de 
Lie des matrices de degré n à coefficients dans K. On désignera par ŒL (n, Z) 
le groups des matrices de déterminant + 1 de degré n à coefficients dans Z. 
Si G est un sous-groupe de GL(n,R) ou de GL(n,Q), G@ et GZ seront 
respectivement EN GL (n,Q) et EN GL(n,Z). Si G est un sous-groupe de 
GL(n,Q), GR sera le plus petit sous-groupe algébrique de nee R) con- 
tenant G. 

Si G est un groupe de Lie, Ad et ad désigneront ee la repré- 
sentation adjointe de G et sa différentielle. Pour un groupe ( et pour une 
algèbre de Lie g, 6*(@) et 8*(g) désigneront respectivement le 1-iéme terme 
de la series centrale décroissante de G et de g. 


1. Groupes de Lie nilpotents et résolubles. 


Definition. Soient G un groupe topologique et D un sous-groupe de G. 
On dira d’après A. I. Malcev [3] que D est uniforme dans G si l’espace quotient 
de @ par l’adhérence de D dans @ est compact. 

Le théorème suivant démontré par G. D. Mostow [5] jouera un rôle 
fondamental dans notre raisonnement. | 


Tæéorème M. Soient G un groupe de Lie rösoluble connexe, D un sous- 
groupe discret et uniforme de G et N le plus grand sous-groupe analytique 
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distingué et nilpotent de G.. Alors DON est umforme dans N et par 
conséquent DN est fermé dans G. 


Définition. Soit g une algèbre de Lie sur un corps de caractéristique 0. 
Une base de g sera dite rationnelle si les constantes de structure de g par 
rapport à cette base sont toutes rationnelles. 

Le théorème de Campbell-Hausdorff-Dynkin (voir [11]) appliqué aux 
groupes de Lie nilpotents nous donne le lemme suivant. 


Lemme 1. Soient G un groupe de Lie nilpotent et g son algèbre de Ine. 
Supposons qu'il existe une base rationnelle X,‘  :, Xn de g. Alors tout 
élément du sous-groupe de G engendré par les éléments exp X; (1 <i<n) 
peut s’ecrire sous la forme expX, où X est une combination linearre de 
Ay‘ e, À, à coeficients rationnels. 


PROPOSITION 1. Soient G un groupe de Lie nilpotent connexe et simple- 
ment connexe et D un sous-groupe uniforme de G. Alors @*(D) est umforme 
dans #*(G) pour tout 1. 


On démontrera la proposition par récurrence sur & Supposons que 
4*"(D) soit uniforme dans ##1(@). Soit H l'intersection de tous les sous- 
groupes analytiques de G contenant t(D). H est lui-même un sous-groupe 
analytique et t(D) est uniforme dans H (voir [9]). Désignons par g, b 
les algèbres de Lie de G, H respectivement. Alors est le sous-espace de g 
engendré par les éléments X de g tels que exp X € 8*(D) (voir [9]). Soient 
z un élément de D et y un élément de t(D). U existe donce des éléments 
uniquement détermines X de g et Y de h tels que z ==exp À et y — exp Y. 
Puisque expAdz(Y) = syr 1€ 6°(D)CH, Adr(Y) appartient 4h. Comme 
Adz est un endomorphisme unipotent, adX peut s’écrire sous la forme d’un 
polynôme de Adz. Donc l’élément [X, Y] —adX (Y) appartient 4h. Puisque 
les éléments X engendrent g (voir [9]), b est un idéal de g. 

Soient maintenant æ un élément de D et y un élément de (D). 
Posons z= exp £, y—exp F où XEg et YE t*(g). On a la relation de 
congruence zyr'==y(modH), d’où la relation Adz(Y)=:¥(modh). En 
passant à l’égalité dans l’algèbre quotient g/h, on peut conclure par le même 
raisonnement que le précédent que l’élément [X,Y] appartient à 5. Donc on 
a 6*(g) —[g, 4**(g)] Cb. L’inclusion au sens inverse étant évidente, on 
a 6*(g) =}, ce qui achève la démonstration de la Proposition 1. 

Soit D un groupe résoluble. On dira qu’un ensemble ordonné {z:,:-:,2,} 
d'éléments de D est un système libre de générateurs si tout élément de D peut 


n 


se représenter dans une seule façon sous la forme ]] x, où des a; sont des 
% 4=1 
entiers. 
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Soit g une algèbre de Lie et soit go, 81° * *, Gr une série nomale de g; 
c’est-à-dire, une série décroissante de sous-algèbres telle que gg==g, Gr {0} 
et que 6; soit un idéal dans gy, (1Sı=&r). Une base X, -,X, de g sera 
dite adaptée à cette série si, pour pour tout t, il existe une partie de cette 
base qui forme une base de gu. 

Le proposition suivante est due à Y. Matsushima (voir [4] Theorem 3). 


PROPOSITION 2. Sotent Gun groupe de Ine nilpotent connexe et simple- 
ment connexe et D un sous-groupe discret et untforme dans G. Il eatste alors 
une base X,‘ + :,X, de l'algèbre de Ine g de G adaptée à la série centrale 
décroissante de g telle que, st Von pose Tı == exp Xy, les éléments Ti,‘ + -,2, 
constituent un système libre de générateurs de D. 


PROPOSITION 3. Les notations étant celles de la Proposition 2, la base 
Xi: © An de g est rationnelle. 


Soit en effet u (1=St=n) le sous-espace de g engendré par les éléments 
Xi,’ Xn Les g sont des sous-algèbres de 8. Démontrons par récurrence 
sur 4 que les éléments Xi, © +,X, constituent une base rationnelle de gy. 
L’assertion est triviale pour tn. Supposons qu’elle soit vraie pour les 
indices supérieurs à 1. Soit k un nombre plus grand que 4 Puisque notre 
base s’adapte à la série centrale décroissante de 8, l’élément zx est de la 


forme I] z/:, les a, étant entiers, Par l’hypothèse de récurrence, les éléments 
JH 
Xe,” © *, Xn forment une base rationnelle de a. Par le Lemme 1, l’élé- 
ment [] z est de la forme exp ( >> b,X,), où les by sont des nombres rationnels, 
fak+1 Jj=k+1 


Utilisant légalité aim = exp Ada(X,), on obtient la relation Ada,(X,) 
— 9, bX; Ada, étant unipotent, adX, peut s’écrire sous la forme d’un poly- 


nöme à coefficients rationnels de Ada. On obtient donc [Xi X] = > CX p 
jrk+l 
où les c; sont des nombres rationnels, ce qui démontre la Proposition 8. 


THéorème 1. Soient G un groupe de Ine résoluble connexe et simple- 
ment connexe, N le plus grand sous-groupe analytique distingué nilpotent de 
G et D un sous-groupe discret uniforme de G. Il existe alors un système 
hbre de générateurs x,‘ - -,x, de D dont une partie 2,‘ + +, % forme un 
système libre de générateurs de DON tel que, st l’on pose Y=expX; 
(r-L1iSisny), les éléments X,,:,: © +, Xn constituent une base rationnelle 
de Valgébre de Ine n de N adaptée à la serté centrale décroissante de n. 


Par le Théorème M, DMN et DN/N sont sous-groupes discrets et uni- 
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formes dans N et G/N respectivement. It existe donc par les Propositions 2 
et 3 une base rationnelle Xu’ ' -,%#, de n adaptée à la série centrale 
décroissante de n telle que, si l’on pose t= exp Æ; (r+1Sı=n), les 
éléments Tr’ ° ,2, forment un système libre de générateurs de DMN. 
D’un autre côté, il existe un système libre de générateurs 2,*,---,2," de 
DN/N. Prenons une image réciproque m de z,* dans D (1S1& r). Alors 
les éléments 2,° ' *, Za forment un système libre de générateurs de D ayant 
les propriétés voulues, ce qui démontre le Théorème 1. 


PROPOSITION 4. Sotent G un groupe de Ine résoluble connexe et simple- 
ment connexe et D un sous-groupe discret et uniforme de G. Designons par 
L(G) et 1(D) les longeurs des series des commutateurs de G et de D repective- 
ment. Alors 

(G) ZUD) Z0) —1. 


Si G est nilpotent, l'égalité 1(G) —1(D) a lieu. 


Soit d’abord @ nilpotent. Supposons que la dernière égalité ait lieu 
pour les groupes nilpotents de longueurs moins que celle de G. [D,D] est 
uniforme dans [@,@] par la Proposition 1. Par l’hypothèse de récurrence, 
on a l’égalité Z([G, G]) =1([D,D]), d’où Pégalité 1(G)==1(D). Dans le 
cas général, soit N le plus grand sous-groupe analytique distingué nilpotent 
de G. Le Théorème M dit que DOWN est uniforme dans N et done que 
I(DON)==1(N). Puisque N contient le groupe des commutateurs [@, @] 
de G, on a 1(4)—1S1(N) =@1(DNN) SUD), ce que démontre la 
Proposition 4. | 

G. D. Mostow [7] a introduit la notion dé rang d’un groupe résoluble. 
Soit D un groupe résoluble et soit D*(D) le t-iéme terme de sa série des 
commutateurs. Le rang de D est défini par la somme suivante: 


rang D = S rang (DH (D)/D'(D)) 


Les rangs du côté droit sont des rangs dans le sens usuel des groupes 
commutatifs. Puisque D est résoluble, la sommation est finie. Nous énu- 
mérons ci-dessous quelques propriétés du rang d’un groupe résoluble (voir 


[7] et [8]). 


1. Si D’ est un sous-groupe d’un groupe résoluble D, on a alors rang D’ 
SrangD. Si en particulier D’ est d'indice fini dans D, on a l'égalité 
rang D’ = rang D. 


2. Si D’ est un sous-groupe distingué de D, alors rang D «rang D/D’ 
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+ rang D’. Donc, pour n’importe quelle série normale Do, Da, * +, D, de D, 
on & | . 


rang D == ¥ rang Dis/De 


8. Soient G un groupe de Lie PART connexe E simplement connexe 
et D un sous-groupe discret de G. Alors rang D = dim G. 


4, Si un group résoluble D admet un système libre de Bee 
Z1,° © "5%, alors le nombre n est égal à rang D. 


Soit G un groupe de Lie à un nombre fini de composantes connexes. 
Il existe alors d’après [6] un sous-groupe compact maximal de G, et deux 
sous-groupes compacts maximaux de G sont conjugués par un automorphisme 
intérieur de @. | 


Lemme 2. Soient G un groupe de Lie résoluble à un nombre fini de 
composantes connexes, K un sous-groupe compact maximal de G et D un sous- 
groupe discret de G. Alors rang D est fimi et au plus égal à dim G — dim K. 
Supposons qu'il existe un sous-groupe analytique fermé distingué et mipotent 
N tel que le groupe quotient G/N soit nilpotent et que le sous-groupe DN 
soit fermé. Alors pour que légalité rang D == dim @—dimkK att lieu, a 
faut et il suffit que D soit untforme dans G. 


Soit Gp la composante connexe de l’élément neutre de G. Alors DM G, 
est d’indice fini dans D, et par suite rang D == rang DMG). D'un autre côté, 
G/D est compact si et seulement si G)/DM G est compact. On peut donc 
supposer G connexe. 

Soient @ le revêtement universel de G et D Pimages réciproque de D 
dans G. Alors rang D est fini et au plus égal à dim@ par la troisième 
propriété du rang. Soit A le noyau de l’homomorphisme canonique de @ sur G. 
La deuxième propriété du rang entraîne légalité rang D — rang D = rang A. 
Soit encore K la composante connexe de l’élément neutre de l’image réciproque 
de K dans G. Puisque K est le revêtement universel du tore K et que l’espace 
quotient. @/K est simplement connexe, A est contenu dans K et done 
rang A = dim K. On a donc linégalité rang D = dimG—dimXÆ, ce qui 
démontre la première assertion. Il suffira de démontrer la deuxième assertion 
pour le cas simplement connexe. 


Supposons G nilpotent. L/assertion est évidemment vraie pour les groupes 
commutatifs. Supposons qu’elle soit vraie pour les groupes dont la longueur 
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de la série centrale décrossante est moindre que celle de'G. Si D est uniforme 
dans G, DM 6:(G) est uniforme dans @1(@) par la Proposition 1 et par 
suite DEG) est fermé. Donc les sous-groupes discrets D@*(G)/8*(G) et 
DN 8:(G) sont respectivement uniformes dans G/41(G@) et 6*(@). L’hy- 
pothèse de récurrrence entraîne les deux égalités rang (D@*(@)/8*(G)) 
== dim(G/£8:(G)) et rang (D 8:(G)) — dim #:(G); doù légalité voulue 
rang D == dim G. | : 

Supposons réciproquement rang D — dim G. Soit H le plus petit sous- 
groupe analytique de @ contenant D. D est uniforme dans H; mais H est 
égal à G par l’inégalité rang D dim H, ce qui démontre notre assertion. 

Considérons le cas général. Par l’hypothèse, DN/N et DON sont des 
sous-groupes discrets dans G/N et N respectivement. Donc on a les inégalités 
rang DN/N = dim G/N et rangDONSdimN. Si D est uniforme dans G, 
DN/N et DON sont uniformes dans G/N et N. Puisque G/N et N sont 
nilpotents, on a les deux égalités rang DN/N æ dim G/N et rang DON 
«= dim N, qui entraînent l’égalité voulue. Si réciproquement l’égalité rang D 
== dim G a lieu, on obtient, en vertu des deux inégalités ci-dessus, les deux 
égalités rang DN/N == dim G/N et rang DNN =dim N. Donc DN/N et 
D NN sont uniformes dans G/N et N respectivement, puisque G/N et N sont 
nilpotents. Ceci implique que D est uniforme dans G. Le Lemme 2 est donc 
démontré. 


2. Groupes algébriques résolubles. Soit K un corps de caractéristique 
0. On entendra par K-tore un sous-groupe algébrique irréductible et com- 
mutatif de @L(n,K) formé de matrices semi-simples. 

Soient G un sous-groupe algébrique irréductible et résoluble dans GL(n, K), 
Gu le sous-groupe des matrices unipotentes de G et S un K-tore maximal 
contenu dans G. Alors G se décompose en produit semi-direct de S et de Gu, 
Gu étant distingué dans G. Si on désigne par g, gy et 8 respectivement les 
algébres de Lie de @, de Gu et de S, on obtient une décomposition de g en. 
produit semi-direct de 8 et de gy. On appellera ces décompositions décom- 
position de Chevalley. 


Lemme 3. Soit K un corps de caractéristique 0. Soit g une sous-algèbre 
algébrique commutative de gl(n, K) composée de matrices semi-simples. Alors, 
st g># {0}, H existe un élément À de g ted que Tr A? 540. 


Soit A une extension algébriquement close de K, et soit g la sous-algébre 
de gi (n, À) engendrée par g. On peut transformer simultanément les matrices 
de g en matrices diagonales; supposons que X€g soit transformé. en 


376 MASAHIKO SAITO. 


(a,(X),° © +,4,(X)). Alors les matrices de g sont caractérisées par un 
certain nombre de relations linéaires à coefficients rationnels entre les (X), 


‘qui peuvent se mettre sous la forme mul X) = 3 cya, (2) (lStSn—m), 
j=1 


les cy étant rationnels. La forme quadratique > X? LS 5 Cy X)? étant > 0, 
{=L t=1 j=l 


il existe un élément Xeg tel que Tr X*540. Si A,,:--:,A, est une base 
de g, la forme quadratique $ cy Tr 4,4; qui prend des valeurs #0 sur À 
4,3 


prend aussi des valeurs 54 0 sur K. Le Lemme 3 est donc démontré. 


CoroLLAIRE. La forme bilinemre (4,B) — Tr AB sur g X g est non- 
dégénérée. 


En effet, utilisons les notations de la démonstration précédente. Soit 8 
une matrice de GL (n,K&) telle que SgS soit composé de matrices diagonales ; 
alors les matrices Ÿ telles que SPS"! soient diagonaux et que Tr XY = 0 pour | 
tout ¥ € g forment une algèbre de Lie algébrique §, done gN § est algébrique, 
d’où gN H= {0} d’après le résultat précédent. On a done démontré le 
Corollaire. 


Proposition 6. Soit K un corps de caractéristique 0, et sott g une . 
sous-algèbre algébrique commutative de gl(n, K). Alors g se décompose en 
produit direct de sous-algébres algébriques qui n'admettent aucune sous-algèbre 
algébrique. 


En effet, soit g == ge X gu la décomposition de Chevalley de g. Puisque 
toute algèbre formée de matrices nilpotentes est algébrique, g, est le produit 
direct de sous-algèbres algébriques de dimension 1. De l’autre côté, supposons 
que g, admette une sous-algèbre algébrique a. Soit b le sous-espace de gs 
formé des matrices X de g, telles que Tr XY ==0 pour tout FE a. D’après le 
Corollaire précédent, b est une algèbre de Lie algébrique et g, se décompose en 
produit direct de a et de b, ce qui achève la démonstration de la Proposition 5, 


Lumme 4. Soit g une sous-algebre algébrique commutative de gl(n,R) 
formée de matices semi-simples. Alors g est le produit direct de la sous- 
algèbre algébrique des matrices à valeurs propres réelles et de la sous-algèbre 
algébrique des matrices à valeurs propres purement imaginaires. 


On peut supposer que tout élément X de g est de la forme: 
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Ca 


Alors la partie diagonale Y de X et la matrice X — Y sont des répliques 
de X, done appartiennent à g. L’expression Z == Y +- (X-—Y) donne la 
décomposition de g. 


COROLLAIRE. Sow Gun R-tore. Alors G est engendré par le plus grand 
sous-groupe compact de G et par le plus grand sous-groupe algébrique irré- 
ductible diagonalisable de G. Leur intersection est finte. 


Cest une conséquence directe du Lemme 4. 


Définition. Soit G un groupe algébrique de matrices à coefficients dans 
un corps K. Un caractère rationnel de G est une représentation rationnelle 
de G dans le groupe multiplicatif des éléments non-nuls de K. On définit la 
multiplication de deux caractères rationnels x, x par la formule 


Qo’) (z) = x(z)x (x) pour se G. 


Alors l’ensemble de tous les caractères rationnels de G forme un groupe 
commutatif, qu’on désignera par X((). 


PROPOSITION 6. Soient G un R-tore et K le plus grand sous-groupe 
compact de G. Alors le groupe des caractères rationnels X(G) de G est un 
groupe commutatif sans torsion de rang egal à dim G— dim K. 


Les Propositions 1 et 2 de T. Ono [8] disent que X(@) est un groupe 
commutatif sans torsion de rang fini. Soit H le plus grand sous-groupe 
algébrique irréductible diagonalisable de G. Alors la restriction d’un charac- 
tere rationnel de G à H est un homomorphisme de X(@) dans X(H). D’après 
le Corollaire du Lemme 4, cet homomorphisme est de noyau fini et de conoyau 
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fini. Le rang de X(@) est donc égal au rang de X(H). A étant diagonalisable, 
rang X(H) = dim H, ce qui démontre la Proposition 6. 

Soit G un sous-groupe algébrique irréductible résoluble de GL(n,Q). 
D’après G. D. Mostow [5], avec un peu de modification, l’espace quotient 
GR/G2 est revêtu un nombre fini de fois par le produit direct d’un espace 
euclidien et d’un espace compact. Il n’est pas difficile de voir que la dimen- 
sion de la partie euclidienne de G*/G?, désignée par v(GR/G?), est égale à 
dim GR — dim K — rang G¥ où K est un sous-groupe compact maximal de GR, 


THEOREME 2. Les notations étant comme ci-dessus, on a légalité 
(GR/G?) = rang X (G). 


Soient en effet Gu le sous-groupe de G formé des matrices unipotentes 
de.G et § un Q-tore maximal contenu dans G. Alors G=S-GQ, et 
GR m= GR- GA sont des décompositions de Chevalley pour G et GR respective- 
ment. La projection de Œ sur & est une représentation polynômiale (voir 
la démonstration de la Proposition 15 de T. Ono [8]) ; le groupe 87- G,? est 
done d'indice fini dans QZ par la Proposition 13(8) de Ono [8]. On a 
toujours Tégalité dim G, == rang G,? (voir Proposition 18, Ono [8]) et le 
théorème des unités pour les Q-tores (voir [8]) dit que 


rang G4 = rang X(GR) — rang X (G). 
En combinant ces égalités, on obtient Pégalité voulue. 


COROLLAIRE. Les notations étants comme ci-dessus, pour que GZ soit 
uniforme dans GR, U faut et il suffit que G n’admette pas de caractère 
rationnel non-trivial, 


Ce Corollaire est aussi une conséquence directe du fait qu’un groupe 
algébrique irréductible résoluble est de type (C) dans le sens de Ono [8]. 
Il est done un cas spécial d’un théorème plus général. 


3. Sous-groupes discrets de groupes résolubles. 


LEMME 5. Soient G un sous-groupe algébrique de GL(m, R) et f une 
representation rationnelle de G dans GL(n,R), m et n étant des entiers 
positifs. Alors l’image f(Q) est d'indice fini dans son adhérence algébrique 
dans GL(n,R), et donc fermée dans GL(n,R). 


En effet, la composante connexe G, de l’élément neutre de G est d'indice 
fini dans @ (voir [7]). Soient N le noyau de f et G* l’adhérence algébrique 
de f(@) dans GL(n,R). Alors dim G*—dim @—dimN. D’un autre côté, 
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dim f (Go) = dim @—dim N. Par conséquent f(@,) est la composante con- 
nexe de élément neutre dans G*, et done d'indice fini dans @*, ce qui finit 
la démonstration du Lemme 5. . 

La Proposition 6, 85, Ch. V de Chevalley [1] nous donne le lemme 
suivant. 


LEMME 6. Soient g une algèbre de Lie résoluble sur un corps de carac- 
téristique 0 et n le plus grand idéal nilpotent de g. Supposons que l’image 
de g par sa représentation adjointe soit algébrique. Il existe alors dans g 
une sous-algebre commutative a telle que g se décompose en produit semt- 
direct de a et de n. 


Le lemme suivant est bien connu. 


LEMME 7. Sort Gun groupe commutatif d’automorphismes semi-simples 
d'un espace vectoriel V de dimension finie sur un corps. Supposons que Q 
laisse stable un sous-espace U de V. Alors la représentation identique de G 
est équivalente à la somme directe des représentations sur U et sur V/U qui 
se déduisent de la représentation identique. 


Soit @ un groupe. Deux sous-groupes D et D’ de @ seront dits commen- 
surables si leur intersection D N D} est d’indice fini dans chacun d’eux. Le 
lemme suivant est bien connu (on peut en trouver une démonstration dans. 
introduction de A. Weil ([12]). 


LEMME 8. Sotent G et H des sous-groupes algébriques de GL(m,Q) 
et GL(n, Q) respectivement. Supposons qu'il existe un isomorphisme rationnel 
f de G sur H. Alors H? et f(G7) sont commensurables. 


LEMME 9. Sotent G un groupe de Lie nilpotent connexe et Z son centre. 
Designons par g, à les algèbres de Ine de G, Z respectwement. Soient m un 
sous-espace complémentaire de 3 dans g et M le sous-ensemble de G formé 
des éléments de la forme exp X, où XE m. Alors tout élément de G se repré- 
sente dans une seule façon comme le produit dun élément de M et d’un 
élément de Z, 


Soit en effet z un élément de G. Il existe un élément X de g tel que 
z—exp À. X est la somme d’un élément Xm de m et d’un élément X, de 3. 
Si l’on pose £m == exp Am et Ta = exp Xz, on obtient une décomposition voulue : 
T = Tm' Ta. 

Supposons ensuite qu’il y ait deux décompositions £ == Lm ' T, = Ym" Ya OÙ 
Tm Ym € M, Ta YE Z. On a m= Ym(ygtz*). On peut donc supposer qu’un 
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élément z de M est de la forme zu ' Za OÙ Zm € W et 2,€ Z. Supposons momen- 
tanément G simplement connexe. Il existe alors des éléments uniquement 
déterminés X, Xm de m et X, de 3 tels que z—expX, zu—=expXn et 
Ta ==exp X. (Il est à remarquer que Z est connexe). On a X =Xpm + £» 
d'où X = Xm, Xa =— 0. Donc notre assertion est vraie si ( est simplement 
connexe. Soit maintenant G le revêtement universel de G, et soient Z, dm, 
za respectivement les éléments des images réciproques de T, Im, T, dans G. 
On a alors Z=äm' īa" ý, où ý est un élément du centre de G. Donc 4 im 
ce qui entraîne les relations z me zu et z, == 6, Le Lemme 9 est donc démontre. 

Soit G un groupe de Lie résoluble. Dans tout ce qui suit, P désignera 
la représentation de G sur le plus grand idéal nilpotent de l’algèbre de Lie 
de G qui se déduit de la représentation adjointe de G. Désignons par p la 
différentielle de P. 


THÉORÈME 3. Soit G un groupe algébrique résoluble d’automorphismes 
dun espace vectoriel de dimension finte sur le corps des nombres réels. Alors 
pour qu'u existe dans G un sous-groupe discret et uniforme, U faut et il suffit 
que le plus grand idéal nilpotent n de l'algèbre de Ine g de G admette une 
base rationnelle 8 telle que les deux conditions suivantes sotent satisfaites. 


1) Soit N le sous-groupe analytique de G correspondant à n, et soient 
K et f le plus grand sous-groupe compact de. N et son algèbre de Ite. Alors 
la base 8 est adaptée à la série normale n, T, {0} den. 


2) Si on considère P(G) comme un groupe de matrices par rapport à 
8, P(@)? est untforme dans P(G). 


‘Trtoriur 3. Soit G un groupe de Lie résoluble à un nombre fini de 
composantes connexes. Supposons que l'image de l'algèbre de Lie g de G 
par sa représentation adjointe soit algébrique. Alors la conclusion du 
Théorème 2 est aussi valable pour G. 


Le Théorème 3 est contenu dans le Théorème 3’ en vertu du Lemme 5. 
On peut supposer sans restreindre la généralité que G est connexe. La démon-. 
stration procédera en plusieurs étapes. 


1°) Supposons d’abord qu’il existe dans G un sous-groupe discret et 
uniforme D. Soient @ le revêtement universel de G, D l’image réciproque 
de D dans Ë et N le plus grand sous-groupe analytique distingué et nilpotent 
de @. Alors DON est uniforme dans N par le Théorème M. En vertu du 
Théorème 1, il existe un système libre de générateurs ta,’ +, Ur, Dy’ °°, In 
de D dont la partie z,,- - :,æ, forme un système libre de générateurs de 
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DON tel que, si l’on pose q; == exp X; (1<i<n), les éléments X,,- © -,X, 
constituent une base rationnelle 8’ de l'algèbre de Lie n de N adaptée à la 
série centrale décroissante de n. On considérera désormais tout endomorphisme 
de l’espace vectoriel n comme une matrice par rapport à 8”. 


2°) On a la relation exp Adw(X;) uote [lasse où les ayx sont 


des entiers. Puisque N est nilpotent et simplement connexe, Adu(X;) est 
une combinaison linéaire de X,,: - -,X,, à coefficients rationnels par le Lemme 
1. Les martices Pu, (1<i<%r) sont donc des matrices rationnelles. Par 
suite P(D) est contenu dans GL(n,Q) et P(@)® est uniforme dans P(@). 


3°) Soit H la composante irréductible de l’élément neutre de l’adhérence 
algébrique de P(@)@ dans GL(n,Q). HE désigne comme d'habitude Pad- 
hérence algébrique de H dans G@L(n, R). Alors P(G) N HR est uniforme 
dans P(G). D’un autre côté, HR est contenu dans l’adhérence algébrique de 
P(G) dans GL(n,R) dans laquelle P(@) est d'indice fini. Done P(G)N HR 
est d'indice fini dans HR. Puisque P(G) et H sont commensurables, P(G)* 
et H? le sont aussi. Par conséquent, si on démontre que H* est uniforme 
dans HR, P(G)?N HZ sera uniforme dans P(G) N HR, et donce P(G)* sera 
uniforme dans P(@). Il suffit donc de démontrer que HZ est uniforme dans 
HR, oit S un Q-tore maximal contenu dans H. Alors il suffit de démontrer 
que S* est uniforme dans SA, 


_ 


4°) Soient P; les représentations de @ sur les espaces @**(n)/6*(n) 
(1S45s) deduites de la représentation P, et soit Po la représentation somme- 
directe de P,,- © +, P} Pour un élément x de G, on a: 


0 Pa (a) | 0 


P(x) == ” | , Por) — 


P, (T) 











P, (T) 0 P,(z) 








Supposons que les éléments Xai, ` *, À, forment une base de #*(n), où 
Ome a(O) <-> ++<Ca(s)—=n. Si a(i—1) <ja(t) et si west un élément 
de D, on a la relation de congruence 


ka (i) 
ucts: JT] a, mod @*(N). 


kea(i-1)+1 
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Puisque-le groupe 6**(N)/6*(N) est commutatif, on obtient la relation 
| k=a(i) | 
Pau(X;) = 2 edn, 
k=a{(4-1)+1 


` où les a, sont des entiers. Donc Pi est une matrice entière de déterminant 
+ 1, de sorte que tout élément de P,(D) est une telle matrice. P,(@)? est 
done uniforme dans Po((). 


5°) A représentation P, ge factorise comme user où ® est une 
représentation de P(G@). © donne par la manière naturelle une représentation 
de HR, laquelle nous désignerons encore par 6. Puisque P(G)@ et H sont. 
commensurables et que P(D) est contenu dans P(@)®, HMP(D) est d'indice 
fini dans P(D). Donc &(H) N P,(D) est d'indice fini dans P,(D). Puisque 
Po(D) est uniforme dans Po(@) et que P(G) N HR est d'indice fini dans 
HE, &(H) NP,(D) est uniforme dans $(H)R. Puisque le noyau de Po 
contient Ñ, (H) —&(8). Par le Lemme 7, la représentation ® de S est 
équivalent à la représentation identique de S sur le corps des nombres 
rationnels. Done le Lemme 8 entraîne que 87 est uniforme dans SF. On a 
done vu la deuxième condition satisfaite. 


6°) Soit f Phomomorphisme canonique de X sur N. Le rang du noyau 
de f est égal à dim K. Le noyau de f est donc contenu et uniforme dans le 
sous-groupe analytique de G correspondant à f, et par suite D N K est uniforme 
_ dans À. Il existe donc un système libre de générateurs ynu’ * ‚m de DNE 
tel que, si on pose yı == exp Y; (t+1S1iS& n), les éléments Yus’, Ys 
forment une base de f. D’un autre côté, (DNN)K est fermé dans N et il 
existe un système libre de générateurs yı*,* - ',4y;® de (DNN)K/K. Soit 
yı (14S t) une image réciproque de y,* dans DN Ñ, et soit Y; (1SiSt) 
Vélément de n tel que y, = exp F4 Alors les éléments y,,: - -, 4, forment un 
système libre de générateurs de DNN et les éléments F,- - +, Y. forment 
une base 8 de n adaptée à la série normale n, ¥, {0} den. Puisque æ,: - -, 2. 
est un système libre de re de DN Ñ, l'élément y (1<i<n) s 


représente sous la forme Tape, où les a sont des entiers. En vertu du 
Lemme 1, on obtient la “hs F; = > bX p où les b; sont des nombres 


rationnels. Les deux bases 8 et 8’ me cn liées par une transformation 
rationnelle, Nous considérons maintenant tout endomorphisme de n comme _ 
une matrice par rapport à 8. En vertu du Lemme 8, P(@)? est uniforme 
dans P(G) aussi pour 8. On a donc vu toutes les conditions voulues satisfaites. 
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7°) On se propose maintenant de démontrer la réciproque. Soit 3 le 
centre de n. Il est A remarquer que 3 contient f et que 3 est le noyau de p. 
On peut supposer par le Lemme 8 que notre base rationnelle 8 = {X,t t, Xr 
Zu © °, 2, est adaptée à la série normale n, 3, T, {0} de n et que les éléments 
Za% ",2s forment une base de 4 telle que les éléments exp Z (15153) 
engendrent un sous-groupe dicret du centre Z de N. Désignons par n? l’algèbre 
de Lie sur Q formée des combinaisons linéaires des membres de 8 à coefficients 
rationnels. Le centre 32 de n? est alors l’ensemble des combinations linéaires 
de Z:,° © +, Z, à coefficients rationnels. Soient H la composante irréductible 
de l’élément neutre de l’adhérence algégrique de P(G)@ dans GL(n,Q) et 
H = S- H, une décomposition de Chevalley de H. Puisque les matrices de 9 
sont toutes semi-simples et qu’elles transforment Z° sur lui-même, il existe 
un sous-espace m? de n? tel que n? se décompose en somme directe de me 
et de 32, et que m? soit stable par S. 


8°) H, est uniforme dans HR d’après la Proposition 18 de T. Ono [8] 
et notre Lemme 2. Puisque H,* est un groupe de Lie nilpotent connexe et 
simplement connexe (voir Corollaire 2, p. 125 de [1]) et contenu dans P(@), 
il existe des matrices unipotentes rationnelles Y,*,- : -,Y,* telles qu’elles 
forment une base de p(n?) et que les éléments y;* exp Ft (1=Si=r) 
constituent un système libre de générateurs de H,2. Soit Y, (1Æ=1i<r) 
l’élément de me tel que p(Y;)—=Y,*. Alors les éléments Y,,---:,Y,, 
Zu‘ © `, Za forment aussi une base rationnelle 8’ de n. 


Soit y, == exp Y, dans G. On a la relation y;*yj*y* si ypt (151, 
jr), d’où la relation: ayer = (Lynn, vy étant un nent de Z. 
Il suit du Lemme 1 et de la stones de la base 8’ que vy est de la forme 
exp © bn, où les bj; sont des nombres rationnels. Soit p un dénominateur 


commun des bi, et posons Z’,== (1/p)Zr et Zg = exp Zr Alors vy est de 
la forme 


3 
II ee, 
k=l 


ou Cyx sont des entiers. Tl en résulte que les éléments ¥,,° °°, Yn Zus" -,#, 
engendrent un sous-groupe dicret et uniforme dans N. 

9°) D’après le Lemme 6, g se décompose en produit semi-direct d’une 
sous-algébre commutative a et de n. Alors G== AN, où A est le sous-groupe 
analytique de @ correspondant à a. Désignons par Py la restriction de P à A. 
Le noyau de P4 est discret et Pa (4) =P(G) N 8E. Soit wit, : -,u* un 
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système de générateurs de SZN P(G) et soit u (1151) une image 
réciproque de 14% par Py. Soit encore Un’ * `, ts, UN système de générateurs 
du noyau de Py. Il est alors facile à voir que les éléments t, + `, Um ongen- 
drent l’image réciproque Da de S*MP(G) par Pa, qui est un sous-groupe 
discret et uniforme dans A. 


10°} Soit M l’ensemble des éléments de N de la forme exp X, où X € m. 
D’après le Lemme 9, tout élément de N peut s’écrire dans une seue façon 
comme le produit d’un élément de M et d’un élément de Z. En vertu de 
invariance de m sous les opérations de S, élément wyyur' =e exp Pu, (Y,) 
(1sSıSm1=7j=r) appartient à M. Dun autre côté, on a la relation 
yy; us — Ty, Fee, d’où la relation: wyyag? = [I yk: vy, vy € Z. 

- Ki ki 
Par le Lemme 1 et par la rationalité de la base Yat - +, Yn Zut Zn 


r r å . 

TT yx? est de la forme exp( © bin Ye + D Cid’), où les bix et les Cigg sont 
4 =i k=l 

des nombres rationnels. 


Soit q un dénominateur commun des Cyr, et posons Z’y (1 /q) 2's 
8 8 
# yen exp Z” On a alors exp $, Cyr r = [[ 244, où les di sont des entiers. 
k= ket 


L’expression [] y* (exp > bin Vx) (I7) fournit une décom- 
position suivant N — MZ. En vertu de l’unicité, on obtient que vy = [J 7 rtm. 
On a en plus: 


ug” ut = exp Puy (Z”;) = exp(1/pq) Pus (Zy). 
Puisque Pu, est une matrice entière par rapport à la base 8, on a Pu,(Z;) 
m2 >) Gr, OU les ayy, sont des entiers. On obtient done we” py? = II of! O45 m, 
k=1 ka 


11°) Soit Dy le sous-groupe discret et uniforme dans N engendré par 
les éléments 4:,° © ",ÿr, 21,° t,e Posons enfin D le sous-groupe de G 
engendré par Di et Dy. Alors les règles de commutations entre des générateurs 
de D décrites dans 8° et 10° montrent que D==D,Dy et que D est discret. 
De l’autre côté, le Lemme 2 implique que D est uniforme dans G, ce qui achève 
la démonstration du Théorème 3’. 


COROLLATRE 1. La condition 2) du Théorème 3’ peut se remplacer par 
les deux conditions suivantes. 


8) (P(G)®)® est uniforme dans l’adhérence algébrique de P(G) dans 
GL(n,R). | | 
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4) Soit H la composante irréductible de Vélément neutre de Vadhérence 
algébrique de P(G) dans GL(n,Q). Alors H n’admei pas de caractère 
rationnel non-trivial, 


C’est une conséquence immédiate du Théorème 3’ et du Théorème 2. 


COROLLAIRE 2. Soit G* Vadhérence algébrique de P(G) dans GL(n,R) 
et soit G* == 9+. GQu* une décomposition de Chevalley de G*, Alors la 
condition 2) du Théorème 3’ peut se remplacer par les deux conditions 
sutvantes. 


5) Hy, est algébriquement dense dans Gu". 
6) rang X(S*) — rang 8*7. 


Supposons en effet qu’il existe dans G un sous-groupe discret et uniforme. 
Puisque @,* est un groupe de Lie nilpotent connexe et simplement connexe 
et que (P(4)2)R est uniforme dans @*, H, est algébriquement dense dans 
G,*. Puisque HR est uniforme dans @* et que X(S*) — X(4)*, le Lemme 
2 et la Proposition 6 entraînent la condition 6). 

Si réciproquement les deux conditions sont satisfaites, le Lemme 2, la 
Proposition 6 et la Proposition 18 de Ono [8] impliquent que 7? est uniforme 
dans GA, ce qui démontre le Corollaire 2. 


4. Structures kählériennes. 


LEMME 10. Sow V un espace vectoriel de dimension finte sur le corps 
des nombres réels, et soit F une famille linéaire commutative formée de trans- 
formations linéaires semi-simples de V. Si F transforme V sur lui-même, 
tl existe un élément X de F tel qu’il transforme V sur lui-même 


Soit V == V, +: -+ V, une décomposition de V en somme directe de 
sous-espaces simples. Alors dim V; est 1 ou 2, et il existe des éléments X; 
(ists) de $ tels que X,(V;) — Vy On peut alors trouver une com- 


binaison linéaire X = > &X, telle que X (V) =F. 
ta 
THÉORÈME 4. Soit G un groupe de Lie résoluble connexe et simplement 


connexe. Pour qu'il existe dans G un sous-groupe commutatif discret et uni- 
forme, tt faut et tl suffit que les trois conditions suivantes soient satisfiaites : 


1°) l'algèbre dérivée g’ de Valgébre de Lie g de G est commutatiwe ; 


2°) a existe une sous-algebre Ÿ de g telle que g se décompose en produit 
semt-direct de h et de g'; 


12 
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3°) Pimage de G par sa représentation sur l’espace g’ dédutte de sa 
représentation adjointe est compacte. 


Dil en est ainsi, i suit de là que: 


(i) le plus grand idéal nilpotent n de g est commutatsf, et n se décom- 
pose en produit direct de g’ et du centre de g. 


(ii) la série centrale décroissante de g se termine avec g; c’est-à-dire, 
[gg] =g. Done g est de dimension paire. 


Supposons d’abord les trois conditions satisfaites. Soit H le sous-groupe 
analytique de @ correspondant à h, et soit la représentation de H sur l’espace 
g déduite de la représentation adjointe de G. ‘Alors le noyau de @ est 
uniforme dans H d’après la condition 3°, et il existe une base Y,,-- -,X, de 
h telle que ® (expX,;) 1 pour 1S+Ss. Prenons du: reste une base 
Agi’ Xn de g. Alors les éléments exp #4 (1=1=n) engendrent un 
sous-groupe commutatif discret et uniforme dans @. 

Supposons ensuite que @ contienne un sous-groupe commutatif discret 
et uniforme D. Désignons comme toujours par P of p respectivement les 
représentations de Œ et de g sur n qui se déduisent de leurs représentations 
adjointes. Soit N le sous-groupe analytique de @ qui correspond à n. DOWN 
étant uniforme par le Théorème M, N est commutatif par la Proposition 4. 
Il existe une base X,..,°°°,4, de n telle que. les éléments exp X, 
(r<i& n) forment un système libre de générateurs de DMN. Pour tout 
élément z de D, on a la relation exp Adz(X,) = zur" mm T; = exp X, et par 
suite Adz(X;)=—X; Donc P(D)—{1}. De Pautre côté, P(N) —{1} 
puisque N est commutatif. P(G@) s’identifie donc à limage d’un espace 
compact G/DN par une application continue, ce qui implique que P(@) est 
compact. Soit @* le dernier terme de la séries centrale décroissante de G. 
Alors le groupe D@*/@* est un sous-groupe commutatif uniforme dans le 
groupe nilpotent simplement connexe G/G®°. Donc @/@” est commutatif, 
ce qui implique que [g, g ] — g’. Ce fait avec la semi-simplicité de la repré- 
sentation p nous donne la décomposition de n en produit direct de g’ et du 
centre de g. 

Les éléments de p(g) restreints à g’ forment une famille linéaire de trans- 
formations linéaires semi-simples de g’, et en plus elle transforme g’ sur lui- 
même. Il existe d’après le Lemme 10 un élément L de g tel que [1,9] = g. 
Soit D le centralissateur de L dans g. Il est évident que b N g = {0}. Six 
est un élément de g, il existe un élément Y de g tel que [L, X] — [L,Y]. 
Done X-~Y appartient à h, ce qui dit que g est la somme directe des sous- 
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espaces h et de g’. Si X, Y sont des éléments de h, on a la relation 
CL, [X,Y] ] {[L,X],Y]—[{L, FI, X]—0. Donc 5 est une sous-algèbre 
de g. En plus, ý est commutative puisqu’elle est isomorphe à g/g’. Le 
Théorème 4 est donc démontré. 


COROLLAIRE. Les notations étant celles du Théorème 4, on peut prendre 
une base I, (1Z1<r) de h et une base A, By (1=3j<t) de g de telle 
sorte que l’on att les relations de structure [L4, Aj] =— ayB, [Ly By] = — ydy, 
où ay sont des entiers. 


Remarque. Soient G, N, Z et Zo respectivement un groupe de Lie 
résoluble connexe et simplement connexe, le plus grand sous-groupe analytique 
distingué nilpotent de @, le centre de ( et sa composante connexe de l’élément 
neutre. On a alors l'inégalité suivante [9]; 


rang 7/7, = dim G— dim N. 


Il est donc évident que pour le group dans.le Théorème 4, le rang en question 
est égal à dim G@— dim N. 


Lemme 11. Soit G un groupe de Ine nilpotent connexe de matrices 
réelles. St G contient un sous-groupe ORNE et uniforme, G est lui-même 
commutatif. 


Il est bien connu que @ est le produit direct du plus grand sous-groupe 
compact K et d’un sous-groupe connexe et simplement connexe A. Soit D 
un sous-groupe commutatif et uniforme dans G. DK/K est un sous-groupe 
commutatif et uniforme dans G/K. La Proposition 4 implique done que @/K 
est commutatif. À étant isomorphe à @/K, G est lui-même commutatif, ce 
qui finit la démonstration. 

Le Théorème suivant est dû à J. Hano [2], qui n’y est d’ailleurs pas 
explicitement mentionné. 


THEOREME H. Soit Gun groupe de Ine unimodulatre connexe et simple- 
ment connexe de dimension paire. Pour que G admette une structure 
kählerienne invariante à droite, il faut et il suffit que les conditions suivantes 
sotent satisfaites : 


1°) l'algèbre dérivée g de l'algèbre de Lie g de G est commutative; 


2°) 4 existe une sous-algebre h de g telle que g se décompose en produit 
semi-direct de h et de g'; 
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3°) Vimage de Q par sa représentation sur g dédutte de sa représen- 
tation adjointe a Vadhérence compacte dans GL(g’); 


4°) la série centrale décroissante de g se termine à g. 


On obtient trivialement le corollaire suivant du Théoréme 4 et du 
Théorème H. 


COROLLAME. St un groupe de Lie résoluble connexe et simplement 
connexe de dimension paire contient un sous-groupe commutatf discret et 
uniforme, il admet une structure kählerienne invariante à droite. Si en 
particulier G est unimodulaire et si l’image de G par sa representation sur 
l’espace g dédutte de sa représentation adjointe est fermée dans GL(q’), 
la réciproque est aussi vrate. 


THÉORÈME 5. Soit G un groupe algébrique résoluble d’automorphismes 
d'un espace vectoriel de dimension finie sur le corps des nombres réels. Alors 
les conditions (a) et (b) ct-dessous.sont équivalentes. St en particulier la 
dimension de G est paire, elles sont équivalentes à la condition (c). 


(a) G contient un sous-groupe commutatif discret et uniforme; 
(b) G satisfait aux trois conditions dans le Théorème 4; 


(c) G est ummodulaire et admet une structure kählerienne invariante - 
à droite. | 


Remarquons d’abord que l’image de G par sa représentation sur g 
déduite de sa représentation adjointe est fermée dans GL(g') par le Lemme 5. 
Désignons par Ge la composante connexe de lélément neutre de @ et par G 
le revêtement universel de Gp. 

Supposons d’abord la condition (b) satisfaite. Alors @ satisfait aussi 
à (b). Soient H et H les sous-groupes analytiques correspondant à h dans G, 
et Ẹ respectivement ; et soient Z et Z, le centre de G et sa composante connexe 
de l’élément neutre. Puisque rang Z/Z, ne peut pas dépasser dim g — dim n, 
Z doit être contenu dans H. Donc H est fermé dans G. Alors notre argu- 
ment dans la démonstration du Théorème 4 reste valable sans aucune modifica- 
tion, et (b) entraîne (a). 

Supposons ensuite la condition (a) satisfaite. On peut supposer que Go 
contient un sous-groupe commutatif discret et uniforme D. Soit N le sous- 
groupe analytique de @, correspondant à n. Le Théorème M dit que DON 
est uniforme dans N. N étant un groupe nilpotent connexe de matrices 
réelles, le Lemme 11 implique que N est commutaiif. On voit alors facile- 
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ment que P(G) est compact, comme dans la démonstration du Théorème 4. 
Soit G® le dernier terme de la série centrale décroissante de G. Puisque G 
est algébrique, G® est aussi algébrique (voir [1]) et donc fermé dans G. 
Alors le groupe DG*/G® est un sous-groupe commutatif et uniforme dans 
G/G*, Puisque @/@* est isomorphe à un groupe algébrique nilpotent de 
matrices réelles (voir [1]), le Lemme 11 implique que G/G* est commutatif, 
ce qui entraîne que [g,q’] =g. Le reste de la démonstration est tout à fait 
le même que la dernière partie de celle du Théorème 4 Donc (a) entraîne (0). 
Supposons enfin la dimension de @ paire. La condition (c) équivaut à 
dire que @ est unimodulaire et admet une structure kählerienne invariante à 
droite. Alors le Théorème 4 et le Corollaire du Théorème H établissent 
équivalence de (c) et (b). Le Théorème 5 est donc démontré. 


5. Une construction d’une variété abélienne. ‚On se propose main- 
tenant de construire une variété abélienne à partir d’une structure kählérienne 
invariante à droite sur un groupe de Lie résoluble connexe et simplement 
connexe, Soit G un tel groupe et g son algèbre de Lie. Une structure 
kihlérienne invariante sur G est donnée par une paire (J,B) d’une trans- 
formation linéaire J de g appelée la structure complexe de g et d’une forme 
bilinéaire symétrique positive non-dégénérée B sur gX g à valeurs réelles 
appelée la métrique kählerienne sur g, lesquelles satisfont ensemble aux 
conditions suivantes : 


Pe 

VX Vics I Ye a ee er ee 
B(JX, JY) =B(X,Y), X,Y €g, 

dK—=0, ` 


ou K(X, Y) =B(JX, Y) et K est considéré comme une cochaîne de degré 2 
sur g. 

Soit § le sous-espace de g complémentaire orthogonal à l’algèbre dérivée 
g’ par rapport à B. Alors 5 est une sous-algèbre de g, et g se décompose en 
produit semi-direct de h) et de g’ (voir [2]). Il existe donc une base L, 
(1515r) de ġ et une base 4, B; (1=7j<t) de k telle qu’on ait les 
relations de structure 


[ La, À;] = dB} [Li B;] = e lyd; 


où & sont des nombres réels, qui ne sont pas nécessairement rationnels. On 
désignera cette base par 8. 
D’après J. Hano [2], les sous-espaces § et g’ sont respectivement stables 
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par J. Done les restrictions de (J, B} à het à g’ donnent respectivement des 
structures kählériennes sur H et sur G’, où H et @ sont les sous-groupes 
analytiques de @ correspondant à h et à g’ respectivement. Nous montrerons 
d’abord que la variété kählerienne G se décompose en produit direct des deux 
variétés kählériennes H et Œ. 


Tout élément x de G s’écrit dans une seule façon sous la forme suivante: 
r t | 
amex ep0, Ida, Cm (wd, oB). 
= = 


Prenons deux bases de l’espace tangent à ( en z. La première est la 
translatée à droite de la base @ de g. Les fonctions définies autour de x 
seront considérées comme fonctions de n variables réelles définies autour du 
point (ds, © e En Us, Va, °°, Ut Ve). Leurs différentiations partielles par 
rapport à chaque variable forment la deuxième base. Remarquons ici que la 
deuxiéme base est adaptée & la décomposition de la variété G en produit direct 
des deux variétés H et G’. On obtient aisément la matrice de transition de 
ces deux bases: 





r 


sin a, COB Ay 


On obtient donc la décomposition de la variété kählerienne G en produit 
direct des deux variétés kählériennes H et Q’ 


Nous posons désormais les deux hypothèses suivantes : 


HYPOTHÈSE J. L'image de G par sa représentation sur g dédutte de 
sa représentation adjointe est fermée dans GL(g). 


Alors le groupe G est du type traité dans le Théorème 4, et donc on 
suppose que les constantes de structure ay de la base 8 soient toutes entières 
(voir Corollaire du Théorème 4). 
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HYPOTHÈSE II. La matrice associée à la forme bilinéaire K par rapport 
à la base B est rationnelle. 


Les éléments exp ?rL, (11221), exp À, exp By (1=7j<t) engendrent 
un sous-groupe commutatif discret et uniforme dans G. Nous le désignons 
par D. Sous ces hypothéses, nous allons montrer que la variété G/D sera 
munie d’une structure de variété abélienne déduite de la structure kählérienne 
sur G. 

D est le produit direct de DOH et de DOG. Puisque DOH est 
central dans G, la variété quotient G/D se décompose en produit direct des 
deux variétés H/DNH et @/Dn@. Donc la variété kählérienne quotient 
G/D est le produit direct des deux tores kähleriens H/DNEH et G’/DN Y. 

On considère H comme espace vectoriel et définit une structure complexe 
J de H par Js= exp 2X, où z=exp?rX, XEh. On définit une forme bi- 
linéaire # sur HXH par E(x,y)==— K(X, Y), où c= exp aX, y = exp rY, 
X,Y EH. Il est alors facile de vérifier les conditions de Riemann pour Æ, 
de sorte que H/D NH est une variété abélienne. Il en est de même de 
@/DN@. La variété G/D est donc le produit direct de deux variétés 
abéliennes. 

Exemple. Supposons que l’hypothèse I se vérifie pour G. Prenons la 
matrice unité pour matrice associée à la forme bilinéaire B et la matrice 


0 —] 
1 0 


pour matrice de la transformation linéeaire J, toutes les deux par rapport à 
la base 8. On voit facilement que (J,B) donne une structure kählerienne 
invariante à droite sur G et que l’hypothèse IT se vérifie. 
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A COMBINATORIAL GENERALIZATION OF THE 
ROGERS-RAMANUJAN IDENTITIES.* — 


By Basin GORDON. 


1. Introduction. The Rogers-Ramanujan identities (cf. [1], p. 290) 
state that 


(1) EA) (1— am) = Z a™/ (1—2) (1—2): (1m) 
and 


2) Zar) (aime) = X grm (1— a) (1—2) (IM). 


Identity (1) can be interpreted combinatorially as saying that the number of 
partitions of any integer N into parts not congruent to 0, + 2 (mod 5) is equal 
to the number of partitions of N == N, -+ Na LL... EN; with Vy = Nu + 2. 
Similarly, identity (2) says that the number of partitions of N imto parts 
not congruent to 0, +1(mod5) is equal to the number of partitions 
N wm Ni + Ny +: os + Ny with NE Nin + 2, N,=2. In view of Eulers 
identity 


T11/(1—2%) IT (1 +2") 


3 «© 
a = $, rmm) (1 — g) (1g): - - (1— 2) 
m0 

which says that the number of partitions of N into odd parts is equal to the 
number of partitions of N into unequal parts, one is naturally led to look 
for generalizations of (1), (2), and (3). It is tempting to suppose that such 
an extension would involve partitions of the form N == N, -+--+ N, with 
NZ Ni + d (d=3), and Schur [8] has obtained such a result for d=3. 
However, Lehmer [2] and Alder [3] have proved several non-existence 
- theorems about this type of generalization. On the other hand Glaisher [4] 
proved the following extension of Euler’s identity (3). 


Glaisher’s Theorem. The number of partitions of any integer N into 
parts not divisible by d is equal to the number of partitions of the form 
N = Ni He -+N, with N ZN. and NME Nua +1. 

We will obtain the corresponding extension of (1) and (2) by proving 


* Received January 3, 1961. 
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TIHROREM 1. The number of partitions of N into parts not congruent to 
0, #t(mod2d-+ 1), where 1 StS d, ts equal to the number of partitions 
of the form N =N, -+ 2 + Nr where N, = Nu NE Nugi + à, and 
Nein = 2. 


Alder [6] and Singh [9] have obtained an analytical generalization of 
the Rogers-Ramanujan identities to the effect that 


(4) IT 1/(L—2") 1+ È Pasm(2)/(1—2) 1-2”), 
n20,21(24+1) 


where the Pg:m(a@) are polynomials in z. Carlitz [7] has recently obtained 
an explicit formula for these polynomials when ¢==1 or t==d. I have not 
been able to show directly that the right hand side of (4) is the generating 
function for partitions N = N, ++ Nx, where NZ Ni, NZ Nasa + 2, 
and N 4122 even in the special cases ¿= 1 and t= d. Theorem 1 suggests 
strongly that such an interpretation is possible. 


2. Proof of Theorem 1. The method of proof is similar to that of Schur 
[5] for (1) and (2). Denote by Fa(N) the number of partitions of the 
form N == N, +: + + N, where N = Nis, NE Naas +2, and Nein == 2. 


Put Fa;:(0) == 1, and consider the generating function ¢4(z) == SF (NV) 2%. 
n—0 


For example (x) and ¢22(z) are the right hand sides of (2) and (1) 
respectively. To prove Theorem 1 we must show that 


(5) pat (t) = I] (1 — xan) (1 — geararn-t) (1 — gleartyn-2a-aety (1 — g”), 
n=l 

since the right hand side of (4) is the generating function for the number 
of partitions of N into parts not congruent to 0, #t(mod2d-+1). In 
Jacobi’s identity 

I (1— g**) (1 + ge) (1 +g? tat) = 3 gs’, 

al — © 
take qu zit and gam=—-a? 4, This gives the identity 


IT (1 — za) (1 — gaat) (1 — zadH)a-2d-141) — > (— 1)72%0), 
=l p=- 0 


where a(v) = (d+ 4)? + (d—t-+ $)r. 
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It is therefore sufficient to prove that 


IT (1—2*) date) = (—1) 720. 


When the left hand side of (6) is expanded as a power series >» Ca (n)z”, the 


coefficients a can evidently be interpreted as follows: ie n = a, +: 
+ ax + bi +: - o LB, where 


(7) BE Gui fl, bad, bZ Oper +R deu. 


Then ca(n) = > (—1)#, the sum being extended over all such partitions. 
We will show wthat there is a 1: 1 correspondence between the class of all 
such partitions with k even and the class of those with k odd en when n 
has the form 


n= (d+ $) + (d—t+4)y (r=0, +1, £2). 


In this case we will prove that the class for which k==»(2) contains one more 
partition than the class for which k=£v(2). This of course proves that 
Ca(t)==-0 unless n—(d+4)-+ (d—it })v, in which case cu(n) 
== (— 1)"; the theorem then follows at once. 

As in [5], we write any partition satisfying conditions (7) in the form 
(A | B) = (a: "al," © + bz); if the a’s or b’s are absent from the partition, 
it is denoted by (-|B) or (A|-). For example if d== 3, t==1,n== 6, the 
partitions in question are (6 |—), (51 |—), (42 |-), (321|-), (412), (8112), 
(813), (2113), (214), (2122), (115), (1182), (18), (-|@), (138). 
It s convenient to call partitions satisfying (7) admissible, and to speak of 
them as even.or odd according as k ts even or odd. If both (a,--- az, | bi: - bi) 
and (@' * “ax |@b1° - -b;) are admissible, they are paired with each other 
as the first step in setting up the correspondence between even and odd par- 
titions. Thus in the above example we would have the pairs (6 | -) > (-] 6), 
(61 | -) <> (115, (42[-) © (214), (821 |-) © (2113), (412) (| 42), 
(81 | 2) <> (1182), (3| 38) «> (—| 83), leaving only (2 |22) without a mate. 

After this preliminary matching, we are left with the set 2 of admissible 
en (a - +b) such that neither (b,a,- > "ax | ba:  -d,) nor 
(a° * ‘ax | aba; - cbi) is admissible. Such a partition must ciearly satisfy 
b,<a,Xbait+1. We first subdivide A into the disjoint subsets %, 
(1 + d), where the partitions of WU, satisfy 


a, = 6. =— r == bpa = 6; + 1 om: “ sme bg + 1. 
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Here the usual conventions are made when i==1 or d, i.e. in W, we have 
a =b, Li. -=—ba,+1, and in I, a,b, "bg. We next 
define three characteristic numbers p, q, r for the partition (t4, *' `, ax | 51: +> bi) 
as follows: p — 43, q is the largest integer such that , — d3 = u — ta =' > > 
= gi — Ag = 1, and r is the largest integer such that ba- — bizia- = > 
— (rs) can) — brid-i) = 2, In the case of the sets 2, * © ss Mai there is a 
fourth characteristic number s, defined to be the largest integer such that 
din — biad) emt e e c Digt (8-3) (d-1) 7 Di arte) a) = À. For example if 
d == 8, then the partition (4| 4422) is in W,, and has characteristic numbers 
(4,1,2), while (43 | 431) is in X, and has characteristic numbers (3,2,1,1). ` 
Now let » be the minimum of the characteristic numbers of any given partition. 
We divide W, Ma into 3 classes, and Ma,- > +, Ma into 4 classes according 
to which characteristic number attains this minimum as follows (here 
2 Sı5d—1): 


A’: p=v, q] 2v, t 2r, 
A.” : vr>vg=,rZv, 
wa: p> yg >n t =y, 
Mg: p=r qr, try, 
Ma”: P >v, q È v, T =m y, 
Ma: 2 >v q=r,t >y, 
ii =v] Zrt Zy, 
U: P >r ql Èn Tt Zv s =r, 
M”: PDV,Q=r TES > y, 
Av: p>», q >r, Tys Dr. 


Thus in the above examples, (4 |4422) € Ma”, and (48 | 431) € W,”. We now 
Gefine 3 mappings U, V, W and their inverses as follows. If 
HET (a, ' ° "ür | bi, ` b € WL”, 


put Ur) = (a,—-1,a,—1,° + +, 0—1, anu’ ` ', amv | but t, bi). This 
always leads to a partition of Ye’ unless k == y and a,—-l=—y. Then since 
q =v and rZ r, r has the form 


d— 1 
(2v, 2y — 1, - pH ml l "+, Rv—], 
d— 1 d— I 


Rv— 8," * "y Ry — 8," Bess) 
and so n = 2r (2y + 1)/2 —v (v + 1)/2 + (d— 1) = (d + Hr + v/2. Con- 


versely if x € Wy’, then we can form : 


U~ (x) = (m +1, © +, aA lan © +, dea | Bay > +b) 
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and we get an element of W,” unless k=». Then, since sv, gv, r2», 
we have 


d— 1 
maa (2y — 1, 2 — 2, : : -v| 2vy—1,- +, &yv— 1, 
d— i d—1 


en u 
2y — 8, + +, 2v—8,---,1,-°-,1). 
Thus 


n = (2y— 1) PE ITNT (d— 1)? 
— (d+ 1/8. 


EreW (112 d—1) we put 
VG) Mag ie Oye di FE ER EN 
bares day tl t beroman +1,° °°). 
Then V(r) EW”. Conversely if + € Wu”, then 
VAG) aa E E EE RE peepee tye) 


is in W. However V(r) may fail to satisfy brm: 2. This happens if 
and only if +—d—t, n= (d +4)’ -+ (d—i+4)» and 


mes (2y, Rr — l, -, 
d— 1 t— 1 d— 1 
y-+1]| 2v,-- e, Ov, Qy— 1, ++, Qy—1,9v— 2, - +, Romo 


If rE MY (2<Si< d), we dene 


W (r) = (bi, a4 — 1: yay — 1, Gyr" ` ` dy | ba, ` tban bat 1, 
bay bean +1 tban $1,° °°). 


Then W (r) € W”. Conversely if r € W”, then 


W (r) = (aH l + Qa), ae | dy bat 7, 
beim] boao Li *) Ee. 


This time W- (r) will violate the condition brt =22 if and only if tt, 
n= (d+ 3)" — (d—t-+ 4)», 


and 
t-——1 d $ 
ae a TEE 
r= (3y — 1,37 — 2, ,v [2v—1,- > 2y — 1, Ry— 28, + +, 2v—2, 


p= 
(oo een 
Qv— 3, * -,2v—-3,° °°). 
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Thus the correspondence is 1: 1 except when n == (d+ 4)? + (d—t+4)y 
(v positive or negative), and for the surplus partition (a,,---,@,|61,--°, 51), 
k always has the same parity as v. This completes the proof of the theorem. 
As the proof is necessarily rendered obscure by the notation, we give an 
example of the above correspondence when d= 8, t = d, n==1]17, There are 
38 partitions altogether, and they are grouped in classes below, with the image 


of each partition written opposite to it. 


y 


ao rby eee sg = (a6) 
(531 | 44) (53 | 54) 
(521 | 441) (52 | 541) 
(51 | 4421) (5 | 5421) 
(4321 | 331) (432 | 431) 
(432 | 3331) (43 | 4321) 
Br KB ne er 
(53 | 441) (431 | 441) 
(52 | 442) (421 | 442) 
(52 | 4411) (421 | 4411) 
(5 | 4422) (41 | 4422) 
> Gay ge Gi 
wy (ala) —— a 
(51 | 542) (5 | 652) 
(51 | 5411) (5 | 5511) 
(4321 | 43) (432 | 44) 
(431 | 432) (43 | 442) 
(481 | 4311) (43 | 4411) 
(421 | 4321) (42 | 4421) 
A” None iv None 


In conclusion it may be noted that a similar extension of Schur’s theorem 
on partitions ([8], Theorem V, p. 495) can be given. This will be shown 


elsewhere. 
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A FAMILY OF SIMPLE GROUPS ASSOCIATED WITH THE  * 
SIMPLE LIE ALGEBRA OF TYPE (F,).* E 


By Rimeaak Rre. 


Introduction. In [4] the author constructed a family of new simple 
groups by applying to the Chevalley groups of type (G,) a method which 
was obtained by analyzing Suzuki groups [5]. In this paper, we obtam 
another family of simple groups, which also seem to be new,’ by applying 
the same method to the Chevalley groups (F4). The orders of the finite 
groups in the family are given by 


7(g—1) (¢ +1)(¢@—1) (g +1), 
where g == 27*#1, n—=1,2,8,° > 


The construction is based on a certain automorphism ® of the Chevalley 
group of type (F,) over a field of characteristic 2. The existence of such an 
automorphism is already suggested in [3, Exposé 24, pp. 4-5]. Our group 
turns out to be the group of invariant elements under the automorphism. 

Throughout this paper, we shall use the notation of [4, Section 1]. 


1. The root system of type (F,). The root system 3% of type (F,) 
consists of the 48 roots: 


(1.1) & tés été tét é) 


where: ij, kl=- +1,43, +3, +4; lil, [7], |[k|, |I| are distinct; 
uf for all 4. 
ne P be the additive group generated by 3, u Y == R&P the vector 


* Received September 13, 1960; revised February 21, 1961. 

1 This work was done while the author held a Research Asddelateahin: 1959-1960, 
of the Office of the Naval Research, U. 8. Navy. The content of this paper, together 
with that of [4], was announced in a lecture given at the American Mathematical 
Society Summer Institute on Finite Groups, Pasadena, California, on August 22, 1960. 

The author would like to express gratitude to J. Tita for his perusal of the manu- 
script and many valuable suggestions. 

s J. Tits informs the author that he has proved, by treating the orders of the finite 
groups by Artin’s method [6], that the finite groups in our family are actually new. 

3 The author learned at Pasadena that the idea of obtaining simple groups by using 
this automorphism was also conceived, independently, by Robert Steinberg. 
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space over the real number field R. Define the positive definite metric (é |n) 
of V by (&|&) 1, (&|&) —0 for i, j= 1,2,3,4; 147. Then one can 
verify that the number s(r) defined in [4, Section 1] can be written 
s(r) —2(s|r)/(r|r). Hence for the element w, in the Weyl group W 
of 3, we have w,(s) = s— (2(s|r)/(r|r))r for all s€3. From this it 
follows that W leaves the metric (£|n) invariant. By (1.1) one can see 
easily that (r|r)=1 or 2, and that (r|s)—=0 or +1 for any r,s€ 3. We 
shall write A(r) = (r |r). 

We shall prove a few lemmas which will be used later. 

(1.2) If r,s,r+s€ 3%, A(r) =A(s) —2, then A(r +s) == 2. > 

Proof. 


A(r +8) == (r-+$| r+ s) <= (r|r) +27] 8) + (6 | 8) 4+ 2(7| 8) == 1 or à. 
Then, since (r|s) —0 or + 1, we must have (r|s) =— 1, A(r+ 8) 2. 


(1.3) Tf r,sr+sex, A(r)—1, A(s)=2, then 2r+s€3, and 
A(r +s) == 1, A(2r + 8) = 2. 


Proof. Xr+s)=(r+s|r+s)=3+2(r|s)—=1or2. Since (r|s) 
=Q or +1, we must have (r|s)——1, Ar+s)—=1. Then A(r—s) 
—=3—2(r|s)—5. Hence r—s¢3. Then s(r)=%(s|r)/(r|r)=—2 
implies that 2r-+-s€ 3. We have A(2r+s)==442-+42(r[s) =2. 


Now, define the linear map y: V —> V by 
(Er) == €y t- a, Y (£2) == £; — É2, y (és) — č + ae y (és) == fy — 4. 
Then we have (cf. [3], Exposé 24, pp. 4-5) 


(1.4) There exists a permutation r—7 of order 2 of & such that 
y(r) =A(r)?, T = — fF, A(r)A(F) —2 for all re x. 

By the definition of y, one can see easily that y = V 2us, where ws is an 
orthogonal transformation (in fact, a symmetry) of the vector space V. 
From this and (1.4) we have 


(1.5) A(s) (F| 5) = ACF) (r| 8) for all r,s € 2. 
(1.6) w,(s) —wr(5) for all r,s€ 5. 
Proof. This follows easily from (1.6). 


(1.7) The map w>2H#—yowoy is an automorphism of the Weyl 
group W such that w,—w for all rex. 
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Proof. This is immediate from (1.6). 
(1.8) Ifr,s,r+s€ x, and#+ 5 ¢ %, then Ar) =A(s) = L,A(r + 8) ==2, 


Proof. Since F+ 56%, we have S{f) 20, (F 13) 0. Then by (1. 5), 
(r|s) 20. Now, (r+s|r+s)—(r|r) + 2(r |s) +(s|s)—1 or 2. Hence 
we must have Ar) ==A(s) —1, (r]s) =0,A(r+ 8) =2. | 


(1.9) Ifrex, A(r)=1,r 47E 3, then A(r-+ Ff) —=1 and r- f= 2r-+ F. 


Proof. Since A(F)==2 by (1.4), A(r+Ff)— 1 follows from (1.3). 
Then r--+f=—y(r-+7) =F 2r. 


(1.10) * The group Wt of all we W such that #=—w is of order 16, 
and consists of w(e,8,0), w(o,e, 8), and w(e,8,y), ¢8,y— +1, which are 
defined by: 

we, 8,00): | 

> ef Éo > bo, bg > fs, &, > 88, ; 
(co ,e, à): 

E> es, fo bs, ÉD 861, > béa; 
w(e, ô, y) : | 

é — $ (e(é + &) +8 (és + &)); 

Éa —> 4 (€(&, — &2) +8 (és — 4) ), 

És > $n (e(é + &) — 8 (é + &)), 

Éa > $n (e(&: — é) — 8 (és — &)). 


Proof. Let #—w. Since A(wé) — 1 for all t, we have wf, == + £; or 
Sa, where «= +1. If wé, = + é, then the property (wé | w&) —0 for 
1541 shows that all w are of the form +& Then by using the condition 
Yow=m wow one deduces easily that w = w (e, 8,0) or w(co,e,ô) given above. 
If wé, is of the form 4Xeaé, the same argument as above shows that all wé: 
have the same form, and from this one can deduce w == 10 (e, 8,7). 


2. An automorphism of the Chevalley group. The basis elements of 
the simple Lie algebra of type (F,) given by Cartan [1, p. 224] can be 
modified, by multiplying the coefficients +1 suitably, so that they satisfy 
the conditions in Theorem 1 of [2, p. 24]. If, however, the ground field K 
is of characteristic 2, then Cartan’s basis elements can be used directly to 
define the Chevalley group @ of type (F,) over K (see [4, Section 1] for a 
definition). 

` We shall write x(t), 24(8), im(t) to denote the elements z,(t), where 


t The group W* is actually dihedral. 
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r are, respectively, the roots given in (1.1). In this notation, we shall 
write ? instead of —1. Thus, for example, tœwv(t) denotes 2,(¢), where 
ra $(&-+&—&—&). This way of indicating roots which appear as sub- 
scripts will be applied to other symbols also. 

By the multiplication table given by Cartan [1, p. 224] and the formulas 
given by Chevalley [2, p. 26] one obtains the following expressions for the 
commutators (assuming that K is of characteristic 2): 


(z(t), aj(u)) =1, 
(a(t), tj (tu) ) = (tu) oy (tu), 
(2yj(t), Tyx(u)) = (tu), 

(2.1) (at), ru) ) = (tu), 
(y(t), rym(u)) = Tip (tu) m (tu*), 
(alt), tier (u)) = t (tw), 
(Tip (t), Timer (4) ) = 1, 


where (x,y) =a y"zy, and where all the other commutators of the form 
(x, (4),zs(u)) are 1. 


It is easy to see that (2.1), above, is equivalent to (2.2)-(2.5), below: 
(2.2) If 7,8€ 3, r+s¢%, then (2,(t),#,(u)) =1. 


(2.3) If r,8,r-+s€ 3%, A(r) —=A(s) —1, then (a (ê), z,(u)) = 2,,,(tu) 
or 1, according as A (r +s) — 1 or 2. 


(2.4) If r,sr+s€ 3, A(r) =A(s) = 2, then (2,(#), 2,(u)) = trs(tu). 
(2.5) If r,sr+sex, A(r)= 1, A(s) == 2, then 
(Er (E), Ta (U) ) = Trsa (tU) Torsa (PU). 
Now we shall prove 
(2.6) Let t— t? be an automorphism of the field K. 
Then, in (2.1), we can replace z,(¢) by 
Ey (t) = ap (AP) 
without losing the validity of the statements. 


Proof. Denote by (2.n’), 235, the statement obtained from (2.n) 
by the replacement x,(#) > Z(t). It suffices to prove that (2. 2’)-(2. 5’) are 
valid. 

We shall prove (2.2’). If #+5¢%, then (2.2’) follows immediately 
from (2.2). IEF+5E2, then by (1.8) (using f, 5 instead of r, s) we have 
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A (F) =A(S) = 1, A(F +5) = 2. Hence by (2.3) we have (z(t), rs(u)) —1 
from which (2. 2’) follows at once. | 
We shall prove (2.3). If A(r+s)—1, then 7+ f<=y(r+s) 
—=r+s€%. We have A(F) —=A(5) —2 Hence by (2.4), 
(E(t), Ee (u)) = (2r (t°), ce(u) ) 
== Tryg ( (tu)™) == Ëp; (tu). 


If a(r +s) —2, then fF F—=y(r+s) =2(r +8) ¢ X. Hence we obtain 
(Z. (t), 2e(u)) = 1 by (2.2). 
We shall prove (2.4). We have A(r+ s)==2 by (1.2). Hence 


QF 4 Warts) ae W(rts), + 5er+se2, A(FHS5)—1. Then by 
(2.3) we have 


(Tr (t), elu) ) = (2r (t°), re(u?) ) = Trsa ( (tu)®) = Era (tu). 

We shall prove (2.5). By (1.8) we have A(r +5) == 1, A (2r -+ 3) =2. 
Hence 2F-4- 25 = y (3r +8) =2 (2r 4-3). Thus #+5—2%r+s€3. Also, 
F+25—r—+s, Hence 

(E(t), Telu) ) = (ar (6°), (u) ) = (z(u), rl) ) > 


== (Tyr (U t) Tair (129129) as 
a (Lares (ut?) Trig (ut) is 
a Erra (ÉU) Earra (CU). 


Thus the proof of (2.6) is complete. 
Using (2.6), above, and proceeding as in [4], one can prove 


THEOREM 2.7.5 If K ts a perfect field of characteristic 2, and tf t— t 
is an automorphism of K, then the Chevalley group G of type (F,) over K 
admits an automorphism æ— 2 such that 


z(t)" = 27 (AN) 
for al r€ $ and tE K. We have 
h(x)? = A(X), 0, == wy 
for all xE X and r€ 3%, where X is defined by 
X (7) ELLE. 
s After the completion of earlier versions of this paper and [4], the author learned 


from Tits that the existence of the automorphism o was already mentioned in [9], p. 282. 
See also R. Steinberg [8]. | 
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8. Invariant elements. From now on we assume that K is a field of 
characteristic 2 and that K admits an automorphism ?— 1? such that 


(3.1) 267 ms 1, 
the right hand side being the identity automorphism.’ 


Let G be the Chevalley group of type (F,) over K and 2— 2° the auto- 
morphism of G given in Theorem 2.7. An element ze ( will be said to be 
o-tnvartant if m =z, 

We shall order the vector space V (and hence X) lexicographically with 
respect to the coefficients of &, a, és & Thus é= Meg > 0 if €540 and 
if the first nonzero number of ©, Ce, Ca, C4 18 positive. 

Let U (resp. B) be the subgroup of @ generated by z.(t) with r>0 
(resp. with r < 0). Denote by U (resp. %*) the group of o-invariant elements 
in U (resp. in %), and by G the group generated by U! and #1. Denote by 
§* the group of all o-invariant elements in §, the group of all h(x), XE X. 

First we shall consider Ut, We shall denote the roots in (1.1) by t, 47, 
ijkl, respectively, writing i for —i. The set of all positive roots in X is 
decomposed into the following 8 disjoint subsets: | 
E, = {2, 12’, 1, 12}, E, = {14, 1284’}, 

E, = (4, 34’, 3, 34}, By = {14’, 12374), 
Es = (12/84, 24, 1234, 13}, Ey = (28, 12’34}, 
Hi, = (12/84, 24’, 1284’, 18’}, Es — {23’, 12'3'4’}. 
The sets E,, Ea, Fa, and E, are of the form {r,7,r-+7,2r-+7}, while Es, Ke, 
E,, and EB, are of the form {r,7}, where r-+-F#¢%. Since ri Qr +, 
for E,’ > +, E,, one can see easily that, for each E, the group generated by 
Ta(t), 8€ E, tE K is mapped onto itself by the automorphism o of @ given 
in (2.7). For = {r,f}, A(r) =1, an element z,(t)zr(w) is o-invariant 
if and only if tw. For E= ({r,7,r+7,2r+ 7}, let x be an element in 
the group generated by all z,(£), se E, tE E. Then 
at — (2, (41) Dr (ta) Pap (te) Zarar (be) )? 

— LF ( 41%) Ty (1?) Dera? (15°) Tr+r ( 24°) 

B Ly (Ef) cr (t1 Err (tta -+ baf) Tarar (1129122 + 4320) 
by (2.5). Hence, by (8.1), æ°—#+ if and only if tı == taf, tg m= 10H + 7,9, 
Thus, if z is o-invariant, then z is written uniquely in the form 


2, (t") a(t) ei, 


(3.2) 


° It was discovered by Tits that K need not be assumed to be perfect if one considers 
an endomorphism n, instead of 6, of K such that #* —2. For the details, see [10]. 
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where $ = r + F, and where t, u€ K. The o-invariant elements obtained from 
each Æ; in the above manner will be called the o-invariant elements associated 
with Ey. 

Now we shall define the following o-invarlant elements: 


G1 (E) = La (t) Lax (t) £ (8), 
a(t) = Ts (U7) T4 (t), 

as (t) = Taargra (t) Loar (t), 

Xs (t) = D1 9'3'4 (1°) Tos’ (t) T128'4 (1) 3 
sera), 
a(t) = Tiyay (P) Ta (t)i (t), 
ar (t) = Tigga (P) T23 (t), 

a(t) mm Tioga (09) Tis (E), 

Xo (t) = Tioga (P) Tw (t), 

10 (t) = ne (P) Tilt), 

y+ (É) == Tiasa (t) Ts (t), 
Xia (t) = Ti (t) £12 (t). 


\We shall denote by A, the set of roots appearing in the above expression 
of at), and by min(A,) the minimum root in A. Thus, for instance, 
Ry, = {&, És — &, Ea}, and min (R) =. We can verify from the above that 
(3.3) min(#,) < min (Ra) <: -< min (Rio). 

We shall prove 


(3.4) If an element 


Ge Try (ty) Lry(ta) © Tru (tm) 


where all »,> 0, is o-Invarlant, then z can be written uniquely as 


T == Oy (thy) Aa (tle) * * * Oya (te) 


with we K. For any + such that t4 ># 0, any root in À; is a linear combination, 
with integral coefficients =: 0, of the roots rı,12,° ° 


"> Tm: 


Proof. By (1.2) of [4], we can assume without loss of generality that: 
Fi <<. LT CT, and that all &5<0. Since z is o-invariant, 


T === Dr, (f1) tr, (te) u ` EPn (im); 
where, for all +, “ 
(3.5) By mx AFD, 


"For an idea of avoiding the use of the elements a,(¢),° ©, a(t), see [10, section 
2]. The conjecture stated there was proved by Tits himself. 
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Let # be the minimum root in the set {Fu fa" © t, fm}. Then clearly.æ can 


be written in the form 
C= tn, (hT, 


where x’ is a product of elements z,(t) with r>*. Then by Lemma 6 of 
[2, p. 39] we have | 
(3.6) T == fy, ty == Fy, 
‘We can clearly write 

T = Tri (t1) Ur, (4) 2", 


where z” is a product of the elements z,(t) such that r is a linear combination, 
with integral coefficients = 0, of the roots 11, fa’ © -,m, and such that r >r, 
Now (3.5) and (3.6) show that there exists an a,(v) such that z == a,(v)y, 
where y is a product of the elements z,(t) such that r is a linear. combination, 
with integral coefficients = 0, of the roots 71,- + -,7 and such that r >r. 
Now we can proceed by induction on r,, which is clearly uniquely determined 
by x. If r, is sufficiently large, then (3.4) is clear. Hence by applying the 
induction assumption to y, we have | : 


Y == Gy, (ui): + Aka (tn), 
where kı <°- < kne Clearly k < k, (if u £0). Hence we conclude that 
x can be written in the desired form. 


The uniqueness part follows easily from Lemma 6 of [2, p. 39] and (3.3), 
above. The rest of (3.4) is also clear. 


(3.7) For any 1, 7, the commutator (æ (t), a;(u)) can be written as 
(x(t), a(t) ) = OE (Vx) Ok+1 (Ur) nz %s(Vı2), 


where min(A,) = min (W) + min (E). 


Proof. By (1.2) of [4] one can see easily that the commutator 
(a(t), a;(u)) can be written as []2,(t,), where r= min(R,) +min(R,). 
Hence (3.7) follows immediately from (3.4). 

Denote by Ut the group generated by a(t), amı (t), © +, a12(t), t€ K. 
Note that, by (3.4), the new definition for U is equivalent to the old one 
given at the beginning of this section. Also, set U“ {1}, Then from 

(3.7) one can derive 


(3.8) Lt 1<i<12 Lf xe, ye Ws, then (2,y) eu, 


For any element we W, define Il. to be the subgroup of U generated 
by all z(t) such that w(r) <0. If we W* (see (1.10)), and if w(r) <0 
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for some r € R, then by (1.7) we have w(r) < 0 for all re Ri In this case, 
we shall write w(R;) <0. We have | 


(8.9) If we W+, then every element in U, NU is written uniquely 
as T= Q (t) a(t) © -O12(42), where 40 unless w(R) < 0. 


Proof. This also follows immediately from (3.4). 


Now we shall consider the group %*. By considering negative roots 
instead of positive roots, one obtains, as generators of %*, the elements 
a’, (4), a(t), + *,@12(¢), where o,(t) is the element obtained by replacing 
every 4 by Z-r in the expression of a,(t). Thus, for instance, 


a’, (t) me Te (tf) £a (t) To (iR). 
We shall prove i 


(3.10) Let By— {r, F,r +r, 2r +f} be any one of Fy, Es, Bs, Ea given 
in (3.2), and let 
ay (t) == tr (#9) a (t) trr (t), 
ar (é) = Erir (t°) Tarar (t) 


be the o-invariant elements associated with E; If ¢540, then 


DCE) mm ay (E79) *h (X) ordre (E), 


where x is given by 


X = X7, 14-8 Xer47, 1 
Proof. We have 
rt) = erir) (W) © ara) (t). 


By (6.2) in [4], we have 


Learn ($) = Tarar (>) h (X1) werten (t>), 
where 


Xa = Xara? tt. 


Since, by (2.5), 


Berar) (47) Tarir (ET) Berar) (49) 
m= Tarar (67) Le (407) Tp (4207) 
= Torp (87) ay (6) op (EE) h (Xa) wr Be (t), 
where 
Xa == Xy t-e, 
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we have 
Ft) = Tarar (E) Le (4-1) op (£79) h (Xe) oper (t1) 
` D_ersF) (2°) h (X12) Wars? Zar (t) 
m= Dope (tt) Le (097) ap (E78) h (Xa) h (Xi © wr) w 
` Tp (Xa (F) TE) Berar) (Xa (T + F) ) worst Zarar (E+). 
~% K 2u+% 
~ (+7) n+ 
0 
-(2 +5) = 
FIGURE 1. 
We have 


Xa (F) =1, X(T HF) == t7, and X, ° wr = X, 
since wp(2r+#) om2r+7, Hence 


DRE) = Tarar (E) Dy (4+) ap (E) R(X) oF war? 
-Tp (220) Tr (48-1) Tora? (t+), 


where X is as given in (3.10). From this and (2.5) one can derive the 
desired result easily. Thus (3.10) is proved. 

Set t= 1 in (8.10). Then A(x)=1. Hence we have wrw € Œ. 
Hence by setting E, = E, Eo, Es, E, we obtain 


(3. 11) GA contain the elements 129'W12, gg’ Vga, We4W19, We4’W19". 


Now, any one of Es, Ee, Er, Es is of the form E; — {17,7}, where r -+ Fé 3, 
r—#f¢%. Hence if a(t) =z, (t )zr(t) (we assume that A(r) —1) are the 
o-invariant elements associated with F, then 


wrar mm a, (1) (L)a,(1) € A. 
Hence, by setting E = Es, a, Er, Es, we obtain 


` : 
(3. 12) G contains WyoR4'Wigg W199'4W14', W19's4Wog, W12/9/4'Wan’ 
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It can be easily seen that the elements 4,342, WarWas, Weeti3, Warlir, 
Dias Wis, Wisgi’, Wy2'3410g3, and Wigg Wag generate the group W2 defined 
in (1.10). Hence (3.11) and (3.12) yield 


(3.13) For every w€ W! we can take o(w) in Œ so that w (w)? == w (w). 
In what follows we shall take w(w) in G for all we W*, w(1) —1. 


Now we shall consider the group §* of o-invariant elements in §. As 
in Theorem 4.8 of [4] we have 


h(x)? == R(X), 
where X is defined by 
X(r) =x (4 (r) )? =x (P) .. 


Hence we can deduce easily 
(8.14) A(x) € $* if and only if 
X(é2) = X (é), x (Es) = X). 


If E= {r,7,7 +F, 2r -+ F} is any one of #,, Ea Es, E,, then by (3.11) 
we have h(x) € Gt, where x is given in (3.10). A simple calculation shows 
that if E= ÉE, then 


x), X (Ea) == t-22, X (bs) =X (é) = 1. 
On the other hand, if E; == E,, then 
X(é1) =X (f) = 1,  X(éa) =t, (Ea) = e. 
Since ¢ is an arbitrary element in K*, we have by (3.14) 
(3.15) ECG 
Now we shall prove 


(3.16) G is the group of all o-invariant elements in G. Any element 
ze @ is written uniquely as z=uh(xX)o(w)w, where we Ut, h(x) E$, 
we W+, w E Uy NU. 


Proof. By (1.13) of [4], any z&@ can be written uniquely as 
T= th (X)w(w)u’, where we U, A(x) EQ, we W, uw EU. Then 


TI mm UH (X) o (0) SE. 


Proceeding as in the proof of (5.16) of [4], we have £(w(w)) <=# and 
(Ue) == Ugs. Hence w(w) = h(x,)0(@) and wE Us. Therefore, if 2° =z, 
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then by the uniqueness we have us ==u, X==XXxX,, D==w, u =u’. Hence 
X= 1, xx. Now (3.16) follows from (3.13) and (8.15). 


4 The center of U. As a preparation for the proof of the simplicity 
of G*, we shall prove here that the center of 11! consists of the elements «,.(¢), 
tE K. In this section, we do not assume that K has more than 2 elements, 
although we will prove, in the next section, the simplicity of G* under that 
assumption. 

Let the groups W, U, - :,U% be as in the preceding section. By 
(3.8), Ut is clearly a normal subgroup of U". 

All the expressions for the commutators 


(a(t), ay (tu) ) = u (t) au) a(t) ay (u) 


used throughout this section can be derived easily from (2.2)-(2.5). 
Now, let 


C == a, (t1) de (te) me "Ara (tie) 
be an element in the center of W. 


We shall first prove fi=mt,—0. We have 


(4.1) ((),@0(u)) =1 (4541, 4) 
Note that (4.1) for += 8 follows from (3.7). Also 

(4.2) (a(t), o(u)) = a, (tu). 

(4.3) | (œa (t), Qio (t) ) = ay. (tu). 


Hence gio (u) "can (u) is equal to 
A (by) Aaa (tt) Oo (ta) aa (ta) Aa (te) Ore (Ep) Os (ts) a “Qaa (tio). 


Equating this to c, and noting that &ı:(t) is in the center of U, we have 
Xir (tiu) (thu) = 1. Hence tu = tu — 0 for all u€ K. Hence we obtain 
t, =m $, = Q, 


We shall prove t= 0. We have 
(4.4) (a(t), %(u)) == Í (1 = 2, 5, 6) 
(4.5) (as (t), a (0) ) = as (19u) ae (tu) ar (tu?) aa (4294402) 
Bo (1291,29) Oro (1) Oss ( £20+29,26+1 ) ; 


By (4.4), (4.5), above, we can easily compare ¢ (mod 11°) and as (u) "ca, (u) 
(mod U’), and obtain t == 0. 7 


A FAMILY OF SIMPLE GROUPS. 413 


We shall prove ,=0. By (4.4) and (4.5) we have 
| (a(t), as(u)) = qs (tu) = (mod 11). 
Combining this with 
(4. 6) (as (i), a3 (u)) = a, (tu) 
we can derive easily f, == 0. 


For the determination of f,,%,-  *, we need 


(4.7) (ae (E), Os (U) ) = as (tu) ay (tu) ai (do), 
(4.8) (a; ($), % (u) ) = ag (tu?) aio (tu), 

(4.9) (a(t), œa(u))==1 (i—8,9,10,12), 
(4.10) (a11 (t), %g (u) ) = a (tu). 


By (4.7)-(4.10), above, ag(u)-*cas(u) is equal to 
Zs (ts) Xa (toth) Og (ta) ae (tout?) ao (deu) are (deu) ar (tr) do (truth) 
` Gio (tr U) ag (ta) Go (to) ro (É10) Orr (t11) Ore (ttt) Org lti). 
Equating this with c and simplifying the relation by 
am OT En) = melde) 
(4.12) (aa (t), a: (U) ) = gu (tu) 
we obtain 


tu + tou2?—=0, tu + thut 0, hum, 
(tsu + tau”) f; -+ try + tju = 0 


for all u€ K. Hence we have ft; = tę == t, mt = Q. 


Now, simplifying the relation a,(u)-*ca,(w) =c by (4.11), (4.12), and 
(Gio(t), Gy (%)) = (u(t), &:(u)) == 1, we obtain t = 0. 

Similarly, simplifying the relation a(u)-ca,(u) =c by (i(t), & (1) ) 
— (œn (t), ag(u)) == 1 and 
(4.13) (ao(t), o (U) ) = &i (tu), 


we obtain ty == 0. 


Finally, simplifying the relation a,(w)"ca,(u) =c by (4.3) and 
(x(t), a(u)) = 1, we obtain to =0. Thus we have proved 
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THEOREM 4.14. The center of W consists of the elements a(t), te K. 


5. The simplicity of G. We shall prove the simplicity of G under 
the assumption that K contains more than 2 elements. If K contains only 
2 elements, then Gt is of order 2**-3°-5?-18 (see Section 6). The author 
does not know the composition factors of this group. 

First we shall prove a lemma which requires the above mentioned 
assumption. 


(5.1) If we Wt, ws41, then there exists an A€ * such that 
w(w)h = he (w). 


Proof. Since w(w)h(x)w(w)+—h(x’), where X is defined by x (r) 
=m X(w71(r)), it suffices to derive a contradiction by assuming that x(wr) 
==X(r) for all r€ X and all x such that h(x) € $!. 

If w= w(e,8,00) or w(m,¢,8) (see (1.10)), then w41 implies that 
w (és) sm £, OF w (1) == + & Then x(é)*—1 or X(É) = X(+ é). This 
is clearly impossible, since, by (3.14), X(£) and x(£&,) can be regarded as 
arbitrary elements in K*, and since K contains more than 2 elements. 

If w= w(e 8,4), then from X(wé) —x(£) and x(wé,) =X(&) one 
derives easily x, + z)" == X(¢1)Xx(és)” which is also clearly impossible by 
the reason stated above. Thus (5.1) is proved. 

Now we shall proceed to prove the simplicity of G+. Let H 4 {1} be a 
normal subgroup of @. By (3.16), H contains an element z == uhw(w) 541 
with u € Ut, hE H, and we Wt. If w 541, then, by (5.1), there exists A, € $! 
such that w(w)h, 4hywo(w). We have 14 2h27h,* €1'G10H. Thus we 
have proved that H contains an element z—=uhz£1, where u€ W, hE S. 
Suppose h—-h(x)41. Then H contains, for any t€ K*, 


Y = Loin (t) 2 2 (t) = a2 ( (X(f + &) —1)#) 
and 


y = Taa (t) Ttae (t) = aa ((X(És + é) —1)t)y7, 


where y” EU, the group generated by the elements a,(#),: © °, @&a (t), tE K. 
Hence if y =—= #/== 1 for all ¿€ K*, then by (8.4) we would have x(é + é) 
== X (És + £a) — 1, and hence by (3.14), X= 1, a contradiction. Thus we have 
proved that H contains an element 7541 in U. Suppose æ is not in the 
center of U'. Then there exists y € W such that the commutator (x,y) #1. 
If ze Us, then, by (3.8), (x,y) EU“ Hence H must contain an element 
1 in the center of Ut By (4.16), H contains a(t) with some t£0. 
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Then by considering h(x)aı.($)A(X)"! we see easily that H contains a:(t) 
for all te K. 

Since G contains »=u(w(—1,—1,0)) by (3.13), H also contains 
a 12(t) == Wo%2(t)wo? for all te K. Now, setting r= $Å: in (3.10), we have 
Gem a Hence by (3.10), H contains h(X)e212, where x is defined in 
(3.10) with r==¢. If t==1, then A(x) —1. Hence H contains wow 
and A(x) for all te K*. We have 


(5. 2) X(f) =E”, X), X(És) =X (é) == 1. 
Hence, for any u€ K and tE K*, H contains 


ts (u)h (X) as (14) 2h (X) — as (u) a, (tu) 
— thy (u + ttu) aya (ur (438-4 4 28-2) ) 


Therefore H contains &,(u-+12*u) for all uce K and tEK* Since 
1 + 129-4 0 implies t= 1, and since K. has more than 2 elements, it follows 
that H contains a,(¢) for all t€ K. Thus we have shown that H contains, 
for all ¢ and u in K, the elements ,(t)a.s(u), which are precisely the 
o-invariant elements associated with the set Æ, given in (3.2). 

Since w(o,1,1), w(1,1,1), w(1,—1,1) map Z, onto Ea, Es, E4, respec- 
tively, it follows from (1.6) of [4] and (3.13) that H contains all the o- 
invariant elements associated with E., Es, E, also. 

Now we shall turn to the o-invariant elements associated with the sets 
Es, ',Es. We have already seen in the above that H contains h(x) with x 
defined in (5.2). Hence H contains, for any u€ K and tE K*, 


I (X) Gro (6) R(X) ai (u) = ai (u + tu). 


Since 1 + = 0 implies t == 1 and since K contains more than 2 elements, 
it follows from the above that H contains a,)(¢) for all te K. Now, at), 
tE K, are exactly the o-invariant elements associated with the set Es. Since 
w(1, —1,0), w(o,1,1), w(—1,1,0) map Es onto Hy, Er, Es, respectively, 
we conclude, as above, that H contains all the c-invariant elements associated 
with the sets Hs, Er, and Bs. 

Thus H contains all the o-invariant elements associated with Æi, © - Es. 
This implies that H contains a,(t),- : °, @12(t), for all t€ K, since any a(t) 
is associated with some FE; Since G contains w)—o(w(—1,—1,0)), it 
follows that H contains A, (t) == %:(t)wo? for all t—1,- - :,12, and tE K. 
Therefore we have H —= Œ. Thus we have proved 
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THEOREM 5.8. If K possesses more than 2 elements, then the group Œ 
ts simple. 


6. The finite groups. Let K be a finite field of g== 2?" elements, 
where n—0,1,2,: - +. Then the automorphism t—> # defined by #== fm, 
where m == 2", satisfies 207==1. Hence the group (@ can be defined over K. 
We shall compute the order of G1. By (3.16), Œ can be partitioned into the . 
16 subsets: 


WHro(w) (Uy N W), 


where w runs over the 16 elements of W*. The order of W is, by (3.4), 
g’2, and the order of & is, by (3.14), (g—1)?. The order of Ue Ut is, 
by (3.9), q”, where n(w) denotes the number of indices # == 1,- - -,12, such 
that w(R;) <0. Hence the order of @ is 


(6.1) q*(q—1)? > gr, 
where the sum runs over all we W+. : 


We shall compute the numbers n(w), we Wt. Note first that if a(t) 
and a,(¢) are associated with the same set Er, then w(E,) <0 if and only 
if w(H;) < 0. In fact, it can be easily seen that, if w(r) < 0 for some r € Ey, 
then w(r) <0 for all re Er. For we W', define (w; E) =1 or —1 
according as w(r) >> 0 for all r€ E, or not. Then we have 


(6.2) n(w) = Š A—v(w;Ex)) + t 2 (rl; Bs). 


The numbers v(w;E,) can be computed easily by (1.10) and (3.2). We 
have 
The table of v(w; Hx) 


E EF, Es EF Hs Es Er Hs 
w(e, 5,00 ) € 8 


€ € € € € 
w(0,«,6) € ô § — ô —5 € —e 
we, 8,1) € € € € € € —e€ 
We D, —1) le —e § € € € —e€ € 


Hence by (6.2) we have 


n(w (e, 8,00 )) = 6 — 5e — 5» 0,2, 10, 12, 
n(w(%,68)) = 6— «— ô= 4,6, 6,8, 
n(w(e, 8, 1)) = 6 — 4e — ô == 1, 8,9, 11, 
n(w (e, 8, — 1) ) = 86 — 2e — ò = 3, 5, 7, 9. 
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Therefore >) g"(w) is equal to 


Leg + +R + go HR Ha rE reer FE rg 


= (g +1) (7 +1) (9° +1) (9 +1). 
Hence by (6.1) we have 


Taeorex 6.3. If K is a finte field of g—=2*** elements, where 
n—0,1,2,: + +, then the order of G* is gwen by 


g?(qg—1)(¢ +1) (¢*—1) (Cgf +1). 


7. Automorphisms of Gt. If t->? is an automorphism of the field 
K which commutes with 9, then there exists an automorphism p of G* such 
that a(t) > u(t), a(t) > g(t) for all ¿€ K and 4 We shall call p the 
automorphism of Gt induced by the automorphism t-> # of K. We shall prove- 


THEOREM 7.1. If K ts a finite® field possessing more than 2 elements, 
then every automorphism p of the group G can be written uniquely in the 
form p==pips, where pı is an automorphism induced by an automorphism 
of K, and where p, is an inner automorphism of A. 


Proof. Arguing as in the proof of Theorem 9.1 of [4], we see that 
we can assume (7.2)-(?7.5), below: 


(7.2) Qu) =, 

(1.3) least) Trick, 

(7.4) RGO h(x) for all k(x) € 9% 

(7.5) = h(X)e Where a —o(w(—1,—1,00)). 


Define the roots 14, 13,° - -,12 by setting nr if (ft) == z, (tf)xr(t) 
or if a(t) = 24, (t)r (tzar (t). Then the roots r,’ > -, 712 are respectively, 


34’ 84, 98’, 24,19’, 24, 23.13’, 14”, 14, 13, 12, 


where tj and 17’ denote &-}+ & and &-——£,, respectively. From the definition 
. of r we have i 


(7.6) h(x) a(t) h (x)= = a(x (r:)t) 


‘J. Tits remarks that the finiteness assumption seems to be dispensed with if one 
uses the geometric interpretation of the group @ given in [10]. 


2 
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for all h(x) € G1 and ¿€ K. Now fix an i and set 

| eu (EP me ty (£2) a (ED) + + «aa (402), 
Then by (7.4) and (7.6) we have 
(tet) (X (14) 4) =x (r) tO 


Hence if for the root r, there exists A(x) € 9! such that x() —1 and 
x(r;) #1, then we have #4) =— 0 for all t€ K. Using this, (3.13), and the 
assumption that K has more than 2 elements, we can deduce (7.8)-(%. 10), 
below: 


(7.8) If +541, 2,5, then ;(t)P == (ct), where c is a constant in K. 
(7.9) Both a,(£)? and a,(t)? are of the form a, (tı)as(t.). 
(7.10) as(t)* is of the form as(t,) a12(te). 


It can be verified easily by (2.1) that the center of the group generated 
by the elements a,(t), a(t), tE K, consists of the elements a,(t), t€ K. 
From this, (7.7), and (7.8) that there exists a constant cz in K such that 
Œa (É) == a (Cat) for all t€ K. Now take an element A(x) € §' such that 
x( + &) == Ca, and define an inner automorphism p’ of G* by z” = h{x)"1xh(x). 
Then a(t)” ==a2(t) for all t€ K, and all the statements (7.2)-(7.10) 
remain valid when p is replaced by pp’. Hence, for the proof of Theorem 7.1, 
we can furthermore assume 


(7.11) X (E)? == a(t) 
By (7.7) and (7.9) we can set 
a, (t)? = Qi (Crt) a (Pt), 
where c, and c’ are constants in K. Combining this with the identity 


Gy (tJa (u) =a, (t + U) ae (tu?) 
we obtain 


catty? + er + CUPL un 11420 + cd (t + u) 2041 


for all t, u€ K. By setting t==u-==1 we have &?™! == 1, c 1, Then from 
the above it follows that (tu + tu) ==0 for all t uec K. From this and 
the assumption that K has more than 2 elements we can derive easily c’ = 0, 
Thus a, (t)? =a, (t) for all t€ K. Similarly, we can prove a(t)? = a(t) 
for al ¿€ K. Thus 


(7.12) a(t)? = æ (t), Gis (2)? = as (t). 
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Now, applying p to the identity (4.7) and using (7.8), (7.11), and 
(7.12), we obtain Cs== Ce == Cr == Ce = Ca = C10 — 1. Similarly from (4.4) 
we obtain c;—1. Thus we have proved y—1 for all t. Thus 
(7. 13) a(t)? = alt) (t= 1,2, > +, 12) 

By setting rem é, & in (3.10) we obtain, respectively, 

Kult) rl) We! as (6); 

(u) = a, (uih o a (42-79) , 
where: à” =a o(w(—1,1,0)); o” —w(w(1,—1,0)); h’ is an element in 
§* which commutes with w” and the elements a,(t), {€ K; k” is an element 
in © which commutes with o’ and the elements a,(¢), t€ K. Since 
w(—1,1,0)w(1,—1,0) =w(—1,—1,0), we can assume ww” == wg 
=wo(w(—1,—1,0)). Then, since (a(t), as(u))=1, we have from the 
above, | 

Mau) aaa (E) = (ar (U8) ay (t8) ) hwa (102-79) as (02-78) 


with h==A/h’” € &'. We have from (7.5) 


(i'n (U) dia (E) )P = (wota (U) 12 (t) wo)? 

— Of" 9 (Xo (és + &) u) CEE (Xo (Es + É2) 14) 

== M hh (Xo) wot | 

== a's (u) Xia (tja og th (Xo) wol : 
where a == a, (u'*9)q,(¢+-#8). From this and the relations 

ooh (Xa)wo =A (X), WHN B= {1}, 
we can deduce easily A(x,) —1. Hence (7.5) yields 
(7.14) | E 
Since the group G@* is generated by w, and a(t), : :,a(t), tE K, we can 
conclude from (7.13) and (7.14) that p—1. Thus Theorem 7.1 is proved 
except for the uniqueness part. 
The uniqueness part, however, can be proved just as the corresponding 

part of Theorem 9.1 of [4], if one uses the fact that wo belongs to the group 


generated by the elements a,(1), &(1), &s(1), &2(1), @1(1), &a(1), a’s(1), ` 
&i12(1). Thus the proof of Theorem 7.1 is complete. 
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THE STRUCTURE OF FROBENIUS ALGEBRAIC ‘GROUPS.* 


By Davin Herrzia.* _ 


1. Introduction. A finite group @ is called a Frobenius group if it 
has a proper subgroup H which is “disjoint” from all of its conjugates 
(ie. Hat N HA {e} implies se H}. The set M == {G — ae) U {e} 

gE 


is then easily seen to be a normal subgroup, called the regular subgroup of G. 
The structure of M has been greatly studied and a long outstanding conjecture 
that M is necessarily nilpotent has recently been proved by J. Thompson [4]. 

In this paper we study the structure of Frobenius algebraic groups. 
An algebraic group @ is called a Frobentus algebraic group if it has a proper 
algebraic subgroup H such that for all ze G, zHr' N HS {e} implies z€ H. 
Denote M == {@— |] Hr} U {e}. This notation will be kept throughout 
the paper. _ 

The simple counting techniques of the finite theory are no longer avail- 
able and consequently the nature of the study of Frobenius algebraic groups 
is necessarily quite different from that of the finite theory. For example, the 
fact that M is a subgroup does not come out until quite late (Theorem 4). 
In the finite case this is proved by Frobenius using the theory of characters. 
For properties of finite Frobenius groups see [3]. 

The theory of algebraic groups is assumed. The reader is referred to 
[1] and [2] for the standard theorems and terminology. In particular, if 
G is an algebraic group, G, denotes the connected component of the identity 
element e; G, is a normal algebraic subgroup of finite index in G. A Borel 
subgroup of @ is a maximal connected solvable algebraic subgroup. A torus 
of G is a connected diagonalizable subgroup. The set of semisimple (i.e. 
diagonalizable) elements of G is denoted G,; the set of unipotent elements of 
G is denoted Gu. A unipotent group, i.e., one for which (== G,, is nilpotent. 
If a Borel subgroup of G is nilpotent then G is nilpotent; in particular if a 
maximal torus of G is reduced to {e} @ is nilpotent. In general p will denote 
the characteristic of the ground field. 

The author wishes to express his gratitude to Professor I. N. Herstein 
for suggesting these investigations as well as for many stimulating and helpful 
conversations. 


* Received August 18, 1960. 
+ The work of the author was supported by OOR Project, Contract No. DA-30-115- 
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2. Basic properties of Frobenius groups. For ge @ we define the 
rational map og: Q> Q by o,(z) grec". EN is a subgroup of G 
normalized by g then clearly o,(N) C N, and if N is a normal subgroup of G, 
oc, induces a map (still denoted og) og: G/N > G/N. 


Lemma 1. Let G be a Frobenius algebraic group and N D N, algebraic 
subgroups of G with N, normal in N and such that H normalizes N and N.. 
Then 


a) foral heH, he, op is injective on N sf and only if NOH = {e}; 


b) 4f or is injective on N and surjective on N, then on ts myectwe 
on N/N;; 


c) tf o, 4 surjective on N, and on N/N, then on is surjective on N. 


Proof. a) Letn€ NOH; then on(n) =e=o„(e), hence n=e6. Con- 
versely o,(m) =o (n) implies nhn == n’hn’ and so nn'Hnn N HS {e}. 
Therefore nn’ € H N N == {e} and n= w. 


b) Suppose o,(n) = o,(n’)n, with n, n E N, m EN, Then nnn E N: 
and so ninn =o (n) for some m,€N,. Therefore o,(n) —on(n’)n, 
= op (0 Nop (n i)n == 01(0/n/:). By hypothesis oa is injective on N , so 
n= nn and oz is injective on N/N.. | 


c) Let n€ N; then op surjective on N/N, implies n==o,(n’)n, with 
WeN, MEN; As in the proof of (b) there exists #”,€ N, such that 
n == oann). q.e. d. 


Lemma 2. Det G be a Frobenius algebraic group and N a solvable 
algebraic subgroup of G normalized by H. For REH, tf on 18 tnjective on 
N then o, is surjective on N. 


Proof. First suppose N connected. If N is commutative op is a homo- 
morphism of N into N and since o, is injective o,(N) and N have the same 
dimension, hence oa( N) =N. We proceed by induction on the dimension 
of N. Let N, be the commutator subgroup of N ; since N is solvable N, is 
of strictly smaller dimension and by the induction hypothesis e» is surjective 
on V,. By Lemma 1b o, is injective on N/N,, which is commutative, hence 
ox is surjective on N/N,. Therefore by Lemma Ic oy is surjective on N. 

In the general case, by what we have already proved o, is surjective on 
N, so by Lemma 1b oy is injective on N/N,, which is finite. Therefore ox 
is surjective on N/N, and applying Lemma ic we have op surjective on N. 

q.e.d. 
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Lemma 3. Let G be a Frobenius algebraic group and N «a solvable 
normal algebraic subgroup of G such that N N H = {e}. Let p be a rational 
representation of G with kernel N, G—p(G), H=p(H). Then G is a 
Frobenius algebratc group. 


Proof. Let 3€ G such that zË! N Ë {ë}. Then if &=p(z) there 
exist, h, hy € H, he, ha Æ e, and nE N such that thio = hn. By Lemma 
la or is injective on N hence by Lemma 2 øp is surjective on NV; let n = (1). 
Then zhyot = hin = htop (m) =n hn and so ny ean, N H {e}; 
therefore ny 12 € H and ž = p(n; x) € Ë. q.e d. 


Proposirion 1. Let G be a Frobenius algebraic group. Then HN Go 
— H, and if H ws not finite, Ho =T is a maximal torus of G, G, ts solvable, 
M = Oou and G= H- M. 


Proof. Suppose H is finite and let K =H N Go; if sE Ky, se, then 
s belongs to a maximal torus T of G. If c€ G, centralizes T, asa 
=s € HNzxHz* and zeK so that TCK and T == {e} which is impossible. 
Therefore K —K,; let uc K, use. Then u€ B, for some Borel subgroup 
B of G and since B, is unipotent it is nilpotent and consequently has a 
positive dimensional center Z. If tE Z, sux*==u€ HO tHe", hence s€ K, 
therefore ZCK which is a contradiction. Therefore K == H N Ge = {e} = Ho. 

We suppose then H is not finite, i.e, Ho z4 {e}. If se G normalizes H, 
then ve H and so H, is equal to its connected normalizer in@ If H, is 
unipotent it is nilpotent, hence is a Cartan subgroup of G, and G, == He so 
that G normalizes Ho hence G= H contrary to assumption that H is a 
proper subgroup of G. Therefore a maximal torus S of H, is s4 {e} and 
since $ is contained in a maximal torus T of @, and T centralizes S, TCH 
and T = 8. 

Let B, be a Borel subgroup of H, containing T and B a Borel subgroup 
of @ containing B, Then BOH, is a solvable subgroup of H, con- 
taining Bı, which is maximal solvable, hence B, =B N H.. Similarly, since 
(BNA) C Ho, By==BN Ho=(BNH)o. Therefore BB, Ho (Bu N Ho. 

Let x € Bu normalize B:,; then if Biu 4 {e}, ax N H Æ {e} and ge H, 
so that Biy is equal to its connected normalizer in B,. Since B, is a connected 
nilpotent group, it follows that B, == B,, and since B—T-B,, B=B,CH. 
Let ge Go; then gBg* is a Borel subgroup of @, and since any two Borel 
subgroups contain a common maximal torus, gHg> N H {e} and g¢ H, 
le. GoCH. Hence Gy-=H, and G= H contrary to hypothesis. 

Therefore B,,== {e} and B, = T so that H= T. Let K= HN G, and 
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suppose u€ Ky, u=£e. Then u€ By, for some Borel subgroup B of Ge and 
since B,=£<{e} the connected center Z of Bys{e}. Let EZ; since 
sur =u E H NrHrt, xE H, i.e. ZCH, hence ZCH, =T which is impos- 
sible since Z is unipotent. Therefore K„ == {e} and K =K, Let 3€ K, 
s=46; then s is in some maximal torus gTg> of G, and so sE H N gHg’. 
Therefore g € H and gTg> == T, i.e. s€ H, and K =H N Gi =e Ho More- 
over Ng(H,) CH and so Na, (Ho) CH N Go — Ho, hence Nea, (T) =T and 
the Weyl group of @, is trivial, i.e. Œ, is solvable. 

Let xe Q; sTo is a maximal torus of Ge, hence «Tr'==yT7Ty! with 
y E Go, and yt2¢ A so that G==GyH. Since Gw NHCG,NH—-H =T, 
Gy N H = {e} and G= Gw: H. 

By Lemma 1a, for all hE H, h>4e, o, is injective on Gou and so by 
Lemma 2, o, is surjective on Gou. Let g€ M, gs6e, g == hu, uE Go, AE H. 
IE he, u= opago) and g = gohgo* which is impossible. Therefore h == g 
and M CG. Conversely, since Gos H=={e}, Gun y zHx"=={e} and 
Gou CM, hence Goy = M. q. e.d. 

Proposition 1 gives the desired structure theorem for Frobenius algebraic 
groups in the case H not finite. For the remainder of this paper we adopt 
the convention: an algebraic group @ is a Frobenius algebraic group if it has 
a proper finite algebraic subgroup H such that for all z€ G, sHr> N H + {e} 
implies v€ H. Proposition 1 then asserts H N G= {e}. 


COROLLARY. If @ is a Frobenius algebraic group then G,CM. 


Proof. By Proposition 1 Ge N H = {e} and since @, is normal in G, 

Go N LU) Hr == {e}. Therefore GC {0 — U zHat} U {e} = M. 
acG 

q.e. d. 


3. A first structure theorem. The corollary to Proposition 1 asserts 
GCM hence if M is a subgroup of G (as is proved later in Theorem 4) 
Go == M.. Therefore a first approach to the study of the structure of M is 
through the structure of G,. In this section we-consider the special case 
where (, is assumed to be solvable. 


THEOREM 1. Let G be a Frobenius algebraic group and suppose Gy 
is solvable. Then G, ts nilpotent. Moreover, tf dim G > 0 either G, is a torus 
of dimension d=0 (modp—1), in which case H is a p-group, or G, ‘ts 
unipotent, in which case the order of H is prime to p. a 


Proof. Let l be a prime dividing the order of H and let h be an element 
of H of order 1. If dimG@,>0 Gu contains a characteristic subgroup A 
isomorphic to Qa (the one-dimensional additive group). Since hAht = A 


- 
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and no element of A centralizes h the map adh: 4 — A defined by adh(a) 
= hah”! induces a fixed-point-free automorphism ® of G,. Any automorphism 
of G, is of the form z — Az?” and since P! == 1 we must-have (x) =— Àr where 
Al= 1 and 1£<1, hence /z£p. Therefore if dim G, > 0 the order of H is 
prime to p. 

Now let T, be a maximal torus of G,; then A7',A7 is also a maximal 
torus of Go, hence by conjugacy of maximal tori hToh = 2Taxt for some 
tE Gp). By Proposition 1 and Lemma la, o, is injective on G, and by 
Lemma 2, o, is surjective on G, so we have r==o,(g), g€ Go. Therefore 
hToh == 04(9) Toox(g) = hghg*T ghg th”, i.e. if T= GT og, RTR =T. 
If d==dim T and n is an integer prime to p the subgroup T, of elements of 
T of order n contains exactly nê elements. Clearly h7,h*—T7, and no 
-element of T centralizes H. It follows that n4==1(modl). Therefore if 
Ls p, in particular = 1 (mod!) and 80 deu 0, T == {e} and G is unipotent. 
If H is a p-group, @, is a torus and nd=s1 (modp) for all n prime to p 
implies d==0 (mod p— 1). q. e. d. 


4, Fixed-point free automorphisms. An automorphism ® of a group 
G is said to be fixed-point-free if the only element of @ left fixed by & is 
the identity element. If @ is a Frobenius algebraic group and Ae H, he, 
then (assuming M to be a subgroup) adh: z— heh induces a fixed-point- 
free automorphism of M. Conversely, if an algebraic group M admits a 
` rational fixed-point-free automorphism %.of prime order then, if H denotes 
the group generated by ©, the split extension of H by M is a Frobenius 
algebraic group. The following statements are translations of the corres- 
ponding results on Frobenius groups into the language of automorphisms. 
The proofs of Lemmas 1’, 2’ and 3’ are identical to the proofs of the corres- 
ponding results on Frobenius groups; it is clear that here we need no restric- 
tion on the order of &. If æ is an automorphism of G, we denote & the map 
of G into G defined by (r) — @(z)a. 


Lemma 1’. Let G be an algebraic group, & a rational automorphism 
of Gand NDN, algebraic subgroups of G, stable under ©, with N, normal 
in N. Then 

a) is injective on N if and only if & is fixed-point-free on N; 


b) df © is injective on N and surjective on N, then & is injective on 
N/N,, i.e. if © acts fized-potnt freely on N and & is surjective on N, then 
& induces a fixed-point-free automorphism of N/N,; 


c) if & is surjective on N, and on N/N, then © is surjective on N. 
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Lemma 2’. Let & be an automorphism of the algebraic group G and N 
a solvable algebraic subgroup of G stable under © and such that $ acts i 
point freely on N. Then & ts surjective on N. 


Lemma 3’. Let G be an algebraic group admitting a fixed-point-free 
rational automorphism © and N a solvable normal algebrav subgroup of G 
stable under ©. Then © induces a fixed-point-free automorphism of G/N. 


Lemma 4. Let G be a connected algebraic group admitting a fixed-point- 
free rational automorphism of finite period n. Then for all ze G, 

pri(r)p (7) - - -P(L)T =g, 

Proof. For z,ye@ we define yor=-®(y)ry". Then sor—=x and 
zo (yog) == (zy)ox so that G acts on itself as a transformation space. 
The isotropy subgroup of e consists precisely of the fixed-points of ®, hence 
is reduced to {e}. Therefore the orbit U of e is an open subset of @ (in fact, 
U is a principal homogeneous space for @). If q € U we may write g = @(y)y", 
hence *1(g)@"7(g)-- -@(g)g—=me for all g€ U. Since U is dense in G 
the assertion of the lemma follows immediately. q. è. d. 


Lemma 56. Let ® be a fixed-potnt-free rational automorphism of a 
torus T. Then if the order of & is fintte, vt is a power of p and if s is prime 
to p, ©? is also fired-point-free. 


Proof. Suppose 6*=1 and let } be a prime different from p dividing 
n, Bay n=im. Let Pom {ce T, 6! (x) =a}; then Fy is a torus admitting 
a fixed-point-free automorphism of period L&p and so by Theorem 1 F is 
finite of order==1(modl). Let T,=T/F and Fimm {ZE Ti, DN(Z) =z}. 
If zE T, is such that £*"(z) € Fi then TIer (2) = pm (Z) (5) = 
— pm (z)-p (z) and so [Fr (2) ]! = 6, ie. [ate™(zx)]*€ F and since 
the order of Fis==1 (mod l), c*@™(z) € F, hence ZE F,. Therefore #™ acts 
fixed-point freely on the torus 7’,/F', so by Theorem 1 Ti == F., i.e. m1] 
on TJ. Therefore the homomorphism p: > rr!®"(z) maps T into F and 
the image of p has dimension 0. Therefore T ==kernel of p, that is to say 
@"==1 on T. Proceeding in this manner we finally have & = 1 on T for 
some power r of p. 

If (s,p) —1 then as-+ bpf==1 and d= de, Therefore if s ==! (q), 
we have z= (x) = (zr) 80 te. q.e.d. 


Lemma 6. Let & be a fixed-point-free rational automorphism of a uni- 
potent group G. Then $” also is fived-point-free. 


Proof. Let F= {ze (x) =}. Since G is unipotent, hence nil- 


STRUOTURE OF FROBENIUS ALGEBRAIO GROUPS. 427 


potent, so is the subgroup F and if F=£{e} then there exists an element 
z346 in the center of F. The group H generated by x, (zx), : :,®?1(x) 
is a finitely generated commutative group, hence a finite p-group. But H 
admits the fixed-point-free automorphism & of period a power of p, hence 
must have order ==1(modp), which is impossible. Therefore F == {e} and 
©" is fixed-point-free. q.e. d. 


THEOREM 1’. Let G be a connected solvable algebraic group admitting 
a fixed-point-free rational automorphism & of order n. Then tf n is prime 
to p, G is unipotent and if n is a power of p, Q is a torus. In particular, 
if n is a power of a prime G is nilpotent. Also, if the restriction of & to Gu 
has order prime to p, G is nilpotent. 


Proof. Let T, be a maximal torus of G; then (7) =aT,c7 and 
writing s=- (y)y (Lemma 2’) the torus T=y'T,y is stable under ©. 
Since G == 7'- G, the first assertion of the theorem is an immediate consequence 
of Lemmas 5 and 6. 

Now suppose the restriction of & to G, has order s prime to p. For 
tET, UE Gy, (tut!) =p: (t)P (u) (t)> and so tut’ == $ (tjut: (t), 
i.e. f7@*(¢) centralizes G, for all t€ T. By Lemma 5, ®° is fixed-point-free 
on T and by Lemma 2 every element of T is of the form {1*(¢). Therefore 
T is in the center of G and G == T X G, is nilpotent. q. e. d. 

We have seen- in the proof of Theorem 1’ that there is a maximal torus 
T of G stable under & and by Lemma 5 the restriction of & to T has order 
a power of p. If m is any integer prime to p the subgroup Tm of elements 
of T of order m has order m? where d= dim T rank of G. Since Th 
admits ® fixed-point freely m*==1 (modp). Therefore we must have de=0 
(mid p—1). 

COROLLARY. If the algebraic group G admits a fixed-point-free rational 
automorphism of finite order then G is solvable of rank d==0 (modp—1). 


_ PROPOSITION 2. Let G be an algebraic group admitting a fixed-poini-free 
rational automorphism % of period 2. Then G is commutative and © is 
inversion. Moreover, tf p==2, Gy is a torus and tf p54&2, Gy 18 unipotent. 


Proof. By Lemma 4 for all zE Gy, b(x)r = e, hence (2) =r and Go 
is commutative. Applying Lemmas 2’ and 1’ we have & is injective on G/G), 
hence surjective on G/G, since G/G, is finite. Then by Lemma 1’c, & is 
surjective on @ and therefore for all s€ G, &(z)z=e,i.e. $ is inversion and 
G is commutative. 

Since & acts fixed-point freely, G has no elements of order 2 and so 
if p= 2, G, is a torus and if p342, G, is unipotent. q.e. d. 
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Lemma % Let G be a connected algebraic group admitting a fixed-point- 
free rational automorphism & of period 3. Then G is nilpotent. 


Proof. By Lemma 4 for all ze G, æ*(x)®&(xz)z—e and hence also 
©? (21)b(ar4)at=e, i.e vb(z)d'(z)—e. Therefore 67(2*) = 26(z) 
== @(r)a, i.e. for all € G, z commutes with (x). Let K be the subgroup 
of G generated by x and (xz); K is a commutative group stable under © 
and so by Lemma 2’, & is surjective on K. Hence $ is surjective on G. 

Let B, be a Borel subgroup of G; then $(B,) is also a Borel subgroup, 
hence by conjugacy ®(B,) =xBrt. Since ® is surjective, c—(y) for 
some y€ G. Then it follows that B—y"Byy is a Borel subgroup of G stable 
under $. By Theorem 1’, B is nilpotent and hence G = B is nilpotent. 

g.e.d. 


THEOREM 2. Let G be a semi-simple algebrasc group and ® a rational 
automorphism of G. Then ® has a non-trivial fixed-point. 


Proof. We assume © acts fixed-point freely on @ and arrive at a con- 
tradiction. The automorphisms of the semi-simple algebraic groups are known 
to be of the form (s) — aa? where o is an “outer” automorphism and is 
of finite order, o" =1. When ( is simple and r > 1 we may have either r ==}? 
(type An, Dn, Es) or r—3 (type Di). By repeated application of & we have 
r(x) == brb- where b =p" (a): - -D(a)a-= aat; - -a’””, hence b° = atha. | 
Then (b) == abat == b and so b =e and Pf]. 

Let @’ be one of the simple components of G; since the simple components 
of G are uniquely determined, ©'(G’) is a simple component of ( for each t, 
Oxt<r. They cannot all be distinct for otherwise if ze @ the represen- 
tation @'1(2)- > -S(2)e==6 given by Lemma 4 would imply 2==e. There- 
fore for some i, 0 <1<7r, O1(G)=@. Let d=(4,r) and at+ breed; 
then 8 — put, hence P(A) — G. Choose d|r such that 64(@’) = @ and 
E, (G), > +, 847 (G) are all distinct. Let x € @ be such that t(s) =z; 
then if y = Ot 1(7)- - -S(z)z,$(y) —y and so y =e which implies ze. 
Therefore 4 is a fixed-point-free automorphism of G of order r/d. Replacing 

'G by @ and © by t we have reduced our considerations to the case of a 
simple group @. But in this case r—2 or 3 and then Proposition 2 and 
Lemma 7 imply G must be nilpotent, which is impossible since @ is simple. 

| q.e. d. 

THEOREM 3’, Let ( be a connected algebraic group admitting a fixed- 

point-free rational automorphism %. Then G is solvable. Moreover, tf & is 


of finite order n prime to p, G is unipotent and if & is of order a power of p, 
G ts a torus. 
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Proof. Let R be the radical of G; R is a connected solvable characteristic 
algebraic subgroup of G. By Lemma 3’ the semi-simple algebraic group @/R 
admits a fixed-point-free automorphism so by Theorem 2, G— À is solvable. 
The remaining assertion of the theorem now follows immediately from 
Theorem 1’. q. e. d. 


5. A second structure theorem. Our first structure theorem (Theorem 
1) asserts that if G is a Frobenius algebraic group such that @, is solvable 
then G, is nilpotent. The results of the preceding section allow us to remove 
the assumption of solvability. 


THEOREM 8. Let G be a Frobenius algebraic group. Then Ga 1s.mil- 
potent. Moreover, either G is a torus of dimension d==0 (mod p— 1) and 
H is a p-group, or Gy ts unipotent and the order of H is prime to p. 


Proof. Let l be a prime dividing the order of H and let h be an element 
of H of order I. Since AG)h-? == Ga and no element of G, centralizes h the 
map adh: G,->G, defined by adh(g) =hgh" is a fixed-point-free auto- 
morphism of G, of period 1. By.Theorem 3’, @, is nilpotent and the assertion 
of the theorem is an immediate consequence of Theorem 1. q.e.d. 


6. The regular subgroup of a Frobenius algebraic group. Recall that 
if Gis a Frobenius group we denote M — {G — |] Ha} U {e} and a theorem 
sed 


of Frobenius asserts Af is a normal subgroup of @ in the case G finite. We 
are now in a position to extend this theorem to algebraic groups. 


THEoREM 4. If G ts a Frobenius algebraic group then M is a normal 
algebraic subgroup, called the regular subgroup of G. 


Proof. Let p be a rational representation of G with kernel Go, E=p(@), 
Ë ==p(H). Since Gy is nilpotent (Theorem 3) Proposition 1 and Lemma 3 
imply @ is a Frobenius algebraic group. Since @ is finite, Æ is a normal 
subgroup of G. Let ge G, gé M; then there exists h€ H, he, and zE G 
such that g =~ zho and so ĝ==p(g)E€ UH". Moreover, since Go N H 

eG 
= {e}, hN U Ha? em {e}, hence g¢ Go, i.e. gs48. Therefore ÿé M and 
ae i 

UDp( M) i | 

Suppose now g€ Af; if gE G, then g=p(g)=BEeHM. Ii gé and 
if gE |J ZHZ" there exists ze @ and hE H, he, such that hagr € Gy. 

eG 
By Lemmas la and 2, o, is surjective on G, and there exists g,€ Gy such 
that hatgr—=o,(go) == hgoh got, ie. g—cghtgete€ LU eHe which is 

seG 
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impossible since ge M. Therefore ÿé [THE 1, ie. g€ M and MCp*(M).. 
3G | : 

Consequently M=o"(M) and therefore M is a normal subgroup of @. 

q.e. d. 


THEOREM 5. Let G be a Frobenius algebraic group and M the regular — 
subgroup of G. Then G=H-M, M, is nilpotent and either M — M, and 
H is a p-group or M, is unipotent and the order of H ts prime to p. In any 
case, M, and M/M, are nilpotent and so M ts solvable. 


Proof. By Theorem 3, @, is nilpotent and so by Lemma 3, if p is a 
rational representation of @ with kernel G, then p(G@) is a finite Frobenius - 
group (with regular subgroup p(M)). In the finite case then we have easily 
p(G) == p(H)-p(M). By the corollary to Proposition 1, GCM and it 
follows that G= HM; since HN M = {e}, G=H-M. Also since GCM, 
M. = Go and the next assertion follows from Theorem 8. By Thompson’s 
theorem [4] M/M, is nilpotent. | | q.e. d. 


7. An application. As a consequence of his theorem Thompson was 
able to prove a theorem concerned with maximal subgroups of a finite group 
[4]. The following is an extension to algebraic groups. 


THEOREM 6. Let G be an algebraic group and suppose that one of the 
maximal subgroups M of G is nilpotent. Then G, ts solvable. If [M: Mol 
is odd, then G is solvable. 


Proof. If M is nilpotent so is M (smallest algebraic group containing 
M) and since AM is maximal either M — M or M — Q; therefore we may 
assume Af to be an algebraic subgroup of G. Since MCNG(M,) (normalizer 
in @ of M.) either M, is normal in G or M=Ng(M,). Suppose first 
M—Ne(M,); then MDNG(Mo) = MN GDM», hence M, is a nilpotent 
subgroup of Ge equal to its connected normalizer in Ge. Therefore M, is a 
Cartan subgroup of G, and is maximal nilpotent; since M N G, is nilpotent 
either M N Go == Qo, in which case G, is nilpotent, or else, as we now assume, 
Mo = MN Go == Ca(T) (centralizer in Go of T) where T is a maximal torus 
of G. Note MCNG(T) and if Na(T) =G, Na, (T) = Na(T) N kho = Go 
hence 7’ is normal in Ge and G, is nilpotent; we assume then M—Na(T), 
hence Mo =M N Gomes Na, (T) = CAT) 80 the Weyl group of @, is reduced 
to {e}, hence Ge is solvable. 

Now suppose M, normal in G; by considering a rational representation 
of G with kernel M, we are reduced to the case M finite. We proceed by 
induction on the order m of M, the case m=<=1 being trivial. In particular, 
the induction hypothesis allows us to assume if N > {e} is a normal sub- 
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group of M then Ne(N)=M. Since MNG=N is normal in M, if 
N = {e} we have Na(N)=M and Na. (N) =MNG=N. Since N is 
nilpotent its center. Z(N)£{e}; if ze Z(N), rte, Ca(xz) C M hence 
Cq,(z) =N. If s46 is a semisimple element of Z(N) then seT, Ta 
maxmal torus of Ge and TCCa(s) =N which is finite; therefore T = {e} 
and G, is nilpotent. If ue is a unipotent element of Z(N) then we Bu 
B a Borel subgroup of G, and Z(B,) CCe,(u) =N; therefore By = {e} 
(since it is a connected nilpotent group and if dim B, > 0, dim Z(B,) > 0) 
and B, hence Go, is a torus. 

Finally then we may assume M N Ga =N = {e}. Let H—=Z(M) ; since 
AM is nilpotent Hz£{e}. Let GH and suppose ze G’ such that 
tha N H A {e}; say t= gh, gE Gay kE H and there exists K E H, h’=4e, 
such that gh’g*¢ H. Then hk-19hq te GaN H = {8}, hence h’*gh’g* —e 
i.e. grg =k and gE Celh) CM. But gE G and G, N M = {e}, so that 
g=eandz=heH. Therefore @ is a Frobenius group and by Theorem 3, 
G's = Go is nilpotent. 

Now let p be a rational representation of G with kernel Go, p(G) = G, 
p(M) = M. Then G is a finite group, Æ a maximal subgroup of @ which is 
nilpotent, and the order of M divides [M: M.]. Therefore if [M: M,] is 
odd so is the order of M and it follows from [4] that d is solvable. Then G, 
being an extension of a solvable group by a solvable group, is solvable. 

g.e.d. 


Actually the structure of G— G/@, can be completely determined also 
in the case [M: M,] even because Thompson has determined the structure 
of all finite groups having a maximal subgroup which is nilpotent [5]. 


CORNELL UNIVERSITY. 
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A FAMILY OF SIMPLE GROUPS ASSOCIATED WITH THE 
SIMPLE LIE ALGEBRA OF TYPE (G;).* 


By RIMHAK Ren. 


Introduction. In this paper we construct a family of simple groups. 
The family contains finite as well as infinite groups.. The order of the finite 
groups in the family are | 


g(g—1)(g +1), where g= 87", n—=1,8,8," °°. 
By using the fact that the above orders are divisible by 8 but not by 16, one 
can show easily that none of the simple groups listed in [1] or [4] has any 
of the above orders. 

The construction is carried out by applying to the Chevalley groups of 
type (@,) a method which emerges naturally when one interprets Suzuki’s 
[5] construction of his simple groups from a Lie theoretical point of view. 
The Lie theoretical interpretation of Suzuki groups is as follows. Let g be 
the simple Lie algebra of type (Bz) over the complex number field, and 
S—={+a,+b,+(a+b}),+(Ra+b)} the set of roots of g. For an arbi- 
trary field K, define the algebra gx over K and the automorphisms z,(t), 
where rE 3, tE K, of gx as in [2], and let G be the group generated by 
all the z,(t). Now assume that K is a field of characteristic 2 which admits 
an automorphism ¢—> # such that 2971, By using a representation of G 
(given, for example, in [3]) one can show easily that the matrix S(t, u) 
given by Suzuki in [5] corresponds to a(t)8(u), where 

a(t) me Ta (W) Eo (t) tan (80); BE) == Taro (t) Learn (t°). 
The above expressions lead one to look for an automorphism o of @ such that 
the elements «(t)ß(w) are exactly those elements in U (the subgroup of G 


generated by all 2,(¢) with r>0) which are left invariant by o. It turns 
out that there exists indeed such an automorphism of @. It is given by 


Taa (t) ta), Le (ara) (4) <> Tataro) (PP). 


* Received September 19, 1960; revised February 21, 1961. 

* This work was done while the author held a Research Associateship, 1959-1960, 
of the Office of Naval Research, U. S. Navy. 

The author wishes to express gratitude to J. Tits for his persual of the manuscript 
and many valuable suggestions. 

8 See Theorems 8.3 and 8. 5. 
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Denoting by B the group generated by all x,(t) with r < 0, let Il! (resp. A!) 
be the group of elements in U (resp. ®) left invariant by o. Then the 
group G* generated by U! and ®! is simple when K has more thai 2 elements, 
and yields Suzuki groups when K is finite. 

The Chevalley group G of type (@,) happens to have a similar auto- 
morphism when K is a field of characteristic 3 which admits an automorphism 
¢—> t? such that 30*—1. Hence we can define the group @* in exactly the 
same way as above. As one of the main purposes of this paper we shall show 
that the group G* is simple when K has more that 3 elements. 

In the case of Suzuki groups, G turns out to be the group of all elements 
in @ fixed by o. For the groups of type (@,) the same holds true when the 
field K is finite, but it is unknown whether or not one can, in general, dispense 
with the finiteness condition. Some efforts in this direction may be found 
in Section 8. 

In the last section, we show that any automorphism of the finite simple 
group @ of type (G) can be written as the product of an inner auto- 
morphism and an automorphism induced by an automorphism of the ground 
field. The author has been unable to extend this result to the case of infinite 
groups." 


1. Chevalley groups. Although we shall use later only Chevalley groups 
of type (Gz), we treat here the Chevalley groups in general, since it does 
not make the exposition more complicated. 

Let X be a simple root system. We fix an order in & so that we can 
talk about positive, negative, and fundamental roots. Let P (denoted in [2] 
by P,) be the additive group generated by %. For r, s in & define the integer 
s(r) by s(r) == p— q, where q (resp. — p) is the maximum (resp. minimum) 
integer 1 such that s ar is a root. Then for each re 3, the map s—s(r) 
can be extended to a linear map on P. The symmetry w, with respect to 
r€ % is the permutation of 3 defined by w,(s) =s—s{r)r. The Weyl group 
W of X is the group generated by all the w,, re 2. 

Now we fix an arbitrary field K, and denote by K* the multiplicative 
group of K. For r€ 3 and ze K*, define the homomorphism x,,: P>K* 
by Xrne(u) =z), Denote by X the group generated by all the x. where 
TEX, 2€ K%. It can be shown that w(s)(w(r))==s(r) for any r,se S and 
we W. From this it follows that Xowe X for any xE X and we W. It is 
shown in [2] that, for any pair of 3 and K, there exists a group @ (denoted 


* J. Tits remarks that the finiteness condition seems to be dispensed with if one 
uses his geometric interpretation of the group G1 given in [7]. 
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by @’ in [2]), which we shall call the Chevalley group of type X over K, 
and elements z,(t), where rE 3, {€ K, in @ such that the conditions (1.1)- 
(1.8), below, are satisfied: 


(1.1) G is generated by the elements æ,.(t), where rei, 1€ K. 


(1.2) For any two positive roots 1 and s in &, 


we have 
ty (4) 2(u) tp (— 1) =T, (u) LT vue (Cisirsottu?), 


where the product is taken over all pairs (1,7) of integers such that tr + 4s 
is a root, the pairs being arranged such that the roots tr-} js form an 
increasing sequence, and where Cu... are certain integral constants depending 
only on X (not on K). 


(1.3) For each r € X, there exists a homomorphism ¢: SL(?;Ka—>G 
such that 


1 0 1 ¢ 
b(t Se, 6 ( 5), Ger. 
(1.4) There exists a homomorphism A: X —> G such that 
Zz 0 
hna) =e (5 m) 
for all r€ Z and z€ K*. 


(1.5) For any x€ X and r€ 3, we have 


h(x)z (i) h(x) + = z,(x(r)t), EK) 
(1.6) For 
0 1 
Bee = 5) 
we have 
ons (t) wr? = Lye, (8) (qr, st), (s€%,t¢ K), 


where n,, are certain integral constants + 1 depending only on X (not on K). 
(1.7) For any r1,: ‚mE and any x€ Æ, we have 


ah (x)o> == h(x’) 


where ~ 


D = Or," » "Or, 


tee 


A FAMILY OF SIMPLE GROUPS. 435 


and where xX € X is defined by x’(s) —x(w(s)) with 
W= Wr? Wen 


(1.8) Ur: rm € 3 and XE X satisty me X(s) for all s€ 2, and if 


WW el, 
then 
Wy, ” | "or, == À (X). 


Here », are integers + 1 defined from rfi,’ - *,Tm by 


Ns = Nrum (a) > Nra Vals) 
where 
Vm = 1, Dons = Wray Vine = Ory Wray’ "5 
Va = Un" Une 


Note that the above properties (1.2)-(1.8) are all expressed in the form 
of “relations” of the generators z,(¢). Therefore, by using the constants 
Cir and mr, Which arise from a Chevalley group, we can consider a group 
G abstractly defined by the generators and the relations (1.2)-(1.8). In 
order to distinguish this group @ from the underlying Chevalley group which 
gives rise to the constants Cy;,,,. and ms, we shall denote the latter by G, and 
let => ĉ be the natural homomorphism of @ onto Ô. We shall show, in the 
rest of this section, that r—>Z is an isomorphism. First we shall derive 
some consequences of (1.1)-(1.8). 


(1.9) I£r==—a, where a is a fundamental root, and if s is a positive 
root, then we have an identity of the form given in (1.2). 


Proof. Since a is fundamental, w, maps every positive root 4a upon 
a positive root. Applying (1.2) to a and w,(s), transform the resulting 
identity by ws, and rearrange the factors on the right such that the roots 
form an increasing sequence. Then by (1.6) we have the resired result. 


(1.10) For any r€ 3, we have oo. — 1. 


Proof. Since 


rl elle 1) (4 Ge 1) 
4 æeZr(1)t(—1)2,(1) = Br (G aie =i) (1 1))- 
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we have 


rl IE DE DE DCI DC D 


1:0 u 
a C À = 


(1.11) If ry: +, €% satisfy 
(*) Wr," * "Wr, =], 


then there exists x€ X such that x(s) —n, for all se, where y, are the 
integers defined in (1.8) from Ti’ : +,7m. 


Proof. Let 


OO Wr. 


Then by (1.6) and the definition of 7, we have 
wo, (t) wt = Te (net) 


for all t€ K. Applying the homomorphism s- Z to the above, 


wb, (i)o n Ls (net) . 


On the other hand, it is known ([2], Lemma 3, p. 37; Lemma 4, p. = 
that (*) implies that À me À (X) for some XE X. Then 


h(x) as (EDR (X) = fa (X (8) t) = fa (at). 
Hence we have x(s) =n; for all 8€ 2. 
From (1.8) and (1.11) we obtain 


(1.12) If ry: :,1M€ SX satisfy the condition (*) in (1.11), then for 
some x€ X we have 
Dr ‘or, =h(X). 


Denote by U (resp. B) the subgroup of @ generated by the 2,(¢) with 
r>0 (resp. r<0), and by & the group generated by all the h(x), xE £. 
For each wE W denote by U, the group generated by all the z,(t), tE K, 
such that r > 0 and w(r) <0. Also for each w€ W, choose once and for all 
roots Ti, " *,7n € % such that 


w ma Wy, ° * * Wy 
and set 


w(w) == wn’ Org: 


Then we have the following fundamental proposition : 
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(1.18) Every element in G is written uniquely in the form uho(w)w’, 
where uE U, hE S, we W, and w € Up. 


First we shall prove the uniqueness. part of (1.18). Suppose uho (40 )u’ 
= ho (wi) Uy’ with u,€U, ALE H, wE W, and u’ E€ Uy, Then this (w)w 
== ha(w) å. Then by [2], Theorem 2, we have med, ham hy, Ò — th, 
04. By (1.2) we can write u and u, in the form [| 2,(¢,), where r runs 


over all positive roots arranged as an increasing sequence and where {,€ K. 
Then by [2], Lemma 6, p. 39, à — #4, implies that t, for u and u, coincide 
for all r> 0. Hence v—u, Similarly, W =t’. Since w==w,, we have 
h == h’ also. Thus the uniqueness part of (1.13) is proved. 

Before continuing the proof of (1.13) we shall make a definition. For 
any element w of the form 


(1.14) di tu 
define {(w) by 


Elo) we We °° Wry. 


It can be easily seen from (1.6) and the uniqueness part of (1.13), above, 
that {(w) is independent of the mode of representing w. 

Now, a process of putting the given element z in @ in the form of (1.13) 
is given in [2], p. 38-40. The properties (1.1)-(1.9) are sufficient to carry 
out the process. Since this process is needed later, we shall describe it in 
detail for the convenience of the reader. It consists of the three steps (1.15)- 
(1.17), below. 


(1.15) Step 1. We express the given element £ as 2,23: - `Z, where 
each factor z; is either of the form z..({) or of the form w.a with a funda- 
mental root a. 


This step may be divided into the following 2 parts: 


(i) Write the given element v in the form [I] z;,(#,). 


(ii) For each non-fundamental r€ 3 appearing in (i), above, choose 
we W and a fundamental root a such that r—w/(a) ; find fundamental roots 
Gi, © ‘, am Such that 

Wwe Wa, Wan 
and replace z,(t) in (i) by 


wg ` i "Oan Ta (E t)o¢,° 5 "og. 
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(1.16) Step 2. We express the given element œ in the form 
(*) T =m uhr’ 


where u, w EU, hE & and w is an element of the form given in (1.14). 
This step is carried out as follows. Let zz, 'z, as in (1.15), 
and set 
Yo = 1, Y1 = Tn, Ya == Train, ml in 


Then y, is trivially in the form (*). Suppose y; == uhwu’ is in the form (*). 
If yu, = Talt) yı with a fundamental root a, then y is also in the form (*). 
If Yni = ws OT if Yu = Ta (t) Yy then write u appearing in y, in the form 
u = UW Ta (ti), where u, is a product of some a, (t) with r > 0, r54a. Then 
by [2], Lemma 8, p. 40, %,, can be written in the form u,hvwu’, where 
VE $al SL(2;K)). Set w—e{(w). Two possibilities arise: w™(a) <0. 


Case 1. wi(a)>0. By [2], p. 34, write v as v= f(t )h or 
V = Ta (F) hostal t’), where kE &. Then it can be seen easily that yọ, can 
be put in the form (*). 


Case 2. wi(a) <0. Use sun instead of w. Set W, mm f(w,). 
Then w,(a) < 0. Hence we are in case 1. 


Thus, proceeding inductively, we can put y,==-2 in the form (*). 


(1.17) Step 3. We finally express the given element z in the form 
specified in (1.13), starting from the expression 7 == uhwu’ obtained in (1.16). 
By making repeated use of (1.2), if necessary, we express w’ € U as w = uw, 
where u, is a product of z,(¢) such that r > 0, w(r) > 0, where w = £(w), 
while EU. Then by (1.5), (1.6), and (1.7), we can write ze ushotlg 
with aE U. Als, by (1.12), o ==ħw(w) with h, € $. Thus (1.13) is 
proved. 

Now let z be any element in the kernel of the homomorphism 2-2, 
and write z = uhw(w)u as in (1.13). Then arguing as in the proof of the 
uniqueness part of (1.13), one can show easily that Z=1 implies c—1. 
Hence the map x £ is an isomorphism of G onto G. Thus we have proved 


THEOREM 1.18. For any simple root system % and any field K, the 
Chevalley group G of type % over K is characterized by the properties (1.1)- 
(1.8). | 

The constants Cij;r, and y, are not uniquely determined by X. If, how- 


t For another characterization of Chevalley groups by generatora and defining rela- 
tions, see a forthcoming book by J. Tits. 
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ever, we have, in the simple Lie algebra of type 3 over the complex number 
field, a set {X,|r€%} of root vectors which satisfies the conditions in 
Theorem 1 of [2], then we can obtain a set of the above constants by setting 
z (t) —exp(tad X,) and by the relations (1.2) and (1.6). The constants 
mrs can actually be defined by ([2], p. 36) 


(1. 19) wra s = Nr, aA w, (8): 
We have 
(1. 20) UT, 1; Nr, Nr, era Nr,wr(8)> 


the first of which follows from (1.19) and the relation , = z,(1)2_,(— 1)z,(1), 


the second from [2], p. 36, and the third from (1.9). Also from (1.9) 
we have 


(1.21) Ifr,s€% are distinct, and if none of » +s, r—s are in J, 
then yrs 1. 

For r,s€ Z such that r+sex, define the number N,, by [X,,¥,] 
== Npr Then from (1.19) we have 


(1.22) Ifr,s€eX and if +r, +s, + (r-+s) are the only linear com- 
binations of r, s which are in X, then nrs = Nr a 


(1.23) For any r,s, u€ X such that s+- u€ X, we have 


Nr, anr, uN wr(s),tc, (u) = Ar, aru su 


2. The root system of type (G.). The root system % of type (G2) 
can be given as 


Nu {+ én &— & | i j= 1, 2,351 f}, 


where £ +£+é=0. The Weyl group W of 2 is of order 12, and consists 
of elements w such that w (éi) = efx, t= 1,2,3, and e= + 1, and where 
x is a permutation of 1,2,3. We shall write w == (6,7). Then w, = (1, (47)) 
for r==;—é;, where (tj) denotes the transposition of 1 and 7, and w, 
== (— 1, (ti) ) for r =m -+ & where t, Ÿ, 1” is a permutation of 1, 2, 3. 
The relationship between the roots and the action of W on 3 can be 
seen easily in Fig. 1, where X is represented as a system of vectors on a 
Euclidean plane. The element w,€ W is nothing but the symmetry with 
respect to the line which passes through the origin and which is perpendicular 
to the vector representing the root r€ %. The function A(r) on 3 defined by 


A(+ &) = 1, à (&— é) = 3 
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4 


for all 1,1=—1,2,38; +54), has a clear meaning in Fig. 1. 


Ta 7 


FIGURE 1. 
Since w,(s) =s—s{r)r, one can see easily that 
(2.1) (7,8) = HA (s)r(s) 
coincides with the Euclidean inner product of the vectors r,s€ 2. 


Denote by P, as in Section 1, the additive group generated by 3, and 
define a homomorphism y: P>P by 


(2.2) y (é) om £,-—&s, Y (éz) = Éy — fa, 
Then one can see easily that 
(2.3) y(r) =A(r)F 


holds for all re %, where »—> F is a permutation of order 2 of % such that 
(2. 4) —pas—F, AIr) (F) —=B 

for all r€ 3%. From the definition of y, it is clear that y—= V3 a, where va 
is the symmetry with respect to the line 8 bisecting the angle between $, — £ 
and —£, in Fig. 1.° Hence (#(r),#(s)) =3(r,s), which yields, by (2.1), 
(2.3), and (2.4), 

(2.5) - | A(r)F(S) = A(s)r(s) 

for all r, sin 2. 


5 The idea of sees the line 3 in connection with the map y was suggested to 
the author by J. Tits. 
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Applying y to w.(s) =s—s(r)r, we get 
Yw,(s)) =Als)S—Alr)s(r)F = A(8)F—A(8)F(F)F 
by (2.5). Since A(w,(s)) —A(s), we have from the above 


(2.6) url) = wr(5) 
for all r,s€ $. For each we W, define a permutation & of 3 by 
(2T) (5) == w(s). 


Then from (2.6) we have immediately 


(2.8) The map w— ù is an automorphism of the Weyl group W such 
that D, = wy for all rE 2. 

We shall consider elements mem under the automorphism w— ù. 
Suppose w = (e,r) satisfies @=w. Then from (2.7) we obtain 


Era) = Ex (a) — Ér (3); Era) = Ér (1) — Êr (2) 


from which one can deduce easily that + is the identity permutation. Hence 
(2.9) If ®<—w, then w<—1 or w=), Where #, is defined by 
w(t) =—r for all r€ 2. 


3. Chevalley groups of type (G,). We shall determine a set of the 
constants Cy:r and nrs for the root system % of type (G,). The simple Lie 
algebra g of type (Ga) has a basis 


(3. 1) Ay Xio À ot, Ay, 
where 1,7 = 1, 2,3; 1549, and where 
(3.2) Hy + Hy 0; Hy. + Ha + Hs, == 0. 
The multiplication table is 
[LyX r] = Xie, [XX oj] = 3Xy, 
[XXu] = Lo, [XX jo] = Xio, 
(3.3) [XX jo] = 2 (14) Lo, [XoXo] = — 2 (ijk) X ro, 
[XyXn] = Hy, [XoXo] = Hy + Ha, 
[XL y] = — Xio [X Ay; | = Xoi 
Lulu] ——2Xy, [Zyn nr] = Liu] = X; 


where ¢, 7, k run over distinct values of 1, 2, 3, and where (tik) == 1 or — 1 
according as t, 7, & is an even or odd permutation of 1, 2, 3. All the other 
products of basis element which cannot be computed trivially from (3.2) 
and (3.3) are zero. 
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The elements Hy span a Cartan subalgebra h of g, and X, Xio, Xo are 
root vectors with respect to b, corresponding respectively to the roots &— &, 
&, —& given in Section 2. These root vectors satisfy the conditions in 
Theorem 1 of [2], and hence the-table (3.3) can be used to compute a set 
of the constants Cyr, and mr. | 

The constants nr, can be computed easily by (1.19)-(1.23), and by the 
fact that any even permutation of 1, 7, k leaves the table (3.3) invariant. 
The result of the computation is give in table (3.4). 


(3.4) The table of nrs 


it & & & bsi &—& &—-& 
fT 





All the other value of n,, which are not found in (8.4) can readily be 
supplied by (1.20). 

As an immediate application of (3.4) and (1.20), we can verify the 
equality 
(3. 5) NFE = r,s 


for all r,s€ 3, where r—># is the map defined in Section 2. Also, using 
(3.4) and (1.20) we can show that 


Wo = WEEE, == DE EWE, 


satisfies 

(3. 6) wor (tb) wo? = Tr (— t) 
for all r€ % and tE K, and hence 

(3. 7) Wo? == 1. 


Similarly, using (8.4) and the symmetry of the table (3.3), and noting that 
there can be only one element w€ G satisfying (3.6), one can show that 


(3. 8) Cg = WE OE WED 
== Das m WE, OL, 


holds for any even permutation 4, 5, k of 1, 2, 3. 
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Now, in order to consider the constants Cy,,., we shall fix an order in 
3. Set amt, b= é — é. Then all the roots are +a, +b, + (a+b), 
+ (Qa+b), + (8a+56), + (8a+ 2b). We can regard a,b, a+b,- to 
be positive. Then the fundamental roots are a and b. For the map r># 
defined in Section 2, we have 


(3.9) Gb, (a+b) =3a +b, (2a+ 0) = 3a + 20. 
Now, the constants C,;.,, and Cy, can be computed easily from (3.3) 
using the formulas given in [2], p. 86, but Cs,2:0,0 must be computed directly 


from (3.3). We shall express the results of our computation in the following 
form: 
(Talt), tou)) = Lan. — tt) Tara — Pu) Geary (EU) Tagran(— 2u), 
(z(t), Zoxb(u)) = Zn l—? Iu )Tsarb 8t U) Tr (Fur), 
(3.10) (Talt), TzardlU)) = earn(Bbu), 
(Zo(t), Tsaro (U)) = Taaran(tu), 
(Tant), Toarn(U)) = Tsarso(3tU), 


where (x,y) —ætyxy. For all the other pairs of positive roots r, s, we 


have (x,(t),r(u)) =1. 


4. An automorphism of G. In this section we assume that K is a 
perfect field of characteristic 3, and that t— # is an automorphism of K. 


Let & be the root system of type (@,). Using the notation introduced 
in Section 2, define x for each XE X, by 


(4.1) X(r) =x (y(r) )? AL), 
Then one can show easily by (4.1) and (2.5) that 
(4.2) X, = Xr, 078 
for all rE X and ze K*. 
Let G be the Chevalley group of type (G) over K. Set 


(4.3) By (t) — ap (POP), 
Define the homomorphism ¢,: SL(2;K)— G by 

sth G LADE 4, 
A Ea n) me (ean sam) - 


Define the homomorphism h: Z>G@ by _ 
(4.5) h(x) =h (X). 
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We shall show that we can replace z,(¢), ġr, k in (1.1)-(1.8) by z.(t), 
Pr, h, respectively, without losing the validity of the statements. Denote by 
(1.n’) the statement obtained from (1.n) by the replacement. Then (1.1) 
is clear. (1.3’) follows easily from (4.3), (4.4) and (2.4). (1.4) follows 
from (1.4), (4.2), and (4.4). (1.5) follows from (1.5), (4.1), and (4.3). 
As for (1. 6’), œ is replaced by wz, since 


x 0 1 0 1 
a) is = A Hd = = 
Then (1.6’) follows from (1.6), (4.3), (3.5), (2.6), and the fact that 
Aw(r))=A(r) for all we W and rei. As for (1.7), w is, by (4.6), 
replaced by 


w == OP, * » "OF a’ 


Hence, by (1.7) and (2.8), we have oh(x)o+—=—=h(x,), where X, is defined 
by x:(s) =X(w*(s)). Then, by (4.1), 


Xi (8) =X( (D (8) ) JNT 
== X (W7 (5) NO = X (3), 


where r` denotes # for r€ 3. Therefore, X, =X. Now, (1.7%) follows from 
(4.5). Also it can be seen that (1.8) follows from (1.8), (2.8), (3.5), 
and (4.1). It remains to prove (1.2’). Since K is of characteristic 8, 
(3.10) now becomes 


(Laft), To(u)) = Toro — tt) Door — Eu) Tsab tU). tu), 
(4. 7) (LaCt), Lasv(t)) = Toasn( te), 
(LCt), sarn(U)) == Learan(tu), 


and all the other commutators of the form (z,(t),2,(u)), where r > 0, s > 0, 
are 1. Since the set of pairs {a,b}, {a,a-+ 0d}, {b, 38a + b} is invariant under 
the map {r,s}—> {7,5}, it is clear, in view of (4.3), that (2,(t),a,(u)) == 1, 
r>0,‘s > 0, implies (2,.(#),2,(u)) =1. Since 
A(a) =A(a+b) —A(2a4+ 56) —1, 

A(b) =à (3a + b) = A(Ba+ 2b) —8, 

we have by (8.9) 
(Za(t), Fo(u)) = (T(t), dou) = (Lalu), (9) 
— rl Ut) Eraro N UN zn lUt) 


== Lg (— wu) rar (— Bu) gr (Cu) N gar (FuR)R) 
a Enr — tt) Era — £7) Zya1n(t°u)Tagren( tus). 
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Thus it is shown that the first equation of (4.7) remains valid under the 
replacement z,(¢)-—>Z,(#). Similarly the rest of (1.2’) can be proved. 
Thus we have proved (1.1’)-(1.8’). Then from Theorem 1.18 and the 
simplicity of G, we obtain 


Turorem 4.8. If K ts a perfect field of characteristic 3, and if tt 
is an automorphism of K, then the Chevalley group of type (G;) over K 
admits an automorphism «<-> x such that 


p(t)? = ap (PF) 


for all r€ Z and tE K. The automorphism o maps U, §, B onto themselves, 
respectively, and 


A(X) m= A(R), Or = or 
for all XE X and rE 3, where x is defined by (4.1).° 


5. Invariant elements. From now on we assume that K is a perfect 
field of characteristic 3, and that the automorphism 8 satisfies 


(5.1) 367 — 1, 


the right hand side of (5.1) being the identity automorphism.’ 
Before considering the group @, we shall derive a few properties of the 
field K from (5.1). Since 


( 232) 80-1 m 23, ( 229-2) 3042 __ ri, 
we have 


(5.2) Every element in K*? is of the form 2-1 with ze K*. 
(5.3) Every element in K* is of the form z%-? and also of the form 2*4*, 
(5.4)® —-1 has no square root in K. 


Proof. Suppose 2° ==— 1, Then (zf)? = — 1, z = +z, and hence 
z= (280)? = (— 2°)? = ($ z)’ —2, 
but this is impossible. 


° After the completion of earlier versions of this paper and [9], the author learned 
from Tits that the existence of the automorphism o was already mentioned in [6], 
p. 282. See also R. Steinberg [8]. 

T It was discovered by Tits that K need not be assumed to be perfect if one con- 
siders an endomorphism y, instead of 0, of K such that „°? = 3. For the details of this, 
see [7]. 

8 This lemma was pointed out to the author by R. Steinberg and J. Tits, indepen- 
dently. The proof given here is due to Tits. 

\ 
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An element z in G will be said to be o-tnvariant if 2° =z. First we 
shall consider o-invariant elements in U. Suppose 


t= Ta (tro) Ly (tor) Zarb (ti) Learn (t21) Card (ts1)Trorrb (tas) 


is o-invariant. We have 
LI es Ty (tro?) Ta ( tor®) Taa+b (t) Taa+2b (ta) Lard (151°) Lard (133°) . 


By (4.7), the right hand side of the above can be changed into the form 
Ta(S10) Ta (801) * ` * Tags2b(Ss2). Then comparing with x, we get 


tor? — troy tar? + tor 4: 9°? eee bis Ésa? + Lo tn" = Lars 
bo a lors ta Zu tor tio" =m ts, ta”? or Eo tro? TS baa. 


By (5.1), the equations in the first row, above, are equivalent to the equa- 
tions in the second row. Hence if we set to == t, tg:==U, tgz = v, then 
z=a(t)8(u)y(v), where 


a(t) == La (t) Lo (t) Lorn (1) Peary (t), 
B(t) = Lar (t) Pear (t), 
Y (t) m Dogid (2) Taarab (t) . 


Hence, by [2], Lemma 6, p. 39, we have 


(5.5) The group ll! of o-invariant elements in U contains «(#),ß(t), 
y(t) for allée K. Every element in U! is written uniquely as a«(t)8(u)y(v) 
with t£ u, ve K. 

By using (4.7) one can show easily 


a(t) a(t) == a(t + uw) B(— tu?) y (— tu 4 tut), 
B(t)a(u) —a(u)B(t)y(— tu), P(t) A(u) =8 (+u), 
y(t)a(u) = a(u)y(t), y(2)B(u) =Blu)y(t), | 
y(t)y(u) = y(t +u). 


It can be shown easily from the above that the group U? is generated by the 
elements «(t), tE K. 

Before considering c-invariant elements in %, we remark that the element 
wo given in (3.8) can be written 


(5.6) 


(5. N) Do = Oar b%sar+b — Dear bWard 


and hence is o-invariant by (8.9) and Theorem 4.8. Now define the elements 
a(t), BCE), y(t) by 
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g (— t) == wa (t) wo? 

mea Tg (— #9) Eo (— t) 2ra) (EF) Tean (2), 
BR (— t) = wg (i)o | == Lam (— P) Tian (— t) 
y (— t) = wy (t) wot = Tan (— PT son) (— t). 


Then from (5.5) and the o-invariance of w we have 


(5.8) The group V? of v-invariant elements in % contains æ’ (t), A(t), 
y(t) for all t€ K; every element in % is written uniquely in the form 
a(t)’ (u)y’(v) with tu, ve K. 

Denote by G* the group generated by U! and ®!. Since 


( a oe + + 

—1 07 \O 1/\—1 1/\0 1 

and since any one Of 2.(g4n) (41), Taxb(t2) commute with any one of 2544» (ts), 
T-(20+0) (a), we have from (5.7) 


(5.9) w = B(1)8 (—1)8(1) € Œ. 
Now we shall consider o-invariant elements in §. We have h(x)" —=h(X). 


Since a and b generate P, x is determined by x(a) and x(b). From (4.1) 
we get 


(5.10) z(a) <=x(b)%, X(b) —x(a)®. 
Hence we have 
(5.11) A(x) is o-invariant if and only if x(a) =x(b)°. 
By (1.5) and the definition of the elements a(t),- - -, we have 
(5.12) If h(x) is o-invariant, then 
h(x)a(t)h(x)* = a(x(b)t), RE (t)h (x)= = a (X(D) TE), 


h(x) 8 (t) R(X) == B(x(b) FE, (x) E (Eh (x)= = 8 (x (b) t), 

h(x) y(t) R(X) (XB) 78), R(X) RGO = y RR). 
Denote by $! the group of all o-invariant elements in $, and by §? 
the subgroup of $* consisting of all o-invariant h(x) such that x(b) = 2°41 


with some z€ K*. Note that some elements, for instance — 1, in K cannot 
be written in the form 2%, Since 


2 ,) = 1 0\/1 a 1 ae NS 

0 wtf  \t—1 1/\0 i/\z—1 1/\0 1 
and since any one of @q,y(t1), T-tam) (fa) commute with any one of zu, (ts), 
Z_(sa1b) (ty), we have 
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Bier 1) BL) B24) B(--2"*) 


# 0 2 0 
— ton (> 24) deen (5 pa ) ram): 
Set 
X = Xarb, sX 3a tbs 
Then it follows from the above that A(x) € Œ. We have 


X (D) == golarb)Ord(2a+d) 230-1, 


Since z is an arbitrary element in K*, we have 
(5.13) FPLP. 
Now we shall determine all o-invariant elements in G by (1.13). In 
‚view of (3.6), we can assume, for the w, given in (2.9), that 
(5.14) w (Wy) = wo. 


By (1.13) we can write any element z in @ in the form t=wuh(x)o(w) mH, 
where well and u, is a product of elements of the form z,(f) with r > 0, 
w(r) <0. We have 27 ==uth(Xjw(w)u,”. If 


o(w) =," "Cr 


then by Theorem 4.8 we have 

o(w)’—uor,' ' "or, 
and hence by (1.12) and (2.7) we can write o(w)" == R(X1)æ(#). Then 
(5. 15) DT = UTR (XXa) (D). 


Here u,” is a product of elements of the form 2,(t), # > 0, w(r) <0. We 


have #>0, and #(#) —w(r) <0 by (2.7). Hence the expression for 2° 
given in (5.15) is exactly in the form specified in (1.18). Assume that a 
is o-invariant. Then s= m°, and the uniqueness in (1.13) implies 


Vu UF, yer XX, We, Us, 


Then by (2.9) we have w—1 or w==w, Then, since we can assume 
o(1) ==1, we have from (5.14) o(w)%—o(w), and hence A(x.) = 1, X% = 1. 
Hence X =X and A(x) is o-invariant. Thus we have proved 


(5.16) Any o-invariant element x in @ is written uniquely in the 
form t==uh(X)ou,, where: WE it; X—X; o=] or w; t=} if ol, 
but uw, is an arbitrary element in Ut if w= wo. 
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The form of x given in (5.16), above, will be called the canontcal form 
of x. | | | 


8. Some identities. We shall compute the canonical forms for «’(t) 
and y(t), by following, more or less, the steps (1.15)-(1.17). The results 
are crucial, as will be seen later, in the discussion of the structure of Œ. 
Note that our assumption on the field K is the same as in the preceding 
section. 


(6.1) If te K*, then | | 

Ay B (EOD) a (ET) TR (GO EEE) (r09), 
where x is defined by y(a) ==— 1-79, x(b) =— t°. 

Proof. We have 

a(t) =~ tg (t) a» (t) 2 (aso) (— tt) & (2a) (8). 
By applying ze» to 
e» (9-6 NT IDET) 
we obtain | | 
(2040) (E) = Feary (EP) h (x1) sara Tao (EC), 


where 
Xi == Xb,- 08. 


By transforming the second equation of (4.7) by wa we obtain 
(aed) (I) me Daan (EOD) Ta (t2) carn) ). 


Hence we have 
a(t) == Ta (t) Seas (EHD) T, (t2) E(t) 2 (a4n) (— t) 
” h (X1) wsarTaarn (68 ) 
mm Taan (EP Larg (EO) Ta (tf) Ea (ET) TE) h (Xa) 
“woty (t1) h (X1) Dea+bT2a+b (em) ) 3 
where 


Xa = X, 
since, by transforming the second'equation of (4.7) by wa, we obtain 
Tg, ( 4) Tarbh (1092) =m Laarb (en) ) Lord (4 6x1) )Ta (t) . 


Now, by applying ġa to 


G Dh IT 4) 
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we obtain 
To (tf) Zal t) = v, (— t?) h (Xa) ta(-— 19), 
where 5 


X3 == Xa,-1* 
Hence we have from the above 
a(t) = Beary (ECAD) Tap (EDT (—t*)h (Xa) To (E7) Z-a (—#) 
"h (X2) wy (ER) (— tt) À (x1) wzaroT2a (EHD) 
= Trap (ECOD) tary (EOD) E (— 19) 2 (— £2) (X) wor, (1?) 
h (X2) 42, (=) Ta (t) h(xı © Waard) Laasd re), 


SINCE wpweary == wo by (8.8). Since 


q(t") h (Xa) a (E) g(t) h(x, © Wea) 
= h (Xa) Th (Xa © Wann) Ta (t9) T (E1) aro (— FO) roan (E000) 


Ta (EOF) reason (ED), 
we have 


A (E) = Taoro (EHD) taip (FO) 2, (— tt) (— t*) h(x) a9 
a (E1) (HOH) (HORS) ; 
X == XsX2(X1 © Was). 
From this one can derive (6.1) easily. 
(6.3) If ¢€ K*, then 
VC) = y(t) a (4*) 7h (xX) wpa (— 24) y (£4), 
where x is defined by x(a) = #74, x(b) = 4584, 
Proof. We have . 


y (t) = T (2a+b) (29) T- (sas20) (t) : 
From (6.2) we have 


T._(sa+2b) (t) == Taa+2b (F2) h (X1) Wgare0Vsa+ad (#1), 
where | 


X= X5g+28,-11 
On the other hand, we have by (1.6) and (1.10) 


T_(20+b) ( t?) == De pT- y ( t) Opa 
Hence we have 


y (t) == g0 pb. (4) Taa+b (t1) W_po_glt (X1) Wsas2nZgas90 (t+) . 
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By transforming the first equation in (4.7) by we, we obtain an expression 
of the form given in (1.2) for (2«(t),2sa.n(u)). Combining this with 
(4.7), we get 


2) (E) 2-4(—t) 
== Tsa+b (i ) T2a+b (i) Tsa+2b (— 2) Card (— 1-1) Ly (6) . 
Hence we have from the above 
y’ (t) == Dole g+b (ét) Toa+b (19+) Tsa+2b (— 192) Vash (— 129-1) 
"Ly (4891) La (45) aptal (X1) Osar2d%aa+2en (t) 
== Oalaa+2b (41) T2a+b (48-1) Tgarb (450-2) Ta (>) Tb (— 10) 
"Z_(a+b) (t) wah (X1) Oga+2bUga+2b (t+) | 
emt Egger (E1) Taro (— 1) ay (— 4802) (— CI+) Eisa) (— 7) 
` D_(24+b) (t) h (Xı) ©3o+2b-U 30420 (t+) . 
From (6.2) we have 


2, (— 8+) a= DO (— E) h (Xa) wata (— 4), 
where 
Xa == Xa, 1-3. 
Hence 


y (E) Tau (07) Laro (— 7 *) Lo (— 10-2) £a (— t8) h (Xo) wata (— t) 
` B_(gaxd) (— PT) &_(2a30) (17) h (X1) wsarenVearen (4) 
ma Veg a+ eh (#1) Ta+b (— v) Ly (— ne) Ta (— 11-20) h (X2) © gUaqe2d 
Ta(— t) Ta Leere) Tard (— À) h (Xa © Waarzo Xsara (E) 
= y(t) a (9%) +h (X2) h (Xa © Weare) Too 
+ Lo (— DR) Ly (— PE?) Lard ( po) Leared (EE), 


SINCE w_gwegızp == wo DY (3.8). Hence we have easily 


y (t) =y(t*) a (894) +h (x) oa (— 8) y(t), 
where | 
X = Xa (Xı © Waart), 


from which it can be verified easily that x(a) == #24, x(b) —4%4, Thus 
(6.3) is proved. 
(6.4)° The element ko = h(x), where x(a) == x(b) =--1, is contained 
in G*. A, commutes with wo, and, for all tE K, 
hoa (t) ho * == a(—t), RhoB(t}ho = BE), hoy(t)ho*—=y(— t). 


° The idea of deriving the proposition (6.4) from the canonical form of a’(t} is due 
to Tits. The author originally proved (6.4) under the assumption that K is finite, 
using (6.3) and (8.6). 
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_ Proof. The first part of (6.4) can be proved by setting t=—= 1 in (6.1). 
The second part is a special case of wolw =e A-t, hE &, which follows from 
(1.7). The third part follows from (5.12). 


7. The simplicity of Gt. We shall prove the simplicity of G* under 
the-assumption that the field K has more than 3 elements. If K has only 
8 elements, then Gt, which is of order 2°?-3°-7, does not seem to be simple, 
although the author has been unable to verity this; also it is unlikely that 
any new simple group appears as a composition factor of (. In what 
follows, however, we shall arrange the proof of the simplicity of Gt in such 
a way that we use the assumption on K only in the last stage. 

Let H 54 {1} be a normal subgroup of G. Denote, as in Section 5, 
by U, $*, the groups of o-invariant elements in U and §, respectively. 


(7.1) H contains an element uh s41, where ue Ut, het. 


Proof. By (5.16) we can assume that H contains z==uhw,, where 
welt, ACH. Let ha€ G be the element defined m (6.4). Then 
houho tu tuho € H, and hence y = houhou e H. Since y€ 1D, we obtain 
(7.1) if y541. Hence we shall assume y == 1. Then from (6.4) and (5.5) 
we have u == B(t,) with some t € K. Hence z == B(to)hwo € H. Let h= h(x). 
Since, by (5.12), 

y (X(0) 936) B (to) h (X) woy (x (B) FE) = B (to)y (x(B) FE) y (t) h (X) oo, 
and since A(X)oœ08 (to) € H, it folllows that H contains zn (t) 
for all t€ K. By (6.1), 

Tı = y (X (b) Ht) y (+) a (PE) TR (Xi) woa (— 9) y(t), 
where X, is defined by x. (a) == £48, xı (b) = t%-*, Hence H contains _ 
y= a(— 84) y (gy (4) a (PA) 
= a (— 199-7) y(x (b) ET) a(t) Ah (X) A(X) TB (to). 
It is clear, in view of (5.6) and (5.12), that z€ WG! and that 2,41 
if #540. Hence (7.1) is proved. 
(7.2) H contains an element #1 in W. 


Proof. By (7.1), H contains uh 541, ue Ut, hE GH. Assume h= h(x) 
#1. Then by (5.11) x(b) 1. For any t€ K, H contains the element 
Athy (t) Re“ | 
a y ((x(b) 9 — 1) #) 


i 
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which is +1 if t40, since 1-0 would imply x(b) =1 because 
of (5.1). 

(7.3) H contains an element y(t), ¢40. 
Proof. By (7.2), H contains an element u s41 in IF. 


If u=a(t,)8(t,)y(ts) with 1,540, then for any te K, H contains, 
by (5.6), 
up (t) up (t) = uta (t) (te) 7 (te + th) = y(t). 


If u B(t:)y(ts) with t,540, then for any tE K, H contains 
ula(t) tua(t) = uB (ty) y (ts — tte) = y(— ts). 
In any case, H contains an element y(t) with >20. 


(7.4) If H contains y(t), t40, then H contains y(2t) for all 
z€ K*, and, in particular, y(#1) € H. 


Proof. Let h(x) € 5° be such that x(b) =z. Then x(a) =x(b)® 
== 218; X(3a + 2b) = 291, By (5.13), H contains 
h(X) y(t) R(x) = y (x (da + 2B) 4) = y (2t) 
for any z€ K*. Now set z—1:-#, Then 28942 4-2 Hence H contains 
y(t). 


(7.5) If H contains y(t), 40, then H contains a(#%-2)8(#1-%8) and 
h(X)wo, where x is defined by x(a) = 12%, x(b) = 4904, 


Proof. Since G contain w, by (5.9), y(#)€H implies that 
y (t)€ H. Then from (6.3) and (7.4) we can conclude that H contains 
a (— 19%?) a (430-2)h (x) wo, where x is defined by x(a) == t9, x(b) == 146 
Since 
a(u)™ = a (— w) B(— UP?) y (uit) 
by (5.6), H contains 
a (— 190-8) a (— 38-2) B (— E0) y (11) h (X)wo = a (47) BE) y (14) (X) a. 
Then by (7.4) H contains x, = a (t-23) (i **)h(x)oo. Replacing t by —t, 
we see that H also contains x, == g (— 14?) 8 (t138)h(x)wo. Hence H contains 
Tatr? (1) a) a) B(P)y (1). 


. Hence by (7.4) H contains a(¢°®-*) 8 (t). Then H contains h(X)wo, since 
z,€ H. Thus (7.5) is proved. : 
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(7.6) H contains wo, y(t), a(t) (E°), and h(x) for all te K*, 
where x is defined by x(a) = t, x(b) = t. 


Proof. By (7.3) and (7.5), H contains s= a (t,™®-+)8 (t) for some 
t € K*. Hence H contains 


B(u) 2p (u) r> = y(— u). 


Since u is an arbitrary element in K, it follows that H contains y(t) for all 
t€ K. Now we can set t—1 in (7.5). Then h(x) —1, and hence w€ H. 
The rest of. (7.6) follows immediately from (7.5) and the fact that 1%? 
can be an arbitrary element in K*. 


(7.7) H contains the element ho defined in (6.4). 
Proof. Since H contains w, by (7.6), it follows that H contains 
a (— t) "oa (— b) a= a (— 1) Ta" (t); 
which is, by (6.1), equal to 
a (— t) ty (ECD) g (ECD) a (#1) Hat) (t CESR, 


where x is defined by x(a) ==— t, x(b) =—t*. Hence by (7.6) H 
contains ` 
a (— t) (ECD) a (t) ho. 


Since H contains a(—t)-18(#4)- and a(£*)A(£@#) by (7.6), we can 
conclude that H contains f(¢*)8(— t-@%)h, for any tE K*. Setting t= 1, 
we have h€ H. 


THEOREM 7.8. If K contams more than 3 elements, then the group G 
is simple. 


Proof. Let H -£ {1} be a normal subgroup of G. By (7.6), H contains 
h(x) where x is defined by x(a) =t, x(b) ==. Hence by (5.12), H 
contains 

B(u)*h (xX) Bu) (OT = BCE —1)u) 


for every t<0 and u in K. By (5.1) 19 10 would imply 1. 
Since K has more than 5 elements, there exists t€ K* such that (#541. 
Therefore H contains B(t) for all t€ K. Then from (7.6) it follows that H 
contains wo a(t), B(t), and y(t) for all t€ K. Hence HG. This proves 
the simplicity of @. 
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8. Further results on G!. First we shall consider 2-subgroups of G. 
(8.1) If te K*, then 


P (t) = B(t*) A(X) ooB(E"), 
where X is defined by xla) = t, Xx (D) = 6. 
Proof. Applying ¢, to (6.2), we obtain 
Dr (t) = (ET) h (Xe,-14) ort (ET). 


Since any one of 2.»(8), Zain) ($) commute with any one of 2sq.,(u), 
Z_(sasb) (U), and since warrwear == wo by (8.8), we have from the above 


BCE) = Ttan) (MP) (t) == 8 (E) A(x) oo8 (ET), 


where 
X == Xarb,-tXsarb, t 


It can be verified easily that x(a) =, x(b) =". Thus (8.1) is proved. 
(8.2) The element To == B(1)wB(—1) commutes with wo. 
Proof. From (8.1) we have 


B'(1)=B(1)eoB(1), BY =8(—1)%08(—1). 


Hence zo — f’(1) 8 (1) = B(—1)f’(—1), from which it follows immediately 
that woow * a To. | 


THEOREM 8.3. The group G contains an elementary abelian 2-sub- 
group of order 8. 


Proof. Let x, and ho be the elements defined in (8.2) and (6.4), 
respectively. Then, by (8.2) and (6.4), it is clear that the 8 elements 
To, Ro, wo of order 2 commute with each other. By (5.16), ho and w, generate 
a subgroup of order 4 which does not contain 2. Hence To, ho, and wo 
generate an elementary abelian 2-group of order 8. 

Now assume that K is a finite field of g== 37" elements, where 
n==(0,1,2,--°. Then the automorphism 0 of K defined by #?—i™, where 
m == 3", satifies 39? — 1. Hence the group G* can be defined. Since K* is a 
cyclic group of order q— 1, the subgroup K*? of square elements is of index 
2in K* By (5.4), —1¢K*. Hence K* is generated by K*? and — 1. 
Hence by (6.1), (6.4), and (5.16) we have 


(8.4) If K is finite, then @ is the group of all o-inveriant elements 
in G. 
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By (5.16) and (8.4), above, the order of @* is 


P(q—1) + gf(g—1) —g(g—1)(g +1). 

. Since g-——1==2(mod 8), g?-+ 1==4(mod 8), the above order is divisible by 
8 but not by 16. The 2-subgroup of order 8 given in a 3) is then a Sylow 
subgroup. Hence 


THEOREM 8.5. If K is a finite field of q=3*" elements, where 
n==0,1,2,:-°:, then the order of Œ is g(q—1)(g?+1), and a Sylow 
2-subgroup of Œ is an elementary abelian 2-group of order 8. 

All the previously known finite simple groups whose orders contain the 
prime 2 with the exact exponent 3 are: L;(2), La(q) with q=-+7 (mod 16), 
and the alternating group of degree 7 (cf. [1]). Among these only the first 
group, of order 168, has an elementary abelian Sylow 2-subgroup, and for 
the rest the Sylow 2-subgroups are dihedral. Hence Theorem 8.5, above, 
shows that the finite simple groups of the form @ are new. In passing, we 
note that all the known finite simple groups whose orders contain the prime 
2 with the exact exponent 2 are the groups Z,(q) with q= +3 (mod 8), 
q>3 (cf. [1]). The Sylow 2-subgroups of these groups are, of course, 
elementary abelian, since they cannot be cyclic. 

We shall devote the rest of this section to a study of the group #8 of all 
z€ K* such that x(b) =z for some h(x)E@. If K is finite, then (8.4) 
shows that S==K*, In the general case, we already know that 2° € § for 
any z € K* by (5.13), and that — 1 € S by (6.4). Except for these, however, 
we know very little about S. We shall prove 


THEOREM 8.6. We have 1+ 2*¢€ S for any z€ K. 
First we shall prove a few lemmas. 
(8.7) Let 
E — Lagro (tex) Caro (ter) raed (ter) Lard (tar) To (tor) Lo (tro) wo 
with eK. If 


tio 0, 1 — ty, 0,7 1 + brots — tea A 0, 
then 


T_.(8a+b) (— 1 ) T = Vearad (Use) Taa+b (us) Tsa+b (u21) Lard (tx) 
` Ly (Uor) Za (thio) A(X) wor’, 


where x € Ul, where x is defined by 


x(a) == (1+ brotar — 81) (1 — ts), 
X(D) == (1 + tote — ter) (1 — ta)’, 


A FAMILY OF SIMPLE GROUPS. 457 


and where 


tay = by + bio ta — (ber — bro ter)? 
= (tots — ta — t10) ga (1 — tay ) a 
to = — (bio tsr — be — het)", | 
tho = Éa — bro "bar" — torts: + tor — bio “tar 
+ (toy — ty ga)? — (tro tts: — bg, — to) Ft gy (1 —~t3,) 77, 
Uga = Las — by 81? — torts: — (ber — tio tts: ) 


= (tio ts: — ta, — b10 ) "ts (1 — lu) are 


Proof. We merely follow the steps (1.15)-(1.17) mechanically to find 
the canonical form of the element 2_(se.2)(—1)@ = wet_y(—l)wg?e. We 
omit the details. . 


(8.8) Let 
Y = Iyarad (Uaa ) Toro (Usı) Teas (Har) Laro (tia) Lo (tor) Za (tho) wo 
with uj€ K. If 
tho, 0, 1 — Un — theatre % 0, 1 + vite — tha? 0, 


then we have 
| E-card) (— 1) y == yh (Xi) woy’, 
where y and y” are in U, and where x, is given by 


Xi (a) == (1 + toités2 — un) (1 — thi — toth)’, 
Xi (b) == (1 + thoytisg — tn) F (1 — ty — Uoto)’. 


Proof. We make use of the automorphism o of G. Set 
T YF == Lyq,0n (s2) Tarn (tar) © © * altro) wo. 
Then by an easy computation we get 
bro == dot, tsa == Un Lu u, Los meet Ugg? F tp ar. 
Hence ty >< 0, 1—-t,;,50 are clear. Also 
fsı — trotar =e Un? — thos ge! == (Ur? — Urt)? 1. 
Hence we can apply (8.7) to z. Set 
Tamb) (— 1) & == "A(X wor’, 


where 2’, 2” are in U and where x is given in (8.7). Applying o to the 
above, we get l 
T-a) (—1)y—y’h(X)oog), 
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where y” = (2”)*, y == (2’)". Hence we can set X:—-x. We shall compute 
the values of xX, By (8.7) we have 
x(a) = (lt) (1 — ta) 
us; (1 + u — Uat) (1 — Un — thy ata). 
Since X, (b) =x{a)* by (5.10), we have 
X1(b) == (1 + Ulla — Use) (1 — Una — torto) 

Similarly we can compute X;(a). Thus (8.8) is proved. 

Proof of Theorem 8.6. Set r= y(— #%?)a(— t) "o, with t40, +1. 


Then 
T = Lg — £2042) ey (— t=) Zp (t) Ta(t) Wo 


Since t5<0, we can apply (8.7) to z. We obtain 
Y == Z_(sa10) (— 1) T= Tsa+2d (sz) © ` ` To (Uor) Ta (thio) wor’, 
where æ € u, and 
Una, uo m= tI br Loy mmm F7, 


We wish to apply (8.8) to y. The condition on uy in (8.8) are easily found 
to be equivalent to {€ + 1, and hence by (5.4), to 5441. Since these 
are assumed, we can apply (8.8) to y, and obtain 


B (— 1) = t-am (—1)9 yh (Xa) oof) 


where y’, y” are in W (since z and 8’(— 1) are o-invariant), and where h(xı), 
which is also o-invariant, is given by | 


lb) (FEAR), 


Since z is in G, it is clear from the above that A(x,) is in G*. By (6.1) 
and (6.4), K*?( 8. Then the above implies that 1-++ te S whenever 
t>£0,+1. Write z= i, Thon t= 2-8, and the conditions #540, + 1 are 
easily seen to be equivalent to z540,+:1. If z=-0 or +1, then 1+ 2° + 1, 
and hence by (6.4) 122€ 8. Thus (8.6) is proved. 


9. Automorphisms of G>. If t— 7 is an automorphism of the field K 
which commutes with 6, then, since G is generated by a(t),:- -,y (t), it 
can be seen easily that the map a(t) a(t’), - -,y(t)—y(#) can be 
extended to an automorphism p of G@. We shall call p the automorphism of 
G* induced by the automorphism t—> ¥ of K. If K is a finite field, then any 
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automorphism of K commutes with @ and hence induces an automorphism 
of G+. We shall prove | 


THEOREM 9.1. If K ts a finite field possessing more than 3 elements, 
then every automorphism of Œ can be written uniquely in the form pps, 
were p, ts an automorphism of G+ induced by an automorphism of K and where 
pe ts an inner automorphism of Œ. 


Proof. Let —>x be an automorphism of G*. Since Ut is clearly a 
Sylow 3-subgroup of G*, and since any two Sylow 3-subgroups are conjugate, 
it follows that W and (U)? are conjugate; there exists an inner auto- 
morphism p’ such that pp’ maps U! onto itself. Hence we can assume from 
the beginning that 
(9. 2) (QU)? =W. 


By (5.6) it can be seen easily that the center of Ut consists of the 
elements y(t), {€ K. Hence by (9.2) there exists an automorphism +>?’ 
of the additive group of K such that y(t)? ==y(¥). Write c== 1°40. Since 
K is assumed to be finite, there exists, by (8.4), k—h(x) € Œ such that 
x(b) ==c®*?, Denote by p’ the inner automorphism defined by 2? == hsh. 
Then y(t)? == hy (i) ht = y (X(B) 89477) == y(t), and hence y(1)r == y(1). 
Clearly p’ maps U! onto itself. Hence we can assume from the beginning 
that p satisfies not only (9.2) but also 


(9.3) y=), 
where ¿— { is an automorphism of the additive group of K such that 1 =1. 


We shall show that the group 11'$" is the normalizer of W in @. It is 
clear that WG! normalizes Ut. Suppose ze @ normalizes Ut, and let 
z— uhou, be the canonical form of x given in (5.16). Then w normalizes 
Wt. Hence ws4, and we have w==1. Thus EU Then by (9.2) 
we get 
(9.4) (gy =g, 


from which it follows that there exists a homomorphism h(x) > A(x’) of H! 
into itself such that 


(9.5) h(x) PhO) E Un. 
By (9.3) and (9.5) we obtain 
X (bY — (xey. 


10 See footnote 3. 
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Setting t == 1 in the above, and using 1’=—1 we obtain 
(9.6) | X (b)? (XI) 
Then from the above we get 

(x (B) 2) = (x (b), 


Since, by (8.4) and (5.3), every element in K* can be written in the form 
x(b) +? with h(x) € Œ, it follows that wt = (ut)’ for any u, tin K. Since 
t— is an automorphism of the additive group of K, we have thus shown 
that the map t-> ¥ is an automorphism of K. Denote by p’ the automorphism 
of G* induced by the inverse of the automorphism t—> t. Then y(i’)?’? == y(t)? 
= y(t’) for all te K. Also, it is clear that p’ maps U! into itself. Hence 
we can assume, for the proof of Thseorem 9.1, that ?=t for all 4€ K. 
Then 


(9.7) | (EP =y (t) 
for all t€ K, and, by (9.6), X ==x. Hence, by (9.5), 
(9.8) h(x)Ph(x) € W. 


Now, by (5.16) one can show easily that „oo N & = {1}, which, 
combined with (9.4), shows that wo? must be of the form wọ = uho, 
where u, w E Ut, hE St. Then wọ ==1 implies uhwou’tho wu’ = 1, which in 
turn implies Wu=1. Denote by p’ the inner automorphism z—> upu of A. 
Then wo” == hwo and we can replace p by pp’ in (9.2), (9.7), and (9.8) 
without losing the validity of the statements. Hence we can assume 


(9. 9) Wo? == h (X0)w0. 


We shall show that p—1 follows from (9.2), (9.7), (9.8), and (9.9). 
This is clearly sufficient for the proof of Theorem 9.1. By (9.8) we 
can write A(x)? =uxh(x) with WE Ut. Substituting this and (9.9) to 
woh (X)wo==h(x)-* one can derive easily ux—1. Thus we have, for all 
h(x) € $, | 
(9.10) h(X)? == h (X). 


By (9.2) we can write a(1)°—a(c)B(c)y(c:) with c, c, and cĉ, in K. 
Then -by (9.10), (5.12), and the fact that x(b) can be regarded as an 
arbitrary element in K*, we have 
(9.11) a (t)? = a (ct) B(cxt%*t) y (cyt?) 
for all {€ K. l 
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Let 3! be the center of Ut, and 87/8 the center of 11/81. Then by 
(5.6) one can see easily that 8° consists of the elements 8(t)y(u), t uE K. 
Hence 8(t)? = B(t:)y(t:). Let ho be the element defined in (6.4). Then 
by (9.10), ho? = ho Hence we have 8 (t)? == B(ti)y(— ta). Then t, = — tz 
l2=0, Thus we have B(t)°— 8(t:). Combining this and (9.11) with the 
second identity of (5.6) one can deduce easily cut, = ut for all u, t in K. 
Hence c 0, and t, == ct. Thus we have proved that 


(9.12) B(t)? = Bee") 


holds for all t€ K. Now combining (9.11) and (9.12) with the first identity 
of (5.6) one can deduce 


C1 (t +. u) 8641 01539 ccm p $8843 + 03843 set (cu) 88 
for all żŁ u€ K. Since 
(i +- u) 2041 {39+1 + $294, 4 tu? + 4 86+1. 


we have tu = (ct — 0 — ¢,)tw®? for all tp ue K. Now assume that K 
has more than 3 elements. Then we have cj = 0, c — c3 — c, —0, Hence 
92 —], cael. Thus we have 


a(t)? =a (t)y (cot), BP Bt) 


for all t€ K. Combining these again with the first identity of (5.6), we can 
deduce 
Co (t + u) 8042 ern Cott? + zur: 


for alt, u€ K. Since 
(t + u) 5048 — 12042 4 4392 486 (u — u?) + u (1? — tu) 


we have, by setting vl, c(t — t) (¢—1}) —0 for all {€ K. It can be 
easily seen that #9 — 0 implies that t==0 or +1. Since K is assumed 
to have more than 8 elements, we conclude c;: =0. Thus we have proved, 
for all tE K, 


(9.13) a(t)=æa(t),  B(t)}r—8(t). 
Now, by (8.1), (9.7), (9.9), (9.10), and (9.13), we have 
h (Xo) wo8 (— 1) wo 7h (Xo)? = BCL) A (x) 008 (1). 
Then by (5.12) we have 
P (Xo (b) =) = B(1) h (xn) BA"). 
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Then wolltwot N U == {1} implies B(1)h(X)8(1) *=1, A(xXo) =1. Thus 
we have proved wọ == wọ. Then by (9.7) and (9.13) we have p= 1, since @ 
is generated by the elements a(t), B(t), y(t), and wo ‘Thus the nn of 
Theorem 9.1 is complete, except for the uniqueness part. 

To prove the, uniqueness, let {—# be an automorphism of K, and 
suppose that the automorphism of G* induced by it is the inner automorphism 
z>ara!. Then clearly alta t— W, and, since the normalizer of W on Œ . 
is 1°61, a must be of the form a == uh, where u€ Ut, RE H. On the other 
hand, since 1’ = 1, (— 1)’ == — 1, a must commute with wo == 8(1)6’(— 1) (1). 
From this we can conclude easily u = 1, h«=1, and that t— 7’ is the identity 
automorphism of K. Thus the uniqueness part is also proved. 
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ALGEBRAIC ISOMORPHISMS BETWEEN ORDERED BASES.* 


By J. R. RINGROSE. 


1. Introduction. Let H be a complex Hilbert space, and denote by 
(H,H) the class of all bounded linear operators acting in H. An operator 
algebra over H is a subset J of (H,H) such that, if A,Be J and A is a 
complex number, then A+ B,AB,AAE J. If J., Jı are operator algebras 
over Hilbert spaces H,, H, respectively, an algebratc ssomorphism from Jı 
onto J, is a one to one linear and multiplicative mapping ¢ from J, onto 
J. If there is a non-singular continuous linear transformation Q from B, 
onto H, such that 

b(T) = 979 (Te J), 


we say that œ is a spatial tsomorphism, and is implemented by Q. The main 
object of the present paper is to prove that, if J, and 7, are ordered bases 
(in the sense of [3]), then every algebraic isomorphism from 9, onto J, 
is spatial. 


2. Notation and definitions. Let J be an operator algebra over a 
Hulbert space H. We denote by J* the algebra {7*: TE J}. By a hull of 
J we shall mean a closed subspace L of H which is invariant under each 
operator in J. A hull idempotent of J is an idempotent in (H,H) whose 
range is a hull of J. A self-adjoint hull idempotent will be called a hull 
projection. A full class of hull idempotents of J is a family F of hull 
idempotents such that, given any hull L of §, there is a member of 9 
‚whose range is L. 

Following Kadison and Singer [3], we shall say that the operator algebra 
algebra J is a maximal triangular algebra if 


(i) Q@=JN J* is a maximal abelian sub-algebra of (A, H); 
(ii) amongst algebras satisfying (i), J is maximal. 


Under these conditions, @ is a commutative von Neumann algebra, called the 
diagonal of J. It is shown in [3] that the hulls of a maximal triangular 
algebra are linearly ordered (by inclusion), and that each hull projection lies 


* Received December 6, 1960. 
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in the diagonal of the algebra. If the hull projections of a maximal triangular 
algebra J generate the diagonal (as a von Neumann algebra), we shall call 
IJ an ordered basis. The motivation for these definitions is indicated in [3]. 
We note that, owing to the need in this paper to consider non-orthogonal 
projections, our use of the term hull differs slightly from that of [3]. 

We now give an example which is of some importance in the theory. 
Let p be a non-negative measure defined on the Borel subsets of the closed 
interval [0,1], and denote by Hp the space L*([0,1]: p) of p-measurable 
functions whose squares are p-summable over [0,1]. Given a p-essentially 
bounded function f(t), let M; be the operator of multiplication by f. The set 


Gp = {M;: fe Le ([0,1]: p)} 


is a maximal abelian sub-algebra of (Hp, Hp), the multiplication algebra over 
Hp. This algebra contains the orthogonal projection H(7r) of multiplication 
by the characteristic function of +, whenever r is a Borel subset of [0,1]. 
We refer to E(r) as the spectral measure in Qp. We define Ey == H([0,A]), 
Ey. F({0,A)) (OSAS1). Now let Jp be the class of all hounded 
linear operators acting in Hp which leave invariant the range of each J). 
Then Jp is an ordered basis over Hp, with diagonal @p and hull projections 
Hy, Ex- (OS:AS1). For these facts we refer to [3]. The importance of 
this example lies in the following representation theorem, which is proved 
in [3] (see p. 248). 


THEOREM. Let J be an ordered basis over a separable Hilbert space H. 
Then it ts possible to choose a non-negative measure p defined on the Borel 
subsets of the interval [0,1], and a unitary operator U from H onto Hp, 
in such a way that J — UT, U. 


As an immediate consequence of this theorem, we note that an ordered 
basis consists exactly of those operators which leave invariant each of its 
hulls. 


If J is an operator algebra over a Hilbert space H, we denote by J’ the 
commutant of J: that is, 


J’ = {3¢€(H,H): ST—TS (TE F)}. 


The von Neumann algebras over H can be defined as those for which 


J == J* = (TY. 
3. Some preliminary lemmas. 


Lemma 1. The following properties of elements of an operator algebra 
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J over a Hilbert space H are conserved by any algebraic isomorphism between 
two operator algebras. 


(i) E is wiempotent. 

(ii) E, F’ are idempotents and E(H)C E(B). 
(iii) E, E are idempotents and E(H) = E (H). 
(iv) E is a hull idempotent of J. 


Proof. In order to prove parts (i), (ii) and (iv) we shall state in each 
case an equivalent property which is obviously preserved by algebraic iso- 
morphism. Part (iii) is immediate from (ii). 


(i) Æ—E. 
(ji) RB-PE-E, (EH) = EB’ 
(iv) EE, TE=ETE (TES). 


Lemma 2. Let I,, J, be mazimal triangular algebras, and let p be 
an algebraic isomorphism from J, onto Fz. Then tf F (CT) is a full 
set of hull idempotents for J,, the family 6(F) —{b(#): HE F} is a full 
set of hull idempotents for T2. 


Proof. It is immediate from Lemma 1(iv) that ¢(#) is a family of 
hull idempotents for J». Suppose now that L is any hull of 7,, and let F 
be the corresponding hull projection. Since J, is a maximal triangular 
algebra, F€ J,. Thus we may set F — b(E), where FE J, and (by Lemma 
1(iv)) is a hull idempotent of J,. Since F is a full set of hull idempotents 
for J, there is an element EH’ in F having the same range as E. Let $(E’) 
=F", Then FE (F), and has the same range as F (by Lemma 1(üi)). 
Since the range of F is L, it follows that (F) is a full set of hull idem- 
potents for J. 


Lemma 3. Let e, f be elements of the Hilbert space Hp, and let X be 
the bounded linear operator acting in Hp which is defined by the equation 
St==<z,e>f (TEH,). Then a necessary and sufficient condition that S 
should be a member of the ordered basis Jp is that there exist a „E[0,1] 
such that E,.e==0, E,f=f. The notations are those introduced in 82. 


Proof. Suppose that Se Jp, and let pe=inf{rA: Ef =f}. The right 
continuity of Ex implies that #,f — f, while from the definition of p it follows 
that uff (A<p). Now 


SEre = | Eye I? f, 
E\SEye = | Bye ||? Eyf. 


Ort 
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Since SE, = EySE,, while f-<E\f when À < p, we deduce that for such À, 
Ere—=0. When À 7p we obtain HK, ¢==0. 
Now suppose conversely that for some »€[0,1] we have K,e—0, 
Ef =f. If A < yp, then 


SE mm <Er, ef = x, Bye>f == 0 (ze Hp), 


and thus SE == E SEn (A< p). On the other hand, the last equation is 
satisfied when A = u, since then f==H#,f. Hence 8 leaves invariant the range. 
of each Fy, and is therefore a member of Jp. This completes the proof of 
the lemma. 


Lemma 4. Let J be an ordered basis over a separable Hilbert space H, 
and suppose that AE J. Then A has rank unity tf and only if (1) 40, 
and (ii) tf B,C€ F and BAC ==0, then at least one of BA, AC ts zero. 
Consequently, the property of having rank unity is preserved by algebratc 
ssomorphism between ordered bases. 


Proof. We first suppose that A has rank unity. Then we may choose 
e, f (€ H) in such a way that Ar—z,eyf (£e H). We then have 


BAxr—<z,esBf, Alz<z,0*resf, BACr=<2,C*eSBf (zeH). 


If BAC = 0, one at least of C*e, Bf is zero; hence one at least of BA, AC is 
zero. Since A540, conditions (i) and (ii) are satisfied. 

Now suppose that A has rank exceeding unity. Because of the repre- 
sentation theorem for ordered bases which is stated in §2, it is sufficient to 
‚consider the case in which J =— Jp. We shall use the notations introduced 
in 82, and write ZA for the range of the projection #,. Let 


@e=xsup{rA: Ky = 0}, B= inf{à: H\—1}. 


Thus Ea-=0, Ep==I. We now consider separately four possibilities, 
enumerated below as cases 1 and 2, in each of which there are alternatives 


(a) and (b). 
Case 1. dim{A(L,)} > 1 for some À < B. 


In this case let u,, u (€ ZA) be chosen in such a way that Au, Au, are 
linearly independent, and let e(540)€ H,@ Lx We now sub-divide case 1 
into two alternatives. 


Alternative (a). For some u > a, (I — E,)Au,, (I — E,)Au, are linearly 
independent. Let f(340)€ L,. We may assume (by making a non-singular 
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transformation on us, u) that (1—EÆE,)Au,, (I—E,)Au, are orthogonal. 
We then define 


Cz = C2, 6th, Bz = <a, (I — Ep) Ausf (xe Hp). 


It is easily verified by means of Lemma 8 that B,C € Jp; furthermore, 
BAC = 0. However, neither BA nor AC is zero, since ACe s£ 0 4 BAu.. 


Alternative (b). For every p> a, (I—,)Aw, (I—H,) Au, are 
linearly dependent. We may choose scalars lp, mx (>a) such that 


[a| + | my | —1, l,(I— Ea) Au, + mil — Eg) Au, = 0. 


As uN & through a suitable sequence, }, and m, tend to limits l, m (respec- 
tively), and we have 


time I(T —Ba)Aty-} m(I— Ey) Ata = 0. 


It follows that (I — Ea) Au, (I— Ha) At, are linearly dependent, and hence 
that Has40. If we now set u= lu, + Mta, then 04 Au, = EAU. Since 
La Ea— Ea, we may describe Ha as the projection of multiplication by 
the function taking the value unity at æ and vanishing elsewhere. Thus the 
single point «œ has positive p-measure, and He is an operator of rank unity. 
Since dim{A (Lh) } > 1, we may choose % (€ Ln) such that EaAug == 0 6 Aus. 
If we now define B = Ha, Ox = <z, e5ug (TE Hp), then it is easily verified 
that B,C€ Jp. Furthermore, BAC =-0, but ACe s40 x4 BAtw. 


Case 2. supdim{A(Jy))} =r. 
ACB 


In this case we have dim{A(Z,)}==r for some »< 8. Then A(Ih) 
—A(L,) (PSA < 8), and hence A(Lg.)—A(L,) (where Dg. is the range 
of the projection Es). We deduce that dim{A(ZLg }} ar <1, and thus 
that Le.4Hp—=L,g. It follows that Lg. has codimension unity in Hp. Let 
e(3£0) € Hp O Lg. Since Hp is spanned by e and Lg, A(H,) is spanned by 
Ae and A(Lg.). From the inequalities dim{A(Hp)} = 2, dim{A (L,.)} =1 
we may now deduce that 


dim{A(Hp)}—=2, dim{A(Le)}—1, Aeg Alle). 


Let uo be an element of Lg. such that Au,-£0. We now sub-divide case 2 
into two alternatives. 


Alternatwe (a). For some u >a, (I —FE,) Att, (I —E,)Ae are linearly 
independent. Choose f(5£0) € La, and u € Hp O L,, such that 


<Ae, U) = () 3E AU; Uy». 
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We then define | 
Bu = <2, uf, Ur <T, eye (ze Hp), 


and may verify that B,C € Jp, that BAU—0, but that BA >£ 0 3 AC. 


Alternative (b). For each u > a, (I—H,) Ato, (I —H,) Ae are linearly 
dependent. We may deduce, by the type of argument used in case 1 alterna- 
tive (b), that (I—Ha)Auo, (I—Ha)Ae are linearly dependent. Hence 
there is a linear combination u, of e and u, such that 0 # Au, = Ead; 
and by following the method of case 1 alternative (b), we may construct 
ü(€ Hp) such that EaAus = 0 34 Aus. We define B= Ea, CT == <T, etg 
(x€ Hp). Once again we may verify that B,CE Jp, that BAC == 0, but 
that BA s£ 0 -< AC. 

The four situations considered above are jointly exhaustive, and in each, 
the assumption that A has rank exceeding unity leads to a proof that con- 
dition (ii) of the lemma is not satisfied. Hence the two stated conditions 
are fulfilled if and only if A has rank unity. Since these conditions are 
obviously invariant under algebraic isomorphism, the lemma is proved. 


Lemma 5. Let J be an ordered basis over a separable Hilbert space H, 
and suppose that TE J. If ST —0 whenever NE T and S has rank unity, 
then T =m Q. 


Proof. It is again sufficient to consider the case in which J = Jp, where 
p is some non-negative measure defined on the Borel subsets of [0,1]. Suppose 
that T £0, and choose u( € Hp) such that Tus<0. We consider two cases. 
In the following, a is defined as in the proof of Lemma 4. 


Case 1. For some A>a, (I—E,)Tus£0. Choose f(s40) such that 
f= Ef, and define Sr == <x, (I—H))Tu>f (ze Hp). Then we may verify 
by means of Lemma 3 that Se To: Furthermore, S has rank unity and 
STu 0. 


Case 2.. For every X>a, (I—H,)Tu=m0. Then (1 —E,)Tu—=0, 
and thus Ea7#0. If we now set S = Ha, it follows that S is an operator of 
rank unity, and that STu— Tu £0. 

The two cases considered above are jointly Dauer, and in each of 
them the assumption that T40 leads to the construction of an operator S 
of rank unity such that Se Jp and ST 40. Hence the lemma is proved. 


Lemma 6. Let Jı, J, be ordered bases over separable Hilbert spaces H,, 
H, respectively. Let +, y be two algebraic isomorphisms from J, onto T, 
such that p(8) == w(S) whenever SE T, and 8 has rank unity. Then $=u. 
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Proof. Let TE J., and define T’=-¢(T)—y(T). Let S be any 
operator of rank unity in Ja. We may set S’ == (9), where SE J, and 
(by virtue of Lemma 4) 9 has rank unity. Hence the operators 8, ST have 
rank at most unity, and we have 


¥(S) = $(S) — 5", 
0 = (ST) —y (ST) 
= (8) b (2) YET) 
= S'(b(T) —y(T)} 
= FT”. 


This holds whenever 8’ € J. and S’ has rank unity. Lemma 5 now implies 


that T” = 0, that is, (T) =y4(T). Since T is an arbitrary element of Ja, 
we have ġ = yŅġ. 


4. Diagonal isomorphisms from an ordered basis onto itself. Let 7 
be an ordered basis over a separable Hilbert space H, with diagonal Q. 
By a diagonal isomorphism on J we shall mean an algebraic isomorphism ¢ 
from J onto itself, such that (4) =A (AE €). 


THEOREM 1. Let J be an ordered basis over a separable Hilbert space 
H, with diagonal A, and let ¢ be a diagonal isomorphism on J. Then ¢ is 
a spatial isomorphism, and may be implemented by a non-singular trans- 
formation belonging to the diagonal Q. 


Remark. For the case in which the ordered basis 7 has an atomic 
diagonal, this result is contained in Theorem 3.2.3 of [3]. 


Proof. We may suppose without loss of generality that J is the ordered 
basis Jp described in §2. We define 


a—sup{d: p([0,A])=0},  B—=inf(r: p([A, 1]) =0}. 


It is clear that p([0,«)) —0— ((8,1]). We may ignore the trivial case 
in which the measure p is concentrated on a single point (and Hp is one- 
dimensional), and deduce that B>«. By a linear transformation on the 
real numbers we may reduce to the case in which 8—1, a—=0. Thus we 
have H æ Ho, J == Jp, and 

(1) p([0,2]) A0p([,1]) (Q<A<1), 
(2) Ly 40 AI — By. (O<A<1). 


The remainder of the proof is divided into a number of sections. 
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(a) Proper dissection- points. These are the points A(€[0,1]) such 
that both the intervals [0,A], [A 1] have positive p-measure. Under our 
assumptions, every interior point of [0,1] is a proper dissection point: an 
end-point of [0,1] is a proper dissection point if and only if it has positive 
p-measure. Hence the proper dissection points form an interval X such that 
(3) (0,1)CXC [0,1], p(X) = p([0,1]). 


(b) The functions a(t), b(t). When ¢,f€ Hp, we denote by e&f the 
linear operator S from Hp into itself which is defined by Sx = <a, edf (x € Hp). 
When r is a Borel subset of [0,1], we write Xr == Xr (t) for the characteristic 
function of r. 


Given a proper dissection point A, we may consider the operator 
Fy = X1 Q Xto This operator has rank unity, and it is immediate from 
Lemma 3 that F\€ Jp. It is easily verified that 


Fy = E\F,(I— Bh). 


By applying the diagonal isomorphism œ, which leaves invariant the operators 
I, By, Es € Ap, we obtain 


(4) PF) = Erg (Pi) I — Er). 
From Lemma 4 it follows that the operator $(Fı) has rank unity; we may set 
(Fy) == a @ dy, 


where da, ba are non-zero elements of Hp, and are determined to within 
. scalar factors {, n (respectively) such that y==1. From (4) it follows that 
(possibly after modifying a, 6, on p-null sets) we have 


a(t)—=0 (t<d), 
(8) bali) =0 (> a). 


Our immediate objective is to de that, if a, and b, are suitably normalised, 
then we have 


y(t) =X (t)a(t), Bl) = Xro,a (4) D (t) (AEX), 
where a and b are fixed p-measurable functions. 
Suppose therefore that „AEX and a>A. We have 


0 Ximi © X£0,x] 
m= (Xma © Xto) (I — Eu) 
== Hy (Xtra @ Xro,w1) - 
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By applying the diagonal isomorphism $ we obtain 

(a, 8 by) (I — En) = Er (ax © ba) 0, 
that is | 
(6) (Xe) © by = dp © (Xroxdx) 7 0. 


We now choose and fix a proper dissection point a. If Ac% and Aa, 
we consider equation (6), with u replaced by a. If Ac X and A= a, we 
consider equation (6), with À, u replaced (respectively) by a, A. We conclude 
that the functions a, bay may be normalized in such a way that, with the 
possible exception of certain sets of p-measure zero, we have 


a(t) = de(t)Xn4 (2) 
” | OCH ABS) 
Kan (t)aa (t) = aa (t) 
(8) ba(t) = ba (t) Xto, (2) (VEZA Sa): 


Having normalised the functions a, ba (A€ X) by means of equations (7), 
(8), we remark that | 
| Gy (t) = ay (E) Xrm (t) 

(9) Xto,x1 (É) ba(t) — b (t) we TAS p), 
with the possible exception of certain p-null sets. The existence of some 
normalisation of the functions a, Ga, 6), ba for which (9) is valid is an 
immediate consequence of (6). To prove the validity of (9) for the particu- 
lar normalisation given by (7), (8), we note that both a,(¢), a(t) are equal 
to da(t) at almost all points of the interval [max (w, à, a), 1]: and that the 
three functions do not vanish at almost all points of this interval (since 
otherwise, in view of (5), one of them would.be a p-null function, contrary 
to hypothesis). Hence the normalisation for which (9) is valid coincides 
with that defined by (7) and (8). 

We now choose an increasing sequence of closed intervals XY, == [A,, zal 
whose union is X, and define 


ay — {om ASIEN, 
alt) (An Et Anin >l); 
b(t) — j ba (É) (0ZÉZ m), 
bun (t) (pna << tS yn: nl). 
The functions a(t), b(¢) are defined throughout X, and hence at almost all 


points of [0,1]. From (9) we deduce that, with the possible exception of 
certain p-null sets, we have 


a(t) = a(t) Xp (t); 
ba (t) — b (E) ra (2) | ae). 
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Finally, we deduce from the defining property of the functions a, by, and 
from equations (10), that 


(11) p (Xaa @ Xio) = (@Xp,21 © 6X 0x1) (AEX). 


(c) . The relation b(t)a(t) =1. Let ÀAn€X and suppose that AZ pz. 
An elementary calculation shows that 


(Xos @ Xio) (Ximi D Xna) =p (LAs #]) Ra B Xto). 
This relation may be re-written in the form 
(Xa @ Xeon) En. (2 — Ex) (Ximi © Xro,p1) 
= p (TA, #]) E (Xm © X10,u3). 


If we apply the diagonal isomorphism œ to the last equation, and use (11), 
we obtain 
(X. @ bXto,a1) Ba. (I — En) (OX tua) B BXto,n1) 


=p (LA, p] ) En (4X13 © OX10,83 ); 
that is 


(12) (@Xpr,u1 © DXrox1) (Kan © OX p01) =e (LAs u] ) (aXtw 13 8 OX¢0,23)- 


An elementary calculation shows that the left hand side of (12) is equal to 


SPORE) (axran Bbx) 
Since, as has been verified in the above calculations, 


(@Xtp,11 © 6X.) = D (Kan © Xto.) >£ 0, 
we deduce that 


S BW aH p(t) Un) TER FEN 


It follows that b(t)a(t) —1 at almost all points of X, and hence at almost 
all points of [0,1]. 


(d) Proof that a, b are p-essentially bounded. Suppose that- f, g € Hp, 
that À € X, and that the functions fx 11, 9Xt0,a) Are not p-null functions. Then 
the operator FX © 9Xr0,x1 has rank unity, and is a member of Jp. We 
define . 

fim UV/(L+|F)),  fe=f/A+lF)), 
g=1/(i+|g|), g2—g9/(1+]9]). 
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Then fı, fa, Ju Jz are p-essentially bounded measurable functions. With these 
we associate the corresponding multiplication operators #,,- : <, Mo» which 
belong to the diagonal @p of the ordered basis Jp. From the (easily verified) 
formula 


My, (he @ hg) Mn, = (haha) © (hihs) (hasha € L” (0, 1] : p) 5 ha, hs € Hp), 
and the relations ff = fe 99192, we deduce that 
(13) My. (Fra 8 gX) My, = Mos (Xe © Xo) Mra 


Let us now operate on equation (13) with the diagonal isomorphism ¢. We 
may suppose that 
Rau Kan) =F @ G, 


where F, G are non-zero elements of Hp. We obtain 


My, (FO G) My, a, Mg, (aX @ PX£0,x1 ) Mrs 
that is 
(fil) @ (916) = (@faXrr,11) 8 (bG2X,0,a1)- 


It follows that F and @ may be normalised in such a way that (with the 
possible exception of certain p-null sets) 


AEF = åf Xa, 
giG == bg 2Xto0,n1- 
Hence 
F = GfXrn; 
G un bgXto,r3- 
We deduce that fXn.ın B9Xrox1 € Hp, and that 
(14) (Xu © 9Xt0.x1) = (afXp,11) O (b9Xt0..1) - 


It is apparent that this equation remains valid when one or both of fxXpiu, 
4Xr,x 18 à p-null function. 

We now choose a proper dissection point À, and an element f of Hp, 
such that f(t) 0 (OS t% 1). We keep f and A fixed, but allow g to vary 
in Hp. Since œ is an algebraic isomorphism from Jp onto itself, and pre- 
serves the property of being of rank unity, we deduce from equation (14) 
that as g runs through Hp, b9Xroxs runs through all elements of Hp which 
vanish on the interval (A,1]. It follows that both b and its inverse function 
b-t are p-essentially bounded on [0,A]. Similar considerations show that a 
and a™ are p-essentially bounded on [A,1]. Since Dé—1, we may deduce 
that a, at are p-essentially bounded on [0,1]. 
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(e) Conclusion of the proof of Theorem 1. Equation (14) may be 
written in the form 


(15) (Xu © gXt0,a1) di M; (Xa © Kr) Ma 
= (X 11 © gX) Q, 


where Q (€ Gp) is the operator Mz: It follows from Lemma 8 that every 
operator of rank unity in Jp can be written in the form fxrx 13 © gXto, for 
some A€ X. From (15) we-deduce that ¢ coincides, in its action on operators. 
of rank unity, with the spatial isomorphism induced by Q. It now follows 
from Lemma 6 that coincides with this spatial OMAN This com- 
pletes the proof of Thorem 1. 


5. Symmetric isomorphisms between ordered bases. Let J, be an 
ordered basis over a separable Hilbert space Hy, with diagonal Q; (t= 1,2). 
By a symmetric isomorphism from Jı onto J, we shall mean an algebraic 
isomorphism ¢ from J, onto J, such that ¢(A*) —¢(A)* (AE Q). 


THEOREM 2. Let J, be an ordered basis over a separable Hilbert space 
H, with diagonal Q; ((—1,2), and let $ be a symmetric isomorphism from 
J1 onto Jı.. Then p is a spatial isomorphism, and may be implemented by 
a transformation of the form Q = QU, where U ts a unitary operator from 
H, onto H, and Q,€ Qh. 


Remark. For the case in which each of the ordered bases has atomic 
diagonal, this result is contained in Theorem 3.2.3 of [3]. I am indebted 
‚to Professor R. V. Kadison for a suggestion which has enabled me to shorten 
substantially the arguments by which Theorem 2 is deduced from Theorem 1. 


Proof. Let Ac Q.. Then A,A*e J, and we have 
P(A)E Ja G(A)*—(A*) € Ja. 


It follows that (A) € Ga, and that (1) C Qa. Since ¢(C:) is a maximal 
abelian sub-algebra of J., while C, is abelian, we may deduce that 4(C,) 
= la. Thus $ induces an adjoint-preserving algebraic isomorphism from Q, 
onto ,; and (Ql; is a maximal abelian self-adjoint sub-algebra of (H, Hi) 
(i= 1,2). It follows (see the uniqueness clause of Theorem 5 of [5]) that 
there is a unitary operator U from H, onto H, such that 


(16) (A) = UTAU © = (4€ G,). 


We shall now prove that 
(17) I; Bas LATE: 


ISOMORPHISMS BETWEEN ORDERED BASES. 475 


For let F, be the family of all hull projections in Jı. Then F, C Cj, and 
$F, is a full set of hull idempotents for J,. If we now define 


(18) Fa p(F1) = UF U, 


it follows from Lemma 2 that F, is a full set of hull idempotents for FJ}. 
Hence, for t= 1,2, J, consists of all operators S which act in A; and satisfy 
SH— HSE (EE F). From (18) it is immediate that Ja = UJU. This 
proves (17). 

We now define . 
(19) (S) = Us) U" (SE Ti). 


From (16) and (17) we deduce that y is an algebraic isomorphism from J, 
onto itself, and that y(4) = A (A€(,). Thus y is a diagonal isomorphism 
from J, onto itself, and (by Thesorem 1) is a spatial isomorphism which 
may be implemented by an operator Q, (€ @,). Hence 


¥(S) = 0180, (S € Jı), 
and 
(8) = Uy (8) U 
= U10: U 
= O89 (SE J), 


where Q = QU. This proves Theorem 2. 


6. Algebraic isomorphisms between ordered bases. 


THEOREM 3. Let J, be an ordered basis over a separable Hilbert space 
H, (î— 1,2), and let $ be an algebraic isomorphism from T, onto Fo. 
Then & ts a spatial isomorphism. 


Proof. In view of the representation theorem stated in § 2, it is sufficient 
to consider the case in which J,== Jp, where p is some non-negative measure 
defined on the Borel subsets of [0,1]. We shall use the notations introduced 
in §2. The proof is divided into a number of stages. 


(a) Consider the algebra (Qp). This is a maximal abelian sub-algebra 
of J, and since J, is weakly closed, the same is true of (Cp). A fortiori 
(Qp) is uniformly closed and, with operator bound as norm, forms a com- 
mutative Banach algebra. Thus œ induces an algebraic isomorphism y from 
the commutative von Neumann algebra @p onto the commutative Banach 
algebra (Cp). It is clear, from the definition 


rg=int{u: p> 0,{A| > ~>AT—A has an inverse in 7} 
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of the spectral radius r, of an element A in a Banach algebra J, that y 
preserves spectral radius. Now 


ta | A | (4 € Gp), 
since (fp consists of normal operators; and 
ty Sly) (4 € Gp), 


by a well known inequality (see, for example, [2], p. 56%, Lemma 4). Thus 
we have 


| À | = ra = Try) Si yA) (4 € dp). 


Hence (considering (l, and ¢ (Qp) as Banach spaces) y! is a continuous 
linear operator from (Qp) onto Cp. The inversion theorem (see, for 
example, [2], p. 57, Theorem 2) implies that y is also continuous. We may 
therefore choose a constant K such that 


(20) LAISIMI SEIA] (A € Gp). 


(b) Let E(r) be the spectral measure in Cp, and let Fy, Hy be 
defined as in 82. We set 


Fr) = p(E(r)), 
(21) Fy = (Fy), 
By_ == (EE, ) 
for all Borel subsets r of [0,1] and all Ac[0,1]. It is immediate that 
(22) Fy ==F((0,A]), P-=F([0,1)) (0SAS1). 


Furthermore, if T, 71, Ta are Borel subsets of [0,1], ro is the empty set, and 
K is the constant occuring in (20), we have 


(1) F(ro) =0, F({0,1]) JZ; 
(ii) E (ti O ra) = F (71) F (r3), 
F(t U rs) = F (r1) + Fr) provided ri N T3 == 79; 
(iii) IFO) SE. 


Conditions (i), (ii) follow from the corresponding properties of E(r), and 
(iii) is seen to be a consequence of (20) and (21) when we recall that 
E(r) € Qp and that | Z(r)] <1. 

We may now deduce from a theorem of Dixmier ([1], p. 222: see also 
[4], [6]) that it is possible to find a Hilbert space H;, and a one to one 
bicontinuous linear operator P from H, onto H,, such that 


(23) | G(r) = P“F(r)P 
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is a self-adjoint operator for each Borel subset r of [0,1]. It is clear that 
H, is separable. 
(c) We define 


Je PTP, d,;—P16(Gp)P. 
We shall prove that J, is an ordered basis with diagonal Qs. 


Since the operators Ey, Hy. (OSAS1) form a full set of hull idem- 
potents for Jp, it follows from Lemma 2 and from equations (21) that Fy, 
Fy (OXAS1) are a full set of hull idempotents for Ja. Hence J; 
consists of all operators acting in H, which leave invariant the ranges of the 
idempotents Fy, Fy. (0 S&A & 1). Thus, if we define 


(24) Gus PAP, Gy = PARP, 


then J, consists of all operators acting in Ha which leave invariant the ranges 
of the idempotents Gy, Gy (0&5 1). Hence 


(25) Ts {TE (He, Hs): TA= GT, TH. = ATH (0SAS1)}- 


From equations (22), (23) and (24) we deduce that Gy=G@([0,A]), 
G,== F({0,A)). Hence the idempotents @, Ga- (0=X<1) are projec- 
tions, and in fact form a linearly ordered family of projections. If we now 
prove that the von Neumann algebra @, generated by these projections is a 
maximal abelian sub-algebra of (H,,H,), we shall be able to deduce from 
Theorem 3.1.1 of [3] that J, is an ordered basis with diagonal @4. 

When Je Jp we define 


(26) ÿ(S) = P74 (8)P. 

Thus % is an algebraic isomorphism from Jp onto Js, and 

(27) y (Qp) =P>¢(Ap)P = G. 

Furthermore, 

(28) yE) =u p(E) = G- (0OSAS1). 


Let €’; denote the commutant of @,. Then 
Blam {TC(Hy, Ho): TAAT, TH GT (0SAS1)}. 
It is clear from (25), and the preceding line, that €’; C Js; hence 


By {TE ds TH AT, TH = GAT (0SA81)} 
=wW({S€ Jp: SEn ES, SEx = ES (0SAS1)}) 
== Y (Cp) 
== (f,. 


478 J. R. RINGROSE. 


Thus @’, is abelian, and contains 6, (since Guy h-E (:). Since, by the 
double commutant theorem, s= 8”, we deduce that Bs = (yY C 6's. 
Hence Lame @’,—(;. It easily follows that @, (—(;) is a maximal 
abelian sub-algebra of (H,, Ha), and hence that J, is an ordered basis with 
diagonal CLs. 


(d) From (20) and (26) it follows that y, as a mapping from Qp onto 
G., is continuous if each of these algebras is considered with its anior 
topology. Since 
EL) = G(r), 


we deduce that y is adjoint-preserving on the uniformly closed sub-algebra 
of @ which is generated by the projections #(r). But this sub-algebra is 
in fact the whole of @p (as follows from the spectral theorem for normal 
operators, or by elementary m based on the fact that @p is a multi- 
plication algebra). Hence 


y(T*) —y(T)* (TE Gp). 


Thus y is a symmetric isomorphism from Jp onto Js, and, by Theorem 2, 
is spatial. From equation (26) it is now immediate that ¢ is spatial. This 
proves Theorem 3. 
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SOME GLOBAL PROBLEMS IN THE THEORY OF FUNCTIONS 
OF SEVERAL COMPLEX VARIABLES.* 


By Errerr BISHOP. 


1. Introduction. In a previous paper [2] the global structure of a 
complex analytic variety was examined in some detail. The present paper 
is a sequel containing some application of those results. In order that this 
paper be self-contained, the definitions and results of [2] are summarized in 
Section 2. 

Consider now an analytic subset L of a Stein manifold K. It is a 
consequence of Theorems A and B of [3] that 


I. The set L is the set of common zeros of some family T of analytic 
functions on K. 


IT. If L is a submanifold of K then every analytic function on L can 
be extended to an analytic function on K. 


Previous work on Problems I and IT was done by Oka [5], [6], and 
others. In Section 3 we give new proofs of I and IT which are indepen- 
dent of sheaf theory. The proof of I contains an explicit formula for 
the functions in the class I, and in this respect gives information which 
is not available from the sheaf-theoretic proof. Similarly the proof of IT 
contains a specific formula for the extension of a function analytic on L to a 
function analytic on K. This formula makes it clear that II continues to hold 
for analytic functions whose values lie in a Banach space, thus answering a 
question posed by H. Rossi in a conversation with the author. 

In Section 4 we prove that the first cohomology group of the sheaf of 
germs of holomorphic functions on a Stein manifold is trivial. Again this 
result follows from sheaf theory [3]. Previous work was done by Cousin [41, 
Oka [5], [6], [7], and others. Since it is the purpose of this paper to 
proceed independently of sheaf theory, this result is formulated and proved 
without mention of sheaves or cohomology. As is well-known, the solutions 
to Cousin’s first and second problems are consquences of this result. 

The techniques which we use for solving these problems are all essentially 
similar. Since all of the problems considered have previously been solved, 
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we have not attempted to push the theory to the limit of its generality. 
It should however be clear to someone familiar with the subject that the 
methods employed here are capable of handling the same problems in greater 
generality. These methods, which seem not to afford so powerful a general 
approach to these questions as does the theory of sheaves, nevertheless have 
the advantages of explicitness and simplicity. The gain in explicitness comes 
from the use of explicit formulas to construct the various analytic functions 
which arise. These formulas make it clear, for instance, that all of the above 

mentioned results hold for Banach space valued analytic functions. | 


2. Preliminaries. In order not to burden the exposition with too much 
generality (as was done in [2]), we confine our attention to Stein manifolds, 
merely remarking that there are obvious possibilities for generalizing the 
results to one type or another of analytic space. 


Definition 1. A Stein manifold K of dimension n is an n-dimensional 
separable complex analytic manifold K having the following properties, where 
A(K) denotes the set of analytic functions on K | 


(a) For each pair (p,q) of distinct points in K mere exists fin A(K) 
with f(p) Af(q). 

(b) For each p in K there exist fi,‘ + -+,f, in A(K) which map some 
neighborhood of p homeomorphically onto an open set in n-dimen- 
sional complex affine space O". 

(c) K is holomorphically convex. This means that for each compact 
subset S of K the set 


Š= {p: pE K,|f(p)| Ssup {| f(q)|: qE 8} for all f in A(K)} 
is compact. 


We now state, for the special case of a Stein manifold, some of the 
definitions and results of [2]. 


Definstion 2. Let K be a Stein manifold and L an analytic subset of K. 
Let fi,‘ * +, fx be functions in A(K). Write 
Po= {pe L: | fi(p)| < L1 SiS k}. 
Let P be an open and closed subset of P, such that P is a compact subset 


of L. Then P is called an analytic polyhedron in L defined by fi: © -, fr 


The analytic polyhedron P is called special if L has the dimension k at each 
of its points. 
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THEOREM 1. If P is an analytic polyhedron in a homogeneous-dimen- 
sional analytic subset L of a Stein manifold K, if S is a compact subset of P, 
and if T is a compact subset of K at each point of which each of the defining 
functions for P has absolute value less than 1, then there exists a special 
analytic polyhedron Q in L with 


SCOCP 


such that each of the functions defining Q has absolute value less than 1 at 
each point of T. The functions defining Q can be chosen to be polynomials 
in the functions defining P. 

Since it is easy that a homogeneous-dimensional analytic subset L of a 
Stein manifold K can be exhausted by an increasing sequence of analytic 
polyhedra, it follows from Theorem 1 that L can be exhausted by an increasing 
sequence of special analytic polyhedra. Thus the study of Z can be reduced 
for most purposes to the study of special analytic polyhedra in L. It turns 
out that a special analytic ployhedron P can be studied in detail by means 
of the map f of P into d-dimensional complex affine space C4, where 
d = dim L and f is defined by 


fip) = (ip); > +, fe(p)) 


with fa: ',fa the functions which occur in the definition of the special 
analytic polyhedron P. Before we state the main results about special analytic 
polyhedra another definition is necessary. 


Definition 3. Let X be a topological space. Let #X be the k-fold 
Cartesian product of X with itself. Define an equivalence relation on #X by 
taking (T1 + 2p) ~ (y, - Yx) to mean that (Yı ° : ,yx) is a reordering 
of (21,° * ",2,). Then X, the k-fold unordered product of X with itself, 
is the set of equivalence classes of EX under this relation. A set in „X is 
called open if and only if its inverse image in #X with respect to the natural 
map r: *¥—,X is open. The image under + of the element (21,- - +, 2%) 
in *X will be denoted by {24,:- -, a}. 


The following three theorems give the fundamental facts about analytic 
polyhedra. 


THEOREM 2. Let P be a special analytic polyhedron in a d-dimensional 
subset L of a Stein manifold K, defined by functions fa: -> fa in A(K). 
Let f be the map 


pP > (fı(p);' ` ', fa(p)) 
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of K into C4, so that f(P) CE, where 
EG mm { (235° tm) ia le Lire}, 


Then there exists an integer À a continuous map w from H¢ me ip, and a 
closed nowhere dense subset H of E@ such that 


(a) For all z in Eè the points p,,- © -,p, in a(z) == {pn : ee are 
mapped by f into z. 

(b) No other points in P are mapped by f into z. 

(c) For all z in EÜ—H the points pı’ - ',pm are distinct. 


THEOREM 3. With the conditions of Theorem 2 let J be the subset of 
P consisting of all regular points p.of P such that the functions fı: ` : , fa 
are a coordinate set of functions at each of the points pi, * -, py of o(f(p)) 
=m {p °°, py}. Let g bea continuous function on P which ts analytic at 
each point of J. Then g is analytic at each regular point of P. If also 
g9(pı) = 9 (pe) whenever p, and p, are points in P for which F(p) — f (pa) 
and if g, is a function on an open subset U of f> (E9) such that go(q) =g (p) 
whenever gE U, pE P, and f(p) =f(g), then go is analytic on U and the 
function h on E4 for which g == hof is analytic on Et. 


THEOREM 4. Let T be a compact subset of a Stein manifold K and U 
a neighborhood of T such that for each p in U —T there exists f in A(K) 
with = | | 

| | f(p)| > sup {| f(9)|: ge T}. | 
Let C(T) be the untformly-normed Banach space of all continuous complea- 
valued functions on T. Let A be the closure of A(K) in the space C(T'). 
Then the spectrum of the Banach algebra U is T. That is, to any continuous 


homomorphism œ of U into the complex numbers corresponds a point Po in 
T with &(f) =f (po) for all f in A. 


The proof of Theorem 4 Gane 6 of [2]) was for certain special sets 
T, but by means of Theorem 1 one can easily oe T by such special 
sets and thereby obtain Theorem 4 for T.. 

In order to study a d-dimensional analytic ses L of a Stein manifold 
K globally it is sometimes necessary to consider a map of K into Cê whose 
restriction to L is almost proper. This concept is explained in the following 
definition. 


Definition 4. A continuous: map.f of a topological space X into a 
topological space Y is called almost proper if every component of FE is 
compact for every compact subset S of F. 
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The following theorem is easily proved from the fact that an analytic 
subset of a. Stein manifold can be exhausted by special analytic polyhedra. . 


"THEOREM 5. If Lis a d-dimenstonal analytic subset of a Stein manifold 
K then K admits an analytic map into C4 whose restriction to L 18 almost 
proper. The mapping can be chosen to be non-singular on L at each point 
of any 0-dumenstonal set of regular points of L. 

The final result we shall need guarantees the existence of a function 


fan Which will be used as a convergence factor for constructions involving 
an almost proper map f of an analytic subset L of a Stein manifold. 


THEOREM 6. Let f== (fu: ',fa) be an analytic map of a Stein mani- 
fold K into C4, whose restriction to the analytic subset L of K is almost proper. 
Let L have dimension d at each point. Let {S,} be an increasing sequence 
of compact subsets of L, each of which has finitely many components, the 
union of whose interiors is L. Let a be a function from the positive integers 
to the positive real numbers such that 


Sch {pE L: | fi(p)| S a(k), 1 SiS d) 
for all k. Let H, be the umon of all those components of Fy which intersect 
Sz Then H, is compact. For each positive integer k write 
Gy = (Ay, O Fk) — Hy. 


Let Go=H,. Let (ga) be a sequence of functions in A(K) and {es} a 
sequence of positiwe real numbers. Then there extsts fan in A(K) such that 


| fan(p)—ge(p)|<a PER, | OSk <a. 


In addition fan can be chosen to have distinct values modulo It at the points 
of any countable subset of K. 


Since it is not clear that Theorem 6 as stated follows from the results 
of [2], we indicate the modifications necessary in the proof of Theorem 8 
of [2] to give Theorem 6. The only point in question is the convergence 
on K (and not just on L) of the series 


fau =D gk 
0 


used to define fg, on p. 288 of [2]. To see that this series can be made to 
converge on K, let D be any compact subset of K, with D=D. We shall 
show that for k sufficiently large the gẹ can be chosen so that | gx(p)| < 2% 
for all p in D. It will be clear that this can actually be achieved for any 
sequence of such compact sets D which exhausts K, from which the uniform 
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convergence of the series for fa, on all compact subsets of K can be obtained. 
To this end it is sufficiently to show that the function 7 constructed in the 
proof of Theorem 8 of [2] and used in the construction of g, can be made 
arbitrarily small on D if k is sufficiently large. That is, we wish to find r 
in X which is arbitrarily close to 0 on H U D and arbitrarily close to 1 on Gy. 

Choose k so large that DN LCH,. Thus there exists a neighborhood 
U in K of T—=H,UG,UD such that Hy U Gi PAU. Clearly Gy is 
open in the set T. Thus to show that + exists with the desired properties 
it is sufficient by Theorem 4 above to show that for each p in U—T there 
exists h in X with | | 

|h(p)| > sup{lk(g)|: qe T}. 

If pe UNL then pE L—F;, so that A can be taken to be one of the functions 
fis: "fa. Thus we need only consider the case pe U—L. It is well 
known, and a new proof will be given below (Theorem 7), that there exists 
an analytic function h, on an arbitrary open relatively compact set V CK such 
that h,(p) —1 and h, vanishes on V NL. Now since D =D there exists ka 
in X with A,(p) —=1 and |h:(g)h:(g)| <1 for allg in D. Now if V is 
sufficiently large then by Runge’s theorem for several complex variables (a 
new proof of which will be given below which does not depend on this theorem), 
the function hıh can be uniformly approximated on TU {p} by functions 
h in X, so that A will have the desired property. This completes the progs 
that the desired function r can be found. 


3. Analytic sets in Stein manifolds. We wish to prove Theorems I 
and II of the introduction. We first prove somewhat weaker results, I, and 
II, below, which are sufficient for most applications. 


THROREM 7. Let L be an analytic subset of a Stein mantfold K. Let 
U be an open subset of K whose closure is compact. Let L have the same 
dimension d at each of tts points. Then 


Iı. For each po in U—L there exists an analytic function h on U, 
defined by (*) below, which vantshes on U N L, with hp) 0. 
Il, If in addition L is a submanifold of K then every analytic function 
u on L can be extended to an analytic puncnon ü on U, given by 
. (a), (d), and (e) below. 


Proof. Since K is a Stein manifold and Ü is compact there exists an 


analytic polyhedron Q in K with 0CQ. Thus QN L is an analytic poly- 
hedron in L. By Theorem 1 there exist functions f,,- - -, fain A(K) defining 
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an analytic polyhedron P in L with UN LCP and |fi(p)| <1 for p in U 
and 1=t=-d. Let f be the map 


p> (fı(p) :";fa(p)) 


of U into E@ and let f, be the restriction of f to P. Let À and w respectively 
be the multiplicity and multiplicity function, as defined in Theorem 2, of 
the map fo of P into #4. Consider p, in U — L and write Z = f (po). Since 
K is a Stein manifold there exists w in A (K) such that w(p.) ~w(p) for 
all p in w(zo). 

For an arbitrary point q in U let o(f(q)) ={q1,' ' ';,m}- Define the 
function h on U by 


u h(a) — (w(q) u). 


Thus k is a polynomial in w whose coefficients a, 0=7A, are symmetric 
functions of the gi Clearly a, is a continuous function on P which is analytic 
on L at each point of the set J defined in Theorem 3. By Theorem 3 the 
functions a, are analytic on U. It follows that h is analytic on U. Clearly 
h(po) >20 and A vanishes on LM UCP. This proves L. 

To prove II,, define f;,- - -,f, and P as above. Choose r, with 0 < rm < 1 
such that |fi(p)| <1, 1StSd, pe 7. Choose a real number r with 
fo <T<1. Write 

T= {pe P:|fi(p)|£r1£<i£d)} 


whenever 0 <r<1. Let po be any point of T. Since K is a Stein manifold 
there exist hı,’ - -,hg¢ in A(K) whose restrictions to L are a coordinate set of 
functions on L at the point po. Thus for all sufficiently small «540 the 
functions 

gem fi + chy Igisa 


are a coordinate set of functions on L at the point po. It follows from the 
choice of r, that | ge(p)| < ro, 1Si=d, for all p in Ọ if e is small enough. 
Now fix r, with r< r< 1. Consider the sets 


Ro= {pE P: |gi(p)| <o 1 SiS 4) 
and 
Ri = {p€ P: | gi(p)| <r, 1 SiS d}. 


If € is small enough then À, and À, are analytic polyhedra in L defined by 
multiples of the functions 9,,° © ‚ge with A, CT CR,CP. Let g be the map 
(91° * ',9a) of K into C4 and let 5 be the restriction of g to R. From 
Theorem 2 it follows that the map ĝ of R, into r, #4 has a definite multiplicity 
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à and multiplicity function œ. Since 91,' ‘ ',ga form a coordinate system 
at po, the point pa occurs with multiplicity. 1 in the set o(g(po)). Let w be 
any function in A(K) whose value at p, is different from its values at the 
other points of w(g(po)). | | | 
For an arbitrary q in g*(rıE®) let g.,° + ‘,qx be the points of the set 
w(g(q)}— {du °° Gx}, counted according to multiplicity. Let u be any 
function analytic on Ry. Define the function & on g“(r,#?) DU by 


(a u) = À Lu) Lo) — (49) 


Now %(g) is a polynomial in w(q) whose coefficients &,(q),: : *,@ (gq) are 
analytic functions of q at each point qg in g*(rof#*) for which q,,° - `, qa are 
disinct points of R By Theorem 3, the functions & are analytic on U. 
Therefore & is analytic on U. For gin U N LCR, the point q is one of the 
points qi,°- +, 9, in w(g(q)), say q==q1 In this case it is clear that 


(b) | ülg) =u(g)w(g) 
where 
@ 5) = (wl) —w(q)) 


is an analytic function on R, it being understood that q, is chosen to equal q 
for q in À; Remembering that p, occurs with multiplicity 1 in the set 
o(g(p.)) and that w takes on values other than w(p,) at the other points of 
w(g(po)), we see that w(po) 0. | 
Thus for each », in T there exists a function w analytic on R, with 
w(Ppo) 540 such that for every analytic function u on R, there exists an 
analytic function & on U which agrees with uw on UML. Let B be the 
uniform closure on T of all functions analytic on R,. From Theorem 4 we 
seo that the spectrum of B is T. Since the function w, which is analytic 
on À, can be chosen to be non-zero at any given point of T, there exist a 
finite number #,,- - : Wy of such functions which have no common zero in 
T. Thus from the general theory of Banach algebras there exist elements 
C’ © °,¢y of B with 
(d) ta + + + + Conty = 1. 


For each 7, 1S7 SN, let & be the function defined by (a) with w 
replaced by w; and u replaced by cw. Thus 


_ N 
(e) = 245 
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is due din on U, and for all g in U N L we have, by (b), (d), and (e) 


i(q) = = > (q) =£ c(q)u(qg)à;(q) 
== [2 c (q)0 (q) Ju(g) — u(q). 


This completes the proof of IL. 


Remark. Theorem II, holds in the following greater generality. Let 
V be a complex vector space and W some set of linear functionals on F. 
Define a function u with values in V to be analytic if $ou is analytic for all 
in W. Then Theorem IT; holds for analytic functions with values in F. 
We now prove I and IT. 


Turorem 8. Lei L be an analytic subset of a Stein manifold K. Let 
L have dimension d at each of its points. Then 


I. For each p, in K— L there exists an analytic function h on K, 
defined by (*) and (£) below, which vanishes on L but does not 
vanish at Po. 

IT. If L is a submanifold of K then corresponding to every analytic 
function u on L there exists an analytic function ù on K with 
ü(g)—u(g) for all q in L. The function à ts gwen by a con- 
glomeration of formulas which are summarized by * below. 


Proof. By Theorem 5, there exists an analytic map f= (fọ: -, fa) 
of K into C4 whose restriction f to L is almost proper. If pe K then f“(f(p)) 
is countable and consists of isolated points. Let pi,---,p,,° °° be the 
points of f"(f(p)), each being counted a number of times equal to its 
multiplicity for the mapping f. The multiplicity of a point q for the 
mapping f is defined by considering a special analytic polyhedron Q in L 
containing q defined by multiples of fi,‘ - -,fa and taking the multiplicity 
of q for the analytic polyhedron Q; this multiplicity does not nn on the 
choice of Q. 


Let {8x} be a sequence of compact subsets of L, each of which has 
finitely many components, with SL. C Su. for all k and U,mtS,=LZL. For 
each positive integer k let H, be the union of those components of #+(a(k) £4) 
which intersect Sp, where a(k) >k-+1 is chosen so that f(8,) C a(k).B«. 
Thus S:CH, Write 


Gy, = (H (a(k) BAN Bpa) — Hy 


for all positive integers k. Now int Hy = H, N f*(a(k)E*) is an analytic 
polyhedron defined by the functions «(k)-1f,,- - -,a(k)“fy. Let Ax be the 
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multiplicity of int H}. Thus for each p in K the number of points in the 
sequence 1,ps,-° * belonging to int H, is either A, or 0, depending on 
whether f(g) is in a(k) Eè? or not. By Theorem 6, there exists fan in A(K) 
such that 

| far (2) — (Ana +4? +1)| <1 


for all pin @, and all k. Therefore 


R (fan (p)) Zn tk 
for alpin Ge. If po is any point in K— L, we may choose fan so that in 
addition | | 
exp (far (Po) ) exp (farı(g)) 
for all g in #*(f(po)). Write. 


w == exp (— fau) 
so that we A(K) and 


| w(p) | S exp(—Ata —#*) S (karn)? 


for all p in Gy. Choose ko = 2 with f(T) C KE, where T is a compact sub- 
set of K to be fixed later. Since {H,} is an increasing sequence of sets whose 
union is K, there exists for each q in 7*(f(7)) a smallest k with q€ Hy. 
If k > k then gE Gra; in fact, q € int Gp. because f(g) € REC kE* 80 that 
q E FRE) N Grka C int Grka. If kk, then similarly ge int Hx. Thus 


PCT) C int Hy, U Ù int Gy. 
i kko g 
Now for each p in K and k = 1 define 


> hy(p) = IIG — (m1) [w(p)]*), 


where the product is taken over all p; in Fy, with F, = H, and Fy — H,— Ay, 
for k>1. Since at most A, of the p, belong to H, and since w does not 
vanish on K, we see that the functions A, are well-defined. We shall show 
that the product 


(3) h(p) = IT h(p) 


converges uniformly on all compact subsets of K and defines a function A in 
A(K). Assuming for the moment that this is so, it follows from the fact 
that p == p; for some 4 whenever p€ L that h vanishes on L. It follows from 
the fact that w has values none of which equal w(po) at the points of F(f(p,)) 
that A(po) £0. Thus A has all of the desired properties. It remains to 
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prove the convergence of the product (#) to a function * in A (K). For this 
purpose it is sufficient to consider an open subset U of K whose closure T 
is compact. Fix T to be the compact set considered above. Write 


ho(p) = IG —w(p) Lw(p) 1), 


where the product is taken over all p; in int Hx, ‘Thus by the above we see 
that for all p in T 


ho (p) = LL hs (p). 
Similarly 
m (p) = III w(p:) [w (p) 1+) 


for all p in T and k = ko, where the product is taken over all p, in int Gk. 
Now for k = ko, hx is a polynomial in [w(p)]> whose coefficients we denote 
by a;(p). Clearly a; is an analytic function of p for all p for which the 
points pı in Gy are distinct. Since int @, is an analytic polyhedron defined 
by a multiple of the functions f:,: + +, fa, it follows from Theorem 3 that hy, 
is analytic on f"(f(intG,))> U. Similarly A, is analytic on U. Thus we 
need only check the uniform convergence of the product 


IT 
kak, | 
on U.- To do this we may equally well consider the series 


S (Ir in Gr: | w(p:)1}); 
kko 


since | w | is bounded below on the compact set T. The sum over piin Gy 
contains at most Ax,, terms, each bounded by (kàs), and so is at most k-?. 
Thus the series converges absolutely and uniformly on T. This completes 
the proof of I. 

We turn to the proof of II. Define {Ss} fu: fa F Gy Hu T, pus 
Pa't Any fan, and w as above. For p in L choose p, =p. In addition 
choose fi,‘ - -,fa to be a coordinate system on L at p for all p in a given 
0-dimensional subset of L. Also choose w to have distinct values at the 
points of f-"(f(p)). For each positive integer k define the function h, on 
K by 

hr(p) = du (ps) e (11) d (ps) LI (1-—w(p;)[w(p) ]*)] 


where the product and sum are taken over points p; and p; in Hy. Here c is 
a given function in A(L) and d is a function in A(K) which will be deter- 
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mined later. Let UCK have compact closure T. Consider k so large that 
f(T) Ca(k) Et, Now if f(p) € a(k) #4 then f(p,) == f(p) € a(k) Ed for all +. 
Thus we see that p,€ int Hp whenever f(p) € a(k)E4 and p€ Hy. From this it 
is clear that each of the coefficients a;(p) in the expansion of h,(p) in powers 
of [w(p)]7 defines a continuous function a, on F*(a(k)E®) which is analytic 
at every point p of f*(a(k)#*) which has the property that the points pi 
which lie in H» are distinct. By Theorem 8, a, is analytic on UCf*(a(k)E®). 
Thus Ah, is analytic on U for all k sufficiently large. If 3 > k then 


| h;(p) —ħ(p)| S AB + CD(E—1), 
where A is the sum 
D= È |u(p)]|| (ps) | | a) 
taken over p, in L— Hy B is the product 


H= + | w(m) | | wp) |>) 


taken over all p, C is the sum $, taken over p; in Hx, D is the product JI 
taken over p; in H, and E is the product [I taken over p; in L— Hp. 
Thus to show uniform convergence of the sequence {hr} on the set U we 
must show that the terms AB and CD(E-—-1) converge to 0 as k>w. We 
consider only the term AB, since the treatment of the other term is entirely 
similar. Now the product B is finite and bounded independently of p if 
pE U, as may be seen by considering the sum 


2 | w (pj) |; 


where the factors |w(p)|-* have been left out because |w| is bounded 
independently of p in U. Thus to show that the sequence {h,} converges 
uniformly to 0 on U as k->0 we need only show that À — 0 uniformly on U 
as k—>co. This will be done by an appropriate choice of the function d. Let 


Pr sup{|u(p)c(p)|: pe Gy}. 
By Theorem 5 there exists Fan in A(K) such that 
| Pan (p) BA —1| <1 


for all p in Gy, so that R (Fanlp)) 2h Bere. Let d—exp(— fas), 80 
that de A(K) and d vanishes nowhere on K. Also 


| 2(p)| < (Bere) + 
for all p in G, Now if p€ U and k, is chosen so large that f(T) C %,R“ 
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each p, in L— Hp is in some Gy. for k> k, Therefore the sum A splits 
into partial sums A, taken over the sets Gy for k = ko Now at most Au of 
the points p; lie in G,. It follows from the choice of d that 


Ags (k Bràrs) Biz gj k. 


Thus AS > k. Hence {hy} converges uniformly on U. It follows that 


k=ko 
{hx}, converges uniformly on compact subsets of K to a function @ in A(K). 
For p in L we have, remembering that in this case :p, is chosen to be p, 


he(p) —«(p)e(p)4a(p) II (1—w(py)[w(p) I), 


where the product is taken over all p; in H,. Thus, passing to the limit, 


ülp) =u(p)c(p)d(p)@(p), 
where 


w(p) =I (1— w (py) [w()]*). 


By the choice of fa: > ‘fa, mp for 122 if p==p. By the choice of w 
it follows that w(p) 40. 

We have thus found a function w = w, on L such that for any c, in A(L) 
there exists d, in A(K) vanishing nowhere such that there is a function 4, 
in A(K) which equals uc,d,w, on L. We may choose Ù, not to vanish at a 
0-dimensional subset of L which contains points in each component of J. 
Thus the set L, of zeros of w, is of dimension at most d— 1. Now choose 
W: to have the same properties as w, and to be non zero at a 0-dimensional 
subset of L, containing points in each analytic component of L,. Continuing 
in this fashion we find w,,- - >, Wa having the above properties and having 
no common zero on L. By a theorem of Arens [1]? it follows that there exist 
Cas © *, Ca in A(L) with 

2, Cy == 1. 


By the choice of w, there exists & in A(K) vanishing nowhere on A(X) 
such that ucdgo, has an extension from L to an analytic function % on K. 
Write | 


tt mm S (d) >i, 
{=1 


* The possibility of using Areng’ theorem here was pointed out by Kenneth Hoffman. 
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so that GE A(K). For pin L we have 


m) =È (4(p)) ulpa lp) alpi) 
—u(p) Z alp) (p) —ulp). 
This completes the proof of II. The final formula reads 


* alp) =È (aa(p))> Burs) olp) (P9 CLL 1 wen Lon) 1]: 


Remark. As is well-known, II (in fact II,) can be used to prove Runge’s 
theorem for Stein manifolds. The proof goes as follows. Let T be a compact 
subset of a Stein manifold K and k a function analytic in some neighborhood 
U of T. Runge’s theorem says that À can be uniformly approximated on T 
by functions in A(K) if for each p in U—T there exists in A(K) with 
| 9(p)| > max {|g(q)|: ¢€ 7}. To show this notice that the assumption 
implies that there exists an analytic polyhedron P in K with 


Lor C0, 


Let fi,‘ © -,f, be the functions defining P. Choose fun,‘ - ‚fa in A(K) to 
separate points of U and to have rank equal to the dimension of K at each 
point of U. We may assume that | f4(p)| < 1 for all pin T,k+1<i<n. 
Thus the map f == (f1,- © *,fn) of K into C” maps T into E”. Also M—f(P) 
is a submanifold of Æ”. Let f be the analytic homeomorphism of M onto P 
which is inverse to f, and let u be the analytic function hof on L. By I, 
u admits an analytic extension & to Er. By a well-known and elementary 
use of the Cauchy integral formula, @ can be uniformly approximated on 
f(T) by functions v analytic on Er. Thus the functions vof in A(K) 
uniformly approximate h on 7’, as was desired. | | 


4. The resolution of Cousin distributions. As is well-known; the solu- 
tion on a Stein manifold of Cousin’s first problem, which consists of the 
global construction of a meromorphic function whose principal parts are 
locally given, can be obtained from the fact that on a Stein manifold the 
sheaf of germs of analytic functions has a first cohomology group which is 
trivial. Cousin’s second problem, which states that a globally defined mero- 
morphic function exists whose quotients with certain locally given mero- 
morphic functions are analytic functions without zeros, can also be solved 
using this statement about cohomology. Thus we shall restrict ourselves in 
this section to showing that the cohomology group in question is trivial. This 
will be done without the use of cohomological terminology. 
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. Definition. 5. Let U be an open subset of a Stein manifold K. A 
Cousin distribution on U will consist of a covering {Ua} of U by open sets 
and an assignment for each « and B of an on function fag to the inter- 
section Ua N Ug, such that 


(a) fag + fga = 0 
and 
(b) fog + foy +fre—=0 on UN Ugn Uy. 


for all «, 8, andy. By a resolution of the given distribution {Ua}, {fag} on 
an open set S C K we mean a family {fa}, where.f« is analytic on SM Ua, 
such that 

a ER on SNUaN U 


for all « and £. 


By a refinement of the distribution {Ua}, {fag} we mean a Cousin dis- 
tribution {V+}, {gys} and a mapping o of the index set of {V} into the 
index set of {Ua} such that 


(c) Vy C ÜUoty) 
and 
(d) gra = foino on VyN Vs 


for all y and & If T is a compact subset of K then a Cousin distribution 
on T' means a Cousin distribution on some neighborhood U of T, and a 
resolution on T means a resolution on some neighborhood of T. The same 
definitions will be taken to hold if the functions fag etcetera are replaced by 
polynomials of given degree in an indeterminate X whose coefficients are 
analytic functions on the appropriate sets. 

We make use below of the trivial fact that a Cousin distribution which 
has a refinement with a resolution itself has a resolution. 

The cohomology theorem mentioned above is just the statement that 
every set of Cousin data on a Stein manifold K has a regolution on K, and 
it is this fact which will be proved below. As a tool we shall use the fact 
that every Cousin distribution on the subset Er of C has a resolution. This 
is well-known to be a completely elementary fact and indeed was essentially 
proved by Cousin [4]. For completeness however we sketch the proof at the 
end of this section. The following lemma contains the essence of the 
theorem to be proved. 
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Lemma 1. Let T be a compact set of a Stein manifold K and A a 
neighborhood of T such that for all p in A—T there exists f in A(K). with 


f(p) > sup {| f(g) |: JET}. 


Then any Cousin distribution on T has a resolution on the interior M of T. 

Proof. Let the given Cousin data {Ua}, {fas} be defined on an open 
set UDT. Let P be a special analytic polyhedron defined by functions 
fs fan A(K) with TCPCPCU. Choose a covering {Vy} of E° 
so fine that each component of W,—PMNf1(V,) Lies in one of the sets Ua 
for each y. Since P is a special analytic polyhedron, each W, has only a 
finite number of components, which we denote by WY, > +, Wi”, where t 
depends on y. For each of these components WY choose Uaım in {Ua} 
with WC Uag). For each y and ô define the analytic function hya on 
Wy N Ws by 

hys(P) = fauna(s 


for all p in Wọ N Wp. It is easy to see that {W~}, {hys} is a Cousin dis- 
tribution on P. For each point z in Æ let p:,: : :,px be the points of 
w(z) = {pa pa}. Let w be any function in A(K). Let X be an 
indeterminate. For each y and ô and each z in Vy N Va define | 


ques 7) = Ist) TL (X—w(p))). 
j= js 


By Theorem 3 we see that the coefficient of each power of X in the poly- 
nomial gẹ in X is analytic on Vy V3. Since {Wy}, {hw} is a Cousin 
distribution on P we see that 
Ira + gay = 0 
and 
Jya t gyo + Joy == 0 


for all y, 8, and o. Thus {Fy}, {gs} is a Cousin distribution for #4. By the 
statement made above (whose proof will be outlined below), there exists a 
resolution {gy} of this Cousin distribution. Now {W,7} is a covering of P. 
For each W,Y define the function Fiy an Wi” by 


Fy (p) = 9, (f(p), w(p)). 


These functions are the resolution of a Cousin distribution {W,7}, (Fun) on 
P, where Fiya is the function | 


Py (D) — Fpp) — gys(f(p),w(p)) 
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on WO Wp.. I£ for each p in P we write w(f(p))=={p1," > <; Pa}, with 
n, =p, it follows that 


Feya(p) = È bra 0) TE (o(p) — (2) 
A 


— hlp) I (w(p) —w(ps)) 
= Ü (p) hys (p) = T (p) faunaga (P), 
where w is the analytic function on P defined by 


öp) -Ü (o(p) —1(p))). 


Thus {Fi} is a resolution on P, and therefore on M, of the distribution 
{Wir}, {wWfeuyaysy}. Since this distribution is a refinement on M of the 
distribution {Ua}, {#fag}, it follows that the latter distribution has a resolu- 
tion on M. | 

If po is any point in T we may assume that f,,: > ',fa were chosen so 
that f has multiplicity 1 at pẹ and that w was chosen to distinguish pọ from 
the other points of w(f(#)), so that w(po) 40. Thus we can find a finite 
number of functions %,,' : :,#,, each analytic in some neighborhood of T 
and having no common zero on T, such that for 1S:i=n the distribution 
{Ua}, {fap} has a resolution on M. Thus for each c analytic on M the 
distribution {Ua}, {wWcifag} has a resolution on M. By Theorem 4, the c 
may be chosen ith $, at; = 1. It follows that distribution {Uc}, {fag}, which 
on M is therefore the sum of distributions which have resolutions on M, has 
a resolution on M. This completes the proof. 


THEOREM 9. Any Cousin distribution on a Stein mantfold K has a 
resolution on K. 


Proof. Since K is Stein, there exists an increasing sequence {Mn} of 
open sets whose union is K and whose closures 7, all have the property of 
the set T of Lemma 1. Thus for each n by Lemma 1 the given Cousin 
distribution {Ua}, {fag} has a resolution {fa} on Ma. We may assume that 
the closure of each Ua is compact. Let {Sn} be an increasing sequence of 
compact sets whose union is K, which have the property of the set T in 
Lemma 1, and which satisfy the inclusion S,C Mn. We show now by induction 
on n that for each n there exists a resolution {ha*} of {Uc}, {fap} on Mr 
such that : 

| | ha (p) — ha" (p)| < 2" 


for all p in Su... Assume that the ha” have been found for all integers 
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smaller than a given integer n. For each p in.My. choose a with pin Ue 
and write 


9o(p) = ha" (p) — fa” (p). 


It is easily seen that g, is an analytic eee on M, By Runge’s Theorem 
there exists g in A(K) with 


| 9(p) —go(p)| <2 


for all p in Saa. It follows that the functions {ha} have the required | 
properties, where hka” = fa” +- g on Ua My. Since the closure of each Va 
is compact, it follows that for each fixed a the sequence {ho} converges 
uniformly on Ue to a function {fa}. These functions clearly form a resolu- 
tion on K of the given Cousin distribution. This completes the proof. 
Remark. If a meromorphic function with values in a Banach space is 
defined to be one which is locally a quotient of an analytic Banach-space 
valued function by an analytic scalar-valued function, then Cousin’s first 
and second problems can be solved for such functions by applying Theorem 9 
for Banach-space valued Cousin distributions. — 
To finish we indicate the technique for obtaning a resolution of: a Cousin 
distribution on #. Let D be the set 


Um a) € Cr tn, | Se] <L | nl <LI Sns d}. 


Since Dé is conformally equivalent to E4, we may equally well consider the 
resolution of a Cousin distribution given on Dé, In fact we may assume 
that the distribution is given on the closure H4 of Dé, as the proof of Theorem 
9 shows. Let the given distribution be {Ua}, {fag}, given on H*% We first 
introduce the notion of a soft resolution for a Cousin distribution. This is 
the same as a resolution except that the functions fz are permitted to be the 
arbitrary (not necessarily analytic) functions. It is easy to see that every 
Cousin distribution has a soft resolution. Let {F}e be a soft resolution of 
the given distribution. If U is an open set then it is easy to check that the 
given distribution has a resolution on U if and only if there exist a function 
F on U such that F— Fa is analytic on Ua N U for all a. Let zu Ty + Wn, 
lind, be the coordinates in (4, Let N be a positive integer and write 
\ 


— 


B,(k) = {se Hë: —1+ TT <a £—1+ À) 


for 1<k<2N and 1Sn<2d. For each choice of ku: +, ka, with 


S(k,,' i "s Kaa) = f, (k) DRE à Sa (ksa). 
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Choose N so large that the covering {S(i1,- > +, Ka) } of H% is a refinement 
of the covering {Ua} of H4 For each kac -,k4, with 1Z<k,<2N and 
0S tS 2d, let 

E S (la o ey ka) = 8a (k) Ne: NA Silka) 


so that S(9)—H4 We shall show that the given Cousin distribution has 
a resolution on each 9(k,,- -+,k,). This is true if t — 2d because the covering 
{S (k - +, ke4) } is a refinement of {Ua}. Assume therefore that it is true 
for all £ greater than some given tł, so that we must show that there is a 
resolution on each S(k,,---,k;). To this end write for each 1 & k & 2N 


Sue © 1458) = 8 (hy sh) O Ù Bra (G) =U Elku = skad) 
Thus 
Sky ik +) =g (k: + + heh) U 8 (hy, : kik 1) 
and 
Sk,’ kis 1) —8 (ka: * +, kau 1). 


By the induction hypothesis on t, it follows that the given distribution has a 
resolution on S(k,,° - -,%:31). We now show by induction on k (t remaining 
fixed) that the given distribution has a resolution on S(hi,:- -,ks3k). 
Assume therefore that this is true for all k smaller than the given k. Thus 
by the above we see that there exists a neighborhood V, of S(ki,- + -,k::k—1) 
and a function G, on V, such that G,—Fo is analytic on F, N Ua for 
all æ. Similarly, there exists a function @, on some neighborhood V, of 
Ska," -kn k) such that G,— Fa is analytic on Va D Ua for all « Thus 
G,— Ga is analytic on V, N Va. It is well known and easy to see that there- 
fore there exist open sets W, and W, with | 


S (ka: = "ki; k— 1) CW,CV, 
and | 


S (kat skank) CWC, 


and analytic functions A, and A, on W, and W, respectively such that 4,— A. 
and G,—G, are equal on WN Wa. It follows that the function B on 
W: U W: defined as A, + G on W, and 4, + @, on W, has the property that 
B — Fa is analytic on (W, U W,)N Ua for alla. Thus the given distribution 
bas a resolution on 

S (hy, | -s ki; k) = (ka, j ‘,ky3k—1)U 8 (hy, ° à "ky k) CC W, U Wa. 
This completes the induction on k. It follows that there exists a resolution on 


8 ky" "skt 2N) = 8 (ka, -ey Kt). 


at 
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This in turn completes the induction on ¢. It follows that there exists a 
resolution on §(%) == Hd, as was to be proved. 


Added in proof: Let L be an analytic submanifod of dimension d in a 
Stein manifold K. Let U be an open relatively compact subset of K. ‘Then 
the contruction used in the proof of Theorem II, shows that there exists a 
multiple-valued projection of U into L in the following sense. There exists 
an integer À and an analytic map 

p-> { (Pa 1), ae (Pr; à) } 
of U into the A-fold unordered product 19 of the space Q == L X C with itself 
having the following properties. For each p in U, 
a Lai. 


For each pin LMU and each i with 11, for which p,54p we have 
2; = 0. This fact in turn clearly implies Theorem IT,, since u can be extended 
from Z to U by the formula 


u(p) = Sa (ps). 


Similarly the proof of Theorem II can be used to show the existence of 
certain multiple-valued analytic projections of K into L. 
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= ON INDUCED REPRESENTATIONS II: INFINITESIMAL 
INDUCTION.* 


By Roserr J. BLATTNER.! 


1, Introduction. This paper is a continuation of the investigation 
begun in [1].2 We take as our point of departure some observation of 
Gelfand and Graev in [3] concerning the appearance of analyticity restrictions 
on the functions upon which the non-degenerate principal series of representa- 
tions of SL(n,R) act. Their argument runs as follows: Let K(n,C) be 
the subgroup of SL(n,C) consisting of the superdiagonal matrices of deter- 
minant unity. The non-degenerate principal series of representations of 
SL(n,C) is realized in a space of functions defined on the right coset space 
SL(n,C)/K(n, C), or alternately in a space of functions defined on SL(n, C) 
which are (left) invariant under the action of K(n,C). Now the non- 
degenerate principal series of $L(n, R) may be thought of as acting in spaces 
of functions on SL(n,R) which are invariant under the (left) action of a 
subgroup of SL(n,C) of the form sK (n,C)r', se SL(n,C). This state- 
ment is to be interpreted as honest invariance under SL(n,R)M zK(n,C)r* 
together with differential left invariance under the Lie algebra of cK (n, C), 
regarded as a complex subalgebra of the complexification of the Lie algebra 
of SL(n,R). If the functions are taken to be defined on | 


M —SL(n,R)/[SL(n, R) A 2K (n, C)a, 


then invariance under the action of the Lie algebra goes over into analyticity . 
_ on certain complex submanifolds of 9n. 

Now it is known that the non-degenerate principal series of SL(n,C) 
consists exactly of the representations of SL(n,C) induced by characters of 
K(n,C) in the sense of Mackey [5]. It is therefore natural to ask for a 
generalization-of the notion of induced representation which for the case at 
hand gives the non-degenerate principal series of SL(n, R). Our generaliza- 
tion has as its setting a Lie group G with Lie algebra g, a complex subalgebra n 
of the complexification go of g, a closed subgroup T of @ whose Lie algebra 
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is g N n, a unitary representation L of T on a finite dimensional Hilbert space 
8, and a representation p of n on B. Certain restrictions are placed on n 
and p (for exact statements, see Section 3). The corresponding induced 
representation UL’ is a subrepresentation of the representation UŁ (see [1] 
for the definition). Here too analyticity restrietions appear on the functions 
upon which J operates (Proposition 2). Finally, the representations of 
Gelfand and Graev are of the form we propose, except for certain degenerate 
cases. 

Section 2 develops the necessary preliminary material on manifolds with 
some real and some complex parameters. Theorem 1 gives us a way of pro- 
ducing such manifolds. In Section 3, we introduce our induced representations. 
The problem of calculating intertwining numbers is the subject of Section 4. 
The basic result is Theorem 3 and is based on the intertwining number theorem 
in [1]. (Applications of Theorem 3 to the various series of representations 
of the real semi-simple groups is reserved to another paper.) In Section 5, 
additional restrictions on the complex subalgebras involved allows us to reduce. 
the intertwining number problem to one of solving certain differential equa- 
tions, while Theorem 4 gives us effective irreducibility and disjointness criteria 
for the representations arising from this restricted class of un 
Finally, in Section 6, we consider two examples: 


(a) .Harish-Chandra has also considered the problem of generalizing the 
notion of induced representation in case Q is a semisimple Lie group and T 
is a special sort of Cartan subgroup. His results may be found in [4]. 
Our irreducibility and inequivalence criteria are applied to his representations. 


(b) In [3], Gelfand and Graev mention a series of representations of 
SL(2k,R) which are not in the non-degenerate principal series. Once again 
our irreducibility and inequivalence criteria apply. 


2. Partially complex manifolds, We begin by laying down some con- 
ventions and recalling some facts. 


Vector spaces. If MW is a complex vector space, then W, will denote the 
real vector space obtained from W by restricting the field of scalars. If ® 
is a real vector space, then W, is the complexification of W, and W will be 
regarded as a real subspace of We. In %,, * will denote the unique conju- 
gate linear isomorphism which ——7 on ®. if W is a linear map of the 
real vector space V into the real vector space W, then F, will denote the 
usual extension of % to a complex linear map of B, into W. If Bis a 
complex vector space, then « is the unique complex linear map of W. onto % 
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which leaves every point of W, =W fixed. If B and W are complex vector 
spaces and if © is a linear map from M, into W,, then F is a complex linear 
if and only if Y, carries ker(x) into ker(x). 


Differentiable Aantfolds. All functions and vector fields will be assumed 
to have open domains unless otherwise stated. Let M be a manifold. If 
pE M, then M, will denote the tangent space to Mm at p. If f is a differ- 
entiable function from M to a complex vector space, if p€ dom(f), and if 
X E Myo, then X,f is defined in the obvious way. A complex distribution 
of dimension r on M is a function m from M to U Mao such that m, (the 

pe 


value of m at p) is an r-dimensional complex subspace of Mpo; the properties 
of being analytic, involutive, ete., are defined in the obvious way. If ¢ is a 
differentiable map of m into another differentiable manifold, then ¢, will 
denote the induced map of tangent spaces. 


Complex mantfolds. Let M be equipped with a complex structure. Then 
Mp will denote M, equipped with the canonically induced complex linear 
structure. To each pe M we assign c, the kernel of x in Mpo (== Miro). 
c is a complex C“ involutive distribution called the canonical distribution of M. 
If ¢ is a differentiable map of M into another complex manifold, then ¢ is 
called holomorphic if +, is complex linear. This is equivalent to demanding 
that po take cp into ce for all pE dom(¢). If f is a function from M 
to a complex vector space, then f is holomorphic in the above sense if and 
only if ¢pf==-0 for all p€ dom(f) (Cauchy-Riemann equations). If X is a 
vector field with values in Mpo pE M, then X will be called holomorphic if 
Af is holomorphic for all holomorphic functions with values in €C., 


Mixed spaces. The canonical projection of C™ X R” onto C™ (resp. R”) 
will be denoted 8 (resp. p). If x € R", then 6, will denote the map z— (z, T) 
of Cr into C" X R". 

Our basic notion, that of a partially complex structure on a differentiable 
manifold, is to the mixed space C™ X R” as the notion of complex structure 
is to the space C™. 


Definition. Let M be a real Ce manifold of dimension n. A partially 
complex structure of dimension r (?%r=n) on M is a maximal collection @ 


of maps satisfying: 


(1) each HE @ is a Ce diffeomorphism of an open set in M with an 
open set in CT X Re; | 


502 ROBERT J. BLATTNER. 


(2) the domains of the p€ @ cover M; 


(3) if we @ and ze R", then popoy depends locally only on 
Rr?r and do $oyr!09, is holomorphic. 


Remark. . As usual, if 6, is any collection satisfying (1-3), then &, is 
contained in a unique maximal collection @ satisfying (1-3). Hence to 
define such a structure, we may ignore the maximality condition. 

An open set O in Mm is called cubical if there is a coordinate function 
pE 6 with domain O whose image is a set of the form [(2,,: © -,2,,2,: °°, 
Taar): | z | <a | z| <a] for some fixed a > 0. 

We introduce a complex distribution m as follows: if p € 8 and p € dom ¢, 
then my ker[ (pd) nol N(O%P) gc? (Ceci). It follows from condition . 
(8) above that m, is independent of the choice of ¢. From the way m looks 
under hyo for a fixed $€ 8, it is clear that m is involutive, that m N m* = {0}, 
and that m-+m* is involutive, being in fact the complexification of the 
tangent distribution to slices of the form [p€ dom: p(¢(p)) = constant]. 
Each maximal integral manifold of m-m* is a complex manifold in the 
obvious fashion and will be called a canonical complex submanifold of 
(M, 8). 


THEOREM 1. Let M be a real CY manifold of dimension n. Let m be 
an involutive complex distribution r(2r = n) on M such that m N m* = {0} 
and m + m* is involutive. Then M bears a unique partially complex structure 
& of dimension r such that m is the canonical distrbution of (M, 8). 


Proof. Let pe M. By the complex Frobenius Theorem there exists 
complex valued C” functions fi, --,f, defined in an open neighborhood N 
of p such that for all geN the annihilators in Mg of {f1,-- -, fa}, 
{fess fe), and {fas sfa} are {0}, ma and ma- me" respectively. 
Without loss of generality we may assume that N is a cubical neighborhood 
of breadth a about p with real coordinate functions g,,- > ', 9, such that slices 
of the form g:i(p)—& |&| <a, t—=2r-+1,:--,n are integral manifolds 
of m+m*. Set pen (fra X° -X far) X (Dar X X Gn), a CY map of 
N into Cr X R*-*, ¢ is regular. In fact, if &,(X,) —0, X,E My GEN, 
then X,€m-+-m* so that X,f,—0 for to=r-+1,---,n. Hence X, € my 
N M,=={0}. Shrinking N if necessary, we may assume that ¢ is a diffeo- 
morphism of N with an open subset of Cr x Re. 

Let 6. be the collection of all ¢’s obtained in this fashion for arbitrary 
pe Mm. Properties 1 and 2 in the definition are true by construction. As 
for property 3, let &, y E Bo. Let y € dom (popoy) and let N, be a neighbor- 
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hood of #*(y) such that y (No) is a cube Cdom(po poy"). Then slices of 
N, of the form [pE No: p(y(p)) = constant] are integral manifolds of m + m* 
contained in dom. Therefore po is constant on these slices, and this 
implies that po doy restricted to #(N;) depends only on R**r, Now let 
gE R", get h==fogow tod, and let zedomh. Observe that (W096), 
maps cs univalently onto mMy-14:9) and that (#06), maps this space in turn 
univalently onto tu). Since Ay maps ts into tt), we conclude that h js 
holomorphic. 

If @ is the partially complex structure on M determined by fo, it is 
clear that m is the canonical distribution of (9n,@). As for uniqueness, 
let @’ be any partially complex structure satisfying the conclusion of the 
theorem and let SE 6). The arguments of the last paragraph show that 
@ U {b} also satisfy the theorem. By maximality we conclude that 6 = €”. 


3. The induced representations. For any unexplained notation con- 
cerning induced representations the reader is referred to [1]. Let G be a 
Lie group with left invariant Lie algebra g and modular functions A. If 
X€g and æ(.) is the one-parameter subgroup of @ lying beneath X, we 
have (Xf) (y) = Dif (yz(t))|s0 for all differentiable functions f. We define 
a mapping “ of the family of differentiable functions onto itself by 
f(x) —=f{a"), Clearly ” is involutive. If X is a differential operator on 
G with C” coefficients, we define XU by XUf— (Xf)’ for all O” functions f. 
O is clearly an involutive automorphism of the algebra of all O” everywhere 
defined differential operators on G. If XE g ena æ(.) lies beneath X, we 
have (XOF) (y) =— Dif (a (t)y) |tz- 

Let T be a closed subgroup of @ with Lie algebra § and modular func- 
tion 6. Let n be a complex subalgebra of g, such that n N n*= b., 
(adT)n—=n, and n+ n is a Lie algebra. Let Mm = G]T and let r be the 
canonical projection of G onto M. 


PROPOSITION 1. y(t.) depends only on x(x). Moreover, if we set 
Mp = ry (nOz) where r(x) ==p, then m ts the canonical distribution of a 
unique partially complex structure B on M. 


Proof. Let X€g and x(.) be the one-parameter subgroup of G lying 
beneath X. Let f be a differentiable function on M. Then 


ary Zu) Xe (f 0 wr) — — Daf (ar a 
DEE ler) 
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for ET, gE G. Since (adT)n-—n, we conclude the truth of our first . 
assertion. 

Since the kernel of +4|nU, is just be = Nne N nt, we see that m N m* = {0}. 
If « is a local cross-section of G over Mm, then ae (mp) == nb) and: 


Oy (Mp + Mp) = nag) + opt = (n + nt) Garp) 


for all p€ dom(«). It follows from [2], Ch. III, 8 5, Proposition 2, that m 
and mm* are involuntary. Our second assertion now follows from 
Theorem 1. 


Our induced representations are obtained as follows: Let L be a unitary 
representation of T on the finite dimensional Hilbert space B and set 
M (€) = 8(€)4a(é)-4L(é). Let p be a representation of n on ® such that 
p|o—dM and p(adéX) —M(é)p(X)M(Eé)> for ÉET and Xen. As in [1], 
form the space % of functions from G to B determined by T and L.. This 
paper, we shall denote this space by %” to show its une on L. Let 
2" be the linear space of all fe}? such that 


(1) the restriction of f to any integral manifold of nO + næ is of 
class C”, and 


(2) [XO+ p(X)]f—0 for all Xen. 


It is possible that $%r— {0}. In any case, condition (2) is automatically 
satisfied for X € ġe by any fE”. It is easy to see that U? sends fy” into 
itself.‘ The restriction of U? to %%r (or rather to G£, the corresponding 
pre-Hilbert space) is called the representation of G induced by L and p: 
It is denoted Ur, | 

' In order to show that $" is complete, we shall characterize the fe 5? 
in terms of our partially complex structure 8 on M. By a charting function 
for L and p will be meant a O” function H with values in GL(%) such that: 


(1) dom(H)—#"1(0), where O is some relatively compact cubical 
neighborhood in (M, ) over which is defined a O” cross-section in G; 


(2) H(éz) —M(£)H(x) for €€T, Ex 1(0); and 
(8) [XU+,(Z)]7=0 on + (0) for al XEn. 


Lemma 1. Let Po€ M. There exists a charting function H such that 
Po E€ r(dom(H)). 


Proof. Let O, be a relatively compact cubical neighborhood of p, over 
which a (® cross-section « into G is defined. Then the map w: TX O, into 
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G given by (é, p) =£a(p) is a Ce diffeomorphism T X 0, with 7 1(0;). 
Now equations (3) are 0”, non-singular, and satisfy the (complex) condition 
of Frobenius for local integrability. Hence there is a neighborhood N of 
a(po) for which a C’ function H, from N to GL(%) is defined satisfying 
(3). Moreover, we may assume that N=u(U XO), where U is a cubical 
neighborhood of e in T and O is a cubical neighborhood of po We 
define H on w1(O) by H(éa(p)) =M (é)Hi(a(p)) for all €€T and pe O. 
Note that 7 coincides with H, on N since (3) implies (2) whenever x and 
Eee N, ET (connectivity implies €€T,). H satisfies (2) by construction 
and satisfies (3) in N. Now if X€ g and x(.) is the 1-parameter subgroup 
of @ lying beneath X, we have 


(XOR) (£g) == —D,[H (x(t) ég) J | tao 
— — D,[H (é- € x(t) £9] |t- == M(6)[(adéX)04](g), 


for éE T, g€w"(O). Moreover 
p(X) H (£g) = M(E)M (é)*p(X) M(E)H (g) = M (é)p (ad E7X) A (g) 


for X€n. Since (adT)(n)—n, we conclude that H satisfies (3) in 
TN = am 1(0). 

Fix a charting function H with domain (0). Let f be a measurable 
function from 71(0) to B. f satisfies condition (1) in the definition of 
Ser if and only if H-*f does. Moreover 


[XU + p(X) ]f = [20 + p(X) ] (HAF) 
== (LXO + p(X) 1H) (2°) + H[AO(H“f)] = H[XO(H=f)] 


for all X€n. Hence f satisfies (2) in the definition of % if and only if 
AU(H“f) == 0 for al Xen. Now if fe G4, then Hf is a measurable func- 
tion (0) to ® which is constant on the right T cosets of G. Thus 
Hf =" fo, where #f is a unique measurable function from O to B. It is 
easily see that H-*f satisfies condition (1) in the definition of 4 if and 
only if #f is of class C” on the integral manifolds of m-+-m*. Moreover 
nU (Hf) == 0 if and only if m?f=0. We have proved 


PROPOSITION 2. Let D be a collection of charting functions for L and 
p such that GeeU[dom(H): HED]. Let fERL. Then fe GLr if and 
only tf Ef is a complex analytic function on the canonical complex submani- 
folds of (M, 8) for all He D. 

Let H be a charting function for. L and p. Let ¢ be a coordinate map 
in @ with domain »(dom(H)) and image O. Let a be a cross-section of G 
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over +(dom(H)) and let 8=«a04". Let w be the homeomorphism of T X 0 
onto dom(H) given by w(£,p)—#8(p). Let » be the measure on T X O 
induced under w by right Haar measure on G, and let y be the density of p 
with respect to the cartesian product of right Haar measure on T by Lebesgue 
measure on ©. We know that y(é,p) =8(é)“A(é)y(e,p) for EET and 
pEO[1]. Finally, for each compact K CO let 


Ry = Min[y (e, p) || Z(8(p))* |7: pe E]. 


Let f€ 52 and let K be a compact set in O. Choose h € C*,(dom(H)) 
such that OS rh S 1 and rh—1 on K. Then 


Lez fau J IFEA) 
= f JEO ION IP h(a) ae 
> ff AGE IAE (EC) PB GB(P) 7 GP) dé de 


= Rx |, 1#f6*(p)) dp 


because | H(€8(p))~* |? y(é p) is independent of £ and rh==1 on E. 


If {fa} CG and f,— fE $4, we have, for each compact K CO, that 
Hf, oġ* and Ffog are in L(K) and that #f,o¢7-—>Ffog in L(K). 
Moreover #f, o 4"! is complex analytic in its complex parameters, whence Æf is 
complex analytic on the canonical complex submanifolds of (M, 8). Apply- 
ing Lemma 1 and Proposition 2, we obtain 


THEOREM 2. Hr is complete and Ute is a unitary representation of G 
on Qa, 


4. An intertwining number theorem. Suppose now that with G we 
are given two collections {T4, &, Nne Ui, Lu, pi}, t= 1, 2, satisfying the conditions 
of the previous section. We wish to calculate an upper bound on the dimen- 
sion I (Utv, Tle) of the space KR (U's, Ulwm) of operators intertwining 
Ulu and Ul», We shall be aided in this by the fact that [2 is a sub- 
representation of UF. Define the (non-unitary) representation M; corres- 
ponding to L; as in Section 3. For fE C,” (G) and ve R, set 


a° (f, v) (x) = Í. f (x) M, (£) vd. 
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Let P, be the projection of HZ: ond Ho% and define (f, v) = Pre’ (f, v). 
If AE R(U4,0%), fe C, (G), and ve Bi, set rea(f)v— (Aa (f, v)) (e). 
This definition makes sense: see [1], 85. If A€ R (Urn, Ufer), then 
AP, = P, AP, € &(U%“,U™) so that we may set ra(f)v = rar (fr. If 
a, yE G, we set (feyf) (2) = f(a zy) for fe Co” (G). 

If S is an operator mapping C,*(G@) into itself, the operator +8, if it 
exists, will be defined by the identity f (Sf) (x)g(z)dæ— ff(zx) (*Sg) (x) dz 
for all f,ge C,” (G). It is easy to check that if X € g and z,y& G, then 
‘X we — X, (ZH) = — AU + (XA) (e), and fay A(e) ory If Z is any 
vector-valued distribution (in the sense of Schwartz [6]) on G, we set 
SZ «= Zot§, Finally, any locally integrable function F on G will be identified 
with the distribution f—> ff(x)F(x) da. 

Our intertwining number theorem now goes as follows: 


THEOREM 3. Let X, be an element of the universal associative enveloping 
algebra of g which, as a left invariant differential operator on G, ts elliptic of 
order > dim(@/T2). For fe Co" (G), set [fx | Xof lot [flo For 
each relatively compact open set O of G, give C,” (0) the topology induced 
by |. lz; give Co” (G) the inductive limit topology. Let M be the sub- 
space of maps ZE LC (G); LRB,RB:)) which satisfy the distribution 
equations : 


(1) Sever == Ate (é) "ZMı(&)"* for HET; 
(2) XOKZ— Zp. (X)*, Xen; 

G Me Zen, 

Then I (Uem, Ul»a) < dim M. 


Proof. From [1], Theorem 3, we deduce that À — r4 is a faithful linear 
map of R (Usm, UI») into the subspace of maps Z € £(C,7(G); LB, ; B2)) 
satisfying (1). To show that ra satisfies (2), we note that 


(SFR) (v,9(2))de 


for fE Co? (G), ve Bı, and ge WA. This follows immediately from the 
definition of «, and the proof of Lemma 2(a) in [1]. Now (v,g(.)), regarded 
as a distribution on G, satisfies the equation XU (v, g(.)) — (n(X)*,g(.)) 
for X € n,, in virtue of properties (1) and (2) of Yrr. Therefore, 


(a CAT, v), g) = S CXF) (2) (v, g (2) ) da 
= f F(z) (p(X) *v, g (2) ) de — (e (f, p(X) *v), g). 
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From this we obtain 
(Kr) (flv = (Aa (XOF, v) ) (e) 


== (Ae, (f, p(X) tv) ) (6) = ra (f) (X) Fo 
for X € th. 


As for property (3), we recall from the proof of Theorem 8 in [1] that 
ra(losyf v= (Aa(f,v))(y) for all y€ G. Now the mapping y->¢.,f is a 
C” map of G into C” (G). Since rı is continuous and linear, we see that 
(Aa(f,v))(.) is a O” function and that r4(Xf)v—[X(Aa(f,v)) ](e) 
— — [XU (As (f v))] (e) for al Zeg. If Xen, we conclude that 
TA(XF)0 = pa(X)ra(F)v. 


5. Totally complex subalgebras. A complex subalgebra n of g will 
be called totally complex if n + nt = Ge. 


PROPOSITION 8. In Theorem 3, let either n, or na be totally complex. 
Then Pt- consists entirely of Ce functions. 


Proof. We shall give a proof for the case when n, is totally complex. 
The other case is entirely analogous. Let {X,,---,X,} be a basis for 
Da, and extend it to a basis {Xn C Xm Amn Ar} of na Then 
{Xo t Xe, Aou, ‘ *, Art} is a basis of ge, by our assumption. If we 
write X,;== Y,-+ 42, where Y,,Z;€ g for j==n-+1,---,r, it follows that 
X, Am Vane’ Ve Zeus © 5 Zr} is a basis of g. Now the differential 
operator 9 == an Xÿ (Xy + pa(X5)) ne ok en If > Ta Z$ + 
terms of lower order. This shows that $ is elliptic (ef. [7]) and Cv. I 
ZE M, then SZ==0 according to property (3) of M. Therefore, Z is a CY 
function (see p. 146 of [6] and the references given there). 

Let n be a totally complex subalgebra of goe We shall say that x is n- 
regular if n-++ada“*n*==g, and shall denote the set of n-regular elements 
by Bp. 


Lemma 2. In Theorem 3 assume the following: G is connected; Di =T; 
=T, say; and n, = tta == tt, say, a totally complex subalgebra of go Let ZEM 
and suppose Z(æx,) —0 for some mE Ry Then Z =Q. 


Proof. We choose vector fields X,,---,X,€n such that, for suitably 
chosen r, {Xu + +, Xp, ad Kraut, - +, adrot Ent} is a basis for ge It is 
then easy to see that there is a C”? cubical neighborhood N about x, such that 
{Xut °° e Anado X mt + - ,adæiX,t} is a basis for g, for all z€ N. Let 
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Ti’ ' *,% be the coordinate functions for N. There exist C” functions ay; 
for i, j= 1,:; - -n such that, for all ze N, 


(E) s -2 "104 (x) (Xj) 0 +2 Press ay (T) (ad TX) m 


Now for any X € ge, (ade’X),—=— AU, Therefore 
02 | R 
-a m= Bs tyh. )pa (X) Z — D "ra ay. Spr (X) 
Ox, fi 4 
by virtue of Theorem 3. But Z(z,) =0. From the uniqueness theorem for 
ordinary linear differential equations we conclude that Z vanishes on N. Since 
Z is a C® function, Z vanishes identically on G. 


We are now in a position to prove 


THEOREM 4. Suppose that G tis connected and suppose the induced 
representations Ulu and Ul satisfy the following conditions: L, and I, 
are defined on T; pı and p: are defined on n, a totally complex subalgebra of go- 
For each xE G, define a representation pig of ada tnt by setting piz(X) 
—=p,(ad2X*)* for X E adzin*, also a representation My, of oTe by setting 
Mio(é) = M, (xért)* for E€ x Tr. Define I(x) to be the dimension of R s, 
where 


R s = R (pis|n N adent, pajn Nada n)N & (Mer N z"Tz, M,|T N gTr). 
Then (1) I(x) depends only on the T: T double coset to which x belongs 
and (2) I[(U4on, UT») = GLB[T (£): ze Ry] < o. 


Proof. First note that e€ Ry so that GLB[I (z): ze Ry] <œ. Fixa 
point 2 € Ry. For each ZE M, set Q(T) =Z(z,). The map ne £(M; 
£(B,;B:2)). ; 


(a) DELM;R.) In fact, let ZEM. I €ET Na Ta, then 
ToETO*ET and (Tfr) Tt == To Property (1) of M implies that Z (x) 
= M, (E)Z (2) M, (to€to)* so that Z (z) Mis,(£) — Me(€)Z (x). Again, if 
X€EnNadzytnt, then adz,X*En. Properties (2) and (3) of Mt imply that 

Z(%o) prsy(X) = Z (Lo) pi (ad z,X*)* 

| — ([ad oX]0Z) (to) == — (XZ) (20) = p2(X)Z (20). 

Therefore 2(Z) € Ra 


(b) Q is one-to-one. In fact, suppose O(Z) —0. Then Z(Tt)—0 so 
that Z=0 by Lemma 3. 
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We have shown that © is an isomorphism of M into Re. This proves 
statement (2). The proof of statement (1) is standard and will be omitted. 


COROLLARY 1. In case n ts totally complex, a necessary condition for 
Here {0} is that S=AlT. 


Proof. In Theorem 4, let Bı == B: =V, Lı -= L, = L, and pı = p: = p. 
If rr 4 {0}, then M {0} so that KR. {0}. Let OASE Re Then, for 
all EET, 8(€) A (ISL (E) — (EA (E) AL (E)8. It follows that 


SCEA (EE | Sv t= [| SL(pol Sls] lel 


for all vE M. But this implies that (A(S S| S|] for all ET, 
and our conclusion follows. 


COROLLARY 2. Suppose n ts totally complex. If L ss trreductble and 
tf GS? £ {0}, then UT? is irreducible. If L’ and p’ are two more such repre- 
sentations defined on T and n, then Ur and U™? are inequivalent tf L’ and 
L are inequivalent. 


Proof. Apply Theorem 4 to (L,p) and (L’,p’). We get I(Ulr, UL’) 
= I (e), which equals 1 or 0 according as L and I’ are equivalent or inequiva- 
lent. Our corollary follows immediately. | 


7. Some examples. 
(a) Some representations of Harish-Chandra. 


Let @ be a real semi-simple Lie group and let T be a Cartan subgroup. 
In this case, A = 1 and §=-1. We suppose that the image of T in the adjoint 
group of @ is compact. Let g (resp. b) be the Lie algebra of G (resp. T). 
bo is a Cartan subalgebra of go, and our assumption implies that every root 
of go with respect to Ñe is purely imaginary on bh. Let the roots be totally 
ordered in the usual way, and set n equal to h, plus the space spanned by the 
root vectors belonging to the positive roots. Let X be a root vector belonging 
to the positive root a. Let Heh. Then [H, X] = — [H*, X]*—[H,X]* 
w= (a(H)X)* «-— a(H)X* since «(H) is pure imaginary. We see that n’ 
is D, plus the space spanned by the root vectors belonging to the negative 
roots. We have that n is a complex subalgebra of ge, that n -+ n* = ge, and 
that n N n=.. Since T is connected, (ad r)n =n. 

Let x be a character of the abeilan group T. dx extends uniquely to a 
complex linear representation p of n on C : merely note that p(X) must vanish 
whenever X is a root vector belonging to a positive root. Let X be the 
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collection of all characters x of T such that Sxr-£{0}. Then the repre- 
sentations UX for XE X are all irreducible and mutually inequivalent. The 
actual structure of X has been studied by Harish-Chandra in [4]. 


(b) Certain representations of GL(2k,R). 


Let W be a real finite dimensional vector space and let g be the Lie 
algebra of all Te (W; MW) with vanishing trace. g, may then be identified 
with the Lie algebra of all TE £(W.;W,) with vanishing trace. Suppose 
dim % = 2k, k integral. It is then possible to choose vectors vi: °°, ur € W, 
such that {01,° © +, Ur, vit," © °,Ux*} is a basis for M. Let num {TE ge: v; is 
an eigenvector of T for j7=—1,- - +, k}, a Lie subalgebra g,. Then h, == n N nt 
equals {TE go: vj and »,* is an eigenvector of T for j==1,: - -,k}, a Cartan 
subalgebra of ge, and § =}, N g is a Cartan subalgebra of g such that b, ==}. 

We define linear functionals À,,: > °, àx on n by Tu= A (Tyo; for Ten. 
It is easily seen that the derived algebra n® of n= {T€ n: A,(T) =0 for 
j=æ1,:::,k}. Our first object is to determine the space P of all homo- 
morphisms of n into C such that p(T) is pure imaginary for pE P, TEY. 


LEMMA 3. P=={a3)% y: aE R}. 
j 


Proof. Clearly P is the set of all linear functionals p on n such that 
p(n®) —=0 and p(T*) =—p(T) for Teh. We first show that DAME P. 
Clearly DE A(n®) =0, Let TEY. Then Tru = — a 
Since T has vanishing trace, we conclude that SE, u (T*) SAT). 

Conversely, let p€ Py. Suppose Ten satistios DE NT) = 0. Define 
SELB We) by Svj-=A,(T)v,, Bv — 0 for T ‘,k. By assumption, 
S € ge so that Sch... It is also clear that T—S and St€n®@. Therefore 
p(T) =—p(T—8) + p(8*) =0. We conclude that p—aXt, x for some 
ae C. If Ted, then p(T) =p(Tt) =a SET). Since SE does not 
vanish on be, we see that a€ R. i à 


Let G == SL (%$) and let T be the analytic subgroup of G lying beneath 
b. Let P, be the collection of all p€ P such that p|} = dx for some (neces- 
sarily unique) character X of T. n—§-+n® implies that x uniquely deter- 
mines p. A necessary and sufficient condition that p€ P, is that p€ P and 
tp be integral on the kernel of the map T— exp T of § onto T, and this is 
easily seen to be equivalent to the requirement that tp(7’) be integral for all 
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T€} such that ImA,(T) is integral for j—1,---,k. But T> (Imà (T), 

-+,ImA,(7)) maps h onto R* because the trace restriction on T€} is 

just D*%, Rex(T) 0. We conclude that p€ P, if and only if pm DFA, 
j j 


where m is integral. 

Since both G and T are unimodular and since T is connected, we obtain 
a series of representations UX’ of G, where „EP, and dX==p|ġ. If Poo is 
the set of p€ P, for which x? 4 {0}, we conclude from Corollary.?2 of 
Theorem 4: the representations U%? for p € Poo are all irreducible and mutually 
inequivalent. These representations are mentioned by Gelfand and Graev 
in Subsection 4 of the Introduction of [3]. 


THE UNIVERSITY OF CALIFORNIA, 
Los ANGELES, CALIFORNIA. 


REFERENCES. 





[1] R. J. Blattner, “On induced representations,” Amerioan Journal of Mathematics, 
vol. 83 (1961), pp. 79-98. 


[2] C. Chevalley, Theory of Lie Groups 1, Princeton University Press, 1946. 

[3] I. M. Gelfand and M. I. Graev, “ Unitary representations of the real unimodular 
group (principal nondegenerate series),” Isvestiya Akademii Nauk SSSR. 
Seriya Matematiseskaya, vol. 17 (1953), pp. 189-248. 

[4] Harish-Chandra, “ Representations of semisimple Lie groups. V? ” American Journal 
of Mathematica, vol. 78 (1956), pp. 1-41. 

[5] Q. W. Mackey, “ Induced representations of locally compact groups I,” Annals of 
Mathematics, vol. 55 (1952), pp. 101-159. 

[6] L. Schwartz, Théorie des distributions I, Hermann, Paris, 1957. 


[7] W. F. Stinespring, “ Integrability of Fourier transforms for unimodular Lie groups,” 
Duke Mathematical Journal, vol. 26 (1959), pp. 123-131. 


ON SOME INTERPOLATION PROBLEMS FOR ANALYTIC 
FUNCTIONS.* 


By H. S. SHAPIRO and A. L. SHIELDS. 


In the first part of this paper we consider an interpolation problem for 
bounded analytic functions that was first solved by Lennart Carleson [3] 
(a detailed description is given below). We give a new proof of Carleson’s 
result and we obtain analogous results for the spaces Hp. In the second part 
of the paper (Sections Four and Five) we study a related interpolation 
problem in certain Hilbert spaces of analytic functions, using the results 
obtained previously. 

The interpolation problem for bounded functions has to do with the 
existence of sequences of points ¢,} in the unit circle having the property 
that, given an arbitrary bounded sequence of complex numbers {w,}, there 
is a bounded analytic function f for which 


f (2a) = Wn (n—1,2,: °°). 


If the sequence {z,} has this property we shall call it an interpolating sequence. 
The problem of the existence of interpolating sequences was posed by 
R. C. Buck. The classical interpolation theory (see, for example, Nevanlinna 
[10] and Schur [15]) does not seem to be of help here. For example, Schur 
gives an explicit algorithm for ee the bounded function of minimal norm 
taking prescribed values w,,: ' :,w, at the points Z` ``, Za. However, his 
method does not seem to lead to an effective estimate of this norm as n 
Increases and as {w,} ranges over the unit sphere of la. 
Independently of one another L. Carleson [3], W. Hayman [6] and 
D. J. Newman [11] studied this problem. Carleson showed that a necessary 
and sufficient condition for {z,} to be an interpolating sequence is that there 
exist a positive number ê such that 


(C) TI | (2 —#n) /(1 — žar) | = ê o (k=l, 2). 
DO ney 
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Newman proved that condition (C) together with condition (H) given 
below are necessary and sufficient fo r{z,} to be an interpolating sequence: 


(H) Sf] am) < (for all f€ HL). 


Thus Carleson’s result tells us that (C) implies (H), and in fact this is the 
heart of his proof. . | 

Hayman showed that (C) is necessary and that a slight strengthening 
of it is sufficient. With his stronger condition he is able to give an explicit 
interpolation formula to find an f taking the given values {w,}. He also 
shows that if one can interpolate arbitrary sequences of zeros and ones at 
the points {z,} then condition (C) is satisfied. 

Both Newman and Hayman show that if z, tend exponentially to the 
boundary, that is, if limsup(1—] zn1|)/(1—|zn|) <1, then {+} is an 
interpolating segence. They point out that if the {z,} all lie on one radius, 
then this condition is also necessary. 


Three years earlier, in connection with an interpolation problem for 
functions of bounded characteristic, A. G. Naftalevitch [9] showed that if 
{zn} satisfy the condition I(1— ||) co, then there exist points {z,’}, 
with | 2n’| == | z| (n==1,2,: : -), for which condition (C) is satisfied and 
for which 
(N) I (1— | #0 |)log* | fe) | < 


for all analytic f of bounded characteristic. He did not show that condition 
(N) is implied by condition (C). | 

Subsequently, V. Kabaila [7] pointed out that Naftalevitch’s method 
shows that if (1 — |z |) <œ, then there are points {gẹ}, with | 2,’ | == T Zy | 
(n == 1,2,: < +), for which condition (H) is satisfied. 

In Section Two of this paper we give a new proof of Carleson’s result 
that {z,} is an interpolating sequence if and only if condition (C) is satisfied. 
We first show by a Banach space argument that, in the presence of condition 
(C), {zn} is an interpolating sequence if and only if condition (H) is satisfied. 
This part of the argument is similar to Carleson’s proof, though differing in 
detail. We next show that (H) is equivalent to the following weighted 
_ Interpolation problem in the space H,: 

For each sequence {ca} €l: there is an f€ H, for which 


f (2n) (1 — ef) on (n = 1,2, > +). 


We complete the proof by showing that if condition (C) is satisfied then 
this weighted interpolation problem can be solved. 
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In Section Three we discuss weighted interpolation in the spaces Hy. 
“We associate with each f € H, the sequence of weighted values 


Tf = (f(z) (1—| z1 1), F (22) (1—| 22 |)", °°); 
and we consider the following two problems (as always, lp denotes the space 
of sequences {cn} for which $ | Ca |? <œ). 


1. Isl, C T,H,, that is, can one obtain arbitrary p-th power summable 
values by weighted interpolation using functions of class Hp? 


2. Is T,H, C ly, that is, do we have D|f(2,)[P(1—]2,[) <% for 
all fe Hy? 

One can show that if (1) is satisfied for some value of p (1S po), 
then condition (C) is satisfied. A Banach space argument shows that, in 
the presence of condition (C), (1) holds for a given value of p if and only 
if (2) holds for. the conjugate index q (1/p -+ 1/q= 1). The problem can 
then be reduced to the weighted interpolation problem in H, which was solved 
in Section Two. The final result is that for any given value of p (lS pw) 
T,H,==1, if and only if the sequence {zn} satisfies condition (C). 

In Section Four we consider for general Hilbert spaces of analytic func- 
tions a weighted interpolation problem analogous to the H, problem in Section 
Two. Certain equivalences are pointed out and an application is made to 
the H, interpolation problem in case the points 2, approach the nn 
exponentially. 

In Section Five we use the results on H, interpolation and the results 
of Section Four to study interpolation in two special Hilbert spaces: the 
space Hy of functions that are derivatives of H, functions, and the space 
A, of functions with finite area norm: f f|f(z)|*dzdy<o. We show that 
if the points {z,} satisfy condition (C), then the weighted DIS non prob- 
jem can be solved in each of these spaces. 

Furthermore, a necessary condition for weighted interpolation in these 
spaces (and in H,) is that the points {z,} be “weakly separated,” that is, 
| z;—2;|2=c(1—|4]) for some constant c > 0 and all i,j. If the {m} 
all lie on one radius then this condition is equivalent to exponential approach 
to the boundary and is both necessary and sufficient. This is related to some 
results of Epstein, Greenstein, and Minker [4]. | 


1. Background material. As usual H, (1 = p<) denotes the Banach 
space of functions f, analytic for | z] < 1, for which 


lf lp = supf = IN f (ret?) |? do}? <o. 


516 H. 8 SHAPIRO AND A. L. SHIELDS. 


Ha will denote the bounded analytic functions with the supremum norm. 
For the properties of the spaces H, see the book of Privaloff ([12], Chapters 
1,2). In particular we shall need the fact that H, is isometric to a closed 
subspace of £,(0,2r) (1=pÆ<£o). IffEL,, gel, (1/p + 1/q = 1), then 
we write 


(1) (fg) = E f Fle!) gol) dot), 


With this notation H, is the annihilator of Hp: H= H, (1Sp<w). In 
the Hilbert space La (1) is not an inner product. 

Duality. Let # be a Banach space with conjugate space #*. Let FCE 
be a closed subspace and let FL be the set of all those elements of #* that 
vanish on F. Then F*, the conjugate space of F, can be identified with the 
quotient space E*/FL, The norm in the quotient space is given by 

let + #4 || = int || e* +a | (a € FL), 


On the other hand, the norm of a linear functional is the supremum of its 
values on the unit sphere, and so: 


(2) _ inf || e* +A || = sup | |f, e*)|. 
i AE 


It follows from the Hahn-Banach theorem that the infimum on the left is 
always attained. | 
Similarly, by considering E/F and its conjugate space FL we have: 


(3) inf |e+fl=sup|(e,àa)|. 
CE: 


The supremum on the right is always attained (since, in the weak star 
topology, the unit ball of FL is compact and e is continuous). See Havinson 
[5] and Rogosinski, Shapiro [13] for a discussion of these duality relations 
and their applications to extremal problems in Hp. 


Quadratic forms. Let (aj) (4,7 1,2,:--) be given. A result of 
Schur [14] states that if © | ay | 5 M for all j, and if X | ay | ÆN for all à, 
then | 
(4) Zum | SS (MEN) AS | a? 


2. Interpolation by bounded analytic. functions. Let {z,} be a 
sequence of distinct points in the unit circle. Define a linear operator T 
from À, to le (the bounded sequences) by 


TF = (f (41), F(%2),° > *). 
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Clearly || T]—1. Note that if T is onto, then the interpolation can actually 
be done in a uniformly bounded manner, that is, there is a number M such 
that if w == {wx} is any element in the unit ball of le, then there is an FE Ha 
with Tf— wand | f | = Af. 

Indeed, let N be the set of those f € Ha vanishing on {z,}. Then N is a 
closed subspace and T induces a one-to-one continuous mapping from the 
quotient Banach space H../N onto le. By a theorem of Banach ({1], Chap. 
IV, Théoréme 5) the inverse mapping is bounded, which is our assertion. 


THROREM 1. A necesssary and suficient condition for {2,} to be an 
interpolating sequence (that is, T (Ha) =) is that 


(C1) TT | (2x —2)/(1 — Ae) | 28 > 0 (e4—=1,2,- °°), 
or equivalently, 
(C) there exist functions f,€ Ha such that 

(i) felz) = Sn, 

Gi) IFIS 3 (k=1,2, °°). 

In this case each sequence w= {w,} in the unit sphere of le can be 
interpolated by an FE He with 
(5) IFIS (2/8) (1—2 log 8). 

We shall use the following notations. 


B, (2) = TI (4 —2)/(1— 3), 


Bpa (2) = B, (2) (1—32) / (2—2) (kS n), 
bnr == Bar (2x). | 


The equivalence of conditions (C,) and (C,) is easy to see. Indeed, if 
(C,) is given, then the Blaschke product formed from the points {z,} with 
the point z deleted, divided by its value at z,, may be taken as the function fr. 

Conversely, if (C,) is given then || fx/Bar | = | fe | 1/8. Evaluation 
at 2, gives 1/| bu, | <S1/8 which implies (C4). 

Proof of Theorem 1. Necessity. The necessity of (C,) was proven in 
the remarks preceding the statement of the theorem. 


Suffictency. Let w= {wx} be a bounded sequence (| wz |<< 1 for all k) 
that we wish to interpolate at the points {z,}. The function 


An (z) =a SB (2) /Onx 
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solves the problem at the first n points. We rewrite this 
hy (2) = Ba (2) > (wn/ dr) (1—5)/(2— 2). 
Therefore the function 
By(#){ È (w/m) (1—22)/(8— 2) —g (2)} 


will also solve the problem, for any gE Ha. We wish to choose g so as to 
minimize the norm in He. Let 


(6) m,(w) =e | Bu (2) {2 (wr/bar) (1 — 22) /(2— zr) — g (2) || llar- 


We must show that m,(w) is uniformly bounded in n and w (w in the unit 
ball of le). Let us take (6) onto the boundary of the unit circle, and let ¢ 
denote the rational function given by the summation. Since | B,(e#)|==1 
we have 

mn(w) = inf | 6—g Io (g € Ha) 


We now apply the duality relation (2), with E= Lı, FH, E* om Lo, 
FL—=H,. We obtain 
mn (w) = sup | (f, +) | (feH, Ifh=1). 


Evaluating (f,¢) by (1) we have 


(7) ma (w) = sup | 3 (w/b) f (22) (1—| 22 °): 


Since 8 S | bns | <1 for all n,k we have 


cup S| f(#x)|(1—| |?) 


(8) Š 
= SUP sup Ma (w) Sd sup D | f(z») | (1— | ze |°), 
where f€ H,, || f lı==1, and w beolngs to the unit ball of le. 
Now if f€ H, has no zeros in the unit circle, then f= g? with g€ Hy. 
If f has zeros, then f= Bf,, where B is a Blaschke product, f, ‘has no ZETOS, 
FF] 171, and |f(z)| <|fı(z)| for all k. Therefore the supremum on 
the right side of (8) is equal to 


(9) sup 2 | g (2x) (1— | 2 |?) (9 € Ha | g la—=1). 
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We now show that the finiteness of (9) is equivalent to a weighted inter- 
polation problem in H, 


Lemma 1. Let {2,} satisfy condition (C:) of Theorem 1. Then the 


following two statements are equivalent: 


(10) È | 9 (4x)? AA) SM] 9 |? 
for some constant M and all g € H3; 


(11) there is a constant m such that if {w,} ts any square summable 
sequence, then there is a g € H, with | 
lg Psm | wy |? and g (2x) (1— | 2 |?)§= wz (k == 1, 2, ` taj 


We shall show in fact that if (10) holds, then the constant m in (11) 
can be taken to be (1/8?) M, while if (11) holds, then the constant M in 
(10) can be taken to be m. 


Proof. The proof is similar to the proof given at the beginning of the 
sufficiency part of Theorem 1. Let w== {wz} be a sequence for which 
> |w]? & 1. We wish to show that the problem of interpolating all such w 
in a uniformly bounded manner in Hy (i.e. (11)) is equivalent to (10). Let 


ha (2) = $ weBon (2) bn (1 — | 2 [F3 


Then h,(z) (1—| ee 2) = we (k= 1,2, - -, 0). 
As before we modify h„ and arrive at (6), except that now g€ H, and 
the norm is the H, norm. The duality relation now leads to 


(Y) mw) — sup | È (w:/bm)f (2) (1 — | z | (If la 2). 


The analogue of (8) with both sides squared is: 


sup 2 | f (2x) |?(1— | z |7) 


g 

D = [sup sup mn (1) ]? 5 5? sup LIf(4) |?(1— le |”), 

where fE Ha [flla—1, and w is in the unit ball of l. The number 

[sup sup m,(w) |? will serve as the number m in (11), and the result follows.. 
»# +0 


To complete the proof of Theorem 1 it is now sufficient to establish (11),. 
with N == 2(1/8) (1—2 log). This will be done in two lemmas, the first. 
of which occurs in Carleson’s paper. Ä 
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LEMMA 2. If {a} satisfies condition (C,), then 


a) S (| ay") | ae) /|1— a| S 1 — Bog 8 
STR 
Proof. The identity 
| (ze — 44) / (1 — Zr) |? == 1— (ie) (1 — | zr |?) /| 1 — zer |? 


ester with the inequality 1—b = exp(—b) and a little calculation shows 
that the series in (12), summed over 754k, is <— 2 log ô, and the result 
follows from this. 


LEMMA 3. If {21} satisfies condition (C,) and tf {wz} ts any square 
summable sequence, then there is a ge H, for which 


lg |? S (2/8) (1 —2 log 8) È | wx |? 
and 
g (21) (1—| ze |) we (1,2). 


Proof. For this proof (f,g) will denote the inner product in Hy: 


(13) Hg) = [regen a 
(in contrast to (1)). Let : 


Inu (2) = (Ba (2) / (2 — zr) )?(1— | z |*)4 
and 


fa (2) = > WiGne(Z) /bnr’. 


Then (3) (1— | Zy |?) == wy (k= 1,2,--°,n). Moreover, 


(14) Il fa 1° — (fa, fr) — 2 (10;10;/ (baibns)*) (ge 95). 
Here g, stands for gn, A calculation shows that 
(go 95) == (1— | a [9 (1 — | |?) 8(1 + 28) /(1— a). 


Let ay =— (9,95). An casy calculation shows that (1—| a |?)#(1—] ey (2) 
S |1— %2,| for all 4,7. Then by Lemma 2 we have: 


Z | ay | <2 (1—| 2% l°) (1— | 2, |?) /| 1— He, |? = 2(1—2 log). 
Since aj = &y, the same bound holds for the sum on îi. Therefore by (4) 


we have | f |? (2/8) (1—2 logs) 5 | w;, |?, and the result follows. 
This completes the proof of Theorem 1. 
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Remark 1. Condition (C2) is conformally invariant and so Theorem 1 
may be carried over to any simply connected domain. Thus in the strip 
ly|<o the points kr satisfy condition (C,) with the functions 
fa (z) =sin(z—kr)/(2— kr). Here 1/8 — sup sup | fx(z) | = (e° — 6) /Ro. 


Remark 2. The functions f, that were used in the proof of Lemma 3 
are not the functions of minimal H, norm that solve the interpolation problem. 
It is a curious fact that if one uses the functions that must be minimal (their 
form is known, for example, from [13] Theorem 16), then one is led to a 
quadratic form that is much more difficult to handle than the one in (14). 
This form will be considered in the corollary to Theorem 3. 


3. Interpolation by functions of class H,. Let the sequence {z,} be 
given and let (s) denote the set of all sequences of complex numbers. For 
each p (1=Sp=») define a mapping Tp: H,> (s) by: 


Taf = (fa) (1— | a |), F (22) (1— | za fr, > +). 


THEOREM 2. For each p (1S po) the necessary and sufficient con- 


dition on {zu} in order that T Hp =l, 18 that {zn} satisfy condition (C1), 
or equivalently, 


(Cop) there exist functtons f,€ Hp such that 
(i) fa) (1— |z |2)? by, 
(ii) I fx lp & 1/8. 


The proof is very similar to that of Theorem 1 and so we shall merely 
sketch it. First, the equivalence of (Cı) and (Cp) is proven as before, 
using also the fact that | f(z2)| < | f |»/(1— | z |*)*r for all f€ H, (see [8], 
p. 304). 

One uses the closed graph theorem to show that if lp C T,H,, then the 
interpolation can actually be done with uniformly bounded H, norms. (If 
N is the subspace of functions vanishing on {z,}, then a mapping is defined 
from lp into H/N. This map has a closed graph.) This implies the necessity 
of (Cp). 

It is easy to see that if 7,H,C lp, then T, has a closed graph and is 
therefore a bounded operator (this was obvious for p =œ). 


Lemma 4. Let condition (C;) be satisfied. Then T,H, Cl, for a given 
value of p tf and only tf 1, C TH, for the conjugate indez q (1/p + 1/q =1). 


The proof is similar to the proof of Lemma 1. 
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To complete the proof of Theorem 2 one proceds as before (going from 
(8) to (9)) to show that T,H, C lp if and only if T,H, C la, which reduces 
the problem to Lemma 3. QHD 


Remark 3. In H, an interpolating function can be given explicitly. 
Let {w+} be the values to be interpolated, with % | wx | (1— | |?) <oo. Then 


f(z) = E(B (2)/B' (ax) ) [1/(2—%) —1/ (2 — z") lux 


wil solve the problem. Here B(z) denotes the Blaschke product formed from 
the z,, and z,*—1/z,. A simple calculation shows that the expression in 
square brackets has norm 1 in H, (since |z—2,|—|1—%z| on |z|—1). 
Also, | B | = 1, and so under condition (C,) we have an absolutely convergent : 
series of unit vectors in H.. 


4, Interpolation in Hilbert spaces of analytic functions. The results 
in Section 2 on interpolation in the space H, suggest similar problems for other 
Hilbert spaces of analytic functions. By a Hilbert space H of analytic func- 
tions we mean a Hilbert space whose elements are analytic functions in a 
domain D, and in which evaluation at a point is a continuous linear functional 
on H. This means that to each point ¢ € D there corresponds a unique function 
K,(z)¢€ H (the kernel function) such that 


(15) F(E) = (F Ke) 
for all f€ H. Thus for ||f | <1 we have 
(16) [FAO S I Kell = (Ko Ei)? (KH). 


Equality is attained for f =K;/| K,||. It follows easily from (15) that 
K,(b) =K, (a) for alla,b€ D. Indeed, K,(b) = (Ka, Ko), Kola) = (Ka Ka), 
and these are conjugates of one another. For a general discussion of kernel 
functions and their properties see Aronszajn (Proceedings of the Cambridge 
Philosophical Society, vol. 39 (1943) and Transactions of the American Mathe- 
matical Soctety, vol. 68 (1950) ). 

We note the following examples. 


I. H.. Here K,(z) =1/(1—2%z). 


Il. A. This is the space of functions f(z) == $, a.z”, analytic for 
|z| <1, with norm 


Ifa ff, Or — S| am /(n +1) <a. 


Here K,(z) = 1/(1 — gF. 


INTERPOLATION PROBLEMS. 523 


Ill. Hy. This is the space of functions f(z) = $, aaz” that are deriva- 
tives of functions of class H., with norm Ä 


im f f OPa Ie dy 3 | ay ]/n+1)(n+2) <o. 
Here K,(z) == 2/(1—%z)*. | 


IV. D (finite Dirichlet integral). These are the functions f(z) = 3 a2" 
analytic for |z| <1, with f(0) —0, whose derivative is in As. The norm 
is given by 


Ira | f FOl dedy En |a 


and Ke(z) = log{1/(1—&)}. 


V. Functions of exponential type in the upper half plane with 
rw: et de oo 
y 60 


Here K,(z) =i/(2-+E). By a Paley-Wiener theorem these functions are 
Fourier transforms of functions in ZL:(0,0 ). 


VI. Entire functions of exponential type = 8 that belong to La on the 
real axis. Here the norm is.given by 


If 2 ( Ir), 


and K,(z) = {2sin B(z--f)}/(2—). By another Paley-Wiener theorem 
these functions are Fourier transforms of functions in L,(—f, 8). 

In this paper we consider only the first three of these spaces. 

In H, we considered the problem of weighted interpolation: when will 
the sequence {z,} be such that {f(z.)(1—|z,|?)4} (fE He) is the most 
general sequence in l? In terms of the kernel function K,(z2) this becomes 
the following problem: for which sequences {z,} does {f(%n)/(Kn(2n) )4} 
(f€ H) represent the most general element in l? (We have written K, for 
Ka) In this form the problem can be posed for any Hilbert space of analytic 
functions. There are really two questions involved here: first, is the sequence 
always in l, for evey f€ H, and second, is every łą sequence obtained in this 
manner? Both of these questions can be formulated in an abstract Hilbert 
space as follows (see Bari [2]). 
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Let {a} be a sequence of elements in a Hilbert space H. We shall 
say that {£n} is a Bessel sequence with bound M if 


(17) Tim) PSM Is | 


for all ve H. (If one merely assumes the convergence of the series on the 
left side of (17) for all ze H, then one has a linear mapping from H to lz. 
This mapping is easily secn to have a closed graph, which implies the existence 
of the constant M.) 

We shall say that {2,} is a Riesz-Fischer sequence with bound m if to 
each sequence {cn} € le there corresponds at least one s€ H for which 


(18) (T, En) == Cn (n= 1,2,°- +) and [cf SmE |c]. 


Here also if one merely assumes the existence of x € H such that (2, 2a) = Cn 
(n=—=1,2,- : -) for each square summable sequence {cn}, then the existence 
of the constant m follows from the closed graph theorem. Indeed, if J is the 
subspace of H orthogonal to all the +,, then one has a mapping from J, into 
H/J, and this mapping has a closed graph. 

If H is a Hilbert space of analytic functions in a domain D, and if {z,} 
is a sequence of points in D, then we take for the sequence x, the normalized 
kernel functions: K,({z)/|| K, |, where K,(z) —K,,(z). The Bessel property 
then becomes the inequality 


È | f (2n) |°/En (2a) SM | FI (fE H), 


while the Riesz-Fischer property is a statement about weighted interpolation : 
to each square-summable sequence {c,} there corresponds an f € H such that 


f (2n) / (Kn (an) )? = cn (n = 1, 2,- | ds I/P=sm3%|eo|*. 


Nina Bari [2] shows that in an abstract Hilbert space these properties 
are equivalent to a number of other properties (her terminology is somewhat 
different from ours). We shall need only one such equivalence. 


THroREM 3. Let {m} be an infinite sequence of elements in a separable 
Hilbert space, and let A denote the inner product matrix ((a%2;)) (4,4 
wz 1,2,° : :). Then 


I. {z,} is a Bessel sequence with bound M if and only if the matriz 
A is a bounded operator on 1, with bound M. 


II. {zu} ts a Riesz-Fischer sequence with bound m if and only if the 
matrix A is bounded below on l, with bound m. 
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The matrix A is said to be bounded below by m if ||a | = m | Asa || for 
all n-tuples a == (d1,@:,' `, Qa) and all n. Here the norms are lą norms, 
and A, is the nX n matrix (m, z) (t,7—=1,2,:--,n2). This is equivalent 
to saying that | a [= m(Ana,a) for all n and a, and it is also equivalent to 
| Aw? || Sm for all n, 


Proof. I. Let {z,} be a Bessel sequence, let {Ca} € ls, let p be fixed, 
and let y==¢,7,-++- +--+ 6%. On the one hand, 


Bu)’ | Seay, en) |? SE | en [FD | (yen) |? 
<M ly? Sle 


Dividing by || y |? we have: |y P SME] c|? On the other hand, 


(19) Ly |? = (y.y) = E ce; (ay, 2). 


Thus the quadratic form in (19) is bounded by M, which implies that the 
matrix A is bounded by M. 


Conversely, let A be bounded by M and let {e,} be a complete orthonormal 
set in H. We first show that there is a bounded operator T: H — H, such 
that Te, = Ty. 

Indeed, let 2 == $, bamen, and let 7’ be the infinite matrix (bm). Then 
T*T = A, and so || T |? = | T* ||? = | A || = M (T* is the conjugate transpose 
of T). Also, Tes == En. 

We now establish the Bessel property. Let ve H be given. Then 
(©, Ln) = (2, Ten) = (T*2, €n), and so 


È | (2, 2a) |? = Tel SM | x |. 


II. Let {x,} have the Riesz-Fischer property, let a, : -,a, be given, 
and let y€ H be the element of minimal norm such that (vr) == a4 
(t=~1,---,n). Then y lies in the subspace spanned by z%,,: : -,7, and 
therefore y == C2 -+° + Lo, Let y, € H be such that (41,2) = u; 47), 
(Yom) =0 (>n), and | ys |S mE |a|. Then 

HyPS Iy PE m f a f. 
Also, 
a= (Tis y) pant > Či (2i 25), 


or more concisely, d==A,¢. Therefore 


mal = (yy) = È 040; (24,25) = (And, È) = (å, An à), 
and so | Ant || m. 
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Conversely, assume that | A2" | = m, and let {an} € L be given. To show 
that {zu} is Riesz-Fischer it will be sufficient to produce a sequence y, such that 


(ynn) =a Gel: n) and pP mE jals, 


for by weak compactness a subsequence of y, will converge to an element x 
satisfying (18). 

Let Yn = Cats ++ > e- Cata. We wish to choose {a} such that ay == (Yn, 24) 
(t=m1,--+,). Just as before this means that d—=A,¢, or ĉ =. A „tā. Also, 


| Yn |? _ (Yn; Yn) ee 2 C40; (Ta, z) = (Anë, C) 
= (4, 4,74) Sm|a|?=—m| a |P. 


This completes the proof. 


We give an application of this theorem to the H, interpolation problem 
considered in Lemmas 1 and 8, in the case of exponential approach to the 
boundary. In this case we obtain a better constant than is given by Lemmas 
1 and 3. 


COROLLARY. If the points {2,} satisfy the condition 
1— {mul S@(1—| zn |) 
for all n and some a (0 <a <1), then 


EA) S214 a) (1— ay) | FP 
for all FEH, 
In Newman [11] (Theorem 2) it is shown that 


18S (14 a")/(1—a")), 


where à is the constant of condition (C,) in Theorem 1. It can be shown 
that equality is attained here if Z == 1— a” (n= 1,2, >). 


Proof. Since the kernel function for the space H, (the Szego kernel) 
is 1/(1—z), the corollary will follow from Theorem 8 if we can show that 
the matrix A == {Ama}, where 


(20) Anm = (1— | Za [PJE (1 — | 20 |?)8/ (1 — Zum) 


bounded above by 2(1 + a4) /(1—a4). To do this we apply (4). 
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It follows from the hypothesis that 1—| gap |Sa?(1—|2,|). Also, 
| 1 — Lt | = 1 — | 2min (n,m) |. Therefore 


I] om | == S| ann |- È | du | 
SÈ ((1—| em [)/A— la DPE | 28 1)/A— zm DA 
< 9 E amm 4.9 Same < 2(1/(1— aè) + at/1 — a). 


5. Two special Hilbert spaces. In this section we consider the spaces 
A, and Hy (see Examples II and III of Section 4). We shall need the 
following result of Schur [14]. 


THEOREM (Schur). Let A == (ay) and B= (by) be two Hermitian, 
positive definite n X n matrices of complex numbers. Let a, a, be the smallest 
and largest eigen-values of A, and let Bı = inf by, B: — sup by (t==1,-- -,n). 
Then C = (ayby) ts positive definite and all eigen-values of C le between 
08, and aBo. 


Since the smallest and largest eigen-values are respectively the infimum 
and supremum of | Ce | for | x || = 1, it follows that 


CISA] end ] C |S (1/8)1 47 |. 


Let {z,} be a sequence of points in the unit circle and let H be a Hilbert 
space of analytic functions in the unit circle with kernel function K,(z). 
We consider the unit vectors K,(:)/] Ka |. Using the reproducing property 
(15) of the kernel function the inner product matrix of Theorem 3 becomes 
(K;(%)/|| Ky || | K; ||). In particular, in H,, Aa, and H,’ the general element 
of this matrix is: 


(21) Ha: (8485) */ (1 — 25), 
(22) Ag: 848;/ (1 — ziz)’, 
(23) Hy: (&8;)#/ (1 — A2;)®. 


Here & — 1 — | 4 |’. 
Finally, we introduce the operator T that associates to each f € H the 
weighted sequence of values 


(24) Tf = (f (41) /|| Kı l; f(22)/ Ka: +). 


THEOREM 4. Let {zn} be a sequence of points in the unit circle 
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satisfying condition (C,) of Theorem 1, and let &n=1— |z|? Then 
TA; — TH; il. More precisely, 

D | F(a) Sn? SS (1—2logd)] fF? (all fe Az) 

D | f (4m) |? 8.7 S 2(1—2logs)|f |? (all fe Hy’), 


and, to each square summable sequence {cn} there corresponds an [€ A, and 
a gE Hl such that 


(25) 


f (en) Sn == g (Zn) at On, | 
IfPSmslals gS mE | c |. 


Here the norms are taken respectively in A, and in H,’, and the number m 
ins the smallest admissible bound for the H, interpolation problem (by 
Lemma 3, ms (2/8) (1—2 logô)). 


Proof. It follows from (4) and Lemma 2 that the matrices (22) and 
(23) are each bounded by (1-—2log8). Equations (25) now follow from 
Theorem 3. 

Equations (26) follow from Schur’s theorem and Theorem 3, since the 
elements in (22) and (23) are respectively the squares and the cubes of the 
elements in (21), and the diagonal elements are all equal to one. This 
completes the proof, 

We shall need an analogue of Schwarz’s lemma for the spaces A, and Hy. 


Lemma 5. Let a, b be two points in the unit circle and let 
dal ya Bay a]. 
Then 
(FO) S (IF I/A— IL —d |/| 1 — 4b |) + Ai 
for all f€ A, for which f(a) =0. Also | 
FOLS 2 I F/G —| 2 DHA a— 8 |/| 1— ab a + à + a) 
for all f€ H for which f(a) —0. Equality ts possible in both cases. 
Proof. Let H denote either of the spaces A, or Hy, let K,(z) be its 


kernel function and let J be the subspace of all functions vanishing at a. 
Then J is itself a Hilbert space of analytic functions with the kernel function 


(27) pets) = Kl) —cKa(z), 


- 


where c= K,(@)/Ka(a). Indeed, ¢,(a) —0, so for each fixed &, ¢,€ J. 
Ro: AP PET hen 
| (f, pe) =F) — Gf (a) = FO) 
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and so +, reproduces the values of all fe J. But the kernel function is always 
unique, and so dy is it. 
Therefore for fEJ we have: 


| FCO) [Pm | CF bo) |? SUN FP (he, pr) = | fl? $0 (8) 
= || f |? (Ko (b) — | Ka (b) |?/Ko(a)). 
Substituting the specific kernel functions for A, and FH,’ we obtain the 
lemma. 
We shall say that a sequence of points {z,} in the unit circle is weakly 
separated if there is a constant c > 0 such that 


(28) | zı — z | = c max (&, 8,) 


for all 1, 7 (that is, the distance between points is greater than a constant 
multiple of the distance to the boundary). It is easy to see that if the z, 
all lie on one radius, then this is equivalent to exponential approach to. the 
boundary: lim sup 8441/8 < 1. 


Weak separation is equivalent to the following condition: 
(29) . | @— 2 | =, | 1— z] 


for some constant c, > 0 and all 1, 7. Indeed, writing a, b for 2, z; we have 
1—|a|?S2(1—|a]) S2|1—4d|, and so (29) implies (28). 

Conversely, a little calculation shows that if |a| S|b|<1 and if 
z=|a—b|/(1—!a|?), then 


|a—b|/[1—ab | Z z/ (1 + 2). 
Therefore, (28) implies (29). 
We now show that weak separation is a necessary condition for weighted 
interpolation. 


THEOREM 5. Let H be either of the spaces Az, Hq’, and let T be the 
operator in equation (24). If 1, C TH, then the points {zu} are weakly 
separated. Furthermore, tf the {2,} are weakly separated, then TH C h. 
More precisely, if (28) holds and tf b=min(c,1), then 


2 | Fan) Pa SS (2/0)? Fl? (all fe As), 


oy E | f (2n) [38t S 2 (2/8) | FP (all fE Hy’). 


Proof. Ifl, C TH, then there is a constant m such that each element 
in the unit ball of l, can be obtained by weighted interpolation from an f€ H 


9 
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with | f || <= m (see the beginning of the proof of Theorem 2). Therefore, 
if 4, j are given (i3417), then there is an fE H, | f | == m, such that 


f(a)/(Ka(a))P—1, Fa). 
(We could require f(z) 0 (n41), but we shall only use the values of f 
at Z, 2.) Applying Lemma 6 with a=z, b—2; we have in Ae: 
1/(1— | %|*) S (m/(1— | 24 |"))(| ee — ay |/| a |) + A. 


Therefore 
(31) | — 2, |/| 1— 22; | 2 const > 0, 


a 


and this is equivalent to weak separation. Starting with the space H; -we 
obtain (31) (with a different constant) in exactly the same way. 

We now turn to the second part of the theorem. The points {2,} are 
given to be weakly separated and we must establish (30). | 

Let b=min(c,1). It follows from (28) that the circles Ci: |z—% | 
< dô; are disjoint and are contained inside the unit circle. Also, | f(z) |? 
is a subharmonic function and 80 | 


(32) Haras (aya f f, 170) dry 


for all f analytic in the unit circle. If f€ A, we sam (32) on i and obtain 
the first equation of (30). 

For fe H.’ we first multiply both sides of (82) by &, and note the 
inequality: 1—|a|/?2(1—|z2|*) for ze Cu. Indeed, the right side is 
smallest for |z| == | a | + $48;<S | 4 | + 48, and for this value the inequality 
may be verified. Now summing on + we obtain the second equation of (30). 
This completes the proof. 


COROLLARY. If the points {2,} all lie on one radius, then a necessary 
and sufficient condition for weighted interpolation (la C TH) in either of 
the spaces As, H is that the Z, approach the boundary mu) In 
this case, one has l == TH. 


This follows at once from Theorems 4 and 5. 


Remark 4. It can be shown that if f€ H, and (z) =-1/(1— z)? 
then fı = pf € A, and fap f EHF. Hence if f(z,)&4—c,, then f,(2)8 
awe fg (Zn) Sg8 = Cn (n==1,2,; - +). Thus if one can solve the H, problem 
explicitly for the case when the points 4, all lie on one radius, ther one also 
has an explicit solution of the problem in the spaces A, and Hz. 
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- Finally, we would like to discuss a result of Epstein, Greenstein, and 
Minker [4]. They consider the space H of functions analytic in the strip 
D:\y|<o for which the area norm is finite | 


(33) = f f, 110] dedy <o. 
This is a Hilbert space with the kernel function 
Kı(z) = (2/1607) {sech (r(2— 8) /40) }?. 


They consider interpolation at the points {kr} (—-o<k<o) and they 
show by Fourier analysis that the necessary and sufficient condition on a 
sequence {c,} that it be the set of values of an f € H at these points is that 
D |c |?<00. Since K,(x) — const. for z real, their problem can be con- 
sidered as a problem in weighted interpolation. | 

. To put the problem into our framework we consider the mapping 


z= p(10) == tanh (74/40) 


(w€ D,|z| <1) from the domain D to the unit circle. The points Wa == nr 
go over into the points Z, = tanh (nr?/40). These points lie on the real axis 
(—1< 2 <1), and 

1— | ža |? =» {sech (nr?/4o) }*. 


Thus z„— 1 exponentially as n >, and z,—> — 1 exponentially as n> —o. 
An application of Theorem 3 (just as in the corollary to Theorem 3) 
shows that 


È | FC) (1 — | za |°) S (8 coth (#80) ) 1 f IP, 


for all f€ H}. From Lemma 1, Remark 1, and Theorem 4 we obtain similar 

results for the values of functions in A, at these points. Finally, to go back 

to the space H in the strip it is necessary to “transplant” the functions of 

A, and multiply by the derivative of the mapping function. Thus, if fe As, 

then . | 
g(w) =f(é(w))# (0) 


is in A, and g(w,) = (x/4o)f(2x) (1 — | 2, |°). 

The theorem of [4] follows from this, and one could obtain a bound 
for the norm of the minimal interpolating function. The method just 
presented will establish a similar theorem for certain sets of points {w,} that 
are not in arithmetic progression. Using the corollary to Theorem 5 one can 
obtain the following result. 
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THEOREM 6. A sequence of real numbers {wa} has the property that 
TH =l, tf and only if there is a number d such that for all n, m one has 
Here T is the operator: Tf = (f(w:), N: --), and H is the Hilbert space 
of (33). 


` 


New York UNIVERSITY, 
UNIVERSITY OF MICHIGAN, New York UNIVERSITY. 


REFERENCES. | 





[1] S. Banach, Théorie des opérations linéaires, Warszawa, 1032, 

[2] N. Bari, “ Biorthogonal systems and bases in Hilbert space,” Udeniye Zapiski, 
Moskovskii Ordena Lenina Gosudarstvennyt Universitet tment M. FV. 
Lomonosova, vol. 148, Matematika, 4 (1951), pp. 69-107 (Russian); 
Mathematical Reviews, vol. 14 (1953), p. 289. 

[3] L. Carleson, “An interpolation problem for bounded analytic functions,” American 
Journal of Mathematics, vol. 80 (1958), pp. 921-930. 

[4] B. Epstein; D. Greenstein, J. Minker, “An extremal problem with infinitely many 
interpolation conditions,” Annales Academiae Sotentiarum Fennione, Series 
A, 250, vol. 10 (1958), pp. 3-9. 

[5] 8. Ya. Havinson, “ On some extremal problems of the theory of analytic functions,” 
Uëeniye Zapiski, Moskovekti Ordena Lenina Gosudarstvennyt Universitet 
iment M. V. Lomonosova, vol. 148, Matematika, 4 (1951), pp. 133-143 
(Russian). 

[6] W. Hayman, “Interpolation by bounded functions,” Université de Grenoble, 
Annales de l’Institut Fourier, vol. XIU (1958), pp. 277-290. 

[71 V. Kabaïla, “ On interpolation by functions of class Hs,” Uspekhi Matematiceskih 
Nauk, vol. 13, no. 1 (1868), pp. 181-188 (Russian). 

[8] A. J. Macintyre, W. W. Rogosinski, “ Extremum problems in the theory of analytic 
functions,” Acta Mathematica, vol. 82 (1950), pp. 275-325. 

[91 A. G. Naftalevitch, “On interpolation by functions of bounded characteristic,” 
Ucentye Zapiski, Vilnius Goa. Univ., V (1956), pp. 5-27 (Russian). 

[10] R. Nevanlinna, “Über beschränkte analytische Funktionen,” Annales Acedemiae 

Sotentiarum Fennicae, vol. 32, Nr. 7 (1828), pp. 1-75. 
[11] D. J. Newman, “ Interpolation in H„,” Transactions of the American Mathematical 
Society, vol. 92 (1969), pp. 601-507. 
[12] I. I. Privaloff, Randeigenschaften analytischer Funktionen, Berlin, 1956 (Russian 
: edition: Moscow, 1950). 
[13] W. W. Rogosinski, H. S. Shapiro, “On certain extremum problems for analytic 
functions,” Acta Mathematioa, vol. 90 (1953), pp. 287-318. 

[14] I. Schur, “ Bemerkungen zur Theorie der beschränkten Bilinearformen mit unend- 
lich vielen Veränderlichen,” Journal für die Reine und Angewandte 
Mathematik, vol. 140 (1811), pp. 1-28. 

, Uber Potenzreihen, die im Innern des Einheitskreises beschränkt sind,” 
tbid., vol. 147 (1917), pp. 205-232; vol. 148 (1918), pp. 122-145. 


[15] 





REPRESENTATION OF A SEMIGROUP BY TRANSFORMATIONS 
ACTING TRANSITIVELY ON A SET.* 


By E. J. TULLY, Jr. 


A representation of a semigroup S will mean here a homomorphism of 8 
into the semigroup of all transformations of some set A/ into itself. This 
concept may be identified in an obvious way with that of a set with semigroup 
of operators, which will also be called an operand over a semigroup, symbolized 
by Ms. By this we mean a set If together with a semigroup $ and a mapping 
(z,a)— va of MX S into Al, such that (za)b=r{ab) for all zE M, a, BES. 

The theory of representations (by transformations) of groups has been 
extensively studied; accounts of this theory are given in [2] and [4]. The 
corresponding theory for semigroups has been studied relatively little. Stoll 
[6] has studied the representations of finite simple semigroups. He has also 
introduced the concept of transitive system (which we shall call strictly cyclic 
operand or strictly cyclic representation). By this is meant an operand fs 
such that cS — M for some x € M, where eS == {za: a€ 8}. Thurston [8] 
has studied the congruence relations on an operand Als (i.e., equivalence 
relations g on Jf such that roy implies zaoya for all z,ye M,ae S), calling 
them S-equivalences, and calling M an S-set. 

The present paper determines those representations of a semigroup 8 
which are strictly cyclic (thus generalizing [6]), and more particularly those 
which are transttive (i.e., in which s8 = ÅM for all x € M; not the same thing 
as transitive system in the sense of Stoll) or O-transttive (i.e., such that 
| Af |=: 2 and «+S == À] for all € A except one x for which +8=2). In 
particular we shall obtain conditions for S to have fatthful (i.e., 1-1) repre- 
sentations of the types considered. 

Section 1 deals with strictly cyclic representations of a semigroup S. 
We show that all such representations arise (essentially) by letting S act by 
right multiplication on the set of o-classes where o is a right congruence on S 
such that eaoa (some e€ S, all a€ S) (1.1). The representation is faithful 
if and only if o contains (1.e., is less fine than) no (2-sided) congruence 
except the identity relation (1.2). A necessary and sufficient condition for 
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the existence of a faithful strictly cyclic representation (1.3) is an immediate 
corollary; this condition is very weak since it is satisfied by any semigroup 
with identity (1.4). © | 

Section 2 shows that all transitive representations arise by letting S act 
on the o-classes where o is a right congruence, eaca (some e€ 8, all a€ 8) 
and each o-class meets each right ideal (2.1). A n.a.s.c. for the existence 
of a faithful transitive representation follows immediately (2.2). Similar 
but more complicated conditions are obtained for 0-transitive representations. 
As applications of these results, we show among other things that a commu- 
tative semigroup S has a faithful transitive representation if and only if S 
is a group (2.4) and (in Section 4) that the free semigroup of rank n has 
such a representation if and only if n= 2. | 

Section 3 studies [0-] transitive representations of semigroups with 
certain finiteness conditions (viz., the existence of a minimal right ideal for 
the case of transitive representations, and minimum condition on principal 
right ideals for the case of 0-transitive representations). The main result 
gives a n.a.s.c. not involving right congruence relations for the existence of a 
faithful [0-] transitive representation (3.4 and 3.4’). 

Section 4 gives some examples. 


Notation. Transformations will be written on the right. If A and B 
are seta, A—B denotes {x: ze A,x¢ B}. |A| denotes the cardinal of A. 
A CB means “A is a subset of B” ACB means “A is a proper subset of B.” 
£, R and Y are used in.the sense of Green [3] to denote certain equiva- 
lence relations on a semigroup. 


1, Strictly cyclic representations. We say that two operands Mg and 
Ng over the same semigroup are isomorphic (and we write Mg = Ng) if there 
is a 1-1 correspondence + between M and N with (za) = (ær)a for all 
zeM,acS. We call an element u of M a strict generator if ug — M. Thus 
Mg is strictly cyclic if and only if M has a strict generator. 

If o is a congruence relation on Ms, we can let S act on the set M/o 
of o-classes by defining Xoa (ZE M/o,a€ 8) to be the (unique) o-class 
containing Xa — {va: s€ X}. This gives a new operand which we denote 
by M 8/0. : 

If 8 is a semigroup, we denote by Sg the operand in which S acts on 
itself by right multiplication. It is clear that the congruences on the operand 
Is are precisely the right congruences on the semigroup S. Thus if o is a 
right congruence on the semigroup, we can form the operand Sg/c. 

We call e€ 8 a left identity modulo a right congruence o if easa for 
all a€ &. 
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The following is the generalization to semigroups of the basic ner 
on transitive representations of groups. 


PROPOSITION 1.1. Let u be a strict. generator of Ms. Define a relation 
o on Ñ by: acb if and only if ua—ub. Then o ts a right congruence, there 
is a left identity modulo o, and Mg = Sg/o. 


Proof. Suppose aob. Then ua—ub. Therefore uac == ube for all c€ S. 
This means that acobc, so that o is a right congruence. Let e be any solution 
of ue =u (which exists because u is a strict generator). Then for a€ S, 
uea == ua so that euoa. This shows that e is a left identity modulo o. Now 
define a 1-1 mapping + of M onto S/o by: zr == {a: ua=—z}. Then it is easy 
to see that (za) == (zr)a, so that 7 is an isomorphism. 


Note. Conversely, it is easy to see that if o is a right congruence on $ 
and there is a left identity modulo o, then Sg/e is strictly cyclic (each o-class 
which contains a left identity modulo o being a strict generator of 9/c). 


We define the kernel-congruence x of an operand Mg by: axb if and only 
if za = zb for all s€ M. x is a congruence on S. x is the identity relation 
if and only if Ms is faithful. 


PROPOSITION 1.2. Let o be a right congruence on a semigroup S, e a 
left identity modulo o, x the kernel-congruence determined by the operand 
Ss/o. Then axb if and only if casch for all ce 8. Moreover x is the largest 
left congruence (and therefore the largest 2-sided congruence) contained in o. 
In particular, Sa/o ts faithful if and only tf there is no left (equivalently, 
no 2-sided) congruence contained in o except the identity relation. This is 
equivalent to the condition that a — b whenever for all c€ 8 cacch. 


Proof. If axb, then Soa=—%Xob (o denoting the operation in Sg/c) 
where 3 is any o-class. This means that caoch for all ce 9, and the reasoning 
is reversible. Next we show that x is contained in c. Assume axb. Then 
eaoeb, whence acb. Now suppose r is any left congruence contained in o. 
Then arb implies carcb for all ce S, so that cacchb. Hence axb. This shows: 
that r is contained in x. The rest of the proposition is then clear. 


COROLLARY 1.3. A necessary and suficient condition for a semigroup S 
to have a strictly cyclic faithful representation is that there exist a right‘ 
congruence o on K, such that there ts a left identity modulo o, and such that: 
o contains no left congruence except the identity relation. 


COROLLARY 1.4. A sufficient condition for S to have a faithful strictly: 
cyclic representation ts that E have a left identity (and in this case Sg is 
strictly cyclic). If S is commutative then this condition is also necessary. 
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2. Transitive representations of arbitrary semigroups. We call X CM 
invariant if XS CX, where Y¥S—{za: ze X,ac S}. Thus, for Mg to be 
transitive (which means that each element of M is a strict generator) is 
equivalent to the assertion that the only invariant subsets of M are M and Ø. 
For Mg to be 0-transitive means that AZ contains an invariant element z and 
overy TE M with z>£z is a strict generator. Let us call Ms the null operand 
of cardinal 2 if | M|—2,|MS|=—1. Then it is easy to see that the following 
conditions are equivalent: 


(1) Mg is either 0-transitive or the null operand of cardinal 2 
(2) M has an invariant element z, and has no invariant subsets except M, 
{z} and Ø. 
We call Ms primitwe if the only congruences on M are the identity 
relation and the universal relation. It is not difficult to show that if | M | = 3 
and M is primitive, then M is either transitive or 0-transitive. 


Ezamples. Let M be any set. If S consists of all transformations on Jf, 
Mg is primitive and transitive. If | f|=3 and S= {ac S:| Ma] —1}, 
then Ms is transitive but not primitive. If |M/=22, zeM and 
T == {a € 8: za—=z}, Mr is primitive and 0-transitive. If |M|=3, z€ M 
and T’ = {a € T:|(M— {z})8|—1, then Mr is 0-transitive but not primi- 
tive. Let Mg be any operand. Let ze M, X —a8U {x}. Define o on Xs by: 
woy if and only if w =y or w, y € Z = {z€ X: sé 25}. Then Xg/o is transi- 
tive or 0-transitive, according as Z =Ø or ZO.’ 


PROPOSITION 2.1. Leto bea right congruence on S. The following are 
equivalent : 


(3) Ss/o 18 transitive 
(4) For all a,bES there exists c€ S with acob 
(5) Each o-class meets each right ideal of S. 


PROPOSITION 2.1’. Let o be as in 2.1. The following are equivalent: 


(6) Sg/o ts O-transitive or the null operand of cardinal 2 

(7) One o-class RAS is a right ideal, and for all a€ S—R, bE S there 
exists cE S such that acob 

(8) One o-class RAS 13 a right ideal, and every o-class meets every right 

ideal which is not contained in R. 


Proof. First note that for a o-class A to be a strict generator of S/o 
means that for all a€ A, b€ S there exists c€ S with acob, or equivalently 
that every right ideal which meets A meets every o-class. Hence (4) and 
(5) each assert that every o-class is a strict generator, and this is equivalent 
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to (3). For 2.1’, note that a o-class A is an invariant element of S/o if 
and only if A is a right ideal. Thus (7) and (8) each assert that | M | 2 2, 
that R is an invariant element of S/s, and that every element of S/o other 
than R is a strict generator. This is equivalent to (6). 


Note. Many results (like the preceding proposition) are stated in two 
forms (one for transitive, the other for 0-transitive, representations). Here- 
after we shall prove only the primed proposition of each pair. The other 
may be proved by similar methods. 


COROLLARY 2.2. A necessary and sufficient condition for S to have a 
faithful transitive representation is that there exist a right congruence © 
on S such that o satisfies (4) and contains no left congruence [equivalenily, 
no ?-sided congruence] except the identity relation and such that there ts a 
left identity modulo o. 


COROLLARY 2.2’. A necessary and sufficient condition for K to have a 
faithful O-transitive representation is that there exist a right congruence o 
on S such that o satisfies (7) and contains no left congruence | equivalently, 
no 2-sided congruence] except the identity relation and such that there is a 
left identity modulo o and | S/o| = 2. 


Proof. Combine 1.1, 1.2 and 2.1’. 


COROLLARY 2.3 [2.8']. A suficient condition for S to have a fatthful 
[0-] transitwe representation is that S be right [zero] simple and have a 
left identity. (In this case Sg ts [0-] transitive and faithful.) 


PROPOSITION 2.4 [2.4]. A necessary and sufficient condition for a 
commutative semigroup S to have a faithful [0-] transttive representation is 
ihat S be a group [to which a zero-element has been adjoined]. 


Proof. Given a faithful 0-transitive representation, obtain o by 2.2’. 
By commutativity ø is a 2-sided congruence. Hence, ø is the identity relation. 
Hence S contains an actual left identity, e, and is right 0-simple with 0- 
element z. Clearly, S—- {z} is an 2f{-class containing an idempotent (viz., e), 
and hence is a group, so that 8 is a group with zero. The converse follows 
from 2.3. 


3. Transitive representations of semigroups with finiteness conditions, 
If È is a right ideal in S, Rs denotes the operand in which § acts on R by 
ordinary right multiplication. 


Proposition 3.1 [3.17]. Let Mg be a [0-] transitive operand [with 
invariant element z]. Let R be a right ideal of S [such that R= {2}]. 
Then Ma = Rg/o for some congruence o on Rs. 
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Proof. Let we M be such that uk {z}. Then u is a strict generator.. 
Hence by 1.1 M=S/r where w is given by: arb if and only if ua = ub. 
Let o be v restricted to R. Define p: S/r—> Rg/o by Up = N À, where U 
is a m-class. Let J— {a€ S: ua=z} be the (unique) -class which is a 
right ideal. Then R—J 4 Ø.. Hence by 2.1’ R meets every r-class. Hence 
& is onto. It is then clear that ¢ is an isomorphism. 


PROPOSITION 3.2 [3.27]. Let R be a [non-] minimal [principal] right" 
ideal in 8. Let o be a congruence on S [such that all non-generators in R 
are contained in a single o-class 2]. Then Rg/o is a [0-] transitive operand 
[having X as its (unique) invariant element]. 


Proof. The set J of non-generators in Æ is the largest proper invariant 
subset of Rg. Thus Rg/o has no invariant subsets between {3} and the whole 
of R/c, since 3 is the image of J under the natural mapping R> B/c. Clearly 
> is an invariant element of B/c, so that H/o is 0-transitive. | 


Pro osırıon 3.3 [3.3’]. Let R and o [and J] be as in 3.2 [8.27]. 
Then the kernel-congruence x of the operand Rg/c is given by: axb if and 
only tf caocb for all cE R. In particular Rg/o ss fasthful if and only sf for 
all a,b€ S with ab there exists ce R with cagcd. 


Proof. Clear. 


THEOREM 3.4. Let R be a minimal right ideal in S. Then the fol- 
lowing are equivalent: 


(9) 8 has a faithful transitive representation 
(10) cas cb for all ce R implies a-=b ; 
(11) ca==cb for all cE K ımplies ab, where K i the unton of the 
minimal right ideals of 9. 


Proof. (9) = (10): Let Ms be faithful and transitive. Then M = Rs/o. 
where o is as in 3.1. Hence (10) follows from the last part of 8.8. 

(10) > (11): Clear, since RC K. 

(11) > (9):- Rg is transitive by 3.2 (with o— the identity relation). 
Suppose Fg is not faithful. Then there exist a,b € 8 with a>£b and ca = cb 
for all ce R. By semigroup theory K=SR. Hence for all d€ KE. there 
exists FE R, gE 8 with da = gfa == gfb == db. This contradicts (11).. 

THEOREM 3.4’. Let S be a semigroup which satisfies the minimum 
condition on principal right ideals. Then S has a faithful 0-transttive repre- 
sentation if and only if there exists an R-class R of S, not a minimal right 
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ideal, such that (for a4,b€ 8) a==b whenever for all. ce E either ca— cb 
or ca, cb € R. 

Proof. First let Ms be faithful and transitive. By 1.1 Mæ 8/0 for 
some right congruence o on S. By 2.1’ one o-class X is a right ideal and 
%549. Let R’ be minimal in the class of all principal right ideals not con- 
tained in X. Let R be the R -class consisting of all generators of K. By 3.1’ 
M == R'4/a for some congruence o on R's. By 2. 3NR Ø. Hence if 
R’ were a minimal right ideal X would contain R’, contradicting the definition 
of W.. Moreover if ae{R’—R)— 2 then 3 would not contain the right 
ideal aS U {a} contradicting the minimality of R’. Thus we can apply 3.3’, 
so that for all a, bES with a-<b there exists ce RM’ with cagcb. Hence 
cas cb. Moreover ca and cb are not both in % (since X is contained in a 
single o-class). Thus we have shown that R satisfies the condition stated in 
the theorem. Conversely, suppose such an @-class R exists. Let Æ be the 
principal right ideal generated by À. Define o on K by: asb if and only 
if either a—b or a,b¢R. By 3.2’ R’g/o is 0-transitive. By 3.3’ R’g/c is 
faithful. (Note that we used the minimum condition only for the proof of 
the necessity of the condition.) 


4. Examples. We call $ (right) transitive if § has a faithful transitive 
representation, and left transitive if $ is anti-isomorphic to a transitive semi- 
group. It is clear that the results of Sections 2 and 3 concerning transitive 
semigroups can be applied to left transitive semigroups by interchanging 
“left” and “right.” 

By 2.4 any commutative semigroup which is not a group is neither left 
nor right transitive. Moreover if 9 has a right ideal R such that ca—cb 
for all a,b€ 8S, c€ E then (as an immediate consequence of 3.1 and 3.3) 
S is not transitive. In particular, a semigroup with a zero element is neither 
left nor right transitive. If 8 is completely simple in the sense of Rees [6] 
with structure matrix P then it is easy to show (by 3.4) that S is transitive 
if and only if P has two rows which are not left multiples of each other. 
3.4 gives a rather explicit condition for any semigroup having a minimal 
right ideal to be transitive. 

We now give examples not having minimal right ideals. 


Ezample 1. The bicyclic semigroup, which consists of all pairs of non- 
negative integers with multiplication given by: 


(4,9) (kt) = (t+ 4—min(j,&),7-+ #—min(j,k)), 
is transitive on both sides. The relation o, given by: (4,j)o(k,1) if and only 
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if 7541, satisfies 1.3. (o comcides with the relation % in the sense of 
Green [3].) 


Example 2. Let S be a semigroup containing at least two. elements, 
T any semigroup, and P the free product (either with or without an identity 
element adjoined) of Sand T. Then P is transitive on both sides. 


Proof. Choose a fixed a€ 8. Let Q be the set of all elements of P 
of one of the following forms: t, where GET; st, where as4s¢ 8, te T; 


n m 
I] at; II siti, where Su £a, M= 2n, E8, ET. Now, given any pEP, 
41 4=n+1 


write p (uniquely) as a product of elements belonging alternately to S and 
to T. From the left of the sequence thus obtained, delete repeatedly elements 
of Q until this is no longer possible. Call the resulting (possibly empty) 
sequence the normalized form of p. Define a right congruence o on P by: 
poq if and only if p and q have the same normalized forms. Then it is easy 
to see that o satisfies 2.2. 

In particular, the free semigroup of rank n = À is transitive on both sides. 
(Recall that by 2.4 the free semigroup of rank 1 is not transitive.) 


Ezample 3. Let S = {a}, T = {b}. Let P be the free product (with 
or without an identity) of Sand T. Then P is neither left nor right transitive. 


Proof. For i==a or b, let (t,n) € P denote the product in P of n 
elements, alternately a and b, the first one being +. Suppose P is (say) right 
transitive. Leto be as in 2.2. By (5) the o-class containing a meets the 
right ideal {(a,n):n>1}. Let p be the least integer with ac(a,p) and 
p>1. Similarly let g be the least integer with bo(b,q) andg>1. Case I: 
one of p, g (say p) is even. Here abs(a,p) so that p—2?. Hence ac(a,n) 
for every n. The o-class containing b must meet the right ideal {(a,n): n= 1}. 
Hence aob. Hence P consists of a single o-class, contradicting 2.2. Case II: 
p and q are both odd. Here it is easy to see that for all ze P we cat 
vaot(a, t+- (p—1)(g—1)) and yet az (a,1+ A 
contradicts the last sentence of 1.2. 


Example 4. Let M be an infinite set. Let $ be the Baer-Levi semi- 
group (given in [1]), which consists of all 1-1 transformations of M into 
M such that | M — Mr | ==| M |. S is obviously right: transitive. We shall 
show that © is also left transitive. 


Proof. Order M by the first ordinal whose cardinal is | M |. Then for 
N C M, |N |= | M |, it follows that N (ordered by restriction) has the same 
ordinal as Jf. Hence there is a (unique) order isomorphism ry of N onto M. 
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Given «€ S, rua is a permutation of M. Define o on S by: aoß if and only 
if rua == rup. It can be shown that o is a left congruence, that each o-class 
meets each left ideal, and that given «,8¢€S with «548, there exists y€ 8 
with ay and By in different o-classes. 


Example 5. The direct product of any number of transitive semigroups 
is transitive. 


Ezample 6. Let $ be a semigroup. Let P= (py) be an m X n matrix 
of elements of 8. Let T be the Rees matrix semigroup, which consists of all 
n X m matrices having an element of .S in one place and zeros elsewhere, 
multiplication being defined by AoB=APB for A,BET. This semigroup 
was considered in [7] and [5] for the case where S is a group. 

Two rows, + and 7, of P will be called dependent if, for some a,b € 8, 
pizt =a pb Tor all k. Now if 8 is right transitive and no two rows of P 
are dependent, T is right transitive. (For, given o on 9 as in 2.2, identify. 
two elements 4 == (ay) and B= (by) of P whenever for all 4, 7 either 
Qy = by 0 or Moby. This gives a right congruence having the desired 
properties.) On the other hand, if two rows of P are dependent, then T is 
not right transitive. 
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ON DIFFERENTIALS IN FUNCTION FIELDS.* 


By Oscar ZanisKr? and PETER FALB. 


‘Introduction. In order to develop a theory of differentials in algebraic 
functions fields K, of one variable, over imperfect ground fields k, and—above 
all—in order to prove in this case the classical formula which relates the 
order of dz at a place of K/k to the order of the different D, at that place, 
Chevalley, in his book on Algebraic Functions of one variable, defines differ- 
entials by means of repartitions in K/k. The object of this paper is to show 
that also in the case of imperfect ground fields it is possible to develop the 
theory by using the conventional (formal) definition of a differential, without 
having recourse to repartitions. The advantage of our approach is that it 
enables one to deal with differentials dr,dz,: - -dz, in function fields K/k 
of r independent variables (where repartitions are not available if r>1), by 
identifying (in an obvious sense) such a differential with the differential dz, 
in the field K/k(a3,---+,2,) (if the characteristic p of k is different from 
zero, our new ground field i’ ==k(2s,- - -,æ) will not be perfect, even if the 
original ground field k was algebraically closed.). | 

Our proofs are essentially based on methods which have been developed 
by one of us in a paper on simple points (see Zariski [1]), and, in particular, 
on the mixed Jacobian criterion for simple points, established in that paper. 
As in that paper, so also here, we fix a model (normal curve) of K/k, we 
observe that any such model is already defined over #?(u:,: : `, up), where 
the u form a finite set of p-independent elements of k, and we deal with 
derivations with respect to the “p-parameters” u. This allows us to define 
the notion of “ uniformizing coördinates ” (which have been defined previously 
only for absolutely: simple points) and to establish a crucial criterion for 
uniformizing coördinates (see §1, Theorem 1). The notion of the order of a 
differential dx at a place p is defined by using uniformizing coördinates (see 
§ 2, Definition 2). The role of Theorem 1 in the proof of the main result 
concerning the different (§3, Theorem 2) is that it allows us to reduce at 
once the proof of Theorem 2 to the case of cyclic Galois extensions, of prime 
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order. This cyclic case is treated in the last two sections of the paper, and 
here again the use of Theorem 1 is essential.} 

We note that in the case of function fields K/k of r independent variables 
ta," © ' Tp Where we take as new ground field the field k(as,---,2,-) (k- 
algebraically ose) the variables z,,: - -,2, play precisely the role of the 
p-parameters U,’ ` *, tp. 


1. Uniformizing coordinates. Let V be an irreducible, r-dimensional 
affine variety, immersed in an affine space S, and defined over a ground field k 
of characteristic p50. We assume that the function field K of V over k 
is a separable extension of k. Let ta,’ --,up be a finite p-independent set 
of elements of k such that the ideal, &(V), of V in k [X1,°- -,X,] has a 
basis f,(X),- : +,fy(X) of polynomials with coefficients in kP(tH,: ` +, up); 
and let kı be a maximal subfield of k, containing kr and such that 
Lit, - +, Up): ki] =p’. We note that k=—=h,(t,:° -, tp). We will cali 
U," `, Up p-parameters of V/k, and k, a field of p-constants associated with 
the p-parameters t,’ : ', Up. Any finite p-independent set U which contains a 
set U, of p-parameters of V/k is also a set of p-parameters of V/k, and if ky 
is a field of p-constants associated with U, then we may take a suitable sub- 
field of ky as field of p-constants associated with Uo. This possibility of 
enlarging a set of p-parameters (and correspondingly shrinking the field of 


. t Note added by O. Zariski in galley proofs. During my visit to Frankfurt i in June, 
1961, Dr. Ernst Kuntz has called my attention to his most recent paper “ Differential- 
formen inseparabler algebraischen Funktionenkörper ” (Math. Zeitsohr., vol. 76 (1961), 
pp. 56-74) in which an essentially similar treatment of differentials over imperfect 
ground fields is found. In many respects the work of Dr. Kuntz goes farther than ours, 
namely (1) he does not assume that K/k is separable and (2) he deals also with 
function fields of varieties of arbitrary dimension (this latter generalization has also 
been carried out by Dr. Falb in his unpublished Harvard dissertation; in their presen- 
tation of the behaviour of differential forms on complete algebraic models of K/k, both 
Kuntz and Falb follows the procedure given by me in my lecture notes “ Introduction 
to the theory of Algebraic Surfaces,” Harvard University, 1957-1958). On the other 
hand, our characterization of uniformizing eoördinates (Theorem 1) is not in Kuntz’s 
paper. As this theorem plays an essential role in our paper, our treatment differs from 
that given by Kuntz in a significant way. 

The paper of Kuntz is followed immediately, in the same issue of the Af Shot 
Zeitschrift, by a paper of Hans-Joachim Nastold, entited “Zum Dualitätssatz in in- 
separablen Funktionen = kôrpern der Dimension 1” (pp. 75-84). In this paper Dr. 
Nastold, using the work of Kuntz, proves the duality theorem for inseparable function 
fields K/k of dimension 1. Thus, on the basis of these two papers by Kuntz and Nastold, 
we have now, also for inseparable function flelds, a complete formulation of the Riemann- 
Roch theorem, in which the differentials (or—equivalently—the canonical divisor class) 
appear in their conventional form (and not as repartitions). 
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p-constants) allows us to deal with the case of a finite set of varieties over k; 
i.e there will then exist elements ,,: ' ‚u, and a field k, such that 
. {%,° + -, up} is a set of p-parameters having k, as associated field of p- 
constants, for each variety of the set. For the moment, however, we shall 
assume that the p-parameters u,’ ' ', up and the field k, of p-constants have 
been fixed. As we shall consider derivations of K and of other fields or rings 
containing k, we stipulate now that all derwations will be tacitly assumed to 
be trivial on k, (but not necessarily on k). 

Let W be an irreducible, s-dimensional subvariety of V/k, let © be the 
local ring of W on V and let Yt be the maximal ideal of ©. We shall use the 
following notations: 


D (I) == space of derivations of K (over k,, by our convention) ; 


D (W) == set of derivations D of K which are regular on W, i.e such 
that DO CO; | 


D*(W) == space of local W-derivations D* on F, i.e., derivations D* of 
©), with values in the residue field k(W) of ©; 


D(W) == space of derivations of k(W). 


D(K) and D(W) are vector spaces over K and k(W) respectively, 
D(K) being of dimension r -+ p (since K/k is separable and [k: ki] =p?) ; 
D(W) is an -module while D*(W) is (canonically) a k(W)-vector space 
([1],p. 34). If W is simple on V, then dim D*(W) =r + p as a consequence 
of the Jacobian criterion for simple subvarieties ([1], p. 39). We have a 
mapping D—> D* of D(W) into D*(W) given by D*z— Dz, z€ O (where 
a bar above an element of © denotes the Yt-residue of that element). Every 
element D of (W) can be lifted to an element D* of D*(W) by setting 
D*z— Dz, zeD. The mapping D— D* is clearly an injection. 


DEFINITION 1. p+r elements, £u’ ` °,épsr, of D are uniformizing co- 
ordinates of W tf there exist p + r derivations D, of K, regular on W, such 
that Di; = ôy (,7—1;: ` p+r). 


PROPOSITION 1. If W is simple on V, then there exist uniformizing 
coordinates of W. 


Proof. Let n= £; = À (V )-residue of X, and let yt, - -, Ypa stand for 
Un’ * +, Up, Tas” * ‘TA in some order (where t,’ > , Up are the p-parameters). 
We may then assume that the Jacobian determinant 


d (fi | far Nha ' * ; pin) 
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is not zero on W (i.e., is not an element of W), since the rank of the Jacobian 
matrix J (fu: sfni onpm) Is n—r ([1] p. 39). It follows that 
there exist Da,- © +, Dpr in D(K) such that Dm; dy (4,9 = 1,2,° cp +7) - 
and that these derivations are uniquely determined. We have, for 


feel, e, p+r; vem l, nor: 





o= Df =% LS Ty Dmpirra 

=i Onpsrsp 

For fixed i, these equations, viewed as equations in the Diypiriy, have deter- 
minant which does not belong to M. -Hence Dm € D (7=1,: * +, p+). 
But © is a quotient ring of h,[m1,° * ‘, npn]; therefore, the D; are regular 
on W. Consequently m,‘ ` -, ps, are uniformizing coordinates of W. 


COROLLARY. If W is simple on V, then D(W) is a free O-module of 
rank p+r, and tf &,°- -,€pu are untformemg coordinates of W and 
Di: + +, Doss àre as in Definition 1, then the D, form a free basis of D(W) 
over D. The mapping D>D* of D(W) into D*(W) given by D*z = Dz, 
zE D, ts a surjection, with kernel MD (W). 


Proof. It is clear that the derivations D,,- - -,Dp.r of Definition 1 are 
linearly independent over © and therefore form a basis of D(K) (over K). 
IE DE D(W), then Dm SAD, AEK, and since y— Dé, it follows that 
the 4 are in ©. Hence the D; form a free D-basis of D(W). The second 
assertion follows from the fact that rank D(W)/O = dim D*(W)/k(W) 
(== p+r). 

PROPOSITION 2. Letu’ ' ‘mo be untformizing coordinates of W and 
let D'i: -, D'per be derwations of K, regular on W, such that D'mj= Bu. 
Then, given p-+r elements é,- -,£,r in ©, a necessary and sufficient 
condition that these elements be uniformizing coordinates of W ts that the 
determinant | D'i | does not belong to M. 


Proof. Assume that the & are uniformizing coordinates of W and let 
D,,: © >, Dpr be as in Definition 1. Since the D’, form a basis of D (K) 
over K (actually a free D-base of D (W), by the previous corollary) we have 


p+r 
D, =2 AyD’; with A; € K (in fact, Ay € D), and Ay == Din. Applying D; to 
Én we find that &, = $ (Dm) (D’£,), which shows that | Doy || | D'é | is 
j 
the unit matrix. Since the determinant of each of these matrices is in ©, 


each determinant is a unit in ©. 


10 
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Conversely, if | D'é | € Dt, then the matrix || Dé; | (whose entries are 
in D, &8 D,E D(W), and E€ ©) has an inverse | vy |, with vy € D. Set 
D; = >> vy f Then D; € D (W) and Di; — by, from which it follows that 

j 


the & are uniformizing coordinates of W. 

In the proof of our next theorem, which characterizes uniformizing co- 
ordinates, we shall need a lemma concerning the function field of an arbitrary 
irreducible variety in S, (over k) and in which it is not assumed that this 
function field is separable over k (as we later apply this lemma to the 
subvariety W of V). 


Lemma 1. If an irreducsble, s-dimensional variety W/k in S, admits a 
field k, of p-constants and tf [k: kı] = p°, then dim D(k(W)/k,) Ss-+ p, 
and any set of generators of k(W) over k, contains a subset of o elements, 
21° © “ya, where o == dim D(k(W)/k,), such that k(W)/kı(z,‘ © ',20) 18 
separable algebratc. — | | 


Proof. By assumption, the ideal of W in &[X,,:--,X,] has a basis 
{9i(X4,° "Lust, op); tum 1,2,°-+,N} of polynomials with coeffi- 
cients in k*[w,,---,up], where the t4 are p-parameters of W/k associated 
with the field k,. Since W/k is simple on Sw, we know ([1] p. 39) that the 
mixed Jacobian matrix J(g1,° © +,9¥3;X1,° © , Zu, ` *, tp) has rank n— s 
on W (i.e., at a general point of W/k). If we denote by Y1,-- -,Ÿ,,, the 
elements Xi,’ © °, Xn, Wh,’ © ",ü (in some order) and by &,: - +, ép their 
d (W)-residues, then we may assume (say) that 


O(g © > Gn) /O(Y pris’ > Y pm) AO 


at (Y) = (¢). This implies that és," * *, pn are separable algebraic over 
ks (615° Ep). AB k(W) =k, (6,- > >, Gp), we have that k(W) is separ- 
able algebraic over kı(£ı,' ` * ,Ép4), and it is well-known ([2], Theorem 41, 
p. 127) that this implies that dim D(k(W)/k.)=s-+p. 

Let {y,} be a set of generators of k(W)/k, and set L=%k(W). Then 
every-derivation of L/k, is trivial on %, (LP), and L is a purely inseparable 
extension of k,(ZP), with [L: k,(L°)] =p, o= dim D (L/kı). We can 
extract from {y,} a set {y1,° © *, Yo} of elements such that 


[kes (LP) (ya: yo): ky (L*)] = pe, 


and then we can construct o linearly independent derivations D,,---,Do of 
L/k, such that Dy,—&; ([2] Corollary 5, p. 125). It is clear that any 
derivation of L over kı(Yı,‘ - *, Yo) vanishes on L. Therefore L is a separable 


DIFFERENTIALS IN FUNOTION FIELDS. 547 


algebraic extension of #(41,°°-,0). This completes the proof of the 
lemma. l 


THrorem 1. Let W be an irreducible subvarieiy of V/k and let 
{un ' *, Up} and k, be p-parameters and associated field of p-constants for 
V/k. If W is simple on V/k, then, in order that gwen elements £,,° ` +, Epar 
of O be untformizing coordinates of W, it is necessary and sufficient that the 
following two conditions be satisfied: 


(i) k(W) is a separable algebraic extension of kı (Èu: - ",Epır), where 
== M-residue of & (O is the local ring of W on V; Ut is the mazimal ideal 
of D); 


(ii) AÆilés" : *,épsr] contains a set of uniformizing parameters of W 
on V/k. 


Proof. Suppose that é,' - >, pr are uniformizing coordinates of W. Let 
DE D(W) and assume that D—0 on k(n: > -,Epir). To establish (i) it 
will suffice to show that D 0. Let D* be the local derivation of © obtained 
by lifting D to D*(W). It will suffice to show that D* 0. Let Dit, Doss 
be as in Definition 1 and let D*,,- - -,D*p,, be the corresponding elements 
of D*(W). Since D*,é;== 8, the D*, are linearly independent over k(W) 
and therefore form a basis of D*(W) over k(W). However, D*éj == 0 for 
jel, -p+r and Did, (j=l, -,pr). It follows imme 
diately that D* == Q. 

We first prove (ii) under the additional assumption that t,’ - ‚u, and 
k, are p-parameters and associated field of p-constants not only for V/k but 
also for W/k. 

From (i) it follows that dim D (k (En Er) = dim D(W) (all 
derivations being assumed zero on k,). Therefore, by Lemma 1, 


dim D (ky (f + +, €par)) Spts, 


and thus, by known results on derivations of fields, it is possible to extract 
from {ĉ,' " -,€pur} a subset of ps elements, say &,: > <, Eps, such that 
RCE, > *,Epsr) is a separable algebraic extension of k(n’ * :,Ëpe) (com- 
pare with the proof of the second part of Lemma 1). Let Fy\(&,° - -, Foss, X) 
(à = 1,: + +*,r—s8) be the minimal polynomial of Epas over kif, * +, Epy); 
Fy may be assumed to be a polynomial in &,,- - *,&p4s (as well as in X). Let 


(1) n = F (fp ° rer); Aw Í,- ‘*,f—8, 
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ThenneMmnkl&;,‘ > +, él, and in order to prove (ii) it will be sufficient 
to show that if there is a relation of the form Yan € M, a, € ©, then the a 
must belong to Mt (since the m will then be uniformizing parameters of W 
on V, i.e., regular parameters of ©). Now we have D(S ain) € W for any 
D in D(W), and, in particular, for p == 1,: © -,r—s, | 


Dossa (È AATA) ei 2 (DossinOr) T + 2 ay (Dorset) € W. 


Hence Ya (Dhaseura) ED. But, by (1), we have Dprsıuma = 0 if pA and 
\ 


DosanEM (since Eo... is separable algebraic over k(n’ ', Eps) and 
therefore, o> (E Eon Epson) 0). Thus a (Dp) EM and ae M. 
In the general case, we proceed as follows: | 

We fix in k, a finite set of p-independent elements up,’ © +, Us such that 
the ideal à (W) has a basis of polynomials with coefficients in kP(u,," - +, uc). 


Then we fix a maximal subfield k, of k, such that 
e < ks, ki k, (Ups, g *,Uo ) and [k: ka] = pr, 


Then it is clear that u1,’ > -,u are p-parameters, and k, is an associated field 
of p-constants, for both V/k and W/k. We now use the notations of the 
proof of Proposition 1. The coefficients of fi,‘ - -, fr. are in WP (ta: © -, up), 
and J (fi: © cs fari parus” * ‘> Nom) EM. It follows from that proof, as 
applied to ı,,° > +, to and ks, that m° + *, par, Up,” © * ,Uo Are uniformizing 
coordinates of W relative to ke. Let Daut - + D par, D piran °°; D'or be the 
corresponding derivations of © (over k). We have therefore . 


D ny = Bi, | (4,7 = 1, 2,- | ‘sp tr), 
and 


(2) D' jy = 0, (t== 1, 2,- ‘typ Hti r=p +1, > 0). 


The relations (2) show that D'i T ‘D’ pır are zero on kı. Since both 
my" onpa and i’ t, Epir are uniformizing coördinates of W, over k,, 
we have, by Proposition 2, that the determinant of the derivatives D’,é, 
(t,7==1,2,---,p-+r) does not belong M. In view of (2), and since 
D'psriatipip — Sag, it follows that also the (o-+-r)-row determinant of the 
derivatives 


D'a; D guess (q=1,2,- i ro +r; j= 1,2, ‘ D De ee 8 = 1,2, š ',o—p) 


is not in M.. Therefore, by Proposition 2, &,' * -, épi Upas’ * °, Uo are uni- 
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formizing coördinates of W, over kẹ Hence, by the preceding special case 
of the proof, the ring kalfı,' * <s Épars Upi °°» Uo] contains a set of uni- 
formizing parameters of W on V/k. Since k,[upu,: +, Mo] = kı the proof 
of (ii) is now complete. 

Conversely, assume that &,° - `, & 4, satisfy conditions (i) and (nu). Fix 
a set {mu °°, npr} of uniformizing coordinates of W (Proposition 1) and 
let D’,,: + +,D or be as in Proposition 2. It will suffice to show that 
| D’.é;| EM. Suppose this is false. Then there exist elements a,‘ ` -,dpsr 
of O, not all in Dt, such that Z a (D'i) EM (j—1,---,p+r). Let, say, 


mM and st D—DiaD’, Then De D(W) and D&E M, from which it 
4 


follows that DM CM (by (ii)). Hence D — Try D is defined (by DZ— Dz, : 
z€ D) and is an element of D (W). Since Dé; — 0, we have D==0 (by (ü)), 
in contradiction with Dy, — đ& 40. This completes the proof of the theorem. 


COROLLARY. If W is as in the Theorem 1, then there exist umiformizing 


coordinates qy’ °°, "ps Of W such that q` +, nre (say) are uniformizing 
parameters of W on V. | 


Proof. Let £,- > ‘,&p4r be uniformizing coordinates of W (Proposition 
1) and suppose that &(W) is separable algebraic over kı(£ı,‘ © *,&pse) (com- 
pare with the second paragraph of the proof of the theorem). Let t,’ +, tm. 
be uniformizing parameters of W on V and set | 


71 — bı, TI Treas bye Nr-8+1 7 i, I Npea = Epxs- 


It is immediate from the theorem that the y; are uniformizing coordinates of 
W on V. 

We remark that all the results established in this section continue to 
hold (and are well-known) aiso-in the case of characteristic zero. In this 
case, we have k= kP, p= 0, and k, =k. 


2. The order of a differential at a prime divisor. From now on we 
shall assume that r—1. Let p be a prime divisor of K/k and let v = vp be 
the valuation of K/k defined by p. Since for function fields of one variable 
the notion of a prime divisor is equivalent with that of an irreducible, 0- 
dimensional subvariety W of a normal (hence non-singular) model V of K/k, 
we can speak of uniformizing coordinates of p, relative to a given set of p- 
parameters t,’ ' ‘,ü, and an associated field k, of p-constants. 

Since the space D (K) of derivations of K (over k,) has dimension p +1, 
we may speak of differentials of K, of degree p + 1, and for any p + 2 elements 
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Á, Z: © +, 2p, of K, we have a differential Adz,,- - -,dzp,. of K. Further- 
more, if é,’ - -,€p4, are uniformizing coordinates of p, then every (p + 1)- 
fold differential.of K can be written in the form Adé: : dp, AEK (as 
an immediate consequence of the fact that the derivations D,,: : Dos of 
Definition 1 form a basis of D(K)). 


. Derinirion 2. If x ts a separating transcendental of K/k, tf én’ ` +, Šp 
are untformizing coordinates of p, and if dadu,: - -dup—=Ad§,- ` ` dépss 
(where the w are the given p-parameters), then the order of dx at p (in 
symbols: v(dz)) is the integer v(A). 


PROPOSITION 8. The order of dx at b ts well-defined, 1.e., v(dz) ts 
independent of the choice of the uniformising coordinates &, of the p-para- 
meters uy, and of the field k, of p-constants. 


Proof. 


(a) That our definition of the order of dx is independent of the choice 
of the &(t,° °°, tp and k, being fixed) follows immediately from Proposi- 
tion 2. i 


(b) We next remark that it will suffice to prove the proposition for one 
particular separating transcendental x of K/k, which we shall take as one of 
the generators Tı, ` -,% of K/k. For if 2’ is another separating transcen- 
dental of K/k and if we set da’du,- ` -dup==A’dé,: © - dépas then A’ — AD’, 
where D, is the (unique) derivation of K over k such that Dur = 1. 


(c) We now demonstrate that for fixed us,’ >‘, up our definition is 
independent of the field kı of p-constants (we recall that k, is any maximal 
subfield of k, containing k’, such that [kı(u,' : <, up): ka] = p’, and is 
therefore not uniquely determined). We may, by (a), choose as uniformizing 
coordinates a suitable subset m, - +, ypa of the set {m,' - - pan} of A(V)- 
residues of the elements X:,: - *, Xw 4," ' `, Up (arranged in some order). We 
use here the notations of the proof of Proposition 1. Let Ko = kPlm,' *, pan). 
Then K, depends only on tia,’ : ',ü%p (the generators 2,,: : -,æ, of K/k 
having been fixed; K, is in fact the function field of V over kP (u, ` : ,w,)). 
Let D,,:::,D,,, be the derivations of K/k, such that Din, — y, t,j == 1, 

-~,p-+1, and let D°, - Dhs be their restrictions to Kọ. The deriva- 
tions D°; of K, are independent of the choice of k, since they are uniquely 
determined by the conditions D9,== 8; (compare with the proof of Proposi- 
tion 1). Since ze Ky and since A = (ru, - -,tp)/P(m,° * : ,mpu) 
(where the right hand side denotes the Jacobian determinant relative to the 
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derivations D° + ", Du), our assertion that, for given p-parameters 
Us’ © °, Up, the order of dx is independent of the choice of k, is proved. 


(d) We next remark that if w.,,: ' ‘,w, are p-parameters such that 
kPa, ,w) = (ui, : +, Up), then drdw,-- "dw, = cdxdu, : - - du), where 
CE KP(ty,°-*, Up), c3£0. For if §,,---, 8p) are the derivations of k?(t,---, Up) 
such that du; 0 if +547 and 844 = 1, then c is equal to the Jacobian deter- . 
minant ĝ (w, ° +, wWp)/0(t1,: + *,up). It follows that v(dzx) is the same 
for two sets of p-parameters which generate the same field over h?. 

Let {u1 + -,Up} and {w ' *, Wr} be any two sets of p-parameters and 
let [AP (tn, u, © +, Wr): BP] == ph wm p8 =p. We can enlarge 
the sets {t1,- °°, up} and {w,,- + *, wr} to sets of p-parameters {u,,: * +, Uc} 
and {#:,° <, we} such that kr,‘ ` `, uo) = kP (w, *, Wo). Hence, in 
view of (d) the proof of our proposition will be complete if we show that the 
order of dæ is unchanged when the set of p-parameters is enlarged. 

Now let {t,: © °, Up}, {U1 °°, Up, Ups’ ` ‘y Uc}, a > p, be two sets of 
p-parameters one of which is contained in the other. Let W be a (fixed) 
field of p-constants associated with {tu ,°--+,uc}. Then we can set, by (c), 
Key = K's (Upi © *, to), 80 that Kı C kı We use the notations of the proof 
of Proposition 1. The coefficients of fi,‘ - -, far are in EP (tu, >`, Up), and 
J (fis: fernen np) EM. It follows from that proof, applied to 
Ws,’ ‘so and ki, that m,° > "np Up,‘ °°, Uo are uniformizing coordi- 
nates of p relative to Wi. If D°,,,- + -,D% are the derivations of 


k? (m, ° i +, pam pin” | *, Uc) 
such that D'oug— Gas (a, B=—=p+1,:-,0) and if 
dedu, : 2 ‘dig = Bdn: 2 ` Anos: dUps* N - dus, 
then | 
B— (zu, + +, tc) /O°(ma3* * “psi Ups" * “> te) 
— (x, ty," | "y Up) /8° ln, i np) = À, 


and our assertion is proved. 


3. The main result. Let K/k be a separably generated function field 
in one variable and let K” be a finite separable algebraic extension of K. In 
all that follows, we shall tacity assume that a set of p-parameters u,,° - -, up 
of both K/k and K’/k (and similarly a field .k, of p-constants of both K/k 
and K’/k) have been fixed in advance.* Let p be a prime divisor of K/k; 


*Le., p-parameters of a normal model of K/k and of a normal model of K’/k. .. 
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let p’ be a prime divisor of K’/k lying over p; and let x be a separating 
transcendental of K over k (and hence also of K’ over k). We denote by d£ 
(respectively dx) the differential dr viewed as a differential of K (respec- 
tively of K’). We shall use the following notations: 


(dX), = local p-component of the divisor of def, i.e., vyp(da*) -p; 
(dz£)p = local p’-component of the divisor of def’, i.e., vu. (def) - p; 


(dx*) ,,. «ms local p’-component of the extension of the divisor (dæ*) to K’, 
1.€., 6p'/pY,(da*)p, where epp is the (reduced) ramification index of p’ over p; 


D == Op = valuation ring of p; 
LY = Dp me Valuation ring of p’; 
©) == integral closure of © in K’. 


The main object of this paper is the proof of the following (well-known) 
theorem : 


THEOREM 2. (def) om (def) + (D5/p)p, where (Dgyp)p À the, 
local p’-component of the divisor of the different Dosp of Ò over D. 

COROLLARY. If y ts a separating transcendental of K/k and if r 1s a 
prime divisor of K/k such that v.(y) = 0, then v,(dy) =vı (Dry), where 
R is the integral closure of kly] in K. 

In order to prove the corollary, we need only apply the theorem to. the 
two fields k(y) and K and note that the order of dy (viewed as a differential - 
of k(y)) at any prime divisor of k(y) which is not a pole of y, is equal to 0 
(since Y, un’ : as are obviously uniformizing coordinates of such a prime 
divisor, where t,’ : ', Up are the fixed p-parameters of K/k). 

The proof of the theorem consists of a series of reductions, followed 
by a direct argument in two cases. In outline, the steps are: 


(1) reduction to the case in which K’/K is a Galois extension; then, in 
the Galois case, 

(2) reduction to the case in which K’/K is a cyclic extension of prime 
order ; 

(3) direct argument in the case of pure ramification 

(4) direct argument in the case of purely inseparable residue field 
extension. 
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The remainder of the paper is divided into four sections which correspond to 
the steps in the proof. 


Before we begin the proof, we remark that if p’ is unramified over p 
(i.e if ep» — 1 and k(p’) is a separable algebraic extension of k(p)), then 
Theorem 2 is true. In fact, in that case, if &,---,&4. are uniformizing 
coordinates of p, then, by Theorem 1, &,: - -,&41 are uniformizing coordi- 
nates of p’. Since epp = 1, we have, if drdu,- > -dup == Adé: + pr, that 
vy (dak) = vp (dak) =v, (4) = vp (A) == vp (de®). However, ([2], p. 302, 
Theorem 28), vp (D5/p) —0 and our assertion follows. 


4, Reduction to the case in which K’/K is a Galois extension. 


PROPOSITION 4. Let K and K’ be as in Theorem 2 and let K” be a fintie 
separable extension of K’. Then, tf the theorem ts true for any two of the 
extensions K’/K, K”/K, K”/K', the theorem ts true for the third. 


Proof. Let OO, O = Dy, D — Oy (where p” is a prime divisor 
of K”/k lying over p’) and let ~, ~ denote integral closure in K’, K” 
respectively. Assume that the theorem holds for the extensions K’/K and 
K”/K. Then, we have: 


(dr (def). + (Doyo) ps 
(dak), = (de®), + (D5/0)p. 


However, ([2], p. 809, Theorem 31), DJ), = D55 DDS ip and therefore we 
have: 
(da) pe = (de pe + (Dis) + ep»: (D5/0)v 
= pp | (de® )y + (Devo) v'] + (D55) 
= (de )yn + (Do) 


We now observe that ©’ is a quotient ring of © with respect to a multiplicative 


set S, and therefore we have O == Ds. It follows ([2], p. 299, Theorem 27) 
that (DS,5)p— (DSyo)». On the other hand, ©” is a quotient ring of 
both © and ©’, with respect to the same multiplicative set ([2], p. 47, 
Theorem 18 is used implicitly here). Therefore, we have (D6§/o')p- 
== (Dpr )pr and the assertion follows. 

The cases where the theorem holds for some of the other pairs of exten- 
sions are handled in an entirely similar manner and are omitted. 


= 


PROPOSITION 5. If Theorem 2 is valid for Galots extensions K’/K, tt is 
valid for arbitrary extensions K’/K. 
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Proof. Let K” be the least normal extension of K containing K’. Then 
K”/K and K”/K’ are Galois. Consequently, by Proposition 4 and our 
assumption, Theorem 2 holds for K’/K. 

We shall, therefore, assume from now on that K’ is a Galois extension 
of K. 


5. Reduction to the case in which K’/K is a cyclic extension of prime 
order. Let Kr, Kz be the splitting and inertia fields, respectively, of p’, and 
let bz, br be the contractions of p’ to Kz and Kr respectively. Then it is 
known that pz is unramified over p ([2], p. 291, proof of Theorem 23) and 
that br is unramified over pz ([2], p. 292, Theorem 24). Hence, by the 
remark made at the end of Section 3, our result holds for the extensions 
Kz/K and Kr/Kz. In view of Proposition 4, we need only prove the theorem 
for the extension K’/Ky, i.e., we may assume from now on that K == Kr. 
The assumption K — Kr leads to the (well-known) conclusion that the Galois 
group of K’/K is solvable. It will then follow directly, from Proposition 4, 
that, if the theorem is true for cyclic Galois extension of prime order, then 
the theorem is true for K’/K. 

We shall assume from now on that K’/K is cyclic, of prime order q. 
Then q == ep? (e == ey p), and therefore, we have either q =~ e and k(p’) = k(b) ? 
(case of pure ramification) or 6 == 1, q == p, and k(p’) is a purely inseparable 
extension of k(p), of degree p (case of purely inseparable residue field exten- 
sion). Before we present the direct arguments for these two cases, we prove 
a lemma relating ©’ and © (recall that ©’ is the valuation ring of p’ and 
that © is the valuation ring of p). 


Lemma 2. There exists an element À in K’ such that = O[X] tn 
either of the two cases, and, in the case of pure ramification, À may be taken 
to be a uniformizing parameter of y’. 


4 


Proof. Let AED’ be such that k(p’)—k(p) (A) if &(p’) > k(b) ; 
if &(p’) == k(p), then let À be a uniformizing parameter of p’. Let S = O[A], 
TM WY NO, where WY is the maximal ideal in ©. Since p’ is the only 
extension of p, ©’ is integral over © and therefore also over ©. Furthermore, 
since M is the only prime ideal of ©, © is a local domain. We observe 
that O/M —O'/MY —=k(p)(X) and also that © contains a uniformizing 
parameter r of p’, where t = à or r == uniformizing parameter of p, depending 
on whether or not g=e. Since A¢ K, K’ is the quotient field of S. We 
assert that OD’ =O. Let £c O. Then £—é, Lyr, where &ED, r is our 


* Since K == Kpy. 
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uniformizing parameter of p in ©, and nE ©’, since O/M—O/M. It 
follows that, for j= 0, there exists a &€ © such that £—£;,€ W”. Now K’ 
is the quotient field of © and so, é==a/b with a, b in ©. We then have 
a— bse MND, ie, @€Ob+-0"AD for all 0. It follows that 
a€ Ob and hence that £€ ©. This completes the proof of the lemma. 

We let F(X) € K[X] be the minimal polynomial of A over K. Then, 
([2], p. 303, Theorem 29), Dog = OF’ (A), and therefore, we must show 
that we have (dz£ )p = (deX)» + (F’(A))p in both of our two cases (where 
À is chosen as in Lemma 2). 


6. Direct argument in the case of pure ramification. We assume now 
that q =e and k(p’) ==k(p). Let &,- : -,&., be uniformizing coordinates 
at p, where $, is a uniformizing parameter of p (compare with the corollary 
to Theorem 1). Then, it follows from Theorem 1 that %,&,° : -,&s, are 
uniformizing coordinates at p’. We set nı = à, y= & for j= 2,:- -,p +1, 
and if Dı (t—=1,::-+,;p+1) are derivations of K such that Dié, = Sia 
(t,u—1,---,p+1), then we denote their extensions to K’ by D; We 
let Ei: © +, Ep} be the derivations of K’ such that Em; == &; . We have 
Dem =— F?(A)/F(A), t= 1,- © -,p +1, where FPA) is obtained from F(A) 
by applying D; to the coefficients of F(A). Hence we have D; 5 CiyE p, 
where the matrix À — | &, || has the form: m 


—. FDı (A) / E (A) Qs’ 0 
FX) (A) 
Ip 
— EPa (A) /F (à) 
Here Ip is the p by p identity matrix. It follows that, if dedu: - «dup 
= Bdg.: + - dép, then 
dzdu: : : dup = B: | A | dq: + + dyps == — B (FP: (A) /F (A) jdm: + + dhos. 

Therefore it will suffice to show that F(X) is a unit in ©’. 


Let F(A) =+ mAT! 4: 40,0, with a4€O. Then we have 
— aa =M + GATE +: Ha, which implies that 
QUp (ag) = Vp (A Ha) +1 | 
—1+min{g—l, q—2-+ gup (u), "+5 QUp (Qoa) }. 
Let ao = 1 and let ay, be the coefficient such that a, ¢ Mt and ge M if j > jo 
(here necessarily 0 & jo < q). Then qv, (aa) =q — jo But vp(ag) > 0, and 
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therefore jp = 0 and vp(aq) —1. Then a= «fı, where € is a unit in ©, and 
we have Da = éD, +e, which implies that DEM. Since FP:(A) 
— (D,a)AT +: + ++ (Dia) and Dia E D, while vp(A) —1, it follows that 
vp (FD:(1)) — 0, and the proof for this case is now complete. 


7. Direct argument in the case of purely inseparable residue field 
extension. We assume now that q — p and that k(p’) is a purely inseparable 
extension of k(p). We let é,’ -,& 4, be uniformizing coordinates of p, 
where we may assume (see Corollary to Theorem 1) that é is a uniformizing 
parameter at p (and hence also at p’). Now, k(p’) is (by our choice of À) 
a separable algebraic extension of k,(&, és,° © *, Epa À) (where k, is our field 
of p-constants). We may assume that u,,- - ‚u, and k are p-parameters and 
associated field of p-constants not only for K/k and K’/k but also for p’/k. 
Under this assumption, we have, by Lemma 1, that dim D(k(bp’)/k,) Sp, 
and since À € k(p), we may assume, by the second part of Lemma 1, that &, 
is separable algebraic over k1(Ës,° ` -,&p41,A). It follows from Theorem 1 
that if we let 7, =À, n = é, j= 8," * * ,p +1, then the » are uniformizing 
coordinates of p’. As in Section 6, we let {D,} be the derivations of K/k, 
such that Dig = 8,3; we let D, denote the extension of D, to K’ ; and we let 
E,’ > +, Ep be the derivations of K’ for which Em; = y. Arguing as in 
the previous section, we see that it will suffice to show that f(A) is a unit 
in DY. 

Let F(A) =A? + aret+:-:-+a,—0, with yE D. Since k(p)(A) is 
purely inseparable over k(p), the coefficients a,,---,@). are in M. We 
observe that D-M C WM and therefore that the trace of D, on k(p) (which 
we denote by D,) is defined.* If D,a,€ M, then D, can be extended to 
k(p)(A), and we denote the extension by D’: However, D’;7,—0 for 
j7=1,:--,p+1 and D,é,—1 together contradict the fact that £ is separ- 
able algebraic over kı(91,° © ",9p41). It follows that Dia, ¢ M. Since we have 
FD1()) = (Di) +: - -+ (Da) and DEM if i< p, it follows at 
once that vp (f(A) ) —0 and the proof is now complete also in this case. 
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t It is given by: Diz = De, gE D. 


POLYHEDRA IN Sr WHOSE COMPLEMENTS HAVE UNIFORMLY 
ABELIAN LOCAL FUNDAMENTAL GROUPS.* + 


By ©. H. Enwaros, JR. 


1. Introduction. If E and F are homeomorphic closed subsets of the 
n-sphere §", then a necessary condition that an arbitrary homeomorphism 
carrying # onto F will admit an extension to S* is that the fundamental 
groups #1(87—#Æ) and mı($"—F) of their complementary domains be 
isomorphic. O. G. Harrold [4] has investigated the problem of imposing 
local conditions on the complements of certain homeomorphic closed sets in 
S” which will suffice to imply that the corresponding fundamental groups 
vanish. He shows in particular that if C is an i-cell in 8" with 85” — C having 
uniformly abelian local fundamental groups, then 7(S*—C)=1. A 
generalization of the proof of Harrold is here employed to extend this result 
to a certain class of contractible (n—1)-dimensional curvilinear polyhedra 
imbedded in 8". 


2. Notation and definitions. The notation and definitions used here 
are the same as those used by Harrold in [4]. In particular, the open set A 
in the space X will be said to have untformly abelian local fundamental 
groups provided that for each point p € X and each neighborhood U of p in 
A, there is a neighborhood V of p such that VCU and such that every closed 
path in V which is homotopic (in U) to the commutator of two paths in U 
is nullhomotopic in U. 


3. 


THEOREM 1. Suppose that C is a curved polyhedral complex imbedded 
in S”, nS 5, such that 


í 
(a) aL D, il, :,k, being (n—1)-cell subcomplezes of C 
#1 
such that Int DN (] Dim O, j=1,. + +, k. 
tré) 


3-1 
(b) DiN U Dy J=, k, is an (n—2)-cell complex tamely im- 
bedded in the (n—2)-sphere Bd D;. 


* New version received January 17, 1961. 


* This paper was supported in part by the National Science Foundation, Contract 
G-8239. 
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If -8*—C has uniformly abelian local fundamental groups, then 
m(8r—C) =t. 

The dimensional restriction n = 5 arises from the use of the following 
conjecture, which has been proved in the case n= 5 by Guggenheim [3]: 


Conjecture A. If Pr? is a polyhedral (n—2)-cell in Sv1, then Pr? 
13 flat in St (there exists a piecewise-linear isotopy of 8" carrying Pr? 
onto a standard (n— 2)-simplex). 

If Conjecture A holds for all dimensions, then Theorem, 1 holds for all 
dimensions. Observe that the tameness hypothesis in (b) is unnecessary for 
n = 6. 


4. Outline of proof. Generalizing the construction employed by Harrold 
in [4], a separable metric subspace X == A U M of the Hilbert cube is defined, 
with A being ULC! and homeomorphic to $*—-C, and with M being a 
topological (n —1)-sphere constituting the boundary in X of A. M is then 
clearly LC! with m, (M) 1. It is shown also that 7,(A,X) — 1, so that a 
theorem of Eilenberg and Wilder [2, Theorem 8]applies directly to show 
that m (A) <1, which implies that +,(S*—C) m1, A and §*—@ m 
homeomorphic. 


5. 


5.1. Preliminaries. By the order of a point a€ C will be meant the 
positive integer p"*(a,C) +1, where p*1(a,C) is the (n—1)-dimensional 
Betti number of C around the point a [1,81]. ree by C® the subset 


of all points of C of order k. It is clear that C® == U Int D; is an open (in 
C) dense subset of ©. 

Hence given any point a€ IntD, 1=<j<k, 8,20 can be chosen 
sufficiently small that S(a, 8) —C == S (a, 80) — D; = Us U Vo, with U, and 


Va separated by D; [1,82]. It may be assumed that the notation is chosen 
in such a manner that | 


U; = U Ua and V; = U Fa 
atlntD; aeïlntD; 
are disjoint open connected sets separated in U,U V; U D; by D, (This can 
be done as in [5, p. 280]). It will be said that a point z€ S*— C sufficiently 
near D; lies on the positive or negative side of D; according as z€ en orzeV, 
respectively. 


Now let {pa}msı be a countable dense subset of IntD; For each m 


j 
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choose 8m > em > 0 such that S (Pim dm) — O == U” U V™ with U™ C U; and 
Va C V; and such that any connected subset of S*—C joining a point in 
Un NS (pin em) With a point in V” N S (Pim, en) must have a diameter > Rem. 
For each m choose an arc ln = plugin, With ln — Pim CS (Dim Em) —C, in 
such a way that each of the two subsequences 


{Pm | Gm € Uy} and {pin | mE V3} 
is dense in Dy. 


x 
The countable dense subset |) {2/m}m of © is then ordered in such a 
j-1 


manner as to obtain a sequence {pm} such that me Int D, if and only if 
tz=j(modk). That is, the subsequence of {a}, which is contained in 
Int D; is precisely the subsequence {Pjsnx} mao: 


5.2. Definition of A. Proceeding in this section as in 4.6 of [4], 
define a sequence {fi} of real-valued continuous functions on 8—C by 
fit) == p(z, q) for ze S*—C, where the “relative distance metric” p is 
defined on 8” — C by p(z, y) =g. l.b. of the diameters of all connected subsets 
of S*—C containing both x and y. 

A homeomorphism k carrying 8*-—C into Hilbert space is defined as 
follows: If (t1, + -,%q) = x € O” — C let h(x) =e {2 © +, Tn Fılz), ft), }- 
Denote by A the image set h(S"--C). Assume that a metric „ is defined 
in A as in 4.64 of [4]. | : 


5.3. Since S”— C by hypothesis has uniformly abelian local funda- 
mental groups, the techniques used in 4.7 and 4.71 of [4] apply with slight 
modification to show that A is ULC. 


j 
5.4. Definition of M. Let C;==|] D; for each 7-1, + -,% so that 
r] 


C, = D, and C= 0. For each j—1,: : :,k let the metric p; be defined on 
S"—C, by p;(t,y) ==g.l.b. of the diameters of all connected subsets of 
S"— C; containing both z and y, and define k sequences of real-valued func- 
tions (fu hs, j=—1,: “+k, by fy (x) == pj(@, qi). 

Suppose now that D, is an (n —1)-cell in C; and let U, and V, be the 
corresponding open sets defined in 5.1, such that U,U V, U Int D, is a neigh- 
borhood of IntD, with U, and FV, separated in U,UV,UD, by D, Tf 
tE Int D, and t==1,2,---,7 (modk) then define fy’ (x) — lim fu(®) for 

g 


TE U, and fy (2) =limfy(#) forse Vs. Ift==j7+1,-- -,% (mod k), then 
>g 


560 | O. H. EDWARDS, JR 


define fy (x) = fy” (2) —0. Since two points close to + both lying either 
in U, or V, can be joined by a connected set of small diameter, it is clear 
that the functions f and fy” are thereby uniquely defined. 

If ze Int D,, define 


hj (x) = {T i "y Emn faj (2), fas (2), i J 
hj” (£) = (as, °°, Un, fas eh 
If y € BA Ds define hy (x) — lim hj (2) and hj” (y) = limh; (z) for s€ Int D, 


Then Af and hj” , j= 1, px Ar mappings of D, ints a Hilbert cube (with 
the metric referred to in as If se D, 1 CG), then C; does not separate 
sufficiently small neighborhoods of x, and it follows that h/(z) == hj’ (2). 
But if zeD,NnC®, k > 1, then C; does separate sufficiently small neighbor- 
hoods of v, and it follows that h/ (£) hj’(z). 


5.41. An elementary continuity argument similar to that used in 4.8 
of [4] suffices to show that h/ and hj’ are homeomorphisms on D,, so that 
hy(D,) and hy’(D,) are (n—1)-cells, j==1,---,h; s==1,---,j. The 
manner in which these homeomorphisms match on the boundaries of two 
intersecting cells D, and D, is described in the following section. 


5.42. Suppose that z if a point of C™ common to the boundaries of 
the (n—1)-cells D, and D, in C, I£ 8>0 is sufficiently small, then 
S(z,d) — C; consists of k mutually separated open sets. Suppose that W is 
one of these sets intersecting both U, and U, Then it follows that lim A; (x) 
with 2-2 tE D, is equal to limA/(y) with yz, y€ D, To see this, 
notice that if z€ Int D, and y€ Int D, are sufficiently near 2, and if žE U, 
and JE U, are sufficiently near z and y respectively, then Z and ÿ are both 
in W and can be joined in 8*-—C; by a connected set of small diameter. 
Taking limits as I> 2, ÿ— y, and t— z «y gives the desired result. 


J 
5.48. Now define Mi UTR DJUR OJo dl: --,k. Clearly 
= 
M == M, is the boundary in X = A U M of A. 


5.5. Proof that M is an (n—1)-sphere. It will now be shown that 
M — M; is an (n—1)-sphere. That M, is an (n—1)-sphere follows as in 
4.8 of [4]. The induction proof will be completed by showing that the 
assumption that de is an (n—1)-sphere implies that M, is an wa) 
sphere, j==1,:-:,k—1. i 

For each x € En — ON Din, define fy*(x) = lim fy(&) for E> x, Z€ Du 
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if i==1,---,7 (modk) and ff (xt) —0 if =j4+1,---,k(modk). Then 
define | 
hy* (a) = {21,° °°, ny fag” (2), fai (2),° * *}- 

It follows from 5.41 that A,* (a) is homeomorphie with Pia and is hence 
an (n— 2)-cell. 

Now triangulate M, in the following natural manner: Recalling that 
each D, is a subcomplex of M, choose for hj/(D;) and hj’(D,) the sub- 
divisions induced by the homeomorphisms h/ and A,’ and the original 


subdivision of D, Since pau [hy (Ds) U hj’ (D,)], this suffices to tri- 
angulate My. ia 

Since Lı is by hypothesis a subcomplex of C, it follows immediately 
that hy*(L441) is a subeomplex of M,, that is, that the (n —2)-cell h,* (Lys) 
is polyhedrally imbedded in the (n — 1)-sphere M,. 


j 
5.51. Now define a mapping ¢ of U Ch: (Di) U hia” (Di) ] onto M, 


by setting (x) = hj hy (a) for ze haus! (Ds) and d(z) = hf hg (x) for 
TE hp” (Di). Observe that ¢ is clearly 1-1 bicontinuous except at points 
of Aisa’ (Lyi) U Iya” (Lj). Indeed $ carries each of the (n—2)-cells 
hni (Lys) and hy,” (Lu) homeomorphically onto the (n — 2)-cell hpa? (Li), 
and carries the (n——1)-cells hy.’ (Dı) and kii” (Di) homeomorphically onto 
the (n—1)-cells A; (14) and h” (Di) respectively, 1—1,---,7. It follows 
as in 5.42 that + is single-valued. 

Since h;* (La) is a polyhedral (n—2)-cell in the (n—-1)-sphere M, 
there exists, by Conjecture A, a homeomorphism f of M; onto itself carrying 
h (Lin) onto a standard (n—2)-simplex P. 

Now let # be an (n—1)-simplex with base P and eT vertex p. 
Let q be an interior point of P and let y be an interior point of the interval 
gp. Then denote by Æ” the (1 —1)-simplex with base P and opposite vertex p’. 
Let g be the mapping defined as follows: 

a) g(x) ma if ve Cl(M,—E); 

b) Ji c€ P, denote by æ the point of intersection of the segment TD 
with Bd #’-—-P. Then let g contract the segment xp linearly onto the seg- 
ment zp. Clearly g gives a homeomorphism of M;—P onto M;— F’, but 
each point a € Int P has two image points: g'(a) =a € P and g”(a) € Bd E’ —P. 


he 
A homeomorphism y of U [hu (Di) U has” (Di) ] onto the closed (n — 1)- 
a #=1 
cell Cl{M;— E’) is now defined. If TE hpr (Ly) U Aya” (Lin), let p(x) 
—gfh(r). If c€ hp (Lm) define y(x) —g'fp(x) and if zehn” (Lat) 
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define y(z) —=g”fe(r). It is immediate that-y is a homeomorphism, so 
j ; 

that U [kar (Ds) U hja” (D;)] is'a closed (n—1)-cell. 
1 


5.52. It is shown that hns (Daer) U hja” (Dy) is a.closed (n—1)-cell. 
By 5.41, hu (Du) and hy’ (Djia) are both closed (n—1)-cells. If 
x € Int Ly, U Int Dyas, then hps (£) and hpi” (x) are distinct, while hj (=) 
== hy” (£) if z€ Bd Dia — Int Dy.’ Thus hjr (Dp) and hpi” (Dy) are 
two (n—1)-cells meeting in hyuı(Bd Dpi — Int Dii). Since by hypothesis 
L;1 is tamely imbedded in the (n—2)-sphere Bd Dp, it follows that 
Bd Dy1—Int Ly, is a closed (n—2)-cell tamely imbedded in Bd Dy. 
Hence hy,.(Bd Dj. — Int Ly.) is a closed (n—2)-cell tame in each of the 
boundaries of the two (n—1)-cells hpr (Dp) and hr” (Dja). It follows 
easily that ker (Dm) U n (Din) is a closed (n—1)-cell. 


Consequently Mu = U [hn (Dy) U Aya” (Dy) ] is the union of the two 


closed (n—1)-cells U [hu (Di) U ha” (Ds) | and Ras (Dia) U hra” (Dun) 
intersecting in their common boundary, the (n—2)-sphere hpr (Lynn) 
U hj” (Lai). Hence Ma: is an (n—1)-sphere, and it follows by induction 
that M is an (n—1)-sphere. | 

6. Since M is an (n—1)-sphere, M is LO: with m(M)=1. Since 
the proof-of 4. 9 of [4] applies without alteration to show that m, (A, X) = 1, 
Theorem 8 of [2] now implies that. m, (A) =1. Since A was constructed 
homeomorphie to. 8*—(C, it follows that m,($"-—- CC) =1. This completes 
the proof of Theorem 1. 
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EXISTENCE OF UNIVERSAL CONNECTIONS.* 


By M. S. NARASIMHAN and S. RAMANAN. 


1. Introduction. The purpose of this paper is to prove the existence of 
universal connections for principal bundles with a compact Lie group as 
structure group. We prove (Theorem 2) that given a compact Lie group G 
and a positive integer n, there exist a differentiable principal G-bundle # and 
a connection y, on # such that any connection on a differentiable principal 
G-bundle P with base of dimension =n can be obtained as the inverse image 
of the connection +, by a differentiable bundle homomorphism of P into Æ. 
As is well-known, the analogous problem for bundles without connections is 
treated in the topology of fibre bundles [1]. 


It is also known that the Stiefel bundles play the role of universal bundles 
for the unitary groups U (k). One can define in a natural way a connection 
on every Stiefel bundle ($2). We prove that these connections themselves 
are universal for connections in U(k)-bundles. A precise formulation is 
found in Theorem 1. 


In the unitary case the problem is first solved locally by explicit con- 
struction, the crucial step being the lemma in $3. The local solutions are 
then pieced up with the help of a special type of covering by coordinate’ cells. 


In the general case, the compact Lie group G is identified with a closed 
subgroup of a unitary group. Starting from a universal connection for this 
unitary group, a universal connection for G is constructed by generalizing 
the usual method of construction of an invariant connection in the principal 
bundle associated with a Lie group and a closed subgroup ([3], p. 45). 

A theorem of A. Weil ([1], p. 57) asserts that the cohomology classes 
of the base of a principal G-bundle obtained by substitution of the curvature 
form of a connection on P in the invariant polynomials of G are independent 
of the connection. Our result seems to explain this invariance and in fact 
furnishes an alternate proof in the case of compact Lie groups. 

For definitions of the notions related to connections in principal bundles 
we refer to [1] and [3]. We use connections and connection forms inter- 
changeably. By “differentiable” we always mean “indefinitely differentiable.” 


* Received February 10, 1961. 
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All manifolds, bundles, bundle homomorphisms and differential forms are 
assumed to be differentiable. Also all manifolds that occur are paracompact. 

We are thankful to Professor K. Chandrasekharan for his constant 
encouragement and interest. 


2. Canonical connections in Stiefel bundles. Let CY be the N-dimen- 
sional complex number space with O as origin. The Stiefel manifold V (N, k) 
(with N =k) of all unitary k-frames at O may then be identified with the 
left coset space U(N)/I, X U(N— k) where J, is the unit (k,k) matrix. 


. N 
To every frame (v,,° :,0Ł) with v= 2640; where (6;) is the canonical 
base in CN, we associate the (N, mat À m (Ay ;) with = bja Since 
(v1,° © *,v:) is orthonormal, we have baba = de i.e. A satisfies the 


condition A*A = 7, where A* is the conjugate transpose of A. Thus V(N,k) 
is identified with (N, k} matrices A satisfying A*A —J,. The action of U (k) 
(resp. U(N)) on V(N,k) to the right (resp. to the left) goes over under 
the above identification into multiplication of (N,k) matrices by unitary 
(k,k) matrices on the right (resp. by unitary (N,N) matrices on the left). 
Under the action of U (k), V(N,k) becomes a principal U (k)-bundle (known 
as the Stiefel bundle) with the Grassman manifold G(N,k) of k-subspaces 
of CN as base. G(N,k) may again be identified with the left coset space 
U(N)/U(k) x U(N—k). 

Let S be the (N, i matrix-valued function on V(N,k) aise E 
to each frame (v:,- - ‘,v,) the matrix A. Consider the (k, k) matrix-valued 
differential form S*dS on V(N,k). Since 8*S—TJ, for every frame, on 
differentiation we obtain S*48 + (d9*)S =0, or again S*d§ + (8*49)* — 
Hence S*d8 has actually values in the Lie algebra u(k) (which is the vector 
space of skew-Hermitian matrices) of U(k). 


Proposition 1. 8*d§ is a connection form on the Stiefel bundle F(N, k) 
which is invariant under the action of U(N). 


In fact, if X¢ is a tangent vector at £E V(N,k) and se U(k), we shall 
denote by Xgs the image of X; under the differential of the map £> és of 
V(N,k).: Then we have 


(S*dS) (Xes) = 8* (és) (Xes) (8) 
— s*§*(£) (X_9)s 
om 5-1(,9*d8) (Xe)s. 
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On the other hand, if a€ u(k), we identify a with a tangent vector at e and 
denote by éa the image of a under the differential of the map 3—> és of G 
into F(N, k). Then 


(S*d8) (ža) = 8(E)* (a) (8) 
= (£) *8 (Ea 


= i, 


since S(£)*S(£) —J,. Hence 8S*4dg is a connection form on the Stiefel bundle. 
Moreover, if t€ U(N), the left translation of the differential form by # yields 
(tS) *d(t8) == S*t*idh am S*d8. 


Remark. This connection will hereafter be referred to as the canonical 
connection and will be denoted by yo. 

The horizontal subspace for this connection at the point é = & ) of 
Y{N,k) may be described as follows: The tangent space at é can be identified 

— Or 
with (N, N) skew Hermitian matrices of the type F : ) where Pisa 
(k,k) skew Hermitian matrix and Q is a rectangular (N,N — k) matrix. 
The horizontal vectors at € for the connection y, are then given by matrices 
— O* | 

of the type ¥ ). This description together with the invariance under 


the action of U(N) characterises the connection y completely. 

Analogous statements dre true for the real Stiefel manifold W (N, k) 
and the corresponding O(k)-bundle. In particular “dS (where S is the 
transpose of 9) is a connection form on the Stiefel bundle, the corresponding 


horizontal subspace at & being given by matrices of the type © = } This 


is easily seen to be the orthogonal complement of the vertical subspace at & 
with respect to the killing form tr(adzady) on o(%), the Lie algebra of O (k). 


3. The local problem. 


Lemma. Let U be an open subset of R* and V a relatively compact 
open subset whose closure 1s contained in U. For every differential form a 
of degree 1 on U with values in u(k) (the space of skew-Hermitian matrices), 
there exist differentiable functions pı, * ' pw in V with values in the space 
M.(C) of (k,k) complex matrices such that | 


f mm 
i) È eth In and 


Fad 
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a’ 
ii) È p dé: — 4, 
where m = (3n + 1)k. 
_ Proof. Let fi,° + -, fis be a set of positive definite matrices which form 
a base for the complex Hermitian matrices over the reals, such that | f, || —1 
for every r (| f|| being the norm as a linear transformation). Since a has 
nk tye = 
values.in u(k), we may write a/t in U as DD A..f,.dr,, where àr, are real- 
azl rel 
valued functions and z, the coordinate functions in R”. If a .= sup ] Arel, 
we have Àr s= Hr s — Yr, Where á 
pres {Ars + Ge +1} and 
vra = $ {ars — Ars + 1} 


are both strictly positive differentiable functions. Hence we may write 
Hr, a = Dr? and vra ™ Gra Where Pre and Qr, are positive differentiable func- 


tions. Clearly one may assume that $ (ur, + vra) 18 bounded by 1/2k? on 
8-1 
V for every r, by altering the coordinate functions x, by a constant multiple, 


n 


if necessary. The matrix valued function 1/k7I_— {5 (lus + vs) }fr is then 
positive. For, a l 


| È (ura + vos) fe DS 1/2 1 fe | < 1/4. 


Let g, be the (unique) positive square-root of the positive matrix f, and À, 
the differentiable positive matrix-valued function satisfying 


ha (2) = 1/lTn— { X (pra (2) Halo) 


We now define M,(C)-valued functions (1 S37 S (2n + 1)k*) as follows. 


For 1S S&S nk’, 6, shall be the nk? functions Pr ,6*®': g, arranged in 
some order. 

For nk? +155 2nk’, py shall be the nk? functions gret% - g, arranged 
in some order. 

For 2nk* 4-1 j= (2n -+ 1)k?, 4, shall be the functions h, in some order. 

We have to verify that the ¢, thus defined fulfil the conditions i) and ii) 
of the lemma. In fact, 
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3 asa = 2 Prs gr + 2 Greg + 2h 
— 2 brsfr + 2 vr afr + Ir — 2 (Hrs + vr) fr 
= Iy. 
On the other hand, 
Ford = Z praette (pr alot (de) + (dra) or} 92 

+ 2 gr. — rs 164%: (das) + (dre) }g 
+ 2 hrdhr 

_ 2 D Pr, rs + 2 Pradpr Ir’ 
+ 2 i(— grs) 9 dTs + 2 gr.sågr 9r? + Zhrdhr 

= Liane ve) frs + 32 pr + Gra) fe + Z'hrdh 

= a +4 2 durs + vra) fr + Z hrdhr. 


But since for any z,y€ V, h?(z) and A,’(y) commute, their positive square 
roots h (x) and h,(y) also commute. It readily follows that h,dh,— dh; ‘hr. 
Hence 4d(h,?) = h,dh,. Therefore, finally we have 


À gjde = a+ bil lat met EMA) 


m= &, 
since $ (ura -tH ve) fe + DA? =; and the lemma is completely proved. 
rie r 
The problem is solved locally by the following 


PROPOSITION 2. Let P be a principal U(k)-bundle over a manifold X of 
dimension <n and y a connection form on P. For every relatively compact 
open subset W of X with W contained in a coordinate neighborhood U of X 
over which P is trivial, there exists a differentiable bundle map ® of p*(IV) 
into V(m”,k) such that the inverse image of the canonical connection y, 
by ® is y, where m” == (?n+1)k° and p is the projection P>X. 


Proof. Leto be a section of P over U and a the inverse image of y by o. 
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By the lemma, we can find differentiable Ut.(C ee functions $1," * +, w 
in W. such that | 


i) Šeta and 
ii) À did; = a where m’ (23n -+ 1)’. 


Define a map ® of P over W into the space of (m’’, k)-matrices by setting for 
pr (pe) \ 
¿E P, (6) = i -s where s€ U (k) is determined by == o(pé)s. 


(pe) 
® is easily seen to be a bundle homomorphism. We then have 


Br (late) (PO) 
== 8%8, by (i) ` 
= [w Since 8 18 unitary. 


Hence ® maps P] p>(W) -actually into FY (m”, k). On the other hand, à it is 
obvious that the inverse image by & of yo = S*d8 is given by 6*dd. But the 


a’ 
inverse image by o of ®*d® is (boo)*d(Boo) = > dy*ddy—«@ by construc- 
à 4=1 


tion. Now y and &*d® are two connections on P\p*(W) such that their 
inverse image by the section o are the same. Hence y==6*d® on p*(W). 


4, Universal connection for the unitary group. 


THEOREM 1. Let P be a principal U(k)-bundle over a manifold X of 
dimension <n and y any connection form on P. Then there exists a differ- 
enttable bundle homomorphism © of P into the Stiefel bundle V(m,k) such 
that y ts the inverse image by & of the canonical connection y, on V(m,k), 
where m = (n+ 1) (23n -+ 1)k. 


Proof. We can find a covering of X by relatively compact open sets 
{Vi} such that i) each V; is contained in a coordinate cell, and ii) the V/s 
can be divided into (n +1) classes @; in such a way that no two V/s of 
the same class intersect ([2], p. 61). Let {W;} be a shrinking of this covering, 
i.e., an open covering {W,} such that W, C Vy. Let D, (j—1, - -,n+1) 
be the union of the open sets p-*(W,) where W, C V, with V, belonging to @;. 

The bundle is trivial over the coordinate cells and hence, by Proposition 2, 
one can find differentiable bundle homomorphisms ©, on p"(V,) into 
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V((Rn+1)k5,k) inducing the connection y on p*(V;). Corresponding to 
each D, there exists a {(2n + 1)%°, k}-matrix-valued differentiable function 
Y on P euch that % coincides with & on p*(W,) for V; in £, Let then 
Ya, °°, You be the (n +1) functions thus constructed. Consider a differ- 
entiable partition of unity with respect to the covering {D,} consisting of 
non-negative differentiable functions {; invariant under the action of the 
group U(k) such that the support of & C D; and X ĉ& 1. 


Consider now the map & on P defined by 


ĉa (£) Ya (£) 
(é) = ( Je every £€ P. 
ma (É) Pan (6) 


We have to prove that & is bundle map of P into V(m,k) such that 
ğ*d —g. But 


a*a (é) Su (Ou (EEE) 
= SUD (EU (£), 


the summation being over those #’s for which é€ Dy But on Dy, Y,” Y; 17 
and we have (¥,*#,) =I for every 1 over which the summation extends. 
Hence ©*@(£) = > &,(é)*2 = J, since $, (£) —1. Moreover 


č CES) Ya (és) Ê: (£) ¥, (£)s 
Ener (ÉS) Ema (£s) Éni (£) War (é)s 
& (é) Pa (6) 
In (E) Tri (E) 
29:8 
for every £€ P and s€ U (k). 
Finally, 
“dp 127, (dirt; + Hd) 
5 werd + S a ax. 
{i {= 


As before, for a £€ P, the summation needs to be taken only over those #8 
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for which é€ D, In every such D, however, 4,*#w,— I. and Y*dY,— a. 
Hence "db Slidi + (Xl? )a—a since D hdi d( dG?) — 0. 


5. Universal connections for compact Lie groups. Let G, be a closed 
subgroup of a Lie group Gh, and ga and gı their Lie algebras. The group G, 
acts on g, by the adjoint operations and gs is invariant under this represen- 
tation. Suppose m is a subspace of g, invariant under the action of @, which 
is supplementary to gs. (Such a space m exists if G, is compact or semi- 
simple.) Let P be a principal bundle with group G, and œ, a connection 
on P. P is fibred by Ga into a principal bundle with group G,. 

The direct sum decomposition ge ® m of gı gives rise to a projection r 
of gı onto gz which commutes with the action of G, (Le. x oads == ads o'x 
for every 8€ Œ). We define a differential form », on P by setting wg <= 7 O w. 
It is easy to see that w: is a connection on P for the fibration by Ga. In fact, 
(with the notations of §2), 


(2) = (r01) (Ze) 
= mo; (Xes) 
= r'ads o (Xe) 
— ads: ro (Xg) 
= g *w,(X¢)8 


for every vector Xg at £E P and 8€ G. 
On the other hand, for every €€ P and a€ ga, we have 
w ($a) = (r'o) ($a) 


=q ' w ($4) 
— r(a) 


==, since + is a projection. 


THEOREM 2. Let G be a compact Lis group and n a positive integer. 
There extst a principal G-bundle B and a connection form y, on B such that 
for every principal G-bundle P with base of dimension <n and any con- 
nection form y on P, one can find a bundle homomorphism f of P into B 
such that the inverse image of yı by f ts y. 


Proof. G can be identified with a closed subgroup of a unitary group 
U(k). Let yo be a universal connection for U (k) (for the dimension n) 
on a principal U(k)-bundle B, whose existence has been proved in Theorem 1. 
G acts on B and makes of it a principal G-bundle. One can define a 
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connection y, on this bundle by setting yı == r © yọ where x is a projection of 
u(k) onto the Lie algebra g of G, as explained above. For any principal G- 
bundle P, with base of dimension <n, let P’ be the corresponding principal 
U(k)-bundle obtained by enlarging the group G. Then there is a natural 
inclusion i: P— P’ such that +(és) =t(£) (s) for ge P and se G. 

Moreover, if y is a connection form on P, one can define a natural 
connection y’ on P’ such that the inverse image of y” by i is y ([3], p. 35). 
Let & be a bundle map of P into B such that the inverse image of y, by ® 
is y. We define a bundle map f of P into B fibred by G by setting f—@-1. 
The inverse image of y, by f==®-+ is obviously y. But since y has values 
in g and + is identity on g, we have #‘y==y and hence the inverse image of 
yı by f is y. 


6. Remarks. 


i) We show how A. Weil’s theorem on connections can be deduced from 
our results, at least when ( is compact. Let w:, wp be two connections on a 
principal G-bundle P with base X of dimension =n—1. Consider the 
bundle P X I’->X XI where I’ is the open interval (—-e,1 +6), «> 0. 
Let @,, &, be inverse images of w:, w: respectively under the projection 
PXI’—P. The differential form ¢ == tæ, + (1—t)a, where ? is the pro- 
jection P X F I’, is easily seen to be a connection on PX I’. Let B be a 
principal G-bundle over a manifold M and y, a universal connection on B 
for dimension <n. It follows that there exists a differentiable family Fi 
of differentiable bundle maps of P into B such that the inverse image of y: 
by F; is to, + (1—t)os. If f; are the corresponding maps of X into M, 
then fọ and f, are obviously homotopic. On the other hand, if K, and K} 
are the curvature forms of w, wa respectively, the ‘substitution’ of K,, Ka 
in each polynomial over g invariant under the adjoint representation of G 
yields closed differential forms B:, 8 on X. Then £, and £ are the inverse 
images under f, and f, of the form on M obtained by substituting the curvature 
form K of the universal connection in the same polynomial. Since f, and fi 
are homotopic, it follows that 8: and 8. define the same cohmology class on 
the base, a characteristic class of the bundle. 


ii) Our method gives a universal connection for the orthogonal group 
O(k) in particular. But the connection was defined in the complex Stiefel 
manifold fibred by O(k) instead of the more usual real Stiefel bundle. We 
have already remarked (§2) that if the points of the real Stiefel manifold 
W(N,k) are represented by (N, %)-matrices A satisfying A’A == I, (A’ being 
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the transpose of A), a connection can be defined in a canonical way on the 
real Stiefel bundle with the corresponding connection form A’dA. On the 
other hand, the complex Stiefel manifold V(N,k) may be imbedded into the 
real Stiefel manifold W(2N,k) by associating to each (N,k) matrix A, the 


(2N, k) real matrix À == ta a) where Rl A, Im À are the real and imaginary 


parts of A. It is easy to see that if A*A = Ix, we have A’A = Iy. Moreover, 
for every s€ O(k) C U(k) 
= RI (As RlA)s = 
3 = (Im (a9) — (Camda) 4 
Hence the map A>Ä is a bundle map of the complex Stiefel manifold 
V(N,k) fibred by O(k), into the real Stiefel bundle. The connection form 
on V(N,) induced by this map is A’dA, but this is the same as the real 
part of A*dA. If we take for the projection + of $ 4, the map of u(k) onto 
the Lie algebra o(k) of O(k) defined as the assignment of the real part to 
each skew Hermitian matrix, then the corresponding connection yı is the 
same as the real part of A*dA. In other words, the canonical connection in 
the real Stiefel bundle is universal for O(%)-bundles. 


"$. 
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STRICT ERGODICITY AND TRANSFORMATION hs 
| OF THE TORUS.* ca: 


By H. FURSTENBERG. 


Introduction. If T is a measure preserving transformation of a prob- 
ability space Q with measure x, the ergodic theorem assures the existence 


N-1 
almost everywhere with respect to u of the average a N+ 3) f(T), where 
“> © x=0 


f is an integrable function. Can this statement be improved in case Q 
is a compact topological space, T a suitable homeomorphism of Q with 
itself, and f a continuous function on 2? In particular, can convergence 
almost everywhere be replaced by convergence everywhere? In what follows 
we shall examine this question for the case that © is an r-dimensional torus. 
When r=1, i.e. Q is a circle, the answer is in the affirmative and the 
averages in question always exist (a fact implicit in the results of Denjoy 
[1] and van Kampen [5]). For r > 1, however, further restrictions must be 
imposed on the transformation T and part of our objective will be to exhibit 
a class of T for which this sharpened form of the ergodic theorem holds. 

The question we are considering is closely tied up with that of the 
“strict ergodicity ” of a transformation. A transformation 7 of a compact 
Hausdorff space Q is strictly ergodic if it leaves invariant a unique probability 
measure on the borel field of Q. This notion was first introduced in connection 
‘with the theory of dynamical systems by Kryloff and Bogoliuboff ([6]; cf. 
also [8], [9]). When T is a strictly ergodic transformation, then (Theorem 


1.1) the limits of N Sr (7'*») necessarily exist for f continuous and all 
w € N, and moreover, this limit is independent of w. In the case of a strictly 
ergodic transformation, these conclusions are in fact a good deal more 
elementary than the usual ergodic theorem. Thus it is quite natural to 
inquire when a transformation of a given space will be strictly ergodic. 

As we will see, an important condition for the validity of some of our 
conclusions is that the transformation 7’ not be homotopic to the identity 
transformation. This implies that the transformation T cannot be embedded 
in a continuous transformation group T(t) and so, in particular, could not 
arise from the consideration of dynamical systems on the torus. The homotopy 
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condition also implies that the transformation is not “uniformly almost 
periodic,” and the sample sequences £(n) —f(T"w) provide us with new 
classes of “constructible” sequences possessing mean values without being 
almost periodic in the sense of Bohr or Besicovitch. 

A related problem is that of determining whether the space Q is “ mini- 
mal” for the transformation T. A closed invariant set is minimal for T if 
no proper closed subset is invariant under 7. In the situation we shall study, 
the transformation T will also possess this irreducibility property; that is, 
Q ‘will be a minimal set. It will appear that the hypotheses required for 
minimality and for strict ergodicity are very similar, although not quite 
identical. 


1. Preliminaries. 


1.1. Let Q be a compact metric space, o(a) its algebra of continuous 
complex valued functions, and T a 1-1 continuous transformation of Q onto 
itself. If f is a function on © we shall denote by Tf the function satisfying 
Tf(w) =f (To). There always exists some probability meause x on the borel 
field of Q invariant under T. This follows from a general fixed point theorem 
regarding transformations of a compact convex set. It can also be seen by 
choosing a countable dense set of on {fi} in C(Q), a point w€ Q, and 


a sequence N, such that rome ys À (To) exists for all k. It follows then 


that this limit exists for a fe Go) and this defines a linear functional L 
on C(Q9). L is non-negative for non-negative function, 1 for the function 1; 
and L(Tf) == L(f). It follows from the Riesz-Markoff representation theorem 
that L defines an invariant measure. 


Definition 1. A continuous transformation T of © is called strictly 
ergodic if there is a unique probability measure on the borel field of Q 
satisfying u(A) =u(T!A) for every borel set A in Q. 

We remark that this definition, which is that of ([6]), differs slightly 
from the more current usage as in [8] and [9]. In the latter, what we have 
defined is referred to as “unique ergodicity,” and a transformation is strictly 
ergodic only if in addition, the support of the unique invariant measure is all 
of Q. Since the support of an invariant measure is a closed invariant set, 
this means that Q is required to be a minimal set. 

Given a probability measure u on ©, then a measure preserving trans- 
formation is ergodic in the usual sense if all borel subsets invariant under 
T have measure either 0 or 1. This is equivalent to saying that no prob- 
ability measure absolutely continuous with respect to » is invariant, other 
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than y itself. It follows that if T is a strictly ergodic transformation on Q, 
it is a fortiori ergodic in the usual sense, relative to the unique Invariant 
measure. The set of all probability measures on Q invariant under T form 
a compact convex set, and one may verify that the extremal points of this 
set are just the ergodic measures for 7, i.e. the measures with respect to 
which T is ergodic. Hence to show that a transformation is strictly ergodic, 
it suffices to show that there is a unique ergodic measure for the transformation. 

We shall refer to the triple (Q, T, „) when x is a probability measure on 
Q invariant under T, as a process. If we were to fix a function z(w) on Q, 
then the functions 7*z(w) would form a stationary stochastic process. When 
T is ergodic or strictly ergodic we shall refer to the process as ergodic or 
strictly ergodic. 


Definition 2. A point w€Q is a generic point for the process 


N-1 
(Q, Tu), if lim N+ £ f(T") exists for every fE C(Q), and coincides with 
nd 


DS do). 

Note that this definition differs slightly from that given in [2] where 
it is required in addition that w lie in the support of the measure p. 

When a process is ergodic it follows from the ergodic theorem that 
almost every point of © is generic. For strictly ergodic processes we have 
(L97) : 


THEOREM 1.1. The following statements for a process (Q,T, p) are 
equivalent : 

(A) (Q, - n) 13 strictly ergodic. 

(B) N > TF (w) converges uniformly to u(f). 

(C) EN point of Q is generic for (Q, T, p). 

Proof. (A) implies (B): If x is the only probability measure on Q 
invariant under T, it follows that the only signed measures invariant under 
T are Ap, À real. Hence the uniform closure in C(Q) of the subspace 


{Tg —g,g E C(Q)} has codimension 1. Consequently, for any f€ C(Q) and 
e> 0, we can find a gE C(Q) with | f—xz(f)—(Tg—g)| <e. Hence 


N-1 -1 
| E THe) —Wa(f) — (Tg —g) | < Ne and NAS Pop wif) 


uniformly. 
That (B) implies (C) is clear so it remains to show that (C) implies (A). 
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N-1 
However, if every point of Q is generic for (Q, T, ø), then N! 2 Tf (ow) 


converges pointwise to u(f), and hence f N= À Trf(w)dv(w) >u(f) for any 
probability measure v. In particular if v j is invariant under T, then 


v(f) = fN> a Trf(o)dv(o) so that Du. 


1.2. The best known examples of strictly ergodic processes are ' those 
arising from almost periodic transformation. 


Definition 3. A transformation T of Q is almost periodic (a.p.) if T 
leaves no proper (+4 Ø or Q) closed subset of Q invariant and if the powers 
T* form an equicontinuous family of transformation with respect to the 
metric on Q. A process (Q, T, p), with T almost periodic, will be referred to 
as an almost periodic process. 

By the sample paths or sample sequences of a process (Q, T, a): we shall 
understand the sequences of the form (n) = T'f(w) where fe C(Q). One 
shows easily that the sample paths of an almost periodic process’ are (uni- 
formly) almost periodic sequences. 

The following result appears in [8]: 


THROREM 1.2. Every almost periodic transformation is strictly ergodic. 


Proof. The equicontinuity of the T» implies the equicontinuity of {Tf} 
for f€ C(Q) and hence also the equicontinuity of the averages {N+ > Tnf}. 
It follows that some subsequence converges uniformly ; say the limit function 
is g. Clearly Tg — g and since T leaves no proper closed subset of Q invariant 
it follows that g is a constant. Hence for any probability measure p, 
N> F 2(T*f) > g and if «is invariant, »(f) =g. Hence T is strictly ergodic. 


1.3. To illustrate the general approach to the problem, we begin by 
examining the case in which 0 is the circle, even though the results here 
follow from known results regarding transformations of the circle. 


THROREM 1.3. If T is any 1-1 continuous transformation of the circle 
such that no power of T has a fixed point, then T is strictly ergodic. 


Proof. Let K denote the circle. The hypothesis that no power of T 
has a fixed point, or equivalently, that T leaves no finite subset of K invariant, 
implies that any invariant measure must assign measure 0 to individual 
points, that is, any invariant measure on K is non-atomic. Let w, be a fixed 
point on K and for two points a:,w,€ K, let {w:,w,} denote the open arc 
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from o, to w: taken counterclockwise. Suppose that » and x’ are two invariant 
probability measures on K and let A\—4(p-+yp’). We define a map ® from 
K to a circle K’ by setting ®(w) == TiM), Since À is non-atomic, ® will 
be a continuous map from K onto K. 

We note that for any three points wi, w2, ws In K, 


A({o1, w2}) + A({wa, os} ) =A({o1,3}) (mod 1). 
It follows that 
(Tow) = GÊTIA E TW}) mes GTH wo Tw}) +A( Tp Tw] 


Es e2ttagtntaA({Tw. Tw}) ss GN e2T1A({WorW}) a p2T#ap ( w) 


where a = à ( {wo Two}). If a were rational we would have (Tw) = (w) 
identically for some n. Then A({oo, 70} ==A({w,}) (mod1) so that 
A({o, T*o})==0 (modi) and the interval from w to T”w carries either 
measure 0 ori. Thus either A({w, T'ow}) == 0 or A({T'w,w}) == 0 and which- 
ever holds for some o and T” and it follows that every interval of sufficiently 
small length on K carries no À measure. This however is impossible since 
Az&0 and this shows that a is irrational. 

Thus ® carries À into (normalized) lebesgue measure on K’ and it takes 
T into the rotation of K’ by an irrational angle. Now „ and w are carried 
by ® into two measures on K’ that are invariant under rotation by an irrational 
angle, since » and yp’ are invariant under T. But clearly the rotations of a 
circle preserving a given measure form a closed group. (If 8,— 8 and f is con- 
tinuous then f(0-+ 8) f(0-+ 8) and fO -+ Bq)dV(0)—> ff + B)AP().) 
Hence » and x’ are carried into probability measures on K’ invariant under all 
rotations, i.e. into lebesgue measure. Thus » and u’ have the same images 
under ® On the other hand, if two intervals of K map onto the same interval 
of K’ under &, their symmetric difference carries 0 A-measure. A fortiori it 
carries 0 u- and y»’-measure, and so both intervals have the same p-measure 
and p’-measure. It follows that the measures „ and uw’ are determined by their 
images under ® and since these agree, u= p’. This proves that T is strictly 
ergodic. 


COROLLARY. If T ts any continuous transformation of the circle, then 


N-1 
lim VN > Trf(w) exists for all continuous functions f and points w on the 
n=0 


circle. 


Proof. If no power of T has a fixed point then the result follows from 
Theorems 1.1 and 1.3. If some T™ has a fixed point, let T, == T”. It is 


578 | E. FURSTENBERG. 


easily shown then that for every point o, T:”w converges to a fixed point of 7. 


N-1 
Therefore the averages lim NS Tı"f(o) exist for all œ. Applying this to 
0 n=0 
N-1 
the functions f, Tf,: : :,T"-1f we conclude that lim N È Trf(w) exists. 
- n=0 
In case T leaves no proper closed subset of K invariant, then the support 
of the unique invariant measure À must be all of K. The map ® of Theorem 
1.3 is then a homeomorphism and we can say that the process (K,T, À) is 
equivalent to the process induced by an irrational rotation of the circle. In 
particular the process (K,7,A) is almost periodic and the sample paths are 
almost periodic sequences with frequencies ka. 
2. Processes on the torus. 


2.1. The following lemma provides us with an inductive procedure for 
defining strictly ergodic processes. 


Lemma 2.1. Let (Qo To, po) be a strictly ergodic process, let K be the 
circle, Km {£: | ¢ | == 1}, and let m be (normalized) lebesque measure on K. 
Take Q =N, X K and T: A->Q defined by T (wo, f) — (Towo (wo) t) where 
g(wo) is a continuous function with |g|—1. Then T is a strictly ergodic 
transformation sf and only +f the equation 
(1) g* (00) = E (Tawo) /f (wo) 


has no solution for k an integer 540 and R(w,) a measurable function on 
(Qo, po). In any case, the product measure po X m is an invariant measure 
for T. 


Proof. To verify that yo Xm is an invariant measure, set f(w) 


= fa(oo)fa(2). Then T} (o) = Tofi (w)fa(g(wo)¢) and 
J TFC) ux mo) = f E I) fa(a (on) 0) dm (€) IT: (00) ua (00) 
ee SCS fo) dm (0) 1T of (00) dp (eo) 
T fiO dme) fi fi (00) dye (on) 
= | Foda x m(o). 


We claim that in order that T be strictly ergodic on Q it suffices that it be 
ergodic in the ordinary sense with respect to y mm po X m. To see this define 
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the transformation Sg: Q—>Q by Saw, E) == (wo, eff). Clearly Sg pre- 
serves the measure p. It follows easily that if w is a generic point for 
(Q, Tu) then so is Sg(w) for every BE [0,1). Now suppose that T is ergodic 
with respect to u. Then almost all points of Q (with respect to u) are generic 
for (Q, T, a). Hence for almost all wọ (with respect to po), all points (wo, 6) 
are generic for (Q, T, u). Suppose next that there exists some other ergodic 
measure w for T. Since a T-invariant measure on Q induces a 7’)-Invariant 
measure on Q, in a natural way, and since (Qo, Tos po) is strictly ergodic, p 
‚nust induce the same measure mo on Qo. Then for almost all wo in Q, there 
exist points (o,f) generic for (Q, T, x’). But this is impossible if „> u, 
since for almost all à, all (wo,f) are generic for (Q,T,a). Thus if 
m= po X m is ergodic, it is the unique ergodic invariant measure and hence 
the unique invariant measure (cf. the remarks following Definition 1). 

To determine whether x is ergodic, suppose that Tf == f where f € P(Q, p). 


Since wis a product measure we can write f~ cx(wo)& with ca(wo) € L7(Qo, po). 


Tf = f implies > Ci Two) g* (wo) h* -È Cx{wo)* or CH(Towo) = g*(wo)cx(wo) for 


every k. Since T, is ergodic, f cannot reduce to a function of œw alone and 
hence some ¢x,(wo) is not 0 for k40. Since |g]=1 it follows from the 
ergodicity of T, that c, vanishes only on a set of measure 0, so that 
E(w) = Cy (wo) is a solution of (1). 

Conversely, if (1) has a solution, then the function #(w)f* is invariant 
under T so that » is not ergodic. This completes the proof of the lemma. 

We note that if (1) has a solution R(w), then | R(wo)| is almost every- 
where constant and we may assume that | R(wo)| =1. 


2.2. If ¢ is a map from a topological space to the circle K then ¢ is 
called essential if it is not homotopic to the constant map, or equivalently 
if & does not have a single-valued continuous logarithm. When the space is 
the circle then the increase in ;4,log¢({) as ¢ describes the circle once is an 
integer referred to as the degree of ¢. Thus ¢ is essential if and only if its 
degree: does not vanish. 


Lemma 2.1 provides us with strict ergodicity in case the function g (wo) 
on Q satisfies a certain condition with respect to Te. In the next lemma we 
find a particular form for (Qo, To) and g(wo) so that the condition is satisfied. 
Here Qo is itself the product of a space Q, and the circle, and the points wo 
of Q, may be represented as (us, E), w1 € Qy LE E. 


LEMMA 2.2. Let Qs =Q, X E where Q, is a connected metric space, let 
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pı be a probability measure on Q, Q, and T, a continuous measure preserving 
transformation of Q,. Suppose that Ty: Qo ts given by Too, E) =a (Tio, g(w1) 8) 
and that T, ts ergodic with respect to the measure p, X m = m on Og . Let 
g(o,¢) be a continuous function on Q, such that g(o1,f) 13 an essential map 
of K>K for fixed wo, and satisfying a uniform Lipschitz condition in £: 


se €) —g (on €) << MIE — t |. 


Then equation (1), g*(wo) = R (Towo) fieus) has no solution for k40 and 
R(wo) measurable on (Qo, po). | 


Proof. Since 0, is rates the degree d of the map g: w, X KOK 
is independent of w,, and, in particular, if the map is essential for one w, 
is is so for all. The degree of g* will be kd and so g* is again essential in its 
second variable and also satisfies a uniform Lipschitz condition. Thus to 
prove the lemma it suffices to show that g(wo) itself cannot have the form 
R(Towo)/R(ws) with E(w) a measurable function from © to K. 

Note that if d(.,.) is a metric for N., then d((o1’, t), (01, ¢”)) 
= max (d (w, a”), | —£” |) is a metric on Ro. Now suppose that g(wo) 
== R(Towo)/R(wo). Since R is a measurable function it is continuous when 
restricted to some compact subset of Q, with measure > 1—», for arbitrary 
> 0. Hence for a specified 5, 8 > 0, there exists an «œ> 0 and a subset A: 
of Q with w(A) >1—8 and such that | R(a’) —B(w”)| <% whenever 
Bw, wo”) <e and wo’ a” EA. We set | 


A= {vE m: m(t: (ot) € A) > 1— 8}, 


Then A, CN, and (A1) Z 1 — 8. 

If 3 < 1, then A, and hence A, X K will have positive measure. There- 
fore there will exist «/2-neighborhoods in Q, intersecting A, X K in sets of 
positive measure; let V be such a neighborhood. By the ergodicity of 
do == mı X m, there will exist points in V N (A, X K) such that infinitely many ` 
of their images under T,” again lie in VM(A, XK). Let (w, 0’) be such 
a point and suppose that To"*(wy’, 0’) € VN (A. X E). | 

Now define Sg: > Q as in Lemma 2.1; i.e. Sur, £) = (ns, err tbr) , 
From the definition of T., it is easily checked that each Sg commutes with Ta. 
Moreover Sg preserves the metric d(.,.) in Qo. By applying Sp to (w, C) 
we find that for all &, d(T'o"*(w1’, £), (w:’,0)) <e, and both (w)’,2) and 
Tm(w;’,£) lie in A, XX. 

From the definition of T, we find that 7™*(w,’,f) = (T "w, etrtPıf) 
where 6x is independent of &. Now since (o,’,£) and T"*(,’,f) lie in A, X K, 
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it follows that the set of £ for which the former is not in A has measure 
< 8, and similarly for the latter. Since the £’s for the two points are fixed 
translates of one another it follows that the set of ¢ such that either (wz, €) 
or T'o"*(w1’,€) is not in A has measure < 284. Putting all this together we 
conclude that but for a set of £ of measure < 284, 


| (Lo (un, £)) —R (0, €)| < F. 


To complete the proof of the lemma we observe that | R(T,"o) — R(w)| 
< & implies that | g (Tta) + :g(Tow)g(w) —1| <7. Now we may write 
(To (os, £)) = g (Tilo, etg) == 637141 where ¢ = 62710, Since g satisfies 
a uniform Lipschitz condition in £ it follows that the A,(@) satisfy uni- 
formly a Lipschitz condition: | A,(6:) —h;(4:)| < H | 6,—6,|. Since g is 
essential in ¢ we will have a +1) —#h,(8) + d where d>£0 is the 
degree of g. Set H3(4) = > h;(6); then A,($ +1) = A,(0) + nxd and 
| H;,(0.) — Hz (02) | < Mn, | jon |. 

We have then | e%*#4:@ —1| <% for all 6 outside a set of 6 of measure 
< 284. Taking # = V2 implies that H;(@) has to remain within a distance 
+ from an integer, for all # outside of a set of measure < 28. But H,(4) is 
a continuous function, and as 6 goes from 0 to 1, H,(#) has a range of length 
at least n.d. This implies that in the exceptional set of measure < 284, 
H,(9) oscillates by 2 énxd. But by the Lipschitz condition, in a set of 
measure < 284, H,(@) can oscillate by at most 2Jfn,54, and this gives a contra- 


diction if ê < AN which proves the lemma. 


Note that the lemma is true, in particular, when Q, reduces to a single 
point so that Q, is just the circle K. 


2.3 THEOREM 2.1. Let T be a transformation of Q== KT gwen by 
TE, = et tel, 
Ti: = gı (Ëa): 
(2) Ten — (Es ts by) Sten 


Tér = T eu) 


where a is irrational, each g; is a continuous function with | g|—1, each 
Il‘ +, €;) satisfies a uniform Lipschitz condition in £, and g;(€1,- © *,£;) 
is of degree dy in £; where d;z£0. Then T is a strictly ergodic transformation 
and the unique invariant measure is the normalized lebesgue measure on Kr. 
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Proof. The theorem is valid for r—1 by virtue of Theorem 1.2 or 
Theorem 1.3. Now assume the theorem is valid for Q == K". By Lemma 
2.1 it will follow for Q== K" if the equation . 


gr" (wo) = R (Towo) /E (wo) 


has no measurable solution, where T, is the induced transformation on K" and 
w € Kr. But the space Kr! has the form K*-* X K and T is induced by T, 
on At? in the manner prescribed in Lemma 2.2. Since the hypotheses of 
Lemma 2.2 are fulfilled, it follows that the equation in question has no 
solution. The theorem therefore follows-by induction on r. 


If we denote the invariant probability measure on Kr by a, we notice 


that for i£ j, (p (u)Y (%4) ) = eC (t) a (y (fy) ), so that for +47, & and & 
are independent variables. Taking j==1 we obtain in particular 


Lim N+ E P (o) T" (t) (0) =at lelt) = 0 


if l=40. Since T”? == g°Ftnlap I this says that the Bohr-Fourier coefficients 
of the sample sequence 7"(£;) (w) corresponding to the frequencies la all 
vanish. Now Theorem 2.1 easily extends to the case where the base process 
(Tg, == 627449.) is replaced by any almost periodic process. This implies that 
for any $(¢;), +541, the corresponding sample sequences have all their Bohr- 
Fourier coefficients vanishing except for the constant term. In particular, 
the sample sequences are not all uniformly almost periodic (or, for that 
matter, even Besicovitch almost periodic). Hence the transformation T itself 
cannot be almost periodic. That this is the case could have been deduced 
from the fact that neither T nor any power of T is homotopic to the identity 
transformation (since the dj3£0). But if T is almost periodic then some 
sequence, T° converges uniformly to the identity, and since the homotopy 
classes of maps of Kt-> Kr form a discrete set, this cannot happen unless 
eventually T™ is homotopic to the identity transformation. 


Remark, Theorem 2.1 implies in particular that the transformations (2) 
leave no proper closed subset of K" invariant. It should be pointed out that 
for this weaker conclusion one can dispense with the Lipschitz condition on 
the g; (but not with the condition that the d;5£0). In fact one can prove 
an analogue of Lemma 2.1 with strict ergodicity replaced by the condition 
that no proper closed sets are invariant. Here the condition on g(w,) becomes 
that equation (1) has no solution with R(w,) continuous, rather than 
measurable. However, this is the case if g(£1," - -,&) is essential as a func- 
tion of &. For R(é:,- + +g) would have a certain degree in £, and one 
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verifies from (2) that TR(£,,: - *,&) has the same degree in g; Then 
TR(E,: + +, &)/R(&,- «+, €) would have degree 0 in ¢; and could not equal 
g(a + +, g) which is essential in ¢; Thus the smoothness condition on the 
gs in Theorem 2.1 is needed only to ensure that no measurable solution exist 
to (1). 


2.4. The sample sequence of a strictly ergodic process not only possess 
averages but these averages are taken on with a certain uniformity. More 
precisely 


k+N 
N+ X T*f(w) > a(f) 


uniformly in k as N—>c. This is an immediate consequence of Theorem 
1.1. This notion occurs in [10] and [7] in the definition of a “ well-dis- 
tributed” sequence. A sequence £(n) on the unit circle is well-distributed 
if lim N°71 S ¢(£(n)) = í f(£)dm(£) uniformly in k, thus strengthening 
the coon for E E We might observe that the theorem ([7]) 
that if p(n) is a polynomial in n with an irrational coefficient, then e?"tr®) jg 
well distributed, is a consequence of Theorem 2.1. In fact, by an appropriate 
choice of integers vy and a point w€ K", the sample sequence 7'{,(w) will 
have the form e?rt@nsœnt +@,) if the functions g; have the form g,(£:,: --,6;) 
= ne épi. The “well-distribution” of T'£;(w) then follows from the 
fact that the unique stationary measure on K" is lebesgue measure. This 
takes care of the case that p(n) has its first coefficient irrational; the general 
case easily reduces to this one. 


3. Existence of ergodic averages. 


3.1. It is possible to show by examples that the conditions on the 
smoothness and the topological nature (i.e., the non-vanishing of degree) of 
the functions g; occurring in Theorem 2.1 cannot be essentially weakened. 
For example, if the Lipschitz condition is replaced by the requirement that 
the g; be of bounded variation, then the conclusion of Theorem 2.1 fails to 
hold, as a rather intricate construction shows. The necessity of the topological 
assumption is more evident since, e. g., the map: Tf, = 67*'%{,, Tf, = eter, 
of the torus K? is clearly not strictly ergodic if p is rational. In the latter 


N-1 
case, however, the ergodic averages, im N! © 7"f(w) still exist for all w, 
n=9 


although they are no longer independent of w. We will see in this section 
that the hypotheses of Theorem 2.1 are still relevant for the weaker con- 
clusion of existence everywhere of the ergodic averages. 
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THEOREM 3.1. Let (0, Topo) be a strictly ergodic process, let Q 
= Oy XK and let T: QQ be defined by T (wo t) = (Towo, g (wo) f) where g 
is a continuous function from N, to K. Then tf the equation 


w) g* (00) — R (Towo) /B (wo) | 
has a solution R(w.) which 18 rn but not equal almost everywhere to 


a continuous functions, then lim N°1 Z T*f(o) cannot exist for all continuous 
f and all »€ Q. 


Proof. Let $(w) be a continuous function of Q, with yo(¢°#) 0, and 
consider the expressions 7"(¢(w.)f*). We have 


TEE == Goo) = = B (Toto) E (wo) "tE, or T(HE(w) 2) ER), =. 
whence Tr (¿R (w)-) = (F(a), 80 that 
(3) T” (p(wo) t) = CFR (wo) T" (p(w) E (wo) ). 


Suppose now that all ergdoic everages exist for continuous functions on Q. 
Then the average of the left hand side of (3) exists, and so 


N-1 
OR (00) lim N= 2 1°($ (0) Elan) ) 
N-1 
| — im N 2 T” (p (w0) f) = yY (wo, $) 
‘is defined. Since (Qo, To, mo) is ergodic we have 


CFE (wo) "Ho (pH) =y (v08) > 


almost everywhere. Since polo: R) +0 and w(o,f) is a limit everywhere 
of continuous functions on Q, it follows that E(w) agrees almost everywhere 
with a function (ws) of Baire class 1 on Q, and hence on N,. We shall show 
that this together with (1’) implies that E(w.) agrees almost everywhere with 
a continuous function, contrary to hypothesis. 

We say that a function f (w) has an essential jump = ô at a point wo, if, 
for any function f equal to f a.e., lim sup | #(o’) — f(u”) 28. Thus if R 


is not equivalent to a continuous function, then R, and hence À, must have 
essential jumps = for some $>0. Now equation (1’) still holds a.e. for 
À and from it we see that the set of points at which À has an essential jump 
= is invariant under To. Moreover the set of points. at which a function 
has an essential jump = is closed. Now if (Qe Tep) is strictly ergodic, 
every invariant closed subset of Q must contain the support of po. Since we 
may assume that the support of m was all of Q, it follows that B(,.) has 
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essential jumps everywhere. But by Baire’s theorem, a function of the first 
class must have points of continuity ([4]). This proves the theorem. 

If the space Q, in the theorem is itself of the form Q, =Q, X K and T, 
has a form analogous to that of T, and if g({w.) =g (w1, ¢) is essential in 6, 
then equation (1’) cannot have a continuous solution (cf. the remark in § 2.3). 
Thus, if in this case the ergodic averages exist everywhere, then T must be 
strictly ergodic. So, in the example referred to earlier, where the g, in 
Theorem 2.1 are of bounded variation, but do not satisfy a Lipschitz con- 
dition, and the process need not be strictly ergodic, neither will the ergodic 
averages all exist. 

Using Theorem 3.1 we can give an example of a map T of K? of the 
form (2), where T is a C” transformation, but fails to satisfy the topological 
hypothesis, and such that the ergodic averages do not all exist. Define a 


1 
sequence of integers vx with Vi==1 and v,,,—2%+%,+1. Set ax Im, 
Writing ny = 2" we obtain 
2 - QYb 
(3) | mga — [npa] | > ——— m gm 


Overl 


where [z] denotes the largest integer not exceeding z. 
Define nog == — n, and set 
h(6) ze > 1 (emina 1) ç2rin6 

po | k | 
and let g(e?*#?) — eTO) where À is as yet undetermined. Note that g(£) 
is inessential. By (3), (0) and hence g(£) are C” functions. Now we have 
R(8) =H(6-+ «)—H (6) where 

1 
H(9) => g?r tnd 

AT 
so that H (8) is in L?(0,1) and, in particular, defines a measurable function. 
However (8) cannot correspond to a continuous function since $ z === 00 


k 
and hence the series is not Cesäro summable at 9—=0 ([11]). Therefore 


eTA will not be a continuous function for some À. Taking &(e?*#) 
== ETAT (8) we have 


Rear) /R(£) == g(t) 


with Æ(£) measurable but not continuous. By Theorem 3.1, the trans- 
formation T of K? given by 


Tẹ, = 87108, TE: = 9 (01) £2, 
will not possess all its ergodic averages. 
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8.2. The transformations given by (2) are in a “triangular” form, and 
this, we may note, implies certain restrictions in the homotopy classes of the 
transformations under consideration. Fixing our attention on the case r= 2, 
we note that the induced transformation on the 1-dimensional integral hom- 


ology group is given by a matrix 
1 1) 
d i 


where d is the degree of g(£.). Namely, the homology group is generated 
by the classes of the cycles pı = {fs == 1}, pp—={¢i==1}. Under the trans- 
formation | 

MP, = g*tt 
(4) oi 8 &ı 


To g (¢1) La 


pı is transformed into pı + dp and pz into pa in the homology group. Now 
the homotopy classes of homeomorphisms of K? with itself are in one-one 
correspondence with the induced transformation of the first integral hom- 
ology group, and so may be represented by 2 X 2 unimodular matrices with 
integer coefficients. Thus the homotopy classes that are represented by the | 
transformations in (4) are just those whose matrices have both eigenvalues 1, 
or equivalently, have trace 2. Now this restriction is quite natural if we are - 
interested in strictly ergodic transformations, since if the associated matrix 
does not have trace 2, the map necessarily has a fixed point. This can be 
shown directly as a consequence of the fact that any two cycles on K? that 
are not homologous to multiples of the same cycle, must intersect. It is also 
a simple corollary of the Lefschetz fixed point theorem. However, a fixed point 
of the transformation is clearly not generic for a process unless the process 
degenerates to that one point, and so in any other case, the mae mu 
cannot be strictly ergodic. 

The next theorem indicates that this restriction (with a slight modifica- 
tion) is also necessary for the existence of ergodic averages. We call a trans- 
formation of the torus linear if it is induced by a linear transformation of 
the plane. In order for this to happen, the associated matrix of the linear 
transformation on the plane must be a unimodular matrix with integer entries. 
It is easy to verify that this same matrix represents the homology class of the 
induced transformation of the torus. 


~~ 


THEOREM 3.2. Let T be a transformation of the torus induced by the 
transformation 
(5) z =ar + by + ro 
y = 07 + dy + y'o 
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of the plane R°, where a, b, c, d are integers and ad—be==1. Then 
| . r. 2 2 
lim N ¥ Tnf(o) exists for every continuous function f on K? and w€ K’, 
n=0 : 
if and only if |a-+d| <2. 
Proof. If a+ d=2 then Wih eigenvalues of À = ( À are 1 in 
which case, by a linear change of coordinates, (5) may be put into the form 


rt =+ To 
| = yf mm dz +y + Yo 


If d—0, or if d>£0 and 2’, is rational, it is easily checked that the sample 
sequences of the induced process are periodic or almost periodic. If d#0 
and 2’, is irrational then the ergodic averages exist by virtue of Theorem 2.1. 

If —2<a+d< 2, then the eigenvalues of A are roots of unity and 
an appropriate power of A will have both eigenvalues 1. Hence a power of T 
will fall into the category already treated, and the existence of ergodic 
averages for a power of T implies the existence of these averages for T itself. 

We may therefore turn to the case |a-++-d|>2. Here we wish to show 

that the ergodic averages need not exist. Since in this case the induced 
transformation of the torus has a fixed point, we may assume that the fixed 
point corresponds to the origin in the plane and that T in the plane is given by 
a! mm ae + by 
y =cæ+ dy, ja+d|>2. 
We now consider T solely as a transformation of R?. We denote by Z? the 
lattice of points of R? with integer coordinates, and for a set A in R?, A+ Z? 
will denote the set of all points in E? congruent to a point in A modulo 22. 
We let !, and l, represent the lines through the origin containing the eigen- 
vectors of A; l, will correspond to the eigenvalue A, and 7, to the eigenvalue 
A. Since |A -+A |> 2, A and A+ will be real and we take |A] >1. Also 
À is not an integer since A+ À" is, and since A?— (a+ d)à -+ 1-0, it 
follows that A is irrational. Hence the slopes of l and l; are irrational and 
so the sets l + Z? and l; + Z? are dense in R. 

We consider parallelograms whose sides are respectively parallel to À 
and l+; we call these oriented parallelograms. The “width” of the parallelo- 
gram will denote the length of the side parallel to l, ita “height,” the length 
of the adjacent side. T takes one oriented parallelogram into another one, 
multiplying its width by | À | and its height by |A|*. Let Q, and Q, be two 
oriented rhombuses with centers of the origin of R°, and with sides equal to e 


(7) 
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and 2e respectively. e will be determined later. . To prove that not all ergodie 
averages exist for the induced transformation of the torus we will show that 
there exists a point » in R? with 


| lim sup N{# of points Tw, 0 Sn < N, such that To € Q, + Z*} 
> lim inf N-*(# of points Tro, 0 En < N, such that To € Qa + Z°}. 


Since Q, C Qə this implies that for a doubly periodic continuous function f 
on À? that equals 1 on Q, and vanishes outside of Q,, lim N+ $ Trf(w) does 
not exist. But this implies that for the induced transformation on K? and 
the associated function on K?, the ergodic average doesn’t exist at all points. 


To obtain the point w we prove the following two statements. 


(a) Given an oriented parallelogram P there exists an N, such that 
for any N > N, there is an oriented parallelogram Pa C P with the property 
that for any o€ Pa the number of times To € Q: + Z? for OSn<N, is 
= fieN, ßı being a constant depending only on 4. 


(b) Given a noriented parallelogram P there exists an N, such that for 
any N > WN, there is an oriented parallelogram P, C P with the property 
that for any w€ P, the number of times T"w € Q, + Z? for On <N, is 
=. (82+ Bs loget) >N where 8, and B, depend only on À. 


The proof of (a) depends on the fact that the transformation Ton the 
torus is ergodic with respect to lebesgue measure (as a straightforward Fourier 
series argument shows). Hence for almost all w € #*, the frequency of entering 
Q- + Z? is the area of Q,, which is proportional to eê, the constant of propor- 
tionality depending only on A. Hence for some w in P, this will be true and 
the inequality in (a) holds for this point for every sufficiently large N. But 
if it is true for w and a fixed N, it is also true for some neighborhood Pa 
of w for that N. . 

For the proof of (b), let le + vo be a translate of la by a vector vo in Z? 
which intersects P. For some positive integer m,, the parallelogram TQ, 
vo will intersect P, thereby dividing P into 3 parallelograms, since 
T"Q, tends to l as m—>œ. Let P, denote PN(T-™Q,+ 4). Then 
Tr(P,)CQı+2°. Consider an oriented parallelogram with center at vo 
whose width is 4 the width of T-"Q, + v, and whose length is the length of 
T0, +v multiplied by 8y%e* where y is the sine of the angle between I, 
and la. ye is the area of Q., and thus the area of the resulting paralelogram 
is 4. It follows by the Minkowski theorem on convex bodies, that this 
parallelogram contains a lattice point vo. Then it can be seen that 7-"1Q), -+ 04 
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will intersect P,, dividing it into 8 parts, provided that | A |71". = 16y”. 
We may therefore take 
mı = Mo + [ (log | A |) te] + 1S my + By’ + Bs’ log e* 

where 8,’ and 8,’ depend only on A. We denote the intersection of 7-™Q, + vi 
and P, by P. Then 7'(P.)C Q,+ 2%, Tm(P,)C Qi+ 24%. In a similar 
manner we can find a lattice point vz in a parallelogram related to T™Q, + vı 
in the same way that the foregoing parallelogram of area 4 was related to 
T-moQ + vo. For this vg we will have 7-™Q,-++ 4, cutting Pa into 3 
portions, where ms & m, + B: + B;loge*. The intersection Ps will satisfy 
T™ (P3) C Qı + Z? for 1==0,1,2. Continuing in this way, we obtain parallel- 
ograms Pa with T™(P,)C Q+ Z? for +=0,1,---,n—1, and with the 
Integers mo, Mis ` `, Mn Separated by a distance not exceeding Bx + Bz log et. 
Now take Bo=2Bo’, Ba—RBs, and N —?m. The parallelogram Py, is 
then chosen as the P, for m,..< N= m,. For then, the number of times 
TFP, enter Qı + Z? exceeds n, and since Nm, < Mmo + n(.’ + B; log e+) 
<N/2 + n/28(B2: + Bs loge), we have 


n > (Ba + Balog e)N. 
Now suppose e to have- been chosen so small that 
Bre? < (Ba + Bs loge). 


Let P be an arbitrary oriented parallelogram in the plane and form the 
parallelograms Pa, Pay = (Por, Pabe = (Par) o, etc., for a sequence of Noo. 
Take w as any point in the intersection of all the Pas--ab. Since w belongs to 
infinitely many Pav- ab, 


lim sup NF of Tt, On < N, such that To € Qı + 27} 
= (B2 + Bs log =)>. 
On the other hand since w belongs to infinitely many Pop.--- pa, 
lim mnt NF of To, 0S n <N, with To € Q +22} S pie. 
This w has the desired properties and this proves the theorem. 
COROLLARY. If À satisfies ?—aA +10 where a is an integer’, und 


N-1 
|A| >1, then there exists a real number t such that lim N= S ert does 
n=0 


not exist. 
Proof. Let À -( =) A has eigenvalues A and A. Let e, and e, 


2 
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’ , | 
| ; : e 8 
be two associated eigenvectors in À? 68, — 6 a} 62 —( . . Now let 
1 2 


u = T6, +- ye, be any vector in R?. Tru=Arze, +A "yes. The ergodic 
averages of f(Tru) will exist for any continuous doubly periodic function f 


. if they exist for f(u) = e°7iku tiw where (4) Since À°7— 0 it follows 


N-1 
that the ergodic averages exist for all f if lim N~ F, e?r" kea’ tloa”) exists for 
n=0 


k,l, and « By the foregoing theorem this is not the case and hence with 
Í = kre’ + lze” for and appropriate choice of k, l, x, lim Net" will 
not exist. 

In fact, the conclusion of this corollary requires only the hypothesis 
that |X| > 1. This was pointed out to the author by Helson who has a very 
elegant proof of this result. 


4, Extensions of strictly ergodic processes. 


4,1. In $2 we studied processes that were defined inductively from 
lower dimensional processes in the following manner: To each point w, of a 
process (Qo, To, u) we associate the circle wọ X K, and Q is taken as the union 
of these circles. A tranformation T is defined on N by allowing T to permute 
the circles wọ X K among themselves in accordance with To, and each circle 
is rotated by an amount depending on w, In this section, we consider the 
more general situation where the transformation F on the individual circles 
is not necessarily a rotation, but any homeomorphism of the circle. 


Definition 4. A process (0, T,u) extends a process (Qo, To, xo) (and 
(Qo, Topo) is a subprocess of (Q,T,u)), if there is a continuous map ® 
taking Q onto Q, with &T = T, and with po==@() in the sense that for 
any borel set A in Qo mo(A) = p(@1(A)). 

We notice that any subprocess of (Q, T, p) determines a subalgebra of 
C(Q) by taking the set of functions f=-go#. This subalgebra is isomorphic 
to C(Q)) and To on C(Q,_) is induced by T on C'(Q). Conversely one may 
show that any closed subalgebra of C(Q), invariant under T, determines a 
subprocess. For example, the process (K", T, m") defined by (2) in §2 
is an extension of (K*, Ts) ms) for s<r defined by restricting (2) to the 
first s coordinates (£.,°: -,£,). The subprocess thus corresponds to the 
subalgebras of functions on KT depending only on (£:,:- ',&). This sub- | 
algebra is invariant under T because each Tg; is a function of f,,--° -,&. 


Definition 5. An extension (Q,T, p) of (Ro To, uo) is finite if there 
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is an integer h > 0 and a subset A of Q of measure 0, such that almost every 
point „€ Q, has at most A preimages in Q—A. 

If h==1, then (Q, T, x) is what has been called in [2] and L-extension 
of (Qo To, Ho). This means that the continuous functions on the extension Q 
may be identified with measurable functions on Ne. Conversely under these 
circumstances A can be taken as 1. 

The transformation T of K? given by Tl, = etg, Ti, == erion, 
leaves invariant a cycle on K?. Consequently T defines a finite extension of 
(K,Sa,m) where Sof == ertag, 

The following theorem can be regarded as a generalization of Theorem 1. 3. 


THEOREM 4.1. Let (Qo Topo) be a strictly ergodic process, let 
Q =Q, X K, and let T be any continuous transformaton of Q of the form 
T (wo, E) = (Towo g (wo, £)) where g: Q>K. Then either T is a strictly 
ergodic transformation of .Q or there exists an invariant measure u such that 
(0, Tu) is a finite extension of (Qo, To, uo). Moreover, in the latter case, 
every invariant measure p defines a finite extension. 


Remarks. If we define $: Q— 0, by Duo, £) =, then the condition 
on T is just that T should extend To, i. e., that PT == To. Since dla) will 
therefore be invariant under T, if a is invariant under T, and since py is the 
unique invariant measure for Te, it follows that under these conditions 
(Q, T,u) necessarily extends (Qo, To, Ho). We remark that Theorem 1.3 is 
obtained from this theorem by taking for (Qo, To, po) the trivial process for 
which N, consists of a single point. 


Proof. Let M be the compact space of probability measures on K. An 
element of M is. determined by a positive functional on C(K) taking the 
value 1 at 1. We shall need the following observation. If H is a dense 
subset of R(K), the set of real valued continuous functions on K, such that 
H is closed under additions, multiplication by rationals, and the lattice 
operations min(f,g), max(f,g), and f=1EH, then any functional on H 
which is linear over the rationals, which takes non-negative values for non- 
negative functions in H, and which takes the value 1 for the function 1 
determines a unique measure in M. The reason is that any such functional 
can be extended to a linear, positive functional on C(K), as one may easily 
show. The significance of this is due to the fact that H may be taken to be 
an enumerable subset of C(X), and thus an enumerable number of conditions 
are imposed on a functional in order that it correspond to a measure in M., 

Now consider the subsets of QO—Q, X K of the form AX K with A a 
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borel subset of Q. These form a subfield B, of the borel field of Q, and so 
we may speak of conditional expectations with respect to By. By the fore- 
going remarks it will follow that there exists an M-valued function on 
OQ», m(ws), such that these conditional expectations are obtained by 


(8) E(f1B) (os) — f F Coo €) du(us) (8) 


for any bounded borel measurable function f on O. To construct p(w) we 
apply (8) to functions f(wo,f) —g(£) where ge H. The left hand side’ is 
defined almost everywhere and this defines a functional on H a.e. The fact 
that the functional may be defined on all of H a.e., is a consequence of the 
countability of H. Moreover from (8) if follows that at almost all w, the 
functional obeys the enumerable set of conditions Imposed in the preceding 
paragraph. Thus p(w.) is defined and it may be seen to be a measurable 
function from Q, to M with the borel field on M induced by the weak topology 
on M (i.e. the topology for which M is compact: pn — u if pa (f) > u(f) for 
fEC(K)). It follows that (8) is valid for f depending only on £, and from 
this, (8) follows for f (wo €) of the form f,(wo)fs(¢). It is clear then that 
(8) hold a.e. for any bounded borel measurable function on Q. 
From (8) and E(E(f|B,))—=E(f) we obtain 


9) ef, Hon 6) dulo) (ante) =f fo) du(o). 


We note also that (9) in turn uniquely determines the measurable function 
(wo) up to sets of o measure 0, as can be seen by taking f(wo, £) == f1(wo)f2(€). 

Let {1,2} denote, as in Theorem 1.3, the open arc on K from £ı to &,, 
taken counterclockwise. Let us define an M-valued function w (oo) by 


w (wo) (fd bo} ) = a (Two) ({9 (wo; £1), g (wo, ba) }) 
where T (wo £) = (Tow, g (wo €)). We then have 


SIDE (0) (2) 1d) 
— f Tot S FCT (0 t) ) daoo) (0) Ya uo) 
fo K . 
SET Coo £) dulun) (£) Fao (oo) = S f(T74) du (a) 
SSL del) = fF Coo 8) dalon) (0) Jro (00). 


But then w (wo) == p(w) a.e. so that we have: 


(10) (wo) ({£:, &}) =m (Two) ({9 (wo, €1), 9 (wo, &2) }) 
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almost everywhere. This says that T carries the associated measure p(w) 
on w X K onto the associated measure (Towo) on Towo X K. We shall refer 
to the (w) as the relative measures. 

The condition that (Q,T,x) be a finite extension of (Qo, Too) may 
now ‚be restated as the condition that for some A, the relative measures, 
(oc), have their support, for almost all wo, on finite subsets of K having no 
more than h points. If, on the one hand, (Q,T,u) is a finite extension of 
(Qo To) Ho), then the measure w(w,) obtained by restricting p(o) to the 
points of K corresponding to (wo X K) N (Q—A), must agree a.e. with 
p(w) since u(A) 0. Hence p(w.) has its support a.e. on a set of Sh 
points. Conversely suppose that u(w,) has its support a.e. on = À points. 
Define A as the union of the points (w,,£) for which Z is not in the support 
of u(a). We claim that A is a measurable set in ©. To see this, take I, 
a compact set in Qe, with (Te) >1—e.e> 0, such that u(ws) is a con- 
tinuous function from re to Af. This is possible because of the measurability 
of (wo). On. Te the support of (wo) is a continuous function (with range, 
the set of unordered A-tuples of points of K). Hence ANT. X K is an open 
set and therefore measurable. But A—-ANT.XK has measure Se 50 
that A is measurable. This type of argument may be used to verify a number 
of measurability assertions that we shall make. Now A must also have measure 
0, by applying (9) to the indicator function of A. But (u X K) A (G—A) 
has = A points for every wọ and so P(w) N (Q—A) has =A points so that 
(2,T,u) is a finite extension of (Qo, Tu). It should be pointed out that 
the set of points (wo, £) with £ in the support of u(w,) may be much smaller 
than the support of p. Thus if each pws) is concentrated at one point 
= ġ (w), the support of u will be the closure of { (wo, b(ws)}} which may 
be all of Q. 

Now suppose that » is an ergodic invariant measure for 7, that does not 
define a finite extension of (Qo, To, po); then a.e., u(w,) has infinite support. 
We claim that in this case, a(w,) is, a.e., a non-atomic measure, i.e. it has 
no discrete component. Otherwise define As(wo) = { (wo, £): u(wo) ({£}) > 8} 
for ô > 0, and let As== |] As(wo). Again one can show that As is measurable 


am € Qo 
by considering As3M (TX K) where T is compact and p(w.) is continuous 


when restricted to T. Now (10) shows that A; is invariant under T; hence 
A; has either measure 0 or 1. This in turn implies that almost all As(wo) 
have measure 0 or 1. The latter would imply that (wo) has its support on 
<= $"* points of K contrary to our assumption. Hence As(w,) has measure 0 
with probability 1, which implies that As(o,) is a.e. empty. Letting §—>0 
shows that u(w,) is a.e. non-atomic. | 
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Under the assumption that an ergodic, invariant » exists that does not 
define a finite extension, one can show that no other invariant measure y on 
(Q,7) can define a finite extension. For suppose that y is an ergodic 
measure with +(w,) having its support on <A points for almost all ox. 
The unordered h-tuple {£:(wo),- © +, (wo) } on which v(w) has its support 
is a measurable function of wọ Note that h is independent of wo, since the 
set of w, having h points in the support of u(w,) is invariant under Te by 
(10). Now consider for each wo, the set of points 

A (oo) = {£€K: p(w) ({:(o), €}) Se for some t==1,- - -, A}, 
and take A= |) (wo X A(w)). Again A is a measurable subset of Q, and 
by (10), A is invariant under T. But by (9), eSu(A) She contrary to the 
assumption that a is ergodic, if O0<«< A“. This shows that if an ergodic 
infinite extension exists, every extension is infinite. 

Now suppose that » and »’ are two invariant measures on (Q,T), with 
p(w) and (wo) non-atomic a.e. Let A—=$(u+ w) so that A(o,) is again 
non-atomie a.e. Fix a point {€K and consider the map % from 
B= Q X E > Y =O) X K’ (K is the unit circle in the complex plane) 
given by 
(11) E (wo, E) = (wo, ETAGE), 


As in the proof of Theorem 1.3, we have that if £:,£2, ¿s € K, 
A(wo)( (£1; a7) + Aoo) (LEa a }) = Alw) (Enu 65}) (mod 1). 


Hence we have 


PCT (co, £)) — (Towo, MT ogle) 
= (Towo, ET Tome) ogl) gar iN Towo) (lalwa For) ) 


— (Two, g (wo) END) 


where g(wo) == et" Tw) (ogl), the last equality being a consequence of 
(10). Hence, taking S (we, £) = (Towo g(wo)f), we have 
| (12) UT (oo, t) == OY (wo, ¢). 


Here it can be shown that the mappings Y and 8 are measurable. In fact, 
on a compact set T relative to which A(wo) and A(T.) are continuous, the 
functions À (wo) ({fo, £}) and A(T owe) ( {Lo 9 (wo; fo) }), entering in the defini- 
tion of Y and 8, are actually continuous. This is so because A(w,) is non- 
atomic. 

It is clear from (9) and (11)-that Y takes the measure À on Q into the 
product measure po X m on Q, in the sense that po X m(A) == A(W1(A)), or, 
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equivalently, that A(foY) =p Xm(f). We write Y(A) =p Xm. Let p 
and py’ denote respectively Y(u) and W(p’), i.e. the images of p and w 
under the map Y. We have then „X m == $ (uy + py’). But Tu {= p implies 
(Tu) = ¥(p) so that by (12), S(W(p)) =¥ (p), or Spy =. Similarly 
Susy’ =p. Thus S is not an ergodic transformation for „X m unless 
by = Hg 

Assuming py =p,’ it follows that S is not ergodic. The Fourier series 
argument of Lemma 2.1 applies as well here (for g(w.) measurable rather 
than continuous), and we deduce that for some k s£ 0, 


g* (wo) = B (Toa) / (wo). 
For every interval A C K’, we may define 
A’(A) = { (wo, £) ED: Bmw) FE A}. 


It is readily verified that uo X m(A’(A)) = m(A). Now A’(A) is invariant 
under S, since’ if R(wo) ZF € A then R(T wo) "go (wo) & € A which is just the 
condition for S{wo,f) € A’(A). Since m(A) is arbitrary, it follows that 8 
has invariant sets of all measures between 0 and 1. From (12) it follows 
that if A’(A) is invariant under 9, then A(A) == %"(A’(A)) is invariant 
under T. Since % takes À into uo X m it follows that there are invariant sets 
on Q of arbitrary A-measure. But we assumed that » and w were ergodic 
measures and A= 4(u-+ yp’). If a measurable set is invariant under T, it 
must have „-measure 0 or 1 and w-measure 0 or 1. Hence it must have 
A-measure 0, 4, or 1. Thus we are led to a contradiction which means that 
Ha = Pog 

From this we shall deduce that u == x. For this it suffices to show that 
p(w) = w (w) a.e. But clearly the relative measures of p and p are 
mapped into the relative measures of py, and py’ by Y. Since py == p,’, we 
have py (wo) == py (wo) a.e. To complete the proof it suffices to show that 
the relative measure x (wo) is determined a. e. by its image u,(w,) and similarly 
for w. Here we are considering the relative measure p(w) on wo X K, and 
by its image we mean the image under von wo) X K’. Now p(w.) and 
u (wo) are both absolutely continuous with respect to A(wo) which is carried. 
onto lebesgue measure on wọ X K’. If an interval and a subinterval of w X K 
both map onto the some interval af wo X K’ under Y, the A(w.)-measure of 
the difference must be 0, by (11), and a foriori the u (wo)- and w (w,)-measures 
will be 0. It follows that the a(w,)-measure of any interval of wo X K is the 
same as that of the preimage of the image of the interval under Y, and hence 
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the same as the py (w.)-measure of its image under ¥. Consequently p(w) 
is determined by py(wo) and similarly for (wc). Therefore u == pw. 

This completes the proof of the theorem. For we have shown that if 
there exists some infinite ergodic extension (Q, T,n) of (Qo, To Mo) then no 
ergodic extensions can be finite. In addition we have just shown that any 
other ergodic extension must be identical with the first. Thus unless T is 
strictly ergodic, all ergodic extensions must be finite. 

The simplest example of this theorem for dimension > 1 is for Q == K? 
and Te“, Tfs—=9(f:,f2). Our theorem asserts that there are two 
alternatives. Either T is strictly ergodic or all invariant measures on K? 
define finite extensions of (K, Sa, m), where Sof == e**'*. The latter alterna- 
tive implies in particular that for- some i > 0 there exists a measurable 
function A(¢,) with its range in the Space of unordered h-tuples of points on 
K, and with Ale) = g(¢, A(¢)) = {9 (6,07): Ee A(L)}. In particular 
for k == 1, this would mean the existence of a solution to R(e**#*¢) = g(£, R(£)). 
The set A(£) is here simply the support of the relative measure u(£) defined 
by the extension. Needless to say, in practice it is difficult to ascertain which 
of the two alternatives actually occurs. Theorem 2.1 gives the only cases for 
which we have resolved this question.* | 


5. A fixed point theorem and existence of an almost periodic sub- 
process. Ä 


5.1. We restrict our attention once again to the two-dimensional torus 
_ K*. In the last section we saw that if the transformation T on K? has a certain 
form then some assertions could be made regarding the strict ergodicity of T. 
We now inquire when a general transformation T of K? can, by an appropriate 
choice of coordinates, be put into the specified form. We are not able to 
fully answer this question ; however we can give conditions on T under which : 
it will almost have the required form. To be precise, the condition on T in 
the last section was that it define an extension of a 1-dimensional process 
(K, Sa, m), and that one of the two coordinate functions on K? can be taken . 
for the coordinate function on K. What we shall obtain are sufficient con- 
ditions for the existence of a subprocess (K, Sa, m) for (K?,T, u), but the 
coordinate function for K may not be a possible coordinate function for K?. 
The reason is that a function from K? to K will be a coordinate function for 


1 Added in proof: There is a corollary to the proof of this theorem which is worth 
noting. In case Tf = ett, Th = g(fu t) does not define a finite extension of 
(K, Sa, m), then eq. (12) establishes a measure theoretic isomorphism between the pro- 
cess in question and the “ standard ” process of eq. (2) (r=2) in §2.1. 
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K? only if its level sets are homeomorphie to a circle, and this need not happen 
for the mapping function from K? to K in our case. 

If a process (K*,T, u) extend some (K,Sa,m) then by Definition 4, the 
associated map ¢: K?— K satisfies ¢T — Sad. Looking at ¢ as a function 
in C(K?*), #T is the function we have denoted Te. Moreover, Sab == 6271, 
so that (K%,T;u) extends (K,Sa;m) only if there exists a solution to 
To = eg, i.e. a non-constant eigenfunction of T, in C(K*). Conversely 
if there exists such an eigenfunction ¢, then the algebra of functions-of ¢ 
is invariant under T and so determines a subprocess which will be isomorphic 
to (K, Sam). The main result of this section is the following: 


THEOREM 5.1. If T isa homeomorphism of K? leaving no proper closed 
subset of K? invariant and if T is not homotopic to the identity transformation 
then there exists a continuous eigenfunction p: To= etap where a is 
irrational. | 

For the proof of this we shall require two preliminary results, the first of 
which is a fixed point theorem which is of some independent interest. 


Lemma 5.1. Let S: K?->K* be a homeomorphism of the form 
SE, here, SL, — Latta THG) where G and H are continuous real 
valued functions on K?. Then tf d340 and sup | G(w’) —G(o”’)| = 7, 
t,” eK? 
then the transformation S must have a fixed point. 


Remark. The form of $ as given here is the most general one for which 
S is homotopic to the linear map Sf, == £1, Sls = tta. We know from § 3 that 
up to a change of coordinates, this is the most general form which $ can 
have if it is not to have a fixed point by virtue of the Lefshetz fixed point 
theorem. The present lemma gives conditions under which a fixed point must 
exist even if the homotopy class of $ does not require the existence of a fixed 
point. 

Proof. Let pı denote the cycle {Aa—1} and pa the cycle {£:—1}. By 
a cycle we shall always mean a continuous 1-1 image of K. To prove that 
there is a fixed point we shall show that for every e > 0 there are points o € K? 
with | Séi (o) —£:(o)| <e and | 8€:(w) —£(w)| <€ simultaneously. By 
compactness there will have to be a fixed point. 

Let To {o : | Salo) — £a (w) | < e} mm {w: | Eteri A Sate) — 1 | < €}. On 
k*.—T, the function {det"tAGvia) does not take on the value 1. Hence it is 
an inessential map and the function £,4 which is homotopic to it is also inessen- 
tial. Since d540 it follows that £, is also inessential on K?—T. Conse- 
quently on any cycle in T close to the boundary of T, & is inessential. There 
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are now two cases to consider. Suppose first that there is some homologically . 
non-trival (relative to K?) cycle in T arbitrarily close to the boundary of T. 
Since ¢, is inessential on this cycle, the cycle must be homologous to a 
multiple of pz. But a cycle homologous to Ip, with |? | > 1, contains a cycle 
homologous to pz, so that there is in T a cycle homologous to ps. If, on the 
other hand, all cycles in T sufficiently close to the boundary of T are homol- 
ogous to 0 in K?, it is easily seen that T contains a cycle in every homology 
class and in particular one homologous to pz. . Thus, in either case, T contains 
a cycle y homologous to pz. 

To show that there is a point » in K? with |S (o) —Lı(o)|<e, 
| S£2(w) —2(w)| <e, it suffices to show that | e?*#?@)—1] becomes <e 
on y. For this it suffices to show that for arbitrarily small 3 > 0, G(w) 
oscillates on y by an amount > 1—8. Now suppose that on y, @ (w) oscillates 
by <1—8 for some 8 > 0. Let [a,b] be the range of G(») on K?, so that 
b—a= 7, and let [a’,b’] C [a,b] be the range of G(w) on y, so that 
b’—a’=1i—8. One of the intervals (a,a’) or (b’,b) has length = 3+ 8/2. 
Assume it is the first, the argument being entirely analogous if it is the 
second, so that a —a = 3 -+ 8/2. Let A be the set of points on K? for which . 
G(w) lies in (a,a'). We shall show that A contains a cycle homologous to p,- 
Since any cycle homologous to p, intersects any cycle homologous to pz it will 
follow that y must intersect A contrary to the supposition that on y, G(w) 
omits the values in (a,a’). This contradiction implies that G (w) does oscillate 
by >1—8 on y and the desired point o exists. | | 

We now lift the map S to a map S* of the plane. If we assume that 
the point (0,0) in A? corresponds to (1,1) in K?, then S will have the form 


(13) 6,* = 5*0 ma 6, -i G(6:, B;) 
‘ : Of == 9*0; == dh, + 03 + H (61, ba). 


Let 3% denote the strip in A? given by O= 0,1. A lifts to a set A* in the 
plane on which @(6,,6.) takes values in (a,a,). Hence A* MX contains at 
least those points for which a +1= 6, + G(6,,6,) <a, i.e the points for 
which a+1=6,* <a. To show that A contains a cycle homologous to pı, 
we will prove that for some 6, there is a curve joining (0,62) to (1,62) in 3% 
for which a+1<6,* <a,. Such a curve maps onto a cycle homologous to 
pı and lying in A. | 
The function 8,* is well defined on R? and hence if a point (8., 6.) belongs 
to the curve {8.*— C}, then the point (8, + 1,6,) cannot also belong to this 
curve since #,*(6,+1,0,)—=C-+1 by (13). A less evident fact is that 
(9, +1,9,) cannot belong to {0,* =C} if (6:,02:) does, for any t= 1. To 
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see this we note that if (6,, 02) and (0, -+ t, 9:2) belong to {8, =C} for += 1, 
then since {6,* =O} is connected (since S* is a homeomorphism) it follows 
that for some (6,’, 02’) € {8,* = O}, we will also have (0,’ + 1, 8x) € {0,* =C}. 
From this we conclude that on a line segment: 0, = 6,’, 6,’ 6, S 6,’ + 1, the 
function 6,* cannot takes values = 6,*(61',0.°) +2 or S 6:*(6:, 62’) — 1. 
For if at a point (6,, 2’) in this segment 6,*(6,, 02’) = 0.*(01’, 6’) +2 then 
6,7 (6, —1, 07) = 0,* (0 +1,63). But every value of 9,* exceeding 
6,*(0,’ +1, 62’) occurs at some (0,”, 62’), 0.” > 6,’ +1 and 6,” —(6,—1) 21 
since 6, 6/+16,". A similar argument gives the other inequality. 

Now in 3, @(6,, 6.) attains its maximum and its minimum, so that 6,* 
must attain a maximum = b anda minimum <a<+lin X. Also if S* isa 
homeomorphism, 6,* cannot attain its maximum in 3 at an interior point of 2. 
This implies that on the line 6,— 0, 6,* attains a minimum Sa-+1 and 
a maximum =b—-1. In particular, 0,* will vary between a+1 and 
a+2+8/2<b-—-1 on 6,=—0. There will therefore be an interval 
6,4 <= 6,6, on A=0 on which 9,” varies from a+1-+8/4 to 
a -+2 -+ 8/4 as 6, goes from 8,0) to 6.) and such that neither extreme value 
of #,* occurs in the interior of this interval. 

Let A* be the relatively open set in % defined by the condition that 
a+1<8,$<a+3+é/2 A* CA*NS since a+38+ 6/2 <a... The inter- 
val on 6,==0 from (0,4%) to (0, 62) lies in A*; let Ao” be the connected 
component of A* containing this interval. We claim that the point (1, 6,), 
which belongs to A* because 


6,* (1, 029) = 1 + 6,%(0,0) == a + 3 + 5/4 < a + 3 + 8/2, 


actually belongs to Ao”. Suppose that this were not the case. Then one of 
the bounding lines 8,*== 0 + 1 or 4,*—a+38+5/2 must separate (1, 0.) 
from (0, 6.) and (0,6.). But on the segment from (0,6) to (1, 6.), 
6,* cannot take a value less thana+1 + 8/4, since 6,*(0, 6.) =a + 2 + 8/4. 
Hence the line 8,*—@<+1 cannot separate the two points. On the other 
hand, the same reasoning shows that 6,* cannot exceed a-+-3-} 8/4 on the 
line segment joining (0, 0.) to (1,0.). Hence the line 0,* = a + 3 + 8/2 
separating (1, 6.) from A,* cannot pass below the level 8, == 8,0). In order 
to separate (0,9,®) from (1,4,) it must however pass below the level 
6,==6,%. Hence on one of the lines 6,—0, 1, it lies between the levels 
6, == 6, and 6,), This means that in the interval 0, < 6, < 6. on 6, == 0, 
6,* takes on either the value a + 3 -+ 8/2 or a+2+ 8/2. Both of these are 
impossible since in the interior of the interval in question 6,* < a+ 2 + 8/4. 
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This shows that (1, 0) € A,*, so that there exists a curve 8 joining (0, 6°) 
to (1,62) lying wholly in A* C A*. It follows that 8 maps onto a cycle 
in K? ur to pı and lying in A. This completes the proof of the 
lemma. 


Lemma 5.2. Let T be a transformation of a compact metric space Q 
leaving no proper closed subset of Q invariant: If fe C(Q), then a necessary 
and ie condition for f == Tg—g with g€ C(Q), is that the functions 
cf+ TL... + Tf are uniformly bounded. | 

This lemma appears in [3], p. 135 and, in slightly disguised form, in 
[2], p. 164. 


5.2. Proof of Theorem 5.1. From the fact that 7 has no fixed point 
we may infer that T has the form of S in Lemma 5.1, for some choice of 
coordinates (£:,£:). In these coordinates 


Trt, an £624 (G(T* tw) +--+ G(e)) 
Tt gem garal etri Elw) 


for some continuous real valued function Ha, as may be seen by induction. 
Thus T” also has the form of S, just with different values of d. Since no 
power of T has a fixed point if T leaves no proper closed subset of K? invariant, 
Lemma 5.1 implies that for every n, the function (G (Ttw): -+ G(o)) 
oscillates by < 7 on K?. Now for some o, limn?(G(7*"w) +: +--+ G(w)) 
= « exists by the ergodic theorem applied to some stationary measure on K?. 
It follows that this limit exists and equals a for all » in K?, and therefore for 
any invariant probability measure a, u(@) =a. Now take @ (w) = Go) — a; 
then »(@’(T* 0) ++ @(o))=0. It follows that in K*, (Trio) 
+--+ (x) cannot be everywhere strictly positive or strictly. negative. 
Since this expression oscillates by < 7 it follows that 


| (Tete) +: - 44 (w)| <7 


for all n. We may now apply Lemma 5.2 since T leaves no proper closed 
subset of K? invariant. We conclude that there exists a continuous function 
Q(w) on K? with Go) = Q(Tw) — Q(w), whence G(o) = Q(Tw) — Q(w) + «. 
Hence Tl, == Lea Tel and T (gearig) a errta (fr grig) so that 
p(w) == Lett ig the eigenfunction sought. Here « must be irrational 
since if a == 1/k, then the set of w for which ¢(w) = e?rtr/k »—0,1,-- -,k—1, 
would be a proper closed subset of K?. (Since ¢(w) is homotopic to ¢,, it is 
an essential map and therefore ¢(w) takes on all values on the unit circle.) 
This concludes the proof of the theorem. 
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ON THE SUMMABILITY, BY SPHERICAL RIESZ MEANS, 
OF DERIVED MULTIPLE FOURIER SERIES.* 


By A. J. WHITE. 


1. Introduction. We suppose, throughout this paper that f(x) 
=f(21,:**,@,) is integrable in the Lebesgue sense in 0S aS 2 (1— 1, 
+ + +, k) and is periodic, with period 27 in each variable. The Fourier series 
of f(x) may be written 

Fe) > RD ce 
NER 
where 
ar 


amon amt | f Aeee mendes: ++ day 
By > 2 


We write 1 


Anlz) = > lg, ppb ert nroa), 
nent ... +7 


with the convention that A„(z) =0 if n cannot be expressed as the sum of k 
squares of integers. We form B,(x) from the series u 


ow 
>» ©. > Day nye ert Annan) | 
Ry NER 


where the ba- n, are arbitrary complex numbers, in a similar way. 


The spherical mean, f(t) of the function f(x) at the point 
xl = (T°, - +, 2x?) is defined by 





falt) = Fete [Pee + Hho a+ the)dog (FBR) 


where ø is the sphere é° +: > + + é mm 1 and dog its (k —1)-dimensional 
volume element. If k = 1 then 
fa (t) me EF (2° + t) + f(z? —t)}. 
Riesz means SRô(f,x), of order 8 and type n, of the series $ A,(2) 
#=0 
are defined by 
* Received March 30, 1961. 


1 The theory of spherical summability of multiple Fourier series was initiated by 
Bochner [2]. An introduction and an account of the main results is given in [7]. 
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Sr (f, 2) — Se(f, T) — 2 An(z) 


R 

Sr? (f, 2) = 28/R? f (1— u2/R*)*1u8, (f, u) du (3 > 0) 
0 
== > (1—n/R*)9A, (2). (8 > 0) 
„aR 
The Laplacian A,?, defined by 
‘iil j 
Ae = Feat T 

A,'t! RI As! (Az) (r ms l, 2, a ) 


applied to the terms of the series > An(z) yields 
n=0 


(1.1) (I È n4, (2). 
Observing that 
AstSin¥(f, 2) — (1° 3, (1 — n/B) "nA, (a), 


we may state known results concerning the summability, by Riesz means, of 
the series (1.1), in the following form. 
THEOREM A.’ If there exists a polynomial P(t), in t°, of degree 2(q — 1) 


(= 0) such that 
star (4h) 
gq il (g + 36)’ 


Asp (f, ©) -> § 


fe(t) —P(t) ~ 
as t— -+ 0, then 


as R->o, whenever § > 2q + 3(k —1). 
THEorEM B.2 Suppose that the trigonometric series I, B,(x) is sum- 
0 


mable* (n,8) to s, for a non-negative integer-d, and that, for some e > 0, 
B,(0) = o(n*). Then if q (>8+1) is a positive integer, and tf 


92) = a + (1 È nB, (2), 


* Theorems A and B are given by Shapiro (191 Theorems 2, 3 and 5). We have 
altered his notation slightly. 
* Shapiro has obtained a sharper version of this Theorem (see [10] Theorem 2). 
“ie, an —n/R*)5B,(@)> 8 as R>®, | 
R 
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there exists a polynomial P(t), in t; of degree 2(q—1) such that 


sO. ($k) 


TCE) 


ast—>-+0. 


In section 3 of this paper we obtain, in Theorem 2, a generalization of 
Theorem A. We also obtain (Theorem 1) a converse result, which is a 
version of Theorem B applying specifically to multiple Fourier series. 

We also extend results recently obtained in [13] and show that the 
summability, by spherical Riesz means, of a derived multiple Fourier series 
depends on the behaviour of a certain one-dimensional Fourier series. Known 
results then enable us (at least when k is odd) to give a complete solution 
to the spherical summability problem for derived multiple Fourier series. 


2. Preliminaries. In this section we summarise known results, obtain 
some lemmas, and give definitions and notation which, together with that 
already given in section 1, will be required later. 


Bessel Functions. [11]. The Bessel function /,(¢), of the first kind 
and order p (=z 0); is defined by 


oo ay 
Int) = (1/2)"3 RE 
We write, throughout this paper, | 
Ve) = #87, (t) (> 0) 
V,(0) =i. 
It is known that 


Alu) 0St<1 
(2.1) LOU t> 1, 


and that 
(2.2) Fa (t) =— tV par (t). 
Fractional Integrals. For t> 0, (221, ufip(u) € L(0,t) we write 


1 f 2 2\ pele fl 
Pp e(t) ro. (E — u?) rutig (u) du Eu 


IIT 
70 Fe et Peel 


Po, (t) = Pos (t) == o (t), 
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and a similar notation is used when we replace (wv) by g(u) ete., with the 
convention that if (u) =f,(u) and ¢=k we write fop(u) for p (u). 


If, for g = 0, 


B (p, gq + $2) stinr2gti-3 


Pp (4) da PT (p) 


as t—> + 0 we write? 


p(t) ~ sta (O; p) 
as {—> +0, 


It is known that’ if p21 
(2.3) | fe(t)| = 0 (1) (Cr p) 


as to. 


Summability by Riesz means. If ê= 0, and if 
> (1—n/R?) an> 8 
nak 
as R— œ, then Ya, is said to be summable (n,8) to s. 
Bochner’s Integral. Bochner? has shown that if 8 > $3(k—1) then 


le R f F(t) iVa (tR) dt. 


Since, by (2.3), | fo(t)| = O(1) (Cr 1) as to it follows, using (2.1) 
that 





| f (DE Pan (tR) dt |< ARO f fot) at 


RE 
== ARTS pom f Au a 
—0(B**), nr 


where œ = 0, provided that $> aœ+4k— + Hence, in the case k =e 1, 


ear (8-1). (* 
PACED g Í t (4) Vaa (tR) dt +0 (R8), 


«where 6 = 0, provided that 8 > £. 


(2.4) Sa (fz) = 


5If plu) € L this is equivalent to ¢(t)-~ at**(0,p) see [T]. 
6 Bochner [2], page 185, (2.3) means 


I (— ut) uk | falu) | du =O (1r) (1-00). 


7 Bochner [2] page 176, Formula 10. 


3 
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' We require also the following lemmas. 
Lemma 1. If r is zero or a positive integer, and if F nran ts summable 
(n,8-+r) (820) then Ya, is summable (n,8). | 
This follows from the corresponding result, given by Bosanquet,® for 
summability (C), and the equivalence of the Riesz and Cesaro processes. 
Lemma 2.° If h ts zero or a positive integer, and tf 


œ u?” 
St E T en Cg 
then 
ee _ ‚Ar (0<r< t>) 
EDGE repense RE), 
where A is independent of x and t. 
Firstly for finite z and t 


1 d 


(Rv—2g): : (v 2g — ah + 2) | 
z dz BE 


( R y Ty + pu + 1) 
where the differentiation under the summation sign is justified by the uniform 


1 d,, 
Z a? M2) 


is regular in the whole plane so that there exists a constant K, independent 
of z, such that 


(2. 5) I 
Next, for u > 0, 


a (z) 2, (—) » Lo Dee 





convergence of the resulting series. Hence, for k= 0,1,: +, ( 


1 d 
Zz dz 





ya(s)| < K (la| <1). 


A(u) = auy, (u) — P (u) 
where | 
y rq 


Now by (2.1) and (2.2), for u È= 1, k==0,1,:-:, 


P(u) = 3 (—) 


1d 
u du 





)’uıV, (u) | = Aura ri, 


(2.6) |( 


where A is independent of u. Further, for u = 1, 


8 Bosanquet [4] page 277, Lemma 3. 
* Cf. also Shapiro [9], [10]. 
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Te f )*P (u) | Sc nn. (2v — 2q — 2h + 2) 
wipes ae y Ry— Rd): * er — kg 2p-2q-2 
ee |> eo 2, IT(y + u + 1) Ben 
(2.7) hell) 
<A (h=0,1, > +). 


Combining (2.6) and (2.7) we obtain, for u= 1 and h—0,1,: ::, 


1 d 
u du 





ya (a) | S Au Peed L'Age, 


(2. 8) I 
The required inequalities follow from (2.5) and (2.8). 


Lemma 8. If p>4(k-+1) then for t>0 and all x, 


{ 


fas (t) = PAD (p + $2) ZAn(e) Vono (EVA) 


There exists a sequence {f'(z)} (r—1,2,: - :) of exponential poly- 
nomials such that 


ir 
(2.9) mi. S [fe P(e) der + a 
Tf ai a," #x-0 
\ Nalr) | 
(2.10) f(x) = D Dy ny etet tnrex) 
._ #0 


then it follows from (2.9) that 


(2.11) — | lim Bang) == Union 


T © 


uniformly in (n.,--:,n) and that, for each fixed positive ¢ and all x 
(2. 12) lim fap” (+) = fap (t). 
‘ ar 
I£ XN,(r) does not tend to infinity with r it follows that f(x) differs 


from an exponential polynomial only in a set of (k-dimensional) measure zero. 
In fact in this case the Fourier series of f(x) is finite and we may write 


No No | 
(2.13) a) = DS Ait) = Dd ay, oppl At teow) 
R=0 n=0 


p.p. in 0S rE 2r (i—1,::-,k). The result stated then follows on taking 
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the spherical mean of order p of both sides of (2.13), since‘? the spherical 
mean of order p of etat mm) is, at the point z, 


ZPÄRDT(p + $k) Vous (EV n) etast tma), 


Now suppose that N, (r)>w asr—w. Taking the spherical mean of 
order p of both sides of (2.9) we have 


Mir) 
fap (t) == 2 Dango eV eg) (EVA), 
a= 


where ¢ == 224-2)N(9 + $k). Consequently, writing 


N 
Tym CD Gaye neha OV pe (EV), 
n=0 
we have, for fixed r and N > N,(r) 


Nir) 
Ty — frp(t) =c à (ng +++ — bmn O) etait Ya) (EV) 


N 
(2.14) te È amon Mat me (us (EV) 
n=N,(r)+1 
+ fap" (t) — fan (t). 
Since Amny O(1) as (N, ,n.)> (œ, '',0) and since the 


number of points (n'n) for which n?+ -+n =n is O(n) 
where {(> 0) is arbitrary, it follows from (2.1) that È am- nn Vos ces (EV 10) 


is absolutely convergent for fixed t(>0) provided that p>$(k+1) + 22. 
Hence, from (2.1), (2.11), (2.12) and (2.14), for fixed ¿(> 0) and all z, 


— Nifr) 
lin | Ty — fep (t) | It a | Omen — Omm O | | Voss ny (EV 10) 


He S | dans] | Vraa (¢V 2) | 
Ni(r)+t 


+ | foe” (t) —fen(t) | 
ox O È ies | Vous (EV 2) |} 


+ È. D ni] Pon on (tVn) |} 
+ 0(1) 
== 0(1) 


as r>o, provided that p > $(4 +1) + RL. 


10 See, for example, [6] page 084, Formula 10. 
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Hence 
jim Py = fon (t), 


for fixed positive t and all z provided that p > 4(k +1) +86. ‘Since £(>0) 
is arbitrary the result stated follows immediately. 

It is perhaps worth remarking that Lemma 3 may be put into a different 
form. We have, for p>4(k+1) andt>0, 


fast!) — clim ¥ Aa (2) Ymon (EV) 


= clim { X 8va(f,2)A(Voueen (#Vn)] 
+ 8vu(f,2) Vnan ÉVN)) 
where Sr(f, £) = 8R (f, £) = 2,42). 


Hence, since Sz(f,x) =O(R*!) (where £(>0) is arbitrary) it follows, 
using (2.1) that for fixed ¢(> 0) 


VN 
fap (t) = clim {# |) R82(h2) Vasen (tE) AR 
; o (Naat) 
ic D } 


oc f "RSR(f, £) Vpr (tR) aR, 
0 


provided that p > TUE 1). In this form Lemma 3 has been obtained by 
Chandrasekharan * with the condition p > 4(& +1) replaced by p > 4(k + 8). 


3. We suppose, throughout the rest of this paper, that q is a positive 
integer and that 


2749 IT (q + $k) et avt?” 
Del ra, 9 aes 
g(t) <LI (fo) TG) ea} (>, 
where the a, (v=0,' - -,q—1) are independent of t, and 2° is some given 
point. 

We first obtain 


1 [6] page 996, Lemma 2, the case ð= 0. Another form of this lemma is given in 
[5] p. 218 (and is reproduced in [7] p. 135) but the proof of this version appears to be 
invalid. 
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Tirorsm 1. If (—-)¢Sintd,(2°) is summable (n,8-+2q) (8220) to s 
n=l 


then there exist constants a, such that 
(3.1) g(t) — ste (Cr p), 
as t->-+-0, whenever p > max[8— 4(k—3),3(k +-1)]. 

Moreover, for v= 0,1, < +, q— 1, | 
(3.2) a, = (—)"lim © (1 —1n/R2) ern A, (2°). 

Re n=<Ri 

We may suppose, without loss of generality, that s—0. For if, in 
particular, f(z) == (—)Wsetet +) and 2° = (0,: -'+,0) then’? the derived 
series (1.1) consists of the single term setat +e) which converges to s at 
Tes, Moreover, if a,== (—)”’*ls then the a, satisfy (3.2). Since the 


spherical mean at 2? of (—)%set@rt m ig (— 1ER MT (dh) Vite) (t) 
it follows that, in this case, 


g(t) RIECHT) EE) 


al tr | 
=a ç$? — aq a ar 

ee (RMD ak) a sain Lan 

om SE, 
as t—>—+ 0. Hence, if f(x) is replaced by f(x) — (—) seta term), g jg 
replaced by zero. 

Writing 
T (0, u)= $, nA, (T°) 
tanut 


%“ 
T(m,u)= | yT(m—1,y)dy (m=—=1,2,- +) 


we note that since A„(2°) = O(n# 1+!) where ¿(> 0) is arbitrary 
(3.3) T (m, u) = O(urmisatie) (m=0,1 °°). 
Writing also, for simplicity, t = ô + 2q, u= p + $4 (k— 32), 
| y(t) — 247, (t) 
P(u+1)$(t) = fap (t) — Ao 
it follows from Lemma 8, (2.6) and (3.3) that, for fixed ft > 0, 


(3.4) 


18 For a similar argument see Bosanquet [4] Lemma 8. 
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p(t) — a mA, (0°)y(tVn) 
= 
== $% lim lim Š neda (2°) omy (iV n) 
gtd R->0 n=l 
BR VRay Lo 
— palim lim (— Í, uT (0, u) (> z) ey (ut) du 


(3.5) +7 (0, VR)ePy(tVR)} 


TE n a 1 d 
= alim lim {3 (—)""[T(m,u)( a )"e*vy (ut) ]e-vr 
y> Row m=0 u au 


. "AVR 
+ ful HL) er (ut) du) 
gs d | 
= (Pin Í, ul (h+ Lu) (2 $ yhtey (ut) du 


A+? © 
= rein SOF) ayy fur + we Jr (ut) dus 


We now choose 4 to be the greatest integer less than r. Then since? 
T(h-+1,u) = cu A18, (f, 2°) it follows by consistency that 7'(h +-1, a) 
— 0(u®*?) and hence, using (2.6), that for y1,2,---,h+2 and fixed 


a 1 d 
-uîy h+2-F 
f uT (h+ 1,u)e C A) y(ut) du 


== f eo (uR-a-20743) du 
=o(y?), 

as y> +0, if p>8-—}(k—3). Hence from (3.5), if 
p > max[d — $(k—3),3(k+1)], 


(3.6) N) (in fur (+ Lew, Lay (ut) du. 


We now write, as in Lemma 2, 
ur 


Mu) = LOT GE +0) 


g-1 ; 2437-27 
P(u) = 2 (—) 22 IT (v + u +1)? 


18 Throughout what follows Co, Ci, Cs’ > > denote constants not necessarily the same 
at each occurrence. 
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and 

1 d h+2 T +2p—-2g-2h—-4 

G i P(u) = 2 byt 
where 

= (2y—2q)+ - + (Qv—2q—2h—2) 
(8.7) br == (—) y(r pti) 

Substituting the relation =, 
y(u) =P (u) +A(u) 


in (8.6) we obtain 


b(t) Laster + Ma tim [uP (+ tuo À Ma (ut) du 
yet yor 1 ad u du 


(3.8) 

g-1 

oS 0,6?” + EI (t) 

»=0 

say, where for v=0,1,: -,q—1, 
o, = (—)*b, lim Í T (h 4-1, u) est 202-3 du 
0 1 

(3.9) 


=a (—) hb, f r (h +1, ujute- du 
1 


since (T(h+1,u) == O(u*™*)) this last integral is absolutely convergent. 
We first show that 

(3.10) I(t) =0(1), 

as t-> +0, 


If r is an integer, then t =h + 1 and so by Lemma 2, 


I(t) = (—) lim Í UT (r u) (2 2 \ m) (ut) du 
— (D S Uru Zaun du 


ci O (are f er du) + 0 (fur (ut) + (ut) -*7-*] du) 
== 0 (1) 


as t—> +0 provided that p > 8—4(k—3). 
If r is not an integer, we write 


T(h+1,u)— e f (u— v?)* eT (r, v) dv 
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where c is independent of u. We then substitute this expression into the 
integral defining I(t) and invert the order of integration. Estimating the 
inner integral by standard methods then leads to (3.10). 

Collecting results we have, from (3.8), 


g-i 
$) = Zot + O(P) 
i.e., using (3.4), that 


ayt?” 
fer,» (t) == (a+ 1) > 2 rc 
where 
dy == CR IT (y+ w+ 1) v=1,:'',9—1) 
Qo == Co + Ao/T(u +1). 
Now 
-2p-k+2 t 
gp, (t) 3.5 J, (te — u?) P 1uk19 (u) du 
so that 


T ($k) 
agir (q+ Hey +0 


REP PD (p + $k) i 2__ ipi k-1 TEN Too anm? o 
e O A O 2 airy FE 


= fæ (t) —T (e+ 1) RCE TD 
— 0 (t0) 


as ¢—>-1-0. 
We have thus shown that if (—)¢ I nt, (2°) is summable (n, 8+ 2q) 
to s then there exist constants a, such "that (3.1) is satified for 
p > max[8—4(k—8), #(k +-1)]. 
It remains to show that the a,, which are clearly unique, satisfy (3.2). 


It follows from Lemma 1 that (yet S nA, (29) is summable 
n=0 
(n, ô +2q— 1), i.e. that 


(—)¢lim 3 EN as (2°) = 


Ro ns 


14 We omit the details, which are rather tedious. We shall only use Theorem 1 in 
the case when r is an integer. The method outlined here is a combination of those in [5] 
page 215, Verblunsky [11], and [3]. 
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say. From what we have deads proved (with q a by g— > there 
exist constants a,’ such that : 


are? (g—1)IT(g—1+3k) 
T(#k) e(t) — PGR) 2 re 


m~ 2103 (Op) 


as ¿t-> -H 0. However we have just shown that 


atag IT (g + 4k) er 
ey helt) 14%) £ PEE 
{20-2220 IT (q + $k) 
— g(t) + agi 2-3 (qg — 1) T (q —1 + $k) 


Bed "(gq + $k) 
. TRUC) + tea gaa) P(g —1-- ER) 


mE) o 
E egal 


i ie Hence a, = ay (v==0,1,: : °,g—2) and agı =V 1e. | 


ga (=) lim 2 (1— n/P eend, (20). 


[29-2 
~ gat g 


Repetition of this argument shows that all the a, satisfy (3.2). 
We next obtain a theorem which is converse to Theorem 1. 


THRorEM 2. If constants a, exist such that 
(3.11) g(t) ~st (Cu p) (p= 0) 


as t—> +0 then (— Ent, (æ) is  sumimable (N, ö-+2g) to s season 
8>p+d(k—1). 
Moreover the constants a, are gwen by (3. 2). 


We observe first that we may suppose, without loss of ence that 
s=d,==0 (yv=0,1,-°°:,g—1). For in the case : 


\ à q Cr, \2r à 2, — qh)?” 
f(z) — P(z) ea 
¥=0 (27)! 
(tf SENSU Hm; imm l, O o, ke) 
where a = 8, it follows from a known theorem*® that (> Sind, (2°) is 
R= 


summable (n,8 +2») ($>3(k—1) to a at r= (y=0,: - :,q). 


‘5 [7] page 124, Theorem 4. 62. 
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Moreover in this case?® g(t) —=st?4 (O<t<r) so that if f(x) =P(x). 
then for any p= 0 (8.11) is satisfied, the conclusion of Theorem 2 is satisfied 
and the a, satisfy (3.2) so that by considering f(x) —P (x) in place of 


f(z) we may suppose s == 0 = dy (v= 0,: + -,q—1). 
We may thus suppose that 
(8.12) faep (t) = o (12) 
as t-> +0. 
Next! 
(3.13) AS (f, 2°) — RD cp 8 pt (F, 2°) 
v0 


where the cy v=0,: : *,q) are independent of R. Hence it is sufficient 
to show that 
Spe (f, 2°) = O(R*) v0, : :,q). 


From a known result 18 
(3.14) Sa (F, 2°) = ch | f p(t) MP apa (EE) dt 
0 


provided that ê> p+4(k— 1). Consequently, from (3.12) and (2.1), 
RS Faka bid (f, 2°) ms 0 (H?r+k+2q AE dt) | 
0 


© Miprkrtgfkragr2p-1 
+ o( ná (ER) ap 
=0(1) 
as R>o provided that $ > p + 4(k-—1). 
Finally it follows from Theorem 1 that, since (—)* Znt4,(x°) is sum- 
mable (n,8+ 2q) to s, the a, are given by (3.2). 


dt) 


4, Throughout this section we suppose that h(t) is an even periodic 
function with period 2r which coincides with t*-tg (t) in 0 < t< r and that 


h(t) ~ $b, + ibn cos nt. 
n=l 
The main result of this section may then be formulated as follows. 
16 Tt is easy to verify that in this case 


q ai 
falt) = TGS RG tae)” 
ir [9] page 227. 


18 [10] page 214, 
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THEOREM 3. If 8>4$(k—1) (k>1) and q is a positive integer then 


(—) E nt, (at) is summable (n,8+2g) to s if and only if there exist 
constants dy (v= Q,- + -, q— 1) such that (1)? g(t) ~ st*4(C,) as t— +0 ' 


and (ii) if k is odd Sn}, is summable (C,8-+2q¢+3k—4) to 
m1 
(—)#-)+0(2¢-+-k—1) Is or (Y tf k is even 


nia}, > (—) ita (2q + k— 1) 1283/7 (0,8 4-24 +4k+ 4) 


aS NO. 


The ay, when they exist are gwen by (3.2). 
We require two further lemmas. 


Lemma 4. If 8>4(k—1) then 


Rez Í ET (tR) dt = 0 (1) 


as E—>œ. The same ts true tf g(t) is replaced by te, 


Since, by (2.3), as to, 


OIE fo()| +7 Gh) Sa ele rs) 


= O (1) (Cx, 1) + 0 (4%) 
— O (#42) (Ch 1) 


it follows, using (2.1) that 


ss F | dt 
| J a(t) Venere (tR) at | SORE S T 9(t)| aeit 


—_ B-5-20-4 O (era) o OCT?) dt 
u amet ] +f HTC 


= 0(R-%+) 


as R>o, since 8 > $(k— 1). 


Finally, by (2.1) 


J POV 5, (iR) dé | < chet pen di 
— 0(R) 


if 5>4(k—1). 


1° Equivalently (—)* 3 n%d,(@°) is summable by Riesz means of some order to 8. 
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Lemma 5. In order that (—)1Snt4,(axt) be summable (n,5+ Ra) 
(8>4(k—1)) to s tt is necessary and sufficient that there exist a, such 
that (i) g(t) ~ st*@(C,) as t— +0 and (ii) 


ee +, g (E)E Vagnar (tE) di> SEAT (5 + q +1) 


as Rew., 


Necessity. Suppose that (—) Snt4,(x°) is summable (n, d + 2q) to s. 
It follows from Theorem 1 that constants a, exist such that g(t) ~ sé*@(C;) 
as2>-+40 If 


P(x) = Lo, Fame, (=) 


(2° Sa Su + riim l, ok) 


then, as in the working for Theorem 2, when f(r) =P(x) the a, satisfy 
(3.2) and (—) $ nA, (x°) is summable (n,8-+2¢) (è >4(k—1)) to s. 
Moreover, since g(t) —=st@ (0<t<-x) it follows that (i) is satisfied. 
Condition (ii) is satisfied since, using Lemma 4, 


Reta | g(t) Vaq (tR) dt 
9 
r 
= Re f CEV aag (UR) dt + 0(1) 
0 
= spaza f pans Vassque (ER) di + o(1) 
0 


= oR f Pa Poe (tR) dé + 0(1) 
LE 


sT (g + $k) 
Be (GF gpa) + 00 
Hence by subtracting P(z) from f(x) we may suppose that 3 == a, «= 0 
(v=0,:--,q—1), i.e. it is sufficient to prove that 


(4.1) Rt À Falt) Vasque (th) dt — 0(1) 
as Ro». i 
We observe that, by Bochner’s formula, (4.1) is equivalent to 
(4.2) RSR (f, 2°) = 0 (1) 
as R>, 


30 [11] page 994, Formula 10. 
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Since foo(t) = O(t) (Cr) as t— + 0 it follows, as in the working for 
Theorem 2 that, for some ro, 


(4.3) RS T4 (fx) = 0(1) | (Zr) 
as R>». Further, by (3.18), | 
(4. 4) AISR (F, 0°) = X c, RG pT" (F, 0). 

p=0 


Since, by hypothesis, the left hand side of (4.4) is O(1) as R-> when 
r= ò it follows by successive applications of (4.3), (4.4) and the consis- 
tency of Riesz means that (4.2) is satisfied. 


Sufficiency. We may suppose, as before that ,—s—0 (v—=0,1,° >, 
q— 1) and that (4.1), or equivalently (4.2), holds. The result then follows, 
by consistency from (4.4) with r replaced by 8. 


Proof of Theorem 3.7* Firstly, we may suppose that s=0. For in the 
case when 
CURE + (tem) 
(0° SoS a Hi, + -,k) 


we have, by arguments similar to those used in Theorem 2, that 
(—)* 3 ntA,(2°) is summable (n,8+2q) (8>4(k—1) to s, and if we 
put ap=0 (v=0,1,---+,g—1) that the a, satisfy (3.2). Moreover in 


this case, for 0 < £ < r, g(t) ==8t2, Hence, if k is odd, (—)24&-1) Snap, 
m1 


is the (2q + k—1)-th derived Fourier cosine series at t= 0 of st?4**-1 and 
is therefore summable (C,8+2¢+4k—4) to (2g+k—1)!s whenever 
8>4(k—1) ((14), p. 60). On the other hand if k is even a straightforward 
calculation of the Fourier cosine coefficients 6, of s| ¢?¢*1| shows that 
nith, > (—)¥0(2q + E—1) I28/n, (C,8-+2q+34+4) (8> 41). 
Thus when f(z)—= P(r), (—)@EneA,(2°) is summable-(n,8+2q) to s 
for any § > 4(k—1) and (i), (ii) or (ii)’ are satisfied. Hence if we con- 
sider f(a) —P (x) in place of f(z) we may suppose that s =Q. 

Necessity. The case k odd. We suppose that % is odd, 8>4(k—1) 
and (—)1 X n14, (z°) is summable (n,8 + 2q) to 0. It follows from Lemma 
5 that constants a, (v=0,1,---,g—1) (satisfying (3.2)) exist such that 
g(t) = O (t1) (C,) as t— +0, ie. that.(i) is satisfied, and that 


Rw f g(t) ®*Vazaqean (ER) dt = 0(1) 


2 The proof of this theorem is similar to that of Theorem 1 of [13], we give brief 
details for completeness. 
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as R->œ, and hence by Lemma 4 that 


(4.5) Rrest f "OPTa (tR) dé = 0(1) 


as k>o. 


Now by (2.4), with 8 == 2q + k— 1 and 8 replaced by ê+ 2q + $k — +, 
f by h we have 
REA GPA (h, 0) = RM [T7 (4) Varone (ER) dt + 0 (1) 
(4.6) 2 
1. o(1), 
by (4.5). 


But, since k is odd, 
gti(&-1) 
(1 — n? /RE eA (n3 / R3) IE-d) — N c,(1—n?/R®) d+2qeh(-1)+7, 
car | 
so that 
qra(k-1) 
(4. 7) D —n?/R*) 201) iQ 1h mm D CRI N ph 2a+kE-1)+y ( h, 0) 
nak 0 
== 0(1) 


as R—>oo, by (4.6) and consistency; equivalently }in*¢*"b, is summable 
(C,8-+-2¢-+4k—4) to zero. 


The. case k even. This is proved in a similar way (cf. (13)) and we 
omit the details. 


Sufficiency. The case k odd. .Suppose that there exist constants a, 
(v= 0,: :,g—1) such that g(t) = O(t) (Cx), and that din*e*7b, is 
summable (C,8+2q-+4k—4) to zero or equivalently that 


> (1 z n?/R?) G2grhlk-n2grk-in, 20 (1) | 
n<R 


It follows from (4.7) and consistency that either 


(4. 8) Raki 9,20 (h, 0) = 0 (1) 
as R>o or that for some sequence ry < te °° *  <n>w, 
(4.9) Reg pre) (h, 0) 2 0 (1) r “SL 


as R—>co. However, since g(t) = 0(¢*)(C,) as t— + 0 it follows from (4. 6) 
(with ö replaced by 7), and arguments similar to those in the proof of Theorem 
2, that for some ro RISSE (} 0) = O(1) (Zr) ie. that (4.9) 
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is false. Hence (4.8) holds and so by (4.6) and Lemmas 4 and 5 D n44, (2°) 
is summable (n, 8- 2q) to zero. 


The case k even is proved in a similar way. 


5. Supplementary remarks. Condition (11) of Theorem 3 may be re- 
phrased as “the (2q + k—1)-th derived Fourier series of h(t) is summable - 
(0,5 + 2¢ +4k—4) to (2g+k—1)!s at t—0.” Combining this observa 
tion with known results in the case k==1 ([8] Theorem 2, [13] Lemma 2) 
we obtain the following result: 


THEOREM 4. If 8> 4(k—1), where k is an odd positive integer, then 
(—) > nt, (2°) is summable (n,8+-2q) to s if and only tf there. exist 
constants a, (v==0," * :,q—1) such that (i) t?4*"h(¢) is integrable in 
the Cesaro-Lebesque sense in (0,7) and (ii) tts Fourier cosine series is sum- 
mable (C,8—4k-+-4) to s at t=0. 


If they exist, the constants a, are given by (3.2). 
For details of a similar calculation we refer to [13] Theorem 2. 


It seems likely that the case & even of Theorem 3 can be reduced in a 
similar way, but the required one variable results are not known. On the 
other hand the imposition of additional conditions on f(z) enables us to 
obtain various simplifications of Theorem 3 (case k even). We finally give a 
simple and useful result of this kind. Here we write w(t) for the even 
periodic function which coincides with s#7@*1 in O<t<r. We also write 


(5.1) X(t) = h(t) —o(2) 
and suppose | 

. (5.2) X(t) ~ 4yo + Eyn cos nt 
(5.3) w(t) — 48 + X ôn cos nt. 


We then have: 


THEOREM 5. If 8 >4(k—1) where k is an even integer and tf there 
exist constants a, (v==0,- * -,q—1) such that FAX (4) € L(0,x) then tn 
order that (—)*@ $, nt4,(x°) be summable (n,8 + 2q) to s it is necessary and 
sufficient (i) that the (2qg-+-k—1)-th derived allied series of the even 
function X(t) be summable (C,8+2q+4k—4) at t=O or equivalently 
(ii) that the allied series of the odd periodic function equal to TX (ft) 
in O <t<m, be summable (0,5—4kL4) at t=O. 
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If they exist the constants a, are given by (3.2). 
Proof. It is easily verified that ¢°**x(¢) € L(0,r) implies that 


fx (u) du = 0 (122%) 


as t—> +0, and hence, from (5.1), that g(t) ~st4(C,,1) as t>-+0. 
Consequently the initial assumption of Theorem 5 ensures that condition (i) 
of Theorem 3 is satisfied. Moreover a straightforward calculation shows that 
. for 8>4(k—1) n°046, (—)#*4(2q + k—1)!128/7 (0,8 + 2q + $k ++) 
so that from (5.1), (5.2), (5.3) 


nb, —> (—)#4(2q +k —1) I28/n(C,8-+ 2q +36 +4) 
if and only if 


(5. 4) RCE ya ome O (1) (C,8 + 29 + $k ++) 


as n—>0 i.e. condition (ii)’ of Theorem 3 is satisfied if and only if (5.4) 
holds. 


Sufficiency of (i). Suppose that È net- 1y, is summable (C, è- 2q 
+ 4k—4) then natty, —o0(1) (C,8+ eq + $k ++) ie. (5.4) holds so that 
condition (ii)’ of Theorem 3 is satisfied. Since condition (i) of that theorem 
is also satisfied it follows that (—)?$in9A,(x°) is summable (n,8-+- 2q) to s. 


Necessity of (i). Suppose that (—)¢ $, n2A,(z°) is summable (n, 8 + 2q) 
to s then condition (ii) of Theorem 3 is satisfied and hence (5.4) holds. 
Since ¢-74*X(¢) € L(0, x) it follows [3] that the (2g + k— 1)-th derived allied 
series at t == 0 of X(t) is summable (C) i.e. inet, is summable (C). This 
together with (5.4) implies that © n*¢**-1,, is summable (C, 8, + 2¢+4k—4). 

The equivalence of conditions (i) and (ii) follows, in virtue of the 
integrability of ¢-*¢*x(¢), from a result due to Bosanquet [3]. 
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THE COHOMOLOGY OF DIFFERENTIABLE TRANSFORMATION 
GROUPS.* * 


By RıoHArp 8. Panais and THOMAS E. STEWART. 


1. Introduction. If a Lie group @ acts differentiably on a manifold 
M then various spaces of tensor field on M become in a natural way modules 
for the Lie algebra & of G and the cohomology of & with these coefficient 
modules in certain cases carries interesting information about the action of' 
G. In this paper we will discuss this situation, at first in a somewhat more 
abstract setup, and develop a method for computing these cohomology groups 
in certain cases. In particular we shall show that if G is compact and semi- 
simple then even though these modules are infinite dimensional the conclu- 
sions of the First and Second Whitehead Lemmas [10], [11] are valid; namely 
the first and second cohomology groups are trivial. As one consequence we 
will show that differentiable actions of compact, semi-simple Lie groups admit 
only trivial infinitesimal deformations ($11) a fact whose global analogue 
will be found in [7]. Our second and motivating application of these general 
cohomology results is to a question initiated by one of the authors in [9]. 
Namely if a Lie group @ acts differentiably on the base space of a differen- 
tiable fiber bundle B over M can G be made to act differentiably on B so 
as to be equivariant with respect to the fiber projection and so that each 
operation of G on B is a bundle map. We show here that the answer is yes 
if @ is compact and simply connected and if the structural group of B is a 
solvable Lie group, and moreover that the way of “lifting” the action of G 
to B is essentially unique. | 


2. Cohomology and invariant cohomology of Lie algebras. In the 
following L is a finite dimensional Lie algebra over a field # of characteristic 
zero. For the defintion of an L-module and a complete discussion of the 
cohomology of L with coefficients in an L-module we refer the reader to [2] 
or [3] (we shall use the notation of the latter). The notion of the invariant 
cohomology of L with coefficients in an Z-module is implicit in a number of 
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papers, however the lack of an exposition with the relevant facts that we 
shall need makes the following discussion desirable. 

Recall that if M is an L-module then the space C?(L, M) of p-cochains 
of L with coefficients in M is defined to be M if p—0 and to be the space of 
alternating multilinear maps of LP into M if p is a positive integer. Then 
C*(L,31) the cochain complex of L with coefficients in M is the graded 
vector space © Cr(L,M) with the differential d of degree +1 defined by 


dm(X) a al 7 for m€ Jf and 


p+1 = 
(1) BL: Lou) D (DE (En: Kun, Xo) 
1 = 


+2 (— 1) [X, X], Xa: ' Ky: ` ee " "A pr) 


for ce CPL, AL), p>0. We recall from [3] that d? — 0 so there are defined 
graded vector spaces Z*(L, M) and B*(L,M) of cocycles and coboundaries 
and their quotient H*(L, 1) the cohomology space of L with. coefficients 
in M. We recall also that C*(L,M) becomes a graded L-module with 
M = C(L, M) as a submodule if we define 


Eu ++, Xp) =E E)E la i [E X A 


(2) A 
rN gS Ee) 


g 
= A (e(n: i "> Xp)) — > (— 1) e( [X, X], Xi - " 
=i 


for c€ CPL, M), p > 0, and that 

(3) d(Xc) == X (dc) 

for X € L, c€ C*(L, H). It follows from (1) and (2) that for c€ CP(L, M) 
E EEN ame -5 E Ga SE 


+E (H, X], Xo ger) 


We define a cochain cE C*(L,M) to be invariant if Xc—0 for all YE L. 
It follows from (3) that the graded subspace C;*(L,M) = @ CP (L, M) of 


C*(Z,M) consisting of invariant cochains is stable under d and so gives 
rise to the graded vector spaces Z;*(L, M) and B;*(L, M) of invariant cocycles 
and invariant coboundaries (N.B. By;*(L, M) —dC,*(L,M) not the possibly 
larger C*(L,M)N B*(L,M)) and their quotient H;*(L, M) which we call 
the invariant cohomology of L with coefficients in M. By the natural homo- 
morphism of H" (L, M) into H*(L,M) we mean the homomorphism induced 
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by the inclusion of Cr*(L,M) in C*(L,M). We note from (4) that 
di = d|\Ci*(L, M) is given on C?(Z, M) by 


(5) dic(X 1, i >, Xps) => De AA" ` N: ° Xp: | Xp) 
4 


An L-module M is called trivial if Xm —0 for alXeL,meM (i.e. if 
CR(L,M)—C°(L,M)—M). Any vector space V over F can be considered 
a trivial L-module, in which case we write dr for the differential on C*(L, V). 
Clearly from (1) 


(6)  drc(Xs,' +, Xp) a DER + Xy Xp: An): 


In particular we regard F as a trivial Z-module and write C*(L, F) 
— 0* (L) and H*(L,F) = H*(L). Since C*(L) =L*, the dual space of L, 
and since by (6) drc(X,Y)—c([X,Y]) for ce C(L) it follows that 
Z(L) = [L, L]°, the annihilator of [L, L]. Since B!(L) is clearly zero (for 
df(X) —0 for fE F) it follows that H1(1) = Z*(L) = [L, L]° = (L/[L, 2])*. 
Thus H1(Z) is trivial if and only if L is its own commutator subalgebra. 
Note also that H* is an additive functor, ie. H*(L,M @ N) = H*(L,M) 
® H*(L,N), so it follows that if Hr(L)—=0 then He(L,V) —0 for any 
trivial finite dimensional Z-module V. 

Tf M is any L-module then for each X € L there is an endomorphism tx of 
C*(L, M) homogeneous of degree —1 defined by tym — 0 for m € M—C(L, M) 
and (txe) (Xu : *, Apa) = 06(X, X; © *, À.) for ce C(L, M), p >0, For 
later reference we recall from [8] that the module operations of L on C*(L, M) 
is related to d and the operations tx by 


(7) Xc = dize + ixde ¥€L,c€ C*(L, M). 


3. An extension of the Whitehead lemmas, We will show in § 8 that 
if & is the Lie algebra of a compact Lie group then for a certain class of 
&-modules M the natural homomorphism of H,*(8,A1) into H*($,M) is 
an isomorphism onto. If & is semi-simple it follows from the theorems we 
are above to prove that for such &-modules H1(%, M) and H?(&,M) are 
trivial, a fact that would also be a consequence of the Whitehead Lemmas 
([10] and [11]) if M were finite dimensional. It is in this sense that this 
theorem extends the Whitehead lemmas. 


THEOREM. If Lis a finite dimensional Lie algebra such that H1(L) —=0 
then Hr'(L,M) —0 for all L-modules M. If in addition H?(L) —0 then 
iT? (L, AL) == 0 for all L-modules A. 
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Proof. CP(L,M) = {me M|Xm=—0 for all X€ L} so if me CP (L, M) 
then dm(X)=Xm—0 for all X € L hence Br(L, M) —0 and Hy (L, M) 
x Zp (L, M). By (6) of §2 if ce Cr(L,M) then dc(X,F)—c([X,F|) 
so Zr(L,M)={ceCr(Z,M)|c is zero.on [Z,L]}. But H'(L)—0 is 
equivalent to L= [L, L] and hence implies Hr (L, M) = Zr (L, M) =0. 

Now let c€ ZP(L,M) and let V be the finite dimensional subspace of M 
spanned by {e(X,Y)|X,¥ €L}. We consider V as a trivial L-module. 
Assuming H?(L) —0 it follows that H?(L, V) —0. Now ce C?(L, V) and 
comparing (5) and:(6) of $2 we see that dre = — djc==0 so cE Z*(L, V) 
== B?(L,V) and hence O «dp for some 8€ (L,Y) C C(L, M). It will 
suffice to prove that de Cr (L, M), for then comparing (5) and (6) of $2 
again „dı (— 0) = — dyf == dr = c so CE By (L, M) and we will have shown 
Zr(L,M)=Br(L,M). Now if X, X, X€ L then from (2) of §2 
0 = (Ze) (Xi, X2) —X(c( Li, X2)) —e([X, Xi], X2) — (Li, LX, £2]) 


— X(6([X:,X.])) —8(TLX, X1], X2]) —0([X,, [X, X2]]) 
and by the Jacobi identity and the linearity of 0 it follows that 
0 = X(0([X1, X2])) —6([X, LA, Xs] D) 


so, referring to (2) of §2 again, (29) ([X,X,])=0. Thus X9 vanishes 
on [L,L] = L so 0 is invariant. g.e.d. 


4. Topological G-Modules. In this and succeeding sections 7 will 
denote a compact Lie group, G, its identity component, and & its Lie algebra. 
of left invariant vector fields. By a topological G-module we shall mean a 
complete, metrizable, locally convex, real topological vector space (a Frechét 
space) M together with a fixed homomorphism T of @ into the group of 
automorphisms of M such that for each m € M the map g>T(g)m of G into 
M is continuous. We denote the space of continuous linear functionals on M 
by M* and we write <m, I> for {(m) if (l, m) € M* X M (which of the many 
possible topologies to put on M* is irrelevant for our purposes and we shall 
always regard M* as untopologized). In general we will drop explicit 
reference to T and simply write gm instead of T(g)m. Note that since M is 
a Frechét space and for each m€ M the orbit {gm|g€ G} is compact, and 
hence bounded, it follows from the principle of uniform boundedness that 


4.1. THEOREM. Given a neighborhood V of zero in the topological 
G-module M there is a neighborhood U of zero in M such that gue V for all 
(g,u)EGXU. Equwalentiy tf {m,} is a sequence in M converging to m 
then {gm,} converges to gm uniformly for gE G. | 
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Noting that gem, — gm == g,(m,—-m) + (grm — gm) it follows from 4.1 
that if g-—> g then grm, > gm. 


4,2. COROLLARY. If M is a topological G module then (g,m) > gm 18 
a continuous map of GX Al into M. 


Now let J be a topological G-module and M* the linear space of functions 
from a compact Hausdorff space X into W. We give MZ the topology of uni- 
form convergence, i.e. a typical neighborhood of zero is {f€ M*|f(X) CU} 
where U is some neighborhood of zero in M. By a step function from X to M 
we mean an element f€ MZ whose range is a finite subset {m.,-- -,m,} of 
M such that each f*(m,) is Borel measurable. Since a continuous function 
from X to Af is uniformly continuous it follows easily that the space C(X,M) 
of continuous maps of X to M is included in the closure of the space S(X, M) 
of step functions. Given a Radon measure „on ¥ and fE S(X, M) we define 
ffdp = 2 P (f*(m))m. Then f— ffdu is a continuous linear map from 


S(X, M) into M and so (because M is complete) extends to a continuous linear 
map of the closure of S(.X, M) into M. Henceforth we shall only be con- 
cerned with ffdu when f is continuous and we shall need the following obvious 
facts. 

(a) fa>f uniformly on XS ffadu—> ffdp 

(b) ffdp is bilinear in f and p 

(c) If p(X) = 1 then ffdp E closed convex hull of f(X). 

(d) If 7 is a continuous linear map of M into a complete topological 

vector space then f (Tf)du=T ffdn. 


The space C(G) of continuous real valued functions on @ is a Banach 
space in the supremum norm and becomes a topological G-module under the 
operations given by (gf) (z) =f(g'z). If fe C(G) we define f* m, for m 
an element of a topological G-module M, to be the integral of the continuous 
map g—>f(g)gm of G into M with respect to normalized Haar measure on G. 
If LE M* then by (d) above <f*#m,l>— ff(g)<gm,l>d-g. From this and 
the invariance of Haar measure it follows that <(gf)*m,Db—=<g(f*m),b 
and since J/* separates points of M it follows that (gf)* m==q(f*m). 


4.3. THEOREM. If M ts a topological G-module then 


(1) (f,m)—f#m ts a continuous bilinear map of C(G)X A into M 


(2) If FE CCG) ts positive and (f(g)dg —1 then f +m € closed conver 
hull of {gm|f(g) #0). 
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(3) If mEM then f->f*m is an equivariant continuous linear map 
of O(G) into M and m is in the closure of its range. 


Proof. Statement (1) is immediate from (a) and (b) above and state- 
(3) follows from (c). The equivariance of f—f#*m (i.e. the fact that 
(gf)*m=—g(f*m) was shown above so it remains only to show that if W 
is a closed convex neighborhood of m in M then there is an FEÜ(@) such 
that f*me W. Let U be a neighborhood of the identity in @ such that 
gm € W for ge U and let f be a continuous positive function of integral one 
on @ with support in U. Then by (2) fame W. q.e. d. 


5. Almost invariant vectors. An element m, of a topological G-module 
M is called almost invariant if {gm.|g € @} spans a finite dimensional sub- 
space of M. We denote the set of almost invariant vectors in M by Mae. 
Clearly M, is a subspace of M invariant under G, and in fact M, is just the 
linear span of the finite limensional G-invariant subspaces of M. An almost 
invariant vector in C (GŒ) is called an almost invariant function on G. From 
the bilinearity of (f, m)—>f*m and the equivariance of f— f#m it follows 
that if fo is an almost invariant function and m any element of a topological 
G-module M then f,+*m € M, Now the Peter-Weyl theorem [1, p. 203] says 
that the almost invariant functions are dense in C(G). Since we known that 
m is adherent to {f*m|f¢ C(@)} and that f— f+m is continuous we have . 
the following essentially known result. o 


. 5.1. THEOREM. In any topological G-module M the subspace M, of 
almost mvartant vectors 18 dense. 


5.2. Taxorem. If M is any topological G-module then the subspace 
M, of almost invariant vectors has a $-module stducture defined by’ 


Xm — lim 1/t((ExptX)m—m) for XE B, me My. 
10 


Proof. If V is any finite dimensional invariant subspace of M, (g, v) — gv 
is an analytic map of G X V— V (this follows for example from [1, Prop 1, 
p. 128]) so that the indicated limit exists for me V. That this gives a §- 
module on V follows from [1, Theorem 2, p. 113]. Since Af, is the linear 
span of its finite dimensional invariant subspaces the theorem follows. 
q.e.d. 
6. Differentiable G-modules. 


6.1. Lemma. Let M be a topological G-module and {m,} a sequence 
an M converging tom. Gwen XE & andle M* suppose there exists a sequence 
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{wz} in M converging to w such that d/di< (Exp tX)m,, D = < (Exp tX Jon I>. 
Then d/dt< (Exp tX) m, D = < (Exp tX)a, I). 


Proof. By 4.1 gm, converges to gm uniformly in g, so since 2 is linear 
and continuous and hence uniformly continuous, <gm,,l> converges to <gm, ly 
uniformly in g and a fortiori < (ExptX)m,,!> converges to «(Exp ¢X)m, ls 
uniformly in t. Similarly <(ExptX)o,, l> converges to <(ExptX)w,!> uni- 
formly in ¢. By a theorem of elementary calculus this validates differentiation 
“under the limit sign” and gives the desired result. q.e. d. 


6.2. Tarorem. Let M be a topological G-module X € GY, and suppose 
there is a function X: M—> M such that 


d/dt<(Exp tX)m, ly = (Exp tX) Xm, ly 


for all me M and all l belonging to a separating family S C M*. Then X is 
a continuous linear map and for m € M, Xm —lim1/t((ExpTX)m—m). 
i>0 


Proof. The linearity of X is immediate from the linearity of differen- 
tiation and the fact that S is separating. The preceding lemma gives 
immediately that X has a closed graph and, since M is a Frechét space X 
is continuous. If m € M, then by 5.2 1/t((Exp tX)m— m) converges strongly 
and a fortiori, weakly to a limit say m‘. By definition of X <m’, D = <«<Xm,b 
for 1€ § and again since 9 is separating m’ = Xm. q-e. d. 


6.3. THEOREM. Let M be a topological G-module, X € &, and suppose 
that the linear map 


m — lim 1/t( (ExptX)m — m) 
1-0 


of Af, into itself (see 5.2) is continuous. Then this map extends uniquely 
to a continuous linear map X of M into itself and d/dt<(ExptX)m,lb 
—¢(ExptX)Xm, ls for all me M, le M*. 


Proof. The existence and uniqueness of X follows from the completeness 
of M and the denseness of Mo in M. Given le M*, me Mo, and to a real number 
lo: m— < (Exp tod )m, l is an element of M* and 





A à 
A (Exp iX )mo y= | (EP + to) X) mo D) 
tty 0 


t= 
d in vk P 
Hi | mS (Exp tX) mo, lo = <X mo, lo = < (Exp 4X) Ama, D. 
Thus <(HxptX)m,1> is differentiable for me Mo and le M* and its derivative 


is <(Expt¥)Xm,l. If m is an arbitrary element of M choose a sequence 
{m,} in M, converging to m. Then X¥m,—> Xm and for any LE M* 
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d/dt< (Exp tX)m,, ly = ¢(ExptX)Xm,,l> so by 6.1 d/dt<(Exp tX)m,b 
— < (Exp iX) Xm, D). q.e. d. 
6.4. TnroreĮm. If M is a topological G-module then the following are 
equivalent conditions. 
(1) For each X€ G there ws a function X:M—M such that for all 1 


in a separating subset of M* $ (Exp tX)m, D> = < (Exp iX )Xm, ly for all 
m € M. 

(2) For each X€ $ the map X°: m lim 1/¢( (Exp iX)m—m) of Mo 
into itself (see 5.2) ts continuous. z 

(3) For each X€ & and me M t— (ExptX)m has a weak derivative, 
Xm at t=0, 

(4) For each X€ $ there is a map X*: M>M such that 


£ (Bap tX)m,15 = <(ExptX)X*m, 1>. 


Moreover if any one, and hence all, of these conditions are satisfied then 
the maps X, X’, and X* are all equal and are the unique continuous linear 
map of M into intself which extends X°. 


Proof. It is clear that (4) implies (1) and that if X and X* exist that 
they are equal. From 6.2 it follows that (1) implies (2) and that if X 
exists, it is the unique continuous linear extension of X°. From 6.3 it 
follows that (2) implies (3) and that X* is the unique continnous linear 
extension of X°. It remains to show that (3) implies (4) and that X’ = X*. 
Assuming (3) holds let 2€ M* and t, a real number and define lọ € M* by 
m—><(Expt,£)m,!>. Then for any me M 


d d 
|, rm | (ap (4-4 4) Fm D 





d 
dt (Exp tX )m, lod = <A’m, p> = < (Exp iX) X’m, D. 
This shows both that (4) holds and that X*m = X’m. 

q.e. d. 


6.5. Definition. A topological G-module is called differentiable if it 
satisfies any one and hence all of the properties (1)-(4) of 6.4. 


Remark. It is easily shown by example that the maps t— (Exp tY)m 
need not be strongly differentiable for all m in a differentiable G-module. 
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6.6. THEOREM. If M 15 a differentiable G-module then M has a &- 
module structure which ts characterized by the identity 


| d 
Em, 1> = p| <(Exp iX)m,> 


for X€ Y, mE M, lE M*. Moreover each of the module operations of & on 
M is continuous. 


Proof. Immediate from 5.1, 5.2, and 6.4. 


6.7. Definition. If M is a differentiable G-module then the &-module 
structure for M described in 6.6 is called the derived &-module. 

Henceforth differentiable G-modules will be regarded without explicit 
mention as &-modules, the derived &-module always being understood. 


6.8. THEOREM. If M is a differentiable G-module then: 
(1) -£< (Exp iX) m, ly = ¢(Exp iX) Km, DX € 8, me M, 1€ M* 


(2) gXo 3m = (ad(g)X)m, XER, GEG, meM 


(3) If me M then Xm—0 for all XE% if and only if gm—m for 
all ge Gy. | 


Proof. (1) follows easily from 6.4 and the definition of the derived 
& module structure. To prove (2) we note that if 1€ M* and we write l= log 
an | | 


| 
(ag) Km l> | <ixp t(ad(g)X)m,2 
Z| ger em 


d z 
(Exp) (rim), D 
— Xgim, ly = <gXg'm, l). 


If gm =m for all ge G then (Exp tX )m =" m foral ZE H and all real ¢ 
hence for each X € £t— (ExptX) has strong and therefore weak derivative 
zero at t==0 and by Definition XYm—0. Conversely if Xm -= 0 for a given 


X € & then by (1) F<Exp#r, 1»=0 so <(HxptX)m, D = < (Exp 0X)m,1!> 
== <M, b>, (HixptiX)me==m. Since @ is compact every element of G, is of 
the form Exp X and (3) follows. q.e. d. 
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‘7. The differentiable structure of C*(&,M). In this section we will 
show that if M is a differentiable G-module then C*($,M) is in a natural 
way a differentiable G-module also. Moreover we shall show that the derived 
%-module structure for C*(%, M) coincides with the other “natural” $- 
module structure that it has qua cochain complex of the &-module AZ (81, 
equation (2)). Finally we shall show that the differential d is continuous 
on C*(%,M) and commutes with each operation of G. 

Since C*(%,M) = @ Cr(8,M) and Cr(8,M) —0 for p> dim #, to 
define a differentiable G-module structure on C*(%, M) it suffices to define 
one on each C?( 4, M), p> 0. Fora typical neighborhood of zero in C?(%, A1) 
we take {ce C?(&, M)|c(Xi,- - -,X,) EU if Xpt © -,X,€ B} where Bis a 
compact subset of & and U a neighborhood of zero in M. Thus ca—>c means 
that for each compact subset B of M ca converges uniformly to c on Br. The 
metrizeability, completeness, and local convexity of Cr(&,M) follow directly 
from the corresponding properties of M. The operations of G on C?(%,M) 
are defined by (gc) (X1,° °, Xp) =g(c(ad(g*)X1,: : -,ad(g*)X,)). It is 
obvious that each such operation is an automorphism of C?(&,M) and that 
(91g2)¢==9i(g2c). That g— gc is a continuous map of @ into C?(%, M) 
for any ce C?($,M) is a straightforward argument which we leave to the 
reader. Given X,,- : :,%, in & and a LE M*c— <c(X:,: - -,X,), is an 
element of Cr(&,M))* and the collection of such continuous linear functionals 
on C?(&,M) is clearly separating. Now put 

g(t) = c(ad(Exp — tX) X: : -,ad(Exp—tX)X,). 
From the well-known fact that 
| 1 
et 


it follows from the multilinearity of c that g(t) is strongly differentiable at to 
and that 


? 
g' (ts) =— È o(ad(Bxp— RX, - +, ad(Bxp— toX)[X, Xl, 
`, ad(Exp — to.) dr). 
(We have used the fact that a multilinear map of a finite dimensional 


space into a topological vector space is automatically continuous.) Putting 
A(t) == (Exp tX)g(t) we have 





(ad(Exp tX) Y —ad (Exp t.X)¥) = ad (Exp tX ) [X, Y] 


TETO) AD) = ep (Exp ER) ge) — 9 (to) 


+ (Exp tX) (5g (t) —g (o)) 
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By the joint continuity of G X C?(%, M) + C?(&,M) the second term con- 
verges to (Exp tX )g' (to) as t converges to & while by (1) of 6.8 the first 
term converges weakly to (Expi,&)Xg(0). Thus if Ze M* then 


| (pos: Xp) =| a, | 
t=tp t=ty 


dt 
== < ( (Exp tod") (Xe) ) (Zo + +, Xp), 


where Xce C?(G, M) is defined in (2) of §1. It follows that condition (1) 
of 6.2 is satisfied by the topological G-module C?(9, M) and hence that 
C?(&,M) is a differentiable G-module, the derived 4-module structure more- 
over being that given in (2) of §1. If {c„} is a sequence in C?(§, AZ) 
converging to c then it is clear from (1) of $1 that for any Xi: "Apr 
dta(X1,° > *, Xp) converges in M to dce(X,,- - -,X,), from which it is clear 
that the map d: Cr(&,M)>Cr!(6,M) has a closed graph and so, the 
domain and range being Frechét spaces, d is continuous. A similar argument 
shows that for each X€ & the linear map ty: C?(%, A) > C?*(G,M) is 
continuous. 

From (2) of (6.8) it follows that Ygc—g(ad(g*)X) for all ge G, 
X€ and ce C*($,M). Using this and equation (1) of $1 a straight- 
forward computation gives g(dc) == d(gc). 


8. The main theorem. 


8.1. Lemma. If M is a differentiable G-module then each operation of 
G on O*(G, M) ts chain homotopic to the identity, i.e. for each g € Go there 
ts a linear map A(g) of C*(%, M) into itself such ge — c= dr(g)e +A(g)de 
for all ceC*(&,M). Moreover, the map g>A(g) can be cosen so that 
g—>A(g)c ts continuous for each ce O*(8, M). | 
Proof. Since Gù, is compact and connected we can find, for each gE @,, 


1 

X € § such that g == exp X. We define A (g) -c= f (Exp tX)txc: dt. Since 
0 

C*(&,M) is a differentiable G-module from 6.8, (1) for any le (C*(4, M))* 


id 
ge — 0, b= f (EXP tX )c, dt 
-f < (Exp tX) Xe, dt 
0 


= f " (Exp tX)Xc dt), D 
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and recalling that Xc == dtyc-+-txde ($1, (7)) 


1 
hf, (Exp tX) dixe +-a(g) de, D. 
Q 
Since d commutes with Expt and integration we obtain 


ge — c, ly = <dA(g)c + Ag) de, td 


This equation holds for all LE (C*(&,M))* and hence A(g) is a chain 
homotopy. 

Now suppose that U is a small enough neighborhood of the identity so 
that the exponential map has a continuous inverse, f. Define then 


ro(ghe— f "(Exp tf (9) Jiro di. 


Ao(g) has the required properties and g — ào(g)c is continuous on U. Now 

choose g:,° - *,gn in @ so that giU cover Go, and choose A(g) satisfying 

the lemma. It is easily seen that if we define (g) for g=gwmeg U by 
(g) =A (g) + Ao(U) HA(gi) dro (u) + EA(Go) Ao (44) 


then ge — c = (ddA,(g) + A(g)w)e and g— Ag}c is continuous on giU for each 

ceC*(&,M). If we put ġi(g)à(g)c=0, {di} a partition of unity refining 

the covering {g:U}, for gé gU then clearly g>¢i(g)A:(g)e is continuous 

on Go, so if we put A(g)c= > hi(g)A(g)c then g— A(g)c is continuous on 
del 


U, and satisfies the requirements of the lemma. 


8.2. Lemma. Let po be the normalized Haar measure on Gy. If Misa 
differentiable G-module, define A: C*(8,M)— C*(8,M) by Ac = fgcduo(g). 
Then there is a linear map À of C*(%,M) into itself such that Ac—c 
ms dhe + Ade for all ce C*(&,M). 

Proof. Define Ac== f (g)cdpa(g) is chosen as in Lemma 8.1. 


8.3. Lemma. Let M be a differentiuble G-module and let A: C*(&,M) 
—>(C*(8,M) be the linear operator defined in Lemma 8.2. Then A has 
the following properties: 

(1) Tiis a projection of Ü*(&,M) on O;*(&, al). 

(2) It commutes with d. 


(3) IfzeZ*(&,M) then Az—ze B*(8,M) i.e. Az is cohomologous 
to 2. 
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Proof. Property (1) follows directly from the invariance of Haar measure 
and statement (3) of 6.8 (applied to C*(%,M) instead of M). Statement 
(2) follows from the fact that d commutes with the operations of @ on 
C*(&,M) and with the integral. Finally (3) is an immediate consequence 
of Lemma 8. 2. q.e. d. 


8.4. THE Mam Trrorsm. If M ts a derived &-module then the 
natural homomorphism i*: H;*(&,M) > H*(&,M) induced by the inclusion 
map of Cr (8, M) in C*(%, 1) is an isomorphism onto. In other words every 
cohomology class of H? (8, M) contains an invariant cocycle, and two invarıant 
cocycles which difer by a coboundary difer by the coboundary of an invartant 
cochant. 


Proof. Immediate from 8. 3. 


8.5. COROLLARY. If & is semi-simple then H1($, M) = H?(§, M) —0 
for all derived &-modules M. 


Proof. Immediate from 8.4 and the theorem of § 3. 


9. The differentiability of tensor modules. Let 9n be a differentiable 
@-space, i.e. M is a differentiable (= C”) manifold and there is given a 
differentiable map (g,p) — gp of EX In into M (the action of G on M) 
such that ep==p and (gg')p==g(g'p). For each X € & there is a differen- 
tiable vector field X* on M defined by X*, is the tangent to > (Exp—{X)p 
at ¿==0. The map X— X* is a homomorphism of & into the Lie algebra 
of differentiable vector fields on M which is called the infinitesimal generator 
of the action of G on In. Let J be the space of all differentiable tensor 
fields on M of any fixed (mixed) rank and symmetry type with the usual 
“C@-topology” (i.e. convergence means uniform convergence of each com- 
ponent and of each partial derivative of any order of a component on any 
compact subset of a coordinate neighborhood). It is well-known that J is 
a complete locally convex space and in fact a Montel space. Moreover if 9n 
is second countable, as we henceforth assume, then J is metrizable. Each 
diffeomorphism ¢ of M induces an automorphism of J in a well-known 
way aud we will write this automorphism as ¢ also. Moreover if {¢,} is a 
sequence of diffeomorphism of M converging to a diffeomorphism œ in the 
C®-topology then it is clear that &,7—9T for any TE J. By a theorem 
of Montgomery [4] if we write g* for the operation p—>gp of an element 
of G on % then g— g* is continuous from G into the group of diffeomor- 
phisms of M with the C~-topology. It follows from these last two facts that 
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J is a topological G-module if we define gT —g*T. We shall call such a 
topological G-module a module of tensor fields (associated with the differen- 
tiable G-space M) and shall as usual write gT instead of g*T. It follows 
easily from Theorem II of [5] that a module of tensor fields F is always 
differentiable and that for XY € & and TE J XT is just the usual Lie derivative 
of T with respect to the vector field X*. We can now forget about the topology . 
on J and even the action of Gon J. All that is important for the applica- 
tions we shall make is summed up in 


THEOREM. Let M be a differentiable G-space and X — X* the infimi- 
tesimal generator of the action of G on. M. Let J be the space of all 
differentiable tensor fields on M of a fixed rank and symmetry type, and for 
X€% and TEJ let XT be the Lie derwative of T with respect to X*. 
Then this makes J into a derived &-module so that (8.4 and 8.5) H*(%,7) 
= H*($,J) and if & is semi-simple H1($,7) = H?($,7) —0. 


10. H*(G,R) = H*($) as a special case. Consider G as a differ- 
entiable G-space under the map (g,p)—>pg. Then for each YE J the 
associated vector field X* on @ is just X itself. Let J be the tensor module 
of all differentiable real valued functions on G. If w is a p-form on G then w 
defines an element c of C?(.4,7) by (A, +, Xp) (T) = we((X1)a,° *  , (Ap)e)- 
Conversely given c€ C?(8, J) define a p-form w on G as follows: given ze G 
and tangent vectors Fa, © >, Yp at z let af," © +, Yp) == c(X1,° «+, Xp)(2) 
where X; is the element of & satisfying (X). = Vs It is readily verified 
that w is differentiable and that these two maps are mutually inverse linear 
isomorphisms between C*(.4, J) and the space Q,(G) of differentiable forms 
on G. Moreover it is a well-known fact (a proof can be found in [15]) that 
under this correspondence the differential on 0*(&,T) corresponds to the 
exterior derivative on 0*(G@). Thus by deRham’s Theorem H*(G, R) 
= H*(&,J) and so by the theorem of 89 H*(G,R) = H;* (8, J). For 
c€C?(&,7) we have | | 


(gc) (Xi, © Xp) (x) =c (ad (g) Xa: + +, ad(g*) Xp) (2g) 


and if X€ & then by left invariance (ad(g*)X)e,—- dRg(X.) (where Rg is 
right translation by g). It follows that ce C;*(&,J7) if and only if the 
corresponding form w is right invariant. This gives the well-known identifica- 
tion of H*(G, R) with the cohomology of right invariant forms (form of 
Maurer-Cartan). On the other hand we see that each ce C?(%) corresponds 
to a unique FECP(B,T) such that c (X, ©, Xp) = (Xi, + +, Xp) (e); 
namely ¢’(X3,: -°,Xy,)(g) == c(ad(g)Xi,- + -,ad(g)X,). This sets up a 
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linear isomorphism between C*(%) and C;*(4, J) and referring to equations 
(5) and (6) of 8 1 we see that dr corresponds to — dy under this isomorphism. 
It follows that H:* (4, J) =H*(&%) and this gives the well-known result 
H*(G,R) =H*(%). In [2], where the cohomology theory of Lie algebras 
was first made explicit, there is a detailed account of theorems of this general 
nature. 


| 11. Infinitesimal deformation of differentiable G-spaces. Let M be 

a differentiable G-space, 6: EX In — M the action of G on In and X>X* 
the infinitesimal geenrator of ®. Suppose that for each tE [0,1] =Z there 
is given an action ®, of G on M such that.6,— and such that (9,p,t) 
-> (g, p) is a differentiable map of GX MXI into M. Such a family 
®, will be called a deformation of & and we write X — X," for the infinitesimal 
generator of ®,. It is easily seen that (X,p,¢)— (44*), is a differentiable 
map of & X M XI into the tangent bundle of Mm and it follows that for 
each X€& there is a differentiable vector field DX on Mm such that 


(DX Joao (X,*),. Clearly D is a linear map of & into the Lie algebra 
t=0 


% of differentiable vector fields on M and since [X,Y |,%—[X,;7,Y,*] it 
follows that D([X, ¥]) == [DX, Y*] + [X*, DY]. We call D the infinites- 
imal deformation of @ associated with ®, and in general a linear map D’: 
& — Q satisfying the above identity is called an infinitesimal deformation 
of $. Now if ©, is a deformation of M (i.e. (p,t)— ®;(p) is a differentiable 
map of MXI>M and for each tEI ds is a diffeomorphism of M) the 
vector field Z defined by Z,= tangent to {— &,(p) at t—0 is called the 
infinitesimal deformation of M associated with ¢;. From #; we can construct 
a deformation ®; of ® by :(9,p) = ¢:(®(g,¢¢7(p)). A deformation of ® 
that can be defined in this way is called trivial. It is easily seen that the asso- 
ciated infinitesimal deformation D of & is given by DX = [Z, X*] = ad (Z) X* 
where Z as above is the infinitesimal deformation of M associated with ¢. 
In general if Ze YD’: X—ad(Z’)X* is an infinitesimal deformation of ® 
and we call such infinitesimal deformations of & trivial (at least if Mm ie 
compact Z’ is the infinitesimal deformation of Mm associated with some 
deformation ¢; of M so in this case D’ is the infinitesimal deformation of ® 
associated with a trivial deformation of 6). Now consider U as a tensor 
module associated to the G-space M and recall that the Lie derivative of 
Y € with respect to ZE Y is just [Z, Y] (see, for example [5] Lemma ce). 
It follows that Y is a derived & module under the operations XY — [X*, Y]. 
Now an element of C'(4, VY) is just a linear map c: $ — VW and ce Z’(8,V) 
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if and only if O=de(X¥, Y) =—Xe(Y) —Ve(X) —c([X,Y]) ie. if and 
only if c([X,7]) = [X*,c(VY)] + [e(X), ¥*]. Thus 2’(%,Y) is just the 
space of infinitesimal deformations of ®. On the other hand ce D’(G, WV) 
if and only if for some ZE Uc(X) ==dZ(X) = X (Z) —[—Z,X*] i.e. if 
and only if c is a trivial infinitesimal deformation of @. Thus H+(4, V) =0 
means every infinitesimal deformation of @ is trivial. Since ® is a tensor 
module it follows from the Theorem of §9 that 


11.1. THEOREM. If G ts a compact semi-simple Lie group then every 
infinitesimal deformation of the achion of G on a differentiable G-space ts 
trivial. 

In [7] the authors prove a global form of this theorem; namely that if 
G is any compact Lie group (not necessarily semi-simple) then every deforma- 
tion of the action of @ on a compact differentiable G-space is trivial. It does 
not seem that either of these theorems implies the other in any obvious way. 

Now let Æ be a finite dimensional subalgebra of the Lie algebra ® of 
all differentiable vector fields on a compact differentiable manifold m. If 4 
is a compact semi-simple Lie algebra (i.e. the Killing form is negative 
definite) then the simply connected Lie group G with Lie algebra & isomorphic 
to £ is compact and semi-simple. By Corollary 2 of Theorem XVIII of [6] 
an isomorphism of % onto £ is the infinitesimal generator of an action of G 
on M. Applying 11.1 


11.2. Treorem. If £ is a compact semi-simple sub-algebra of the Ine 
algebra V of differentiable vector fields on a compact differentiable manifold, 
then every derivation of £ into Y is the restriction to Æ of an inner deriva- 
tion of Q). ) 


12. Lifting of group actions, In this section we assume that our 
compact Lie group G is connected and denote by G its simply connected 
covering group. We shall identify the Lie algebras of G and G under the 
isomorphism given by the differential of the covering homomorphism. We 
note that a differentiable G-space M is in a natural way a differentiable 
G-space and that the homomorphisms of $% into the Lie algebra % of differ- 
entiable vector fields on M which are the infinitesimal generators of the 
actions of G and GE on M are the same. 

In general a homomorphism X — X* of & into Y is not the infinitesimal 
generator of an action of G or even G on M if M is not compact. However 
it is shown in [6, Theorem III, p. 95] that if each of the vector fields Y* 
generates a global one-parameter group of diffeomorphism of M then X > X* 
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is the infinitesimal generator of a unique action of Gon Mm. Now if X* 
does not generate a global one parameter group of diffeomorphism of Mm then 
(for example, see [6, p. 84 and p. 73]) there is an integral curve o of X* 
defined on an intevral [0,a) or (a,0] such that Em o (4) co (i.e. for each 


compact subset K of M a(t) ¢ K fort near lene to a). Suppose now 
Y is a vector field on a differentiable manifold N, X a vector field on M 
and f: N — M is a differentiable map such that df(F,)=X, (under these 
circumstances we say, following Chevalley [1, p. 84] that Y and X are f- 
related). Then if o is an integral curve of Y foo is an integral curve of À 
and it follows from the above remark that if X generates a global one para- 
meter group of diffeomorphisms of M and if f is proper then Y generates a 
global one parameter group of diffeomorphisms of N. 

Now let X -> X* be the infinitesimal generator of the action of & on a 
differentiable G-space M and let r be the projection of a differentiable fiber 
bundle B over Mh, having compact fiber. Then + is proper and it follows 
that there is a one-to-one correspondence between actions of G on B for 
which # is equivariant and homomorphisms 7: X > AT of & into the Lie 
algebra of differentiable vector fields on M such that X7 and X* are r- 
related for all Xe 8. We now specialize further and assume that B is a 
principle-bundle with structural group a compact connected Lie group H 
and we write (h,b)—->hb for the action of H on B (this conflicts with the 
more customary usage in which the structural group acts on the right, but 
it is only necessary to define hb to be bh). 

For a diffeomorphism of B to be a bundle map, i.e. equivariant with 
respect to the action of H, means just that it commutes with each operation 
of H ; hence if Z— Z* is the homomorphism of the Lie algebra Y of H into 
the differentiable vector fields on B which generates the action of H, then a 
one parameter group of diffeomorphism of B consists of bundle maps if and 
only if its infinitesimal generator Y satisfies [Y, Z*] = 0 for al ZE X. Thus 


12.1. THEOREM. Lei X—X* be the infinitesimal generator of the 
action of G on a differentiable G-space M. Let H be a compact connected 
Lie group with Lie algsbra H, B a differentiable principle H-bundle over M 
with projection wm and Z— Z* the infinitesimal generator of the action of H 
on B. Then there ts a one-to-one correspondence between acttons of G on 
B equwartant with respect to m such that each operation of G on B is a bundle 
equivalence, and homomorphisms tr: X > X" of & into the Lie algebra of 
differentiable vector fields on B such that 


(1) AT and X* are x-related for all X€ $ 
(2) [¥-,Z*] 0 for all Xe ÿ, Ze Ht. 
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A homomorphism r: X — X7 satisfying (1) and (2) will be called a 
lifting of & to B. A linear map r: X — X" of & into the Lie algebra of 
differentiable vector fields on B which satisfies these conditions will be called 
a pseudo-lifting of & to B. To construct a pseudo-lifting of & to B it is 
only necessary to choose an H-invariant Riemannian-metric for B and let Ay 
be the unique vector at b orthogonal to the fibre which projects onto Az). 
It is easily checked that X” is differentiable and by construction it is r-related 
to X*, That X” is H-invariant and hence commutes with Z* for all ZE Y 
follows from the invariance of the metric. Liftings of $ to B on the other 
hand need not always exist and one of the principle results of this section 
is that they in fact do exist (and are essentially unique) if H is a torus and 
G is semi-simple. In general we have the relation 2*,, == dh({ad(h"*)Z)*, 
for Z€ #, he H. We now make a final simplifying assumption, namely that 
H is a torus so that it follows from the above relation that Z* is an H- 
invariant vector field on B for all ZE OM. A vector field Y on B is called 
vertical if &r(F)—0 (i.e. Y is -related to zero). Clearly for each 
pe M Z—Z*|w(p) is an isomorphism of Y with the space of vertical H- 
invariant vector fields on x *(p). It follows that every vector field Y on B 
which is vertical and H-invariant is of the form b— (f(r(b)))*, for a 
uniquely determined function f: M— Y, moreover F is differentiable if and 
only if f is differentiable (the latter meaning of course that lof is differ- 
entiable for every linear functional Z on 9). It follows that we may identify 
the space M of differentiable maps of M into 9 with the space of all vertical 
vector fields on B which are H-invariant (or, equivalently, which commute 
with Z* for all ZE 3%). We note that since & is abelian any two elements 
of M, considered as vertical vector fields, commute. If Y is a vector field on 
Mm and m€ M then Ym is a well defined element of M; namely its value 
(Ym)(p) at pe M is the unique element of % such that 1((¥m) (p) 
= Ÿp(lom) for each linear functional ? on #. Moreover by considering 
local product representations of B it is easily seen that if FY’ is a vector 
field on B »-related to Y then Ym=—=[¥’,m]. Clearly M becomes a §- 
module if we define Ym == X*,, for X € Y, mE M. Moreover from the previous 
remark Xm=—([X7,m] if r: X— X" is any pseudo-lifting of 9 to B. If F 
is the tensor module of differentiable real valued functions on M and 
Ay *,Xy is a basis for Y then (f1,- - +, fn) fiX +: ` -+ frăXn (where 
the latter means the elment of M whose value at p is Iifi(p)X;) is an 
isomorphism (as &-modules) of the n-fold direct sum of $ with itself and M. 
It follows from the theorem of §9 that H*(%,M) = H,(4,M) and that if 
G is semi-simple then H*(%, Af) = H?(&,M)==0. We collect these results as 
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12.2. Terorem. With the assumptions of 12.1 and the additional 
assumption that H is a torus let M be the linear space of differentiable maps 
of In into H. If we identify me M with the vector field on B whose value 
at b is (m(ar(b))*), then thts gives a linear isomorphism of M with the 
linear space of differentialble vertical vector fields on B which commute with Z* 
for all ZE Y. Considered as vertical vector fields on B any two elements of M 
commute. Moreover M is a &-module satisfying H*(8,M) =H*(&,M) 
(and hence H'($,M) = H?($,M)—=0 tf G ts semi-simple) the module 
structure being characterized by the relation Xm = |X", m] if r: X—->X7 ts 
any pseudo-lifting of & to B. 


Continuing now with the same assumptions, with each pseudo-lifting 
T: X— Xt of $ to B we associate a map c, of & X & into vector fields on 
B by cr(X, Y) == |X7, Yt] — [X,Y ]*. Clearly c, is a measure of how much 
t fails to be a lifting, i.e. cr==0 if and only if r is a lifting. Now [X,Y ]* 
is -related to [X, Y]* and by [1, p. 85] [X7, FT] is r-related to [X*, Y* | 
—=[X,Y]* It follows that c;(X, Y) is r-related to 0, i.e. is vertical. Since 
[X,¥]* and [X”, FT] commute with Z* for all ZE & ([X, Y|" by definition 
of a pseudo-lifting, [X”, FT] by the same plus the Jacobi identity) so does 
cr(X, Y), hence we can identify c.(X, Y) with an element of M. Moreover 
Cr is clearly bilinear and skew-symmetric and hence an element of C?(%, Al) 
If X,, Xa, Xs belong to & then 


CET, [X3 X57] ] = (X47, [Xa Xs] + (X, Xa) | 
= [Xa [| X2, La] + ¢r(X1, [Xz Xa]) + Xier(Lo, Xs) 


Now [X,7, [X37, X,”]] satisfies the Jacobi identity, i.e. its sum with its 
two cyclic permutations is zero. Since r is linear so does [X,,[X.,X3]]”. 
Writing out the cyclic permutations of the above equation and summing we 
get an equation which gives dc,(Xi, X2, X3) —0, hence c,€ Z?7(%,M). We 
call c, the error cocycle of the pseudo-lifting r. 

Now let ye C1(8,M), i.e. y is a linear map of # into M. Then it is 
clear that o: X—> X%==X7-+-y(X) is another psudo-lifting of & to B 
and that conversely every pseudo lifting of & to B is of this form for a unique - 
y€C*(G,M). We call y the difference cochain of o and r. Recalling from 
12.2 that [y(X),y(¥)] =0 for ¥, Ve g 


Co(X, Y) E [AFET] u LX, r—y(IZ, Y]) 
== [27,77] — [X,Y F —y([X, Y] + Xy(Y) — Yy(&) 
= Cr(X, Y) + dy(X, Y) 
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or in words, the difference of the error cocycles ce and cr is just the co- 
boundary of the difference cochain y==o—vr. Thus the set of error cocycles 
associated with pseudo-liftings of & to B is an entire cohomology class 
w€ H?($,M) which we call the obstruction to a lifting of $ to B. By 
what we have seen above a lifting of & to B exists if and only if w contains 
the zero element, thus we have the only apparently tautological statement 


12.3. Taxorem. If B is a principle torus bundle over a differentiable 
G-space M, then a lifting of $ to B exists if and only if the obstruction to 
a lifting of & to B vanishes. - 


Since w € H?(%,M) which by 12.2 is zero if Œ is semi-simple. 


12.4. COROLLARY. If G is a compact semt-simple Lie group and B is a 
principle torus bundle over a differentiable G-space M then there ıs a lifting 
of & to B. | 


We now consider the uniqueness problem for liftings of & to B. 
Returning to our general situation let o and r be two liftings of & to B. 
Their difference cochain y is clearly a one-cocycle. Conversely y € Z'(%, M) 
and r is a lifting of & to B then so is o—=r-+y. Assume now that the 
obstruction cocycle w is zero so that a lifting r of & to B exists and assume 
also that H+(%, 21) =-0 so that by the above remark every lifting a of & 
to B is of the form r-+ dm for some me M =0°(%,M). More explicitly 
Xo = XT+ Xm = XT 4- [XT m]. 

The most general bundle equivalence of B is of the form b—f(r(b))b 
when f is a differentiable map of M into H. Since Exp: X—>H is the 
universal covering map of H it follows that every such f can be written in 
the form Expo m for some m € M. Moreover by taking a local product repre- : 
sentation of B it is easily seen that if À is the bundle equivalence given by 
b— (Exp(m(r(b)))b then dh (Xu) = (AT + Xm), i.e. Xo = dho XTo ht, 
It follows that if (g, b) — gb is the action of G on B generated by X” then the 
action generated by X” is (gb) >hgh*(b). Since H1(%, af) —0 if G is 
semi-simple combining these remarks with 12.1 and 12.4 we have 


12.5. THEOREM. If G is a semi-simple compact Lie group, M a differ- 
entiable G-space, and B a torus bundle over M, then there is a differentiable 
action (g,b) — gb of G on B which is equivariant with respect to the pro- 
jection of B on M and is such that each operation of G on B is a bundle map. 
Moreover this action ts essentially unique in the sense that every other such 
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action of G on B is of the form (g,b) >hgh*b where h is a differentiable 
bundle equivalence of B. 


The latter theorem can be significantly generalized as follows 


12.6. THEOREM. Let G be a simply connected compact Ine group, H 
a solvable, connected Lie group, M a differentiable G-space and B a difer- 
entiable principle H-bundle over M. Then there ts a differentiable action of 
G on B such that the projection of Bon M ts equivariant and each operation. 
of Gon Bis a bundle map. Moreover this action ts essentially unique:in the 
sense that any other action of G on B with these properties is related by 
conjugation with a bundle equivalence as in 12. 5. 


Proof. By induction on dim H. If dim H =1 then either H is a circle 
group and the theorem is a consequence of 12.5 or else H is isomorphic to 
the additive group of real numbers. In the latter case H is solid so that 
[8, p. 55] B is a product bundle so that existence of the required type of 
action of G on B is obvious. Uniqueness can be proved just as in 12.5. 
Now suppose dim © 1 and that the theorem holds for all H of smaller 
dimension. Then H has a closed normal subgroup N such that both N and 
H/N are conected solvable Lie groups of dimension smaller than that of H. 
Now B is a principle N-bundle over the orbit space B/N and B/N is a principle 
H/N bundle over M and the composition of the projections B>B/N > In 
is just the bundle projection B— Mm. By the induction hypothesis we can 
lift the action of G—first to B/N and then to B. Moreover any action of the 
apropriate sort on B induces one on B/N. Since the liftings from M to B/N 
and from B/N to B are essentially unique by the induction hypothesis, the 
same follows easily for the lifting from M to B. 
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AN INVARIANT CRITERION OF HYPOELLIPTICITY.* ` 


By Francois TREvVES.f 


Introduction. A differential operator P on a C” manifold Q is said to 
‘be hypoelliptic in Q if, whatever be the distribution u on Q, u has to be a 0” 
function in any open set in which Pu is a C® function. 

Several sufficient conditions of hypoellipticity have been given, from 
classical ones: the elliptic operators are hypoelliptic and so are the parabolic 
ones, to more recent (and weaker!) like the formal hypoellipticity, introduced 
by Lars Hörmander and Bernard Malgrange. Beside ellipticity, none of those 
sufficient conditions is invariant: they are properties of the expression of the 
operator in a system of coordinates which do not subsist when one changes 
coordinates. 

Since the definition of hypoellipticity is itself obviously invariant, it was 
natural to look for invariant conditions. In the present paper, we define a 
class of differential operators, which we call regular, by invariant a priori 
estimates, and we prove that a regular operator is hypoelliptic. 

This result can be considered only as a first step on a difficult road. For 
what one should wish, is to have properties of the expression of the differential 
operator in any system of local coordinates which insure hypoellipticity ; and 
that we do not provide. However, in the last section, we prove rapidly that 
any formally hypoelliptic operator is regular. 

The main step in our proof consists in deriving estimates about the com- 
mutator [P,pe*] of the differential operator P with Friedrichs mollifiers 
from “similar” estimates about the commutator [P,Q] of P with arbitrary 
differential operators Q ($6). This could be of interest in questions which 
do not bear any relation to hypoellipticity. 

Let us also mention that the reading of the article does not require any 
knowledge about distributions but the most superficial. 


1. Differential operators and their derivatives. Let 2 be a C” mani- 
fold of dimension n= 1. As usual C” (Q) will denote the vector space of O°” 
complex valued functions on Q. A differential operator P on © is a linear 
map of C*(Q) into itself which satisfies the following conditions: 


* Received April 27, 1961. | 
+ The author is a Fellow of the Sloan Foundation. 
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(DOr): For every compact subset K of © there is an integer M 0 such 
that if all the derivatives of p € C” (Q) of order = Mx converge to 
o zero uniformly on K, P— 0 uniformly on K. 
(DOn) The support of P¢ is contained in the support of &.1 
We denote by w the variable point in Q. If T is a letter, & any element 
of C” (Q), it follows from (DO;) that, on every compact subset of Q, 
| eTA P (74?) 
is a polynomial in T of degree m(¢,w) depending on $ and on the point œ; 
m(w) = sup m(¢,w) is the order of P at w. For any subset A of Q, sup m(w) 
is the order of P in À; observe that it sald be infinite (it is a finite 
when A is compact). a this article we shall not make the assumption that 
m(w) is independent of o. 
' Let 0’ be an open subset of Q covered by local coordinats (2°, : -,2"). 


In 0 we may look at the partial differentiations a ae and their 


0x 
products which we shall write 
n D any ee 
os Air Ov Qin Oak J? 
the a; are integers and 1 & a; & n; we set a (a,,-°-,a,) and r, which is 
called the length of a, will be denoted by |a|. If EC” (Q), then for ze Q 
Po (x) = X Aa(t) Dad (2) 5 


here x can be regarded as the vector (2*,- --,2"); the coefficients A«(z) 
are ©” functions of z; for every x the summation is performed over a finite 
set of multi-indices-«, actually over those a satisfying |a|=<m(x). The 
“ differential operator” © Aa(z)Da is the expresston of P in the coordinates 
(zt, > +,a"); we shall usually denote it by P (s, D). 

To the expression P (æ, D) we may associate the polynomial (with coeffi- 
cients in C” (0°)) 


P(2,E) =E Aa(t)ée bame fa > "Eur; 
and deg P (z,é) —m(z). If 8= (8, -,Bi), 1S& BSZ n, we set: 


ml) G reo: 


Pip (2, €) (2) u (i) P (z, &). 


1 Mr. J. Peetre has proved that (DO,,) implies (DO;). See J. Peetre, “ Une carac- 
térisation abstraite des opérateurs différentiels,” Math. Soand., vol. 7 (1969), p. 211. 
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If Q is another differential operator in 0’, these notations allow us to express 
the commutator [P,Q] in the coordinates a*,- : -,2": 


10) [BOT 8 Dom (D) Py (aD). 


PEA [1] y| 


The proof of (1.0) is of course elementary. Let us derive from it two 
important particular cases. First we take Q of order zero; ( is then simply 
the multiplication by a C® function y (on ©’). Then (see Hormander [1]): 


1 oy 
1.1 P,O| = — PB) (x, D}. 
We use here, for simplicity, the notation 
ee ee Be 
dxB = xP: Be? 
ð ; 
we have a (Qtr) BD. 


Second, let us assume that the expression of Q in the coordinates v? is a 


polynomial Q (D) in, Pa with constant coefficients. Then: 
(—1) i 
(1.2) [P,Q] = PA all QP (D) Pig) (2, D). 


We want to derive from (1.1) and (1.2) two other formulas which will 
be useful later. 


For that, we need to put an order relation (actually, a pre-order relation) 
on the multi-indices 8. Let a= (œ: ©, ar), B= (Bus BI 1S aSn, 
1 Brn be two such multi-indices. We say that Bsa if, for every 
p=—=1,:::,n, the number of ß, equal to p is = number of a, equal to p. 
If à <B and B<a, we write ~~ 8: g and B are then identical modulo a 
permutation. If @=.« without «= 8, we write B <a. With those notations: 


a Een ni 0. co / ~ Te r 
Pl) = TT ga VPM (GD) HE 0 (m), aan + ce, 
Also: 
am 5 (0) PO (a, D) = P (x, D) 4. 


Bra 


Therefore: 


(1.3) PO (x, D) = [P, 2%] — z (2%) PU (x, D). 


ETAT i 
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Similarly, by applying (1.2) this time: 


—_1)lf En 
(1.4) (=D Pew (zD) = [P,De]— TSP (De) Pen (2, D). 


2. The norms | |, We consider now the n-dimensional real space Re 
with Cartesian coordinates z,---,2"; we set |s| = (| +: + zr P; 
dz = da'-’- - dz”. Let us denote by Co” (R*) the subset of C°” (Rr). consisting 
of functions with compact support. We define the Fourier transform. of 
BE 05° (Rr) as | Ä 


$ (£) — (merce? da, 


where & belongs to the dual A, of R* and <a, & = t'h +: + oHa" The 
reciprocity formula holds : 


2 7 tira D JE. 

$ (2) ROL dé 

We set [E[=—= ([& |? +] En |). Let s be any reál number. We set: 
Lol Cf (HIER Isola, ge Oo (Br). 


The norms | [, are invariant in the following sense: Let 7 be an auto- 
morphism of the C” structure of R”; 46>, is a one-to-one mapping of 
Co” (R") onto itself. For every compact subset K of R» there is a constant 
Cx < -+œ such that, if 4€ 0,” (R*) and if support of $ C K, 


| $on la S Cr || ¢ lle 
{see Peetre [1], p. 18). 


Let us go back to the manifold 0. For any open subset © of Q, 
we denote by C®(®) the C” functions in Q whose supports are compact 
and contained in Q. Assume that Q is covered by local coordinates 
gt, --,a" and let J be the diffeomorphism they define from 9’ onto an 
open subset O’ of R"; then ¢>¢0°J+ is a one-to-one linear map of 
Co” (Q) onto C” (0°). We may define the norm |], of € Cy” (0°) 
by equating it to | boJ-1],. Of course | ¢ ||, depends on the coordinates 
ai; but if we change coordinates and denote by |||# |||. the new corres- 
ponding norm, to every compact subset K of Q’ corresponds a constant 
Or < + co such that ; 


Cr? le leS [Ile lS Cx Ie le 


provided that the support of les in K. This is a consequence of the invar- 
iance of the norms || ||, in R* we have indicated above. 
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Let now K be an arbitrary compact set in ©. We may construct a 
partition of unity a,,° °°, am in C.” (Q) over some neighborhood of K such 
that the support of each a, lies in some local map ©’; In 9’; we may define 
the norms | ||, and then, for ¢€ 0” (Q) with support in K, we may set; 


| e la = {I aap l + + nd Ja). 


If one changes the partition of unity or the local coordinates, one gets an 
equivalent norm. ‘Anyway, let Cr” be the set of ¢€ Co” (N) having their 
support in K. The completion of Cz* for the norm || ¢ |, is denoted by H*x; 
H*y is a Hilbert space (but the Hilbert structure depends on the partition 
of unity {a,} and on the local coordinates °). 

Let us assume that we have used the same partition of unity and the same 
local coordinates in defining H*, whatever be s real. Then we can state the 
following properties: : 


1) The identity mapping of Cg” can be extended, when st, as a 
one-to-one continuous linear map H'g—> H*g, in fact of norm =1, which we 
shall call the natural embedding of H*x into Hfx 


Lemma 1. If s>t and s=0, the norm of the natural embedding 
H*x-—> H'x tends to zero when the diameter of K tends to zero. 
For the proof, see e. g. Malgrange [1] (Lemma I. 2.3). 


2) Let Q be a differential operator defined and of order x = 0 on some 
neighborhood of K. Then, for ¢€ Ox”, 


Od = Ax (s,Q) | $ lon 
where Ax(s,Q) < + depends on s, Q, K but not on 4. Hence 6-> Q¢, 
which maps Cg” into itself, expands as a bounded linear map H**#,-—> H*, 


The case „== 0 is important: Q is then the multiplication by. a 0°” tinction 
y on some neighborhood of K and, for SE Cx”, 


[vd ls = Ax(s,y)] ¢ Île. 
All this is valid whatever be s real. 


When Q=- R", we may define, for s real, the completion He of 0,” 


= C,” (R”) for the norm > | 4]. We shall make use of different properties 
of the spaces H*: 


i) forts, H? C H+; He is dense in H*; the norm of the embedding 
Hs H? is =1; 


* However, as a topological vector space, H‘, ia invariant. 
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ii) for ġ, y€ Cy”, the bilinear functional 


CHER ICI 
can be extended to H! X H~! and turns those spaces into the duals 
of each other. 


Now for a few words about distributions in Q. The elements of H*, 
can be canonically regarded as such distributions, whose supports, morevoer, 
lie in K. If u is a distribution with compact support K,, we shall use the 
notation u€ H°! to indicate that we HH’; whatever be K compact, K D Ky. 
Similarly, we shall use expressions like: a set of distributions u bounded, 
compact, etc. in H*; a net of distributions converging in H*; ete. This 
applies only, when Q is an arbitrary manifold, in our set up, to sets or nets 
of distributions having all their support in some fixed compact subset K of 
Q and means that the properties in question really occur in H*g. 

Given any distribution u on © and any SE Cy*(Q), there is a real 
number s such that pu € H*. In general, s depends on œ. If s can be taken 
independently of ¢, we say that u€ H*,.(Q). In other words, given any 


distribution v in Q and any open set 0’ C Q, Q’ compact, there is a real q such 
that the restriction of v to Q’ belongs to Haie (Q). If ue Hr,(Q) whatever 
be s real, u is a C” function on Q. 

Let us finally add that all the differential operators will be assumed, 
in the sequel, to act in the sense of distributions. 


3. Some lemmas, Let now p be a Ce” function on Bf, p(x) dx == 1. 
Rs 


For t>0, we set: p;(x) re ). The Fourier transform of p; is 


(os)A (y) = rer E pty). 


Lemma 2. For every real number u’ there is a number n = 0 such that, 


for all multi-indices B = (Ba: -,B,), 1S BSZ n for j=l,- ,r, such 
that | B| È u, we have, for all numbers 0 < t < 1, 
l pe lw SC(1B]) 


where O(| 8|) <+co depends only on p and |B]. 
Let a” == sup(y’, 0). 


| PP pe Pw [A + ly |)" | Da) ob (ty) |? dy 
= PIPL (1 + | y |?)#” | (Dep) (ty) |? dy 
S iPr ee" £1 + | ty F4" | (Deb) (ty) |? dy 
Ä zen te Dep (£) |? de 
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and therefore any p Z p” +5 has the desired property. 
For y € Cy”, we set: 
| ¥ foo sup (1+ | £12) FO], o real 
If € Co” also, then: 
(3.1) Id*rYlo= TS lo | Plo, © 
whatever be the real numbers o’, o” such that 0’ + o” =o. 


Lemara 3. Let B be a multt-inder: B= (Bu ' ',Br), LSB En for 
1=1,: --,r. Whatever be 0 <t<1, 


| fp: 181,» SC(| 81) 
where C(| B|) < + depends only on p and |f|. 


We have: 
sup (1+ |y F) | (Ds) yar (y) | 
VERO 
= sup Zibl(1 -+ |y |2)18 | (Dep) (ty) | 
VE Ry Otel 
< sup (1+ | ty |?) 16/2 | (Dgp) (ty) | 
VE Ra OI 


=P (1+ | & |?) 1818 | (Dep) (€)| < +e. 


(the Fourier transform of a C,” function decreases, as well as each one of its 


derivatives, when | £|—> Lo, faster than any power of): 


lé] 
COROLLARY. Let o be any real number. Whatever be 0<t<1 and 
p E Cir, 


Ip) * A lo SC] 81) |b log. 
Immediate consequence of Formula (3.1) and Lemma 3. 


Lemma 4. Let O be an open set in R", R(z;y) a O” function in 
O X O whose derivatives, up to the order k— 1 included (k = 1), vanish on 
the diagonal x —y. Then one may write 


R(z;y) on 7) 


where the Ra(zx,y) are C” functions in O X O. 





We recall that (t—y)% == (at —y%)- - - (ar — year) where lan 
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for j=1,"",r; a= (a, ::,a). It is enough to prove the Lemma for 
k==1; by iteration, one gets it then for arbitrary k. Let us therefore assume 
that R(z;y) —0 if ty. For 7—1,:::,n, let us set: 


1 : 
Ry(234) =a . P i Y”; y} . sur) 
CR UT Fe 


Since R(yt, -© -,y"547,: + >, y") —0, we have 


R(x: y) => (oy) By(e59). 


We have to show that the A,(z;y) are C* in OX 0. But it is enough to 
show it when n == 1, in which case the result is trivial. 
Let K(z,u) be a C” function on À," X Ru”. We set: 


QI (©) = f $(e—u) K (2, u)y(u) du, 
where ġ, y E€ C” == 0” (Br). 
LEMMA 5. Leto, r be two real numbers. For every we Co”, 


LP Oy lor SG 50,7) e lo ly lz; 


C(K 30,7) ts a constant < +œ depending on Ko, r but not on à, y. 
Of course, Co” = Co” (Br). We set s =o +r. | 


We may write K(v,y) = forte scm) È (y, v) dyd, where K(y,v) is 
a function belonging to 3,,.* In particular, whatever be the integer k= 0 
the function (1+|y|-+ |v |) Ê(y,v) is square integrable in R,” X Rır. 
Let us set 
H(z, Y, v) je a re — u)y(u) du. 


We have: | 
(3.2) [$ Qy] (2) = fÊ (y, 0) H (a, y, v) dyde. 


It is obvious that H(z,y,v) is O” in x, y, v, and, regarded as a function 
of z, has its support in a fixed compact set independent of y, v. On the other 
hand, H (x, y,v) is bounded in R8*. From this follows that the Fourier trans- 
form of the right hand side of (3.2) equals 


fK(y,v)H(é y, v) dyde, 


* &, is the space of OM functions of we R* decreasing at infinity, as well as each 
one of their derivatives, faster than any power of 1/| w |. 
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where H(éy,v) is the Fourier paom of H(x,y,v) with do de to x. 
We have then, in view of Schwarz inequality, 


(3.3) eee 
x (f+ yl +H] lil). ] ËE y, 0) |? dydv), 


where & is any integer = 0. We shall show now that under the hypotheses 
of Lemma 6, there is an integer N = 0 such that, for all ¥,v€ Bn, 


SOHIER EE yo P ESY] eY Poly lt 
Choosing then k > N +?n and integrating with respect to € both sides of 
(3.3), we obtain the lemma. 

We have À (E y, v) = D(£—y)Ü(é—y—7v). Let us now use the fact 
that for every real number r there is a finite constant C, such that for all 
En E By, | 
| (1+ JE |)" SGA] |?) HT En". 

We get: 
GEDEG y PSO +] y Plt ly +e lyr 
ee CSS Le SE 


By integrating the two sides of this inequality, we get 


SAHE 16 y,v) |? deS O |y [A |v) adele 
| x sup (141619) [ECO Ile. 


At that point it should be noted that since K(x,w) has its support in a fixed 
compact subset of Ra” X Ru”, we may as well assume that the support of y 
lies in a fixed compact set K. Let «€ 0,” (Rr), a=1 on K. We have 
Ú = * and therefore 


(141617 (GO| <ofa+ |a PAT & (x)| 
X (1+ EHEM | d S Ca fY fir 


by applying Schwarz inequality. This concludes the proof of Lemma 5. 


4. Statement of the main result. Let Q be an n-dimensional O° 
manifold. 

In order to abbreviate the honte statements, we shall constantly 
make use of-the following convention. 

Let R, S be two differential operators defined near a point w of Q (i.e. 


on some open neighborhood of w). We shall make statements of the following. 
kind: a 
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The inequality || Ré |. <C | Sẹ |, is valid at o. 


The meaning of it is the following: 
Let 9 be an open neighborhood of w on which both R and S are defined. 
i) There is an open neighborhood U C 0, depending on R, S, r, s and 
the local coordinates near w used to define the norms | |, 
ii) there is a finite constant C, depending on R, S, r, s and the local 
coordinates, such that, for every € Co” (Q) with support in U, 
| Rẹ lr £ C Se. 


Of course C is independent of ¢; we shall handle C as a kind of general symbol. 


In order to state the main result of this article, we shall introduce the 
following definition : 

Let w€ Q, P be a differential operator defined on 0. We shall always 
denote by m the order of P on some open subset of Q containing o. 

Let o, a, b be real numbers. Let us consider the following properties 
which may be valid at the point w of 0: 


(Av) lg ilo = C | Po fo. 


(Bo) Whatever be the differential operator L defined and of order pol 
near w, : ; 
IEP, Li low SC | Po lors 


DEFINITION 1. We say that P ts regular at œw if there are numbers ao 
real, a real, b > 0 such that (Ac), (Ba) hold at w for every o = oo. 

We say that P is regular in some open subset Q, of Q if P is regular at 
every point w of Q, (oo, a, b will then generally depend on the point w). 


Remark 4.1. If (Ac) is valid at w, a must necessarily be =m; a—m 
if and only if P is elliptic in some neighborhood of wo. 

If (Bo) holds at w, b must be S1 and b — 1 if and only if P is elliptic 
near w. 

Our main theorem will then be: 


THEOREM 1. If P is regular in Q, P is hypoelliptic in Q. 
We shall prove a slightly more precise statement: 


Tazorex 1’. Let P be regular in Q; let Q, be an open subset of Q with 
compact closure. There is a real number a, such that, whatever be s real 
and the distribution u on Q, 


Pu € H’rae(Dı) implies u € Horn, (N1). 
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5. First consequences of (As), (Bc). Let us introduce the following 
property, which may be valid at wE Q: 


(B,)u* Whatever be the AZ M differential operators Lu,‘ - -,L, of respec- 
iwe orders d,1,°- -,d, 21 near à, 


Ib > (LP, Li}, - - Lil ean SC | Po |, 
ee ear on eee A 


Lemma 6. Assume that (B,) holds at w, with b=0, for 80, o+1, 
,o+ M (M221). Then (Bosr)ır* holds at w. 


Let us set Ry e [> : -[P,L,],: : In]. We are going to show that 


(5.1) | Rig lean SC Po le at o 
for semeo+taA,o+A+1,--+,o+M. For À— M, this will be exactly what 
we want. 

We reason by induction on A. When A=1, (5.1) is a trivial conse- 
quence of the validity of (B,) for seo,co+t1l,' ' ',ce+M. We assume 
X= 2 and that (5.1) is valid up to A—1. We have Ry = [Ry La] and 
therefore, at w, setting md, +" Hd: | 


| Ryd lover SS | Ribao lan + | LR 19 In-aro-a, 
= l R,:L9 | 8-dh—d'+b + C | Ryd i a—d’+b- 


Assume that s belongs to the set of numbers {a + À, ` oth }. Then s 
and s— d, (since d & 1) both belong to the set 


{o+A—1,: 5 ‘,o+ M}; 
hence at o: 
| Raba lea no E C | PL |e, 


| Road lan SC || Po lle. 
Since b = 0, 
| Phys Is. SS || LPA lea + ATP, Lale le-a 
SC | Pe lls + LP, Lal? lays. 
But certainly s€ {o,- + -,o + M}; hence at w 
ILP, Lalo fee = C || Po |. 
This concludes the proof. 


` Lemma 7. Assume that (A,) holds at w. Let M, be the smallest integer 
= 2m—a-+b. If (Ba holds at w, (B,)ar* holds at w whatever be the 
integer M. 
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We keep the same notations as in the proof of Lemma 6. Let g, - -,a" 
be local coordinates near w. Let P(z,D), R;(x, D) be the respective ‘expres- 
sions of P and R, in those coordinates. We may write 


Ry (a, D) = $ By a? (z, D) Pip) (2, D), ` 


where the Raf (z, D) are differential operators depending on L,,: +, La. 
Observe that in the summation, because of the definition of R,, we will always 
have |a/=A—d, |a| +1] >. 

Assume A Z M = 2m—a+6. Then we must have d2m—a-b or 
else Ry==Onearw. Forifd<m—a-+b, |a|2rA—d>m and Soda 
near w. 


If d= m—a-+, | à | sem | $ lara 


Observe on the other hand that the order of R, near » is =m whatever 
be A. Hence at w 
| Rad fae SC | D |s-mv 


and by combining those two benata we get at w 
| Rig leao SEC | D lara 
Then the Lemma is simply a consequence of (A,). 
Tf (B,) u# holds ata whetever be A, we say that (B)# holds at a. 


Lemma 8. Property (B,)* is valid at w if and only tf the following 
property is valid at w: 
(C,) Whatever be the differential operator Q defined and of order u near o, 


IEP,Q] louis < C | Po lle 
1) (Be) *# => (Gr) 


Let us use again the local coordinates x’; let Q(z, D) be the expression 
of Q in those coordinates. According to Formula (1.0) we have at o: 


| LP, le len SC a | Poy (a, D} leyl 


since the order of Qip)” (z, D) near w is Sp—| |. 


Observe that if lSASn, 1SN Sn, 


[PL or] = (LP, er] 2] 
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and therefore Pey (8) (x, D) is the expression in the coordinates: 2/..of, 


[ ' 5 j [[P, z], a en 3 a 


assuming that B= (Bu Br), y= (ya ` an Then, from (B:)°, it 
follows immediately that, at w : 

l | | Poy? (z, D)? laiyo SC | Po lla- 
2) (Ca) => (B,)* 


It is easily seen that [- - -[P,L;],- - - L\] is a sum of terms of the 
form, 








+ Ly’ > -Li[P,L,: + + Ly] 


where (4,° ‘,ta, 1," °°, Ja) is simply a permutation of (1,2,: : :,A). We 
bave at o: | 


| Ly: > ADP, ba: Lyle Jeon 
SC |P, Ly: + + Ligh? les SC" | Pe Île 

where dexd,-+----:+d, @—=d,+:--+d,; Lu: L, is precisely a 
differential operator of order d° near w. Zu 

COROLLARY. Let xt, ,a" be local coordinates near o, P(x, D) the 
expression of P in those ordnati 

If (C;) is true at w, then whatever be the multi-indices a, B, |a| + | 8 | 
> 0, 

| Pia (a, D)e Isai SO | Po fs 

holds at w. 

The important result in this section is the following: 


Lemma 9. Assume that (Ac), (Bo) hold at w, with b= 0, for every 
o=o Let M, be the smallest integer = 2m—a+tb. Let 8s = 00 + Mo. 
Then (C;) holds at w for every s = so. 


Lemma 6 tells us that (Bo), valid at w for co’ & o -+ Mo, implies 
(Bou) at w. 


Lemma ” tells us that (Boys) a. — er provided that (Aom) 
is true at w. 


Lemma 8 state that (Bo.u,)# is equivalent with (Con). 
i Q. E. D. 
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Remark 5.1. From now on, instead of working on the basis that (Ac) 
arid (Bo) are valid at w for oo, we shall assume that (A,) and (C,) are 
valid at w for $s = 80. 

We conclude this section with a trivial result that is going to be needed 
later on. 


Lemma 10. Assume that (C,) holds at w. Let Q be some open set 
containing w. There is an open neighborhood 0,” CD’ of w such that for every 
we C(O’) and every oE Ca” (Q”,), 


ILP, yle [lave SC || Po lle 


This means that the inequality in the Lemma is valid for € 0.” (Q) 
having its support in a neighborhood of w independent of y. 

Proof. Let x',:::,æx" be a system of coordinates covering an open 
neighborhood 0,’ C 0’ of w; let P(z,D) be the expression of P in those 
coordinates. If DE Cy*(Q,’), we have, according to Formula (1.1): 


IEP yle ln SO Z | PO (x D) [us 


(in fact, we have to assume something like 0,’ compact, 0,’ C 9’). For every 
multi-index 8, | 8| > 0, we have according to the Corollary of Lemma 8, 


| P' (zx, D)e fur SC | Po |, 


for € Co” (8), where D’,.g, is a suitable neighborhood of w. Observe that 
P‘® (x, D) =0 near w for | 8| >m. We may take then 


0”, == 0 p Y (g). 
O<| Blam 


6. Properties (A,), (C,) and Friedrichs mollifiers. We choose local 
coordinates 2*,:  ',z* near w; we shall always assume that z!(o) ==: - - 
—%"(w) 0. The norms | |, are computed by means of those coordinates; 
P(z, D) will be the expression of P in the v’. 

Let p be a Co” function on Re, f p(z)de=+1. For t>0, we set: 

Re 


pe(z) = t*p(z/t). 


Let J be the homeomorphism w’- > (z*(o’),- - +,2*(w’)) of a neighborhood 
0’ of w onto an open neighborhood O’ of the origin 0€ R"; J(w) 0. The 
map p—> oJ is one-to-one from C,*(Q’) onto O,” (0°). Let a” C Y be 
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open, Q” compact, QOC. We may find tẹ > 0 small enough so that iS, 
implies, for € Co” (0°), that the support of 


[ore (6 2I*)] (a) = f na) rar 


lies in O’. Therefore the support of [pi (ġp0J>)]oJ will lie in Y. 
We still denote by pry the operator Cy” (9) > Co” (0°) 


> [pta(PoTt| od. 


This operator p:4 can be extended as a linear operator from the space of 
distributions in Q, with compact support contained in Q”, into C,” (Y). 
In particular (and that is what we are going to need later on), if we H*x, 
K compact, K C Q”, piu is a Co” function (with support in 0’). Moreover, 
when ¢ > 0 tends to 0, psu— u in the sense of Hs. 

From now on we assume that the number ż, defined above equals 1. 
We may always be in that case by just replacing p(s) by to*p(a/to). 


Lemma 11. Assume that (Aa), (Co) hold at w. Then 


I LP; prale lm SC || Po le 


holds at a independently of 0<t< 1. 


By “independently of t” we mean the following: 1) the constant C < + 00 
does not depend on £; ii) we may take an open neighborhood N of œw, indepen- 
dent of ¢, such that the inequality is true for every € C.” (N). Here, of 
course, both C and N depend (in general) on the function p. 


Proof. According to Lemma 4, we may write, for some integer u È 1, 


P(x, D) = & EE)” Po (u De) + X (@—u) Pp ay Ds) 
where the Rg(z,u,D,) are differential operators on O’. The coefficients of 
Re(z,u, Da) are C® functions of (z,u) € O'X 0’; the order of Rg(z, u, D.) 
is =m. 
If O” ==image of Q” under J and we Co” (O”), we have: 


P(a,D) — P(x, De) f pi (£—u)y (u) du 


= 3 TaT | | (Ppt) aP (8 (z, Dz)y T È, f(z — u)fp (x — u)Re(a, %, D,)y(u)du. 
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We have taken into account the fact that 


Q (De) (pea) = S ps(@—u) Q (Du) yu) du, 


where Q(D) stands for any polynomial (with constant coefficients!) in 


ic 
dx?” ? dar" 
According to the Corollary of Lemma 3, 


| (2? pt) xP (8) (2 D)Y Noir S C || Posy (e, D}4 lors 


independently of ¢ Let us apply then the corollary of Lemma 8. For 
|8| > 0, we have at w: 


| Pia (x, DP) > loris, SE || Po Ilo 
where b—#woJ We are therefore left with the estimation of the norm 
lg los of the function 
g(a) = X S (&—) Pp: (a —u) Ka (a, u, Du) y (u) du, 
IBl=# 


which is 4 sum of terms of the form 


g” (2) = f (w—u) Fo. (z — u) Rg" (x, u) (Day) (u) du. 


There is a compact set H C R”, such that O” + H C O’ and that the supports, 
in À" X Ay", of the functions p:(~—w) (Day) (u) (whatever be « and 
0<t<1) are contained in (0”+H)X 0”. Hence we may assume that 
the functions Ag*(z,u) have their supports contained in a fixed compact 
subset of Re” X Ra”. This allows to apply Lemma 5: 


| g° ll ose = C | TP os | a’ | Day ll oop’ 
where w is any real number (of course, C depends on y’). On the other hand, 
| Day | or SC | y | T+ bp" 
We choose w == m-—-a-+6. According to Property (Ac): 
le lomo-w = |p ore SC || Po lo at o, 
where d=y0J. 


3 Pip (@, D) is a differential operator on the open subset O of R”. Through the diffeo- 
morphism J, it defines a differential operator on 2’ C Q whose expression, in the coordi- 
aw, > >, a", is Posy) (a, D). 


CRITERION OF HYPOELLIPTICITY. 66] 


Ultimately, we must show that we can choose the integer „ in such a 
way that the numbers | 2p; lw, |8|=—=, are bounded independently of t. 
This follows from Lemma 2. 


Remark 6.1. No assumption whatsoever has been made upon the sign 
of b: we did not need b > 0 or even b = 0; b could be any real number. 


7. The last lemma. In this section and the next one, we assume that 
P has properties (A,) and (C,;) at œ, with b > 0 and for every ss, (s 
being some real number). We recall that those properties are: 


(45) | D lera = CT Po fe. 


(Cy) Whatever be the differential operator Q of order u near w, 


IEP, QT lenin = C | Po |» 
It is essential that a real and b > 0 should be independent of s = 8». 


The three numbers s,, a, b give, in some sense, a “measure” of the 
regularity of P near œ. They will serve to determine the number a, of 
Theorem 1’ and some other regularity properties of P—as we are going to 
see. In view of those properties, let us say that a and 6 should be as large 
as possible while sọ should be as small as possible. We recall however that 
a cannot exceed m and b cannot exceed 1 (Remark 4.1). We shall actually 
use those facts. 

Anyway, in order to abbreviate the forthcoming statements, we shall say 
that, under our assumption, P is of type (8,4,6) at w. 

Let zt,- - -,æ" be local coordinates near wœ. We introduce the operator 

A 
Up = 1,5); p: integer = 0. 
À mec: (er)? + ++ Gi): U, is defined on some open set containing ov. 

Lemma 12. If P is regular at w, so is PUp. More precisely, tf P is 
of type (s,a,b), PU, ts of type (8*—2p+b,a+2p,b) at o, with 
Sot == SUP (80, 0). 


Let o = s. We have at w: 


| P Up | O-2p+b Z | U pP p | 0-39:b ~~ | LP > Us] | O~2p+b 
= | Po le» —C || P |o. 
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Since o = 0, b > 0, we may apply Lemma 1: if the support of lies in a 
suitable neighborhood of w, 


C | Po lo S43 | Po lo» 


Therefore, at w: 
(7.1) | Pd [ors SC | PU sd Tor 


Let us prove first (A,) for PU, and s=s8.t—2p-+ 6b (moreover, with 
a + 2 instead of a). We have at w, for o = 8: 


| $ rte = C | Po loso (since b= 0). 
By applying (7.1) and setting os + 2p—b, we get at w: 
ll e larap = CT PU» |» 
which is what we wanted. 


Let us.prove now ((,) for PU, and 828 —?p+5b. Let Q be any 
differential operator of order p near œ. We have 


[PU,, Q] = LP, UQ] + QLU, P] + [Ur Q]P. 


Note that [U,,Q] is a differential operator of order = 29 +u—1 near o. 
Hence we have at w: 


| Po, Q1¢ In = ILP, ,Q]6 House + C(I [Up P14 los + IPS lor); 


. in order to obtain the last term of the left hand side, we have used the fact 
that b= 1. 

Let us take s =o — 2p +b, o = st. The order of U,Q near w being 
2p + u, we have at w, because of (Cc) for P: 


IEP, VQ] ¢ |lov-(apeny sa = C || Po los. 
On the other hand, at w: . 
[LPs Up] lan = C || Po lloro. 
We have therefore, at w: 
| [P Up, Ql¢ | nr = C | P e los. 


Then (7.1) gives the result. 
À Q. E.D. 
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Let us now take mollifiers p; as in §6. We shall consider the following 
property of a distribution u in Q: 


(R)s There is an open neighborhood No of œ such that the following is true, 
for BE Co” (No): 
i) P(gu)€ A; 
ii) when t—0, Ploy (pu) |] — P(du) weakly in Hr. 


Lexma 13. Let P be regular of type (s,a,b) at œo. If ue Hem, (Q) 
and Pu € H*,.(Q), then (BR), holds. 


Since ve H*™,,.(Q), (Ra is trivially true. Let us assume that (R), 
holds for some o = 8. Of course we assume 8 >a. 

Let 0c be the open neighborhood of œ considered in Lemma 10 (where 
we take Y =Q). Let us set 


N gny N No. 


Let U, V be two open neighborhoods of œ, with the following properties: 
7, Ÿ are compact, UC V, Ÿ CN’. If b€ Co? (V), we may find a number 
to > 0 such that, for = to, pra (pu) has its support in N's. Let de Cy? (U) 
and let us assume that ġı == 1 on a neighborhood of Ü. We have: 


P(qu) = ¢Pu + [P, p] (pit). 
We have then, for t < to, 


I LP, p] {pr (pau) } Io» SC | P {pta (pr) } lo. 


According to (R) the right hand side is uniformly bounded with respect to 
t-»>0. We use now the fact that closed bounded set are weakly compact in 
H+: the functions [P, ¢] {pt (41%) } must weakly converge in Het? as t-> 0. 
Their limit can only be [P,#](#iu), which therefore belongs to H7?. 

Let c be a number &0,c=b, cSs—o. Sinceo+css, Puc Hot: 
since c= b, [P,¢](¢iu) € H”; hence P (pu) € He*e, 

This being done, we apply Lemma 11. There is an open neighborhood 
W of w and a constant C < +œ, both independent of t& te (to > 0 suffi- 
ciently small), such that, for y € C,* with support in W, 


| P (peh) lor SS ILP, prady loro + | pea PY loro ° 
= | [P, ptx ly | g+b + | ptxPy leo 
SC] Py fo + | peal |oo 
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Let U’ be an open neighborhood of œ, such that U” is compact and 
U' CW. Let us set Noo UNU’. HE 6€0,7(2) has its support in 
Ñ +o Y = pee (pu) has its support in W as soon as e > 0 is small enough. On 
the other hand, P (u) € He. 


When e— 0, 
1) ptgP UW pigP (pu) in H” trivially ; 
i) P (pte) > P(pre(Gu)) in Hr trivially; 


ii) Py— P(qu) weakly in H” because of (R)5. 
At the limit, we have: 


| P (pig (pu) ) [lore SC | P (pu) lo + | prxP (pu) [lore 


When t—> 0, pẹP (pu) > P(du) in H since P(pu) € Hoe, We derive 
from there that P (pip (pu)) remains bounded in H°*°, therefore converges 
weakly in H**°, necessarily to P(u). We have thus proved that whatever be 
89 SoS, (R)o => (BP) oe for C20, cb, c=s—ce. Take an integer y 
large enough so that c= (s—s)/v=b. We have proved that for every 
p=0,: > +, y—1, (BR) apo = (E)s +10 For p—v—i, we get (BR). 


Lemma 14 Same hypotheses as in Lemma 13 for P, u, Pu. Then w 
has an open neighborhood U such that $ € Cs (U) implies qu € sta, 


Let us assume $ = s,, for if s were < 8, s-+ a would be < 8, + m (since 
always am) and since ve H*t,,.(Q), there would be nothing to prove. 


We may first choose U in such a way that for ¢ sufficiently small, 
| Pix (pu) se = C | P (pix (pu) la. 


If we take U C N, (neighborhood of w, used in Property (R),), we see that 
the right hand side is uniformly bounded with respect to t We derive from 
there that 94 ($w) converges weakly in H*** as t—0, necessarily to pu. 


8. End of the proof of Theorem 1’. We make the assumption that 
Puc Hs,(Q) (u: distribution on 2). It is enough to prove the following: 
let w be an arbitrary point of Q and assume that P is of type (salo), alo), b(w)) 
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at w (according to Remark 5.1). Then there is an open neighborhood U (e) 
of w such that 
BE Co” (U(w)) => Que Hx), 


For let then Q, be an open subset of Q, with compact closure. We may cover 
Q, with a finite number of such open sets U(w,),: © :,U(w,) and take 


(by == inf (a (w), "+, @(w;)). 


In other words, we must extend the conclusion of Lemma 14 to an arbitrary 
distribution u in Q. But if Q, is open, D, compact, ©, C Qa, there is a real 
number g such that the restriction of u to Q, belongs to Hist (Q). We may 
therefore assume that u € H%,,.(Q). 


Let w be any point of Q; let æt,- - -,2* be local coordinates near w and 
let us introduce the operator 


A 


= o pN 
Up ( Ar? 


)?, p: integer = 0. 





We assume that P is of order (8 ,a,0) at œ. Let us choose p large enough 
so that g+ 2p = Stt mb, with sot —sup(s,0). There is a distribution 
v on some neighbrohood Q of œ such that u == U,v in Q. And ve HP oe (0) 
C Heottmd (0). 

We have PUpv € H%.(0’). We know that PU, is of type (s+ — 2p + b, 
at2p,b) (Lemma 12). Let us set roms" —2p + We see that 
ve Hrom?) (Q) and m + 2p is precisely the order of PU, near wo. We 
therefore apply Lemma 14, with PU, instead of P, 0’ instead of Q, ro instead 
of so, ete. There is an open neighborhood 0* of w such that œ € C.” (Q*) 
=> pv € Hertarap), 

Let h1€ Co” (N*) be identically one on some open neighborhood 0** C Q* 
of w; pue H+), Let BE Co? (Q**). We have: 


qu = pU gv = pU p ($10). 
But U,(div) € He, 
9. Regularity of formally hypoelliptic operators. Let P(D) be a 


differential operator with constant coefficients on R*. Hörmander has proved 
(in [1]) that P(D) is hypoelliptic if and only if there is a number d> 0 
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such that, for every multi-index a == (a, : :,@) (l1Sa;Sn), |a| 21, and 
for every €€ Au, 

(9.1) (1+ | é[)*|P (2) <0 +| PO) 


where O < + is independent of £. 


Let Q, be an open subset of a O” manifold © covered by local coordinates 
wy: --+,a% A differential operator P on Q is said to be formally hypoelliptic 
in the local map (Q,,21,- - -,a@") if its expression P (s, D) in the coordinates 
aj satisfies the two following conditions: 


(FHE): For every zo€ 04, the tangent differential operator P (zə D) 
(which has constant coefficients) ts hypoelliptic. 


(FHE) Whatever be the points z,” € Q., there is a constant c> 0 
(depending on x’, 2”) such that, for every £E Ry, 


„< HIP] _1 
SIH PA =e" 


Several proofs of the hypoellipiticity of the formally hypoelliptic operators 
have been given (first by Hörmander [2] and Malgrange [1]; see also Peetre 
[1], Treves [1]). We shall indicate briefiy the demonstration of the following 
fact: 


THEOREM 2. Let us assume that each point of Q belongs to a local map 
in which P is formally hypoelliptic. Then P is regular in Q. 


Since the question is of local nature, we may reason in a neighborhood 
of the origin in À* (coordinates: 21,- - - 4), We may write 


P(a,D) =P(0,D) + Zay@)P,(D) 


where, for every 7=1,: - ',N,a,(z) is a C” function in a neighborhood of 0, 
aj;(0) —0, and P;(D) is hypoelliptic and satisfies 


[PO SCU+[P(0,6)|), ee By. 


‘By hypothesis P(0,D) is hypoelliptic. Now, whatever be s real, there is an 
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open neighborhood O, of 0 such that se Co” (0.) implies, whatever be the 
multi-index « of length | «| =1, 


(9.2) IP (0, De ua SC || P(0, D)é le: 
(9.3) | Ps (D)e lava, SC | PiP) le SO | PO, D)e lla 
where do > 0, d;>0. Furthermore if s = 0, we will have, for those 4, 
(9.4) | P (0, D)e = CPS lle. 


Hor the proofs of these statements, see Malgrange [1]. 


There is a multi-index « such that P‘ {0 £) is a constant 340. If the 
order of P(0,D) is 21 (which we may of course assume), | «| = 1 and by 
combining (9.2) and (9.4), we get, at the origin and for s Z 0, 


lb lleva, SE C | Po le 


This proves (A,) for s=0 and a= do. 


In order to prove (B,), it is enough to consider the case where L is of 
order »==0, i.e. L is the multiplication by a C” function y defined near o, 


and the case where L = En for a certain A, 1SXı=&.n. 


We have 
D nie cd 
LP, y] = 2 ToT lh (0, D) + 2 ay (2) Ps (D)}. 
lola |! ja 
We may apply (9.2), (9.3). We get, at the origin 
ILP, yle lna SC | P(0,D)¢ ll 
with d == inf (do da ' © +, dy). 
Then (9.4) yields, for s = 0 
LP; vl® lara 5 C| P¢ lls- 


Last 


9 N da 
[Pre > gx (2)Pi(D). 
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We apply successively (9.3) and (9.4). For s= 0, 


Pe les SC 1 PS le 


is valid at the origin. 


This proves (B,) for s È 0 and b—inf(d,1) (actually, it is obvious that 
d is always <1; d==1 if and only if P is elliptic). 
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PARTIALLY ANALYTIC SPACES.* 


By ERRETT BISHOP. 


1. Introduction. The concept of a partially analytic space was intro- 
duced in a previous paper [1]. The present paper will refine and extend the 
theory. To this end it will be necessary to modify the definition of a partially 
analytic space which was given in [1]. Although formally quite different, 
the modified definition contains only one essentially new feature—local con- 
nectedness is no longer required. 


DEFINITION 1. A partially analytic space consists of a separable locally 
compact Hausdorff space K and a subalgebra A of C(K), where C( A’) is the 
algebra of all continuous complex-valued functions on K. The algebra U 
contains the constant functions and is closed in the topology of uniform 
convergence on compact subsets of K. % will be called the set of analytic 
functions on K. 

In the previous paper certain structure manifolds were also postulated 
in the definition of a partially analytic space. The structure manifolds are 
now permitted to occur willy-nilly. 


DEFINITION 2. A structure manifold M of a partially analytic space K 
is a subset of K which has the structure of a complex analytic manifold such 
that (a) the manifold topology and the subset-of-K topology for M are the 
same, and (b) all functions in Y are analytic on M. 


By manifold we mean connected separable complex analytic manifold. 

Our first task is to show that the results of [1] remain valid for the 
more generally defined partially analytic spaces considered in this paper. 
This can be done by simple modifications of the proofs given in [1]. Proofs 
are only sketched. After this has been done we study a special kind of partially 
analytic space K, called an embryonic space, which is shown to have the 
property that the image of K under a proper analytic map of K into a manifold 
M is an analytic subset of M. This property of embryonic spaces is then 
applied to obtain simple proofs of two known results, (i) and (ii) below. 


(i). Let A be an analytic set of dimension k in a manifold M. Let B 
be an analytic set in the manifold M — À whose dimension at each point of 
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M — A is at least k+1. We show that B is an embryonic space. Since the 
identity map of B into M is proper, we obtain as a corollary of the proper 
mapping theorem for embryonic spaces the Remmert-Stein theorem that B is 
an analytic subset of M. For this theorem see [9]. 


(ii). Let K be a holomorphically convex analytic space and W a closed 
algebra of analytic functions on K with respect to which K is holomorphically 
convex. It is easy to see that the image K, of K under the natural map of 
K into C% (C denotes the complex numbers)" is a separable locally compact 
Hausdorff space. The algebra Ÿ can be considered as an algebra A, of 
functions on K,, and together N, and Ko constitute a partially analytic space. 
We show that this space is embryonic. From this fact we obtain Remmert’s 
proper mapping theorem [8], which states that the image of an analytic space 
under a proper analytic map is an analytic subset of the image space. 

Ii p is a point in a partially analytic space K, an n-tuple fi,‘ - -,f, of 
functions in X will be said to be coordinates at the point p if there exists 
a neighborhood U of p which f= (fı,' : *,f1) maps properly into an open 
set V C C” such that for each A in Y there exists g analytic on V with 
k/U—gof. Then K will be said to have rank at most n at p. We show 
that an embryonic space admits a set of coordinate functions at each point. 
It follows that an embryonic space can be canonically given the structure of 
an analytic space in the sense of Serre. Using this fact and the map described 
above of a holomorphically convex analytic space K onto a canonically asso- 
ciated embryonic space K we show that if Y is any closed algebra of analytic 
functions on K with respect to which K is holomorphically convex then there 
exists a canonical map ¢ of K onto an analytic space K, such that if W, 
denotes the set of functions f on Ke such that fog€ N and if Wx, denotes the 
set of analytic functions on Ke then Mo = Ag, This theorem extends work of 
Stein [10], and has also been proved by Cartan [4], using other methods. 

The theory of the imbedding of analytic spaces has been studied by 
Remmert, Narasimhan [7], and the author [1]. In this paper we study 
(Theorem 11) the problem of finding a proper analytic map of a holo- 
morphically convex embryonic space K into complex Euclidean space CN of 
sufficiently high dimension N which separates certain set of points of K and 
which locally generates all analytic functions at certain points of K. The 
imbedding theorems of [1] and [7] then follow as corollaries. The methods 
used for these constructions are basically those of [1] but also have SEA 
in.common with the methods of [7]. 


The author is indebted to Hugo Rossi for many discussions about the 
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topics of this paper. Rossi has proved by different methods some results 
which are closely related to some of the results given below, in particular to 
Theorem 6 and to Corollary 2 of Theorem 8. 


2. Partially analytic spaces. Since a new definition has been given 
of partially analytic spaces it becomes necessary to redefine analytic polyhedra. 


DEFINITION 8. A subset L of a partially analytic space K is called a 
frame if it is contained in the union of some countable family of structure 
manifolds of K. The dimension of L is the least integer d (possibly d ==% ) 
such that L is contained in the union of a countable set of structure manifolds 
on each of which X has dimension at most d. Let fi,‘ - :,f, functions in M 
and let L be a frame. Write 


Po={p: pE L,| fi(p)| <11Sisn}. 


Let P be a subset of P, which is both relatively open and relatively closed 
in Py. If the closure P of P is a compact subset of L then P is called an 
analytic polyhedron with frame L defined by the functions f,,---,f,. The 
dimension of P is the dimension of P when P itself is considered as a frame 
of K. P is called reduced if n< dim P, otherwise unreduced. An unreduced 
analytic polyhedron P is called prepared if it can be covered by a countable 
family {4/4} of structure manifolds such that for each « 


(a) The dimension of X on M, does not exceed dim P, 


(b) For each a the algebra M has dimension 0 on Ma over the set 
(Br). l 


Bdry P denotes the boundary of P when considered as a subset of its frame L. 


The proof of the following theorem is the same as the proof of Theorem 
3 of [1], except for one modification which will be discussed below. 


THEOREM 1. Let {L;} be a finite family of frames in the partially analytic 
space K. Let the functions f,,---,f, in U define for each j an analytic 
polyhedron P; with frame L; Let y—y(j) Zn be the dimensions of P, 
Let K; be a compact subset of P; Then there exist functions fx, - -, fa’ 
in À, which can be taken to be polynomial functions of the functions fi,‘ © ©, fn 
such that for each j the functions f,’,- : -fy define an analytic polyhedron 
P? with frame L; such that SC P} CP, If |fi| <1 for 1<i<n at all 
pomis of a compact set TC K then the functions ff may be taken to have 
the same property. 
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Remarks on the Proof of Theorem 1. We need only consider the one place 
at which the proof of Theorem 3 of [1] needs to be modified. The modifica- 
tion is necessary because we have dropped the local-connectedness condition 
when defining the frame L of an analytic polyhedron P. Because of the 
absence of local connectedness for L, a union of components of P, need no 
longer be an analytic polyhedron. This means that the proof of Theorem 2 
of [1] must be modified. Theorem 2 of [1] states, in part, that if a prepared 
analytic polyhedron P is defined by functions f,,- © : , fa, 1f S C P is compact, 
and if r > 1 has the property that 


SCP {p: |filp)| <r LSi1Sn}, 
then for N supfficiently large the functions 


CRE) — (rf (p))* 2Sisn 
define an analytic polyhedron Q with SC Q C P. To see this write 


Qo {p: pE L, | (rfi(p))¥— (rfi(p))¥| <1, 2StSn}. 


In [1] it was sufficient to take Q to be the union of those components of Qo 
which intersect S, but this need not give an analytic polyhedron if L is not 
locally connected. ‘Thus a different construction of Q is needed. Write 
Qı = Qo N P. As in [1] it follows that if N is sufficiently large then $ and 
(bdry P) MQ, are disjoint closed subsets of the compact Hausdorff space Q4 
which are simultaneously intersected by no component of Q.. It follows 
(see [6], p. 158) that there exists an open and closed subset Q, of Q, which 
contains S and is disjoint from bdry P. Thus Q = Q:N 0, is an open and 
closed subset of Qo P which is disjoint from bdry of P. It follows that 
SCQcCP and that Q is open and closed in Qo. Thus Q is the desired 
analytic polyhedron. Thus Theorem 2 of [1] can be established even when Z 
is not locally connected. The rest of the proof of Theorem 3 of [1] is the 
same. Theorem 3 of [1] is just Theorem 1 above, except for the remark that 
the f; can be taken to be polynomials in the fi. To see this note that the 
theory holds if Y is replaced by the closed subalgebra of À generated by the 
functions fi,‘ - ",fn. This implies that the functions f/ can be taken to be 
uniform limits on compact sets of polynomials in the functions fẹ, from 
which it easily follows that they can be taken to be polynomials in the fj. 
Finally, it is clear from the proof of Theorem 3 of [1] that the f/ can be 
chosen to have absolute values less than 1 at all points of T. 


The following definitions and theorem correspond to Definitions 6 and 7 
and Theorem 4 of [1]. The proof is the same. 
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DEFINITION 4. A partially analytic space K is called weakly holomor- 
phically conver if K itself is a frame and if for each compact set S C K each 
component of the set 


S={peK: |f(p)|Smax,.,/f(q|, all f in A) 


is compact. 


DEFINITION 5. A continuous mapping ¢ of a topological space T, into a 
topological space T, is almost proper if each component of ¢*(S) is compact 
for each compact set SC Ta. 


THEOREM 2. Let {L,} be a finite family of closed frames of a weakly 
holomorphically convex partially analytic space K, with In—=K. Let the 
dimension y == y(j) of L; be finite for each j. Let n= y(1) be the dimension 
of K. Then the set of elements fm (fı, * ',fn) of the n-fold Cartesian 
product W” of Y such that for each 7 the mapping 


fi: p> (ip), lo) 
of Lj into Cv is almost proper is dense in Y". 


3. Special frames. Definition 6 which follows replaces Definition 8 
of [1]. 


DEFINITION 6. A continuous proper map f from a subset S of a partially 
analytic space K to an n-dimensional complex analytic manifold M is called 
spectal of dimension n if all of the level sets of f on S are countable and if 
there exists a countable family {Me} of n-dimensional structure manifolds 
of K which are subsets of S such that 

(a) fis analytic on each Ma and non-singular on Ua at every point of Mae, 

(8) Hach Ma is open and U Ma is dense in 8, 


(y) The set H =f(S— U Ma) is a countable union of locally analytic 
subsets of M, each of dimension at most n — 1. 


It is worth noting that condition («) may be replaced by the weaker 
condition 


(a) fis analytic on each Ma and non-singular on Ma at some point of Ma. 


To see this equivalence it is sufficient to note that if {Ma} satisfies (g), (8), 
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and (y) and if A, denotes the singular set of f on Ma then the family {Ma}, 
where Ma’ = Ma—Aa, satisfies (a), (8), and (y). The only condition that 
is not obvious is (y), and (y) follows from the inclusion 


f(S—U Me’). C U f(4a) Uf(S—U Ma) 


and the fact that f (Aa) is a countable union of locally analytic sets .of dimen- 
sions ‚at most n — 1. 

Similarly we see that if ie: mapping f admits an extension to K such that 
S— U M, is contained in the union of a countable family of structure mani- 
folds of K of dimensions at most n— 1 on each of which f is ae then f 
satisfies condition (y). 

Before stating the next theorem we recall from [1] that if X is a 
topological space then ,X denotes the k-fold unordered product of X, con- 
sisting of all unordered k-tuples of elements of X with the natural topology. 


Taxorem 3. Let f be a special map from a subset S of a partially analytic 
space K into a complex analytic manifold M, and let {Ma} be a countable 
family of n-dimensional structure mantfolds satisfiyng (a), (B) and (y). Let 
G==UMa Then H=f(S—G) ts closed and nowhere dense in M, and 
M—H is connected. There exists an integer À = 1, called the multiplicity 
of the map f, such that for each point z in M—H there exist exactly À 
distinct points p in G with f(p) =z. The map o from M—H into W8 
which takes z into the unordered A-tuple of such points can be REN 
extended to a continuous map w of M into 8. 


Proof. The proof is the same as the proof of Theorem 5 of [1], except 
where the proof of said theorem is incomplete. In the penultimate paragraph 
of the proof of Theorem 5 of [1] it is shown that œ can be continuously 
extended to (E*— H) U {4} for each z in H. To do this it is assumed 
that there are only a finite number of points p in P with f{p) =2,. This 
fact is not evident without further consideration. Assume therefore that the 
set T of points in P mapping into z is infinite. Since T is a countable com- 
pact set in P, we see by the Baire category theorem that T has an infinite 
number of isolated points. Choose points p1,° °°, 4: which are isolated in 
T, and for 1 Si Sà +1 let U; be a neighborhood of p; with NT = p; such 
that the sets U, are disjoint. As in the proof of Theorem 5 of [1] we see 
that there exists a neighborhood V of z such that f*(V) N bdry U4 is void 
for all +. For each z in V—AH let &(z), 13+ A-+1, be the number of 
points in w(z)NU;. Since V—H is connected we see that 8, is constant on 
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V—H. Also 8&0 because if p is any point in P—f*(H) mn near 
to p; then f(p) =zE U; so that %(2) 720. Thus 


AZ BEZATL 
a contradiction. Thus T is finite, as was to be proved. 


COROLLARY. If f ts a special map from a subset S of a partially analytic 
space K into a complex analytic manifold M then the famiy {Ma} of 
Definition 6 can be taken to be a fimte family of at most À mamfolds, such 
that f (Ma) C M —H for all a. 


Proof. Let A be the set of points p in M such that w(p) consists of À 
distinct points, so that A is open and dense in M. Because the complement 
of À has topological dimension at most 2n-—-2, A is connected. Now f:(4) 
is a A-sheeted covering space of A. Since A is connected, the set {Ma} of 
components of f7 (A) is finite. It is then clear that each Ma’ has the structure 
of a complex analytic manifold and that {Ma’} satisfies conditions (a), (8), 
and (y) of Definition 6. 


Corresponding to Lemma 6 of [1] we have the following theorem and 
corollary 


THEOREM 4. Under the assumptions of Theorem 3, let h be a continuous 
function on M which is analytic on M—H. Then h is analytic on M. 


Proof. The proof is essentially contained in the proof of Lemma 5 of [1]. 
H. Rossi suggests the following simple proof of Theorem 4 by induction on 
the dimension n of M. If n—1 then H is a countable closed subset of M, 
so that the set H, of points in M where f is not analytic is countable and 
closed. Thus H, is void since otherwise H, would contain isolated points, 
contradicting the fact that a continuous function does not have isolated points 
- of non-analyticity. This proves the theorem for n==1. Consider n>1 
and assume the theorem true for n—1. We may assume that M is 
Hit xe { (21, + +4): a] <1,1SiS<n}. Thus the intersection of H with 
all but a countable set of the varieties | 


el,’ > 524) CB": 2, == 6} 


is a countable union of locally analytic subsets of Le each of dimension at 
most n— 2. By the induction hypothesis, f is analytic on all such Le Thus 
f is analytic on M. 


COROLLARY. Under the assumptions of Theorem 3, let g be a continuous 
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function on S which ts analytic on each Ma and let s be a symmetric poly 
nomial in variables 2,,°-°°,%. For each z in M let p> -p denote the 
points of w(z), counted according to multiplicity. Then the function h on M 
defined by 
h(z) = 3(9(pi)," ` +> 9(Pa)) 

1s analytic on M. | 

Proof. By Theorem 4, it is sufficient to show that h is analytic at each 
point z of M—H. Let p,°,: - -,p,° be the points of »(2,). Thus z, has a 
neighborhood U such that there exist analytic homeomorphisms ¢1,° : +, da 
of z onto neighborhoods of p,°,- : +, p° respectively with ¢;(z) € w(z) for 
all z in U. Thus for all z in U we have 


h(a) = 8(9(1(2) ),° ` ,9(or(2)), 


so that A is analytic at Zo as was to be proved. 


We now study conditions under which the image of a partially analytic 
space under proper maps will be an analytic subset of the image space. 


Lemma 1. Let f= (fi,---+,fx) be a special map of a subset K of a 
partially analytic space K into an n-dimensional manifold M. Let g be a 
continuous function on S with values in CF which is analytic on each Mz, 
with {Ma} as in Definition 6. Let k be the map (f,g) of 8 into the manifold 
M—M X CE Then h($) is an analytic subset of M. 


Proof. Consider a point r in M—h(S), so that rem (q, t'> -, te) 
where g€ M and $, ‚ti, are complex numbers. Let gq:,:-:,qx be the 
points in S which map into q under f, i.e., the points of w(q) counted 
according to multiplicity. Thus for each 1, 114, there exists jmj(t), 
L784, with 9;(q) 4t; There thus exists a polynomial A, in one variable 
such that A;(t;) 1 and A;(g;(q)) =0. Define the analytic function A 
on C* by 


À 
A(2,' © *, 2) = U Alza). 


Thus Alt,‘ °, i) <1 and A(g(q)) —0 for 1<:<X It follows that 
A= A0g is a continuous function on 8 which is analytic on each M«, with 
A(g) 0 for 1:14. If for each p in M we let p,’ >+, p, denote the _ 
points of w(p) then by the corollary of Theorem 4 we seee that each of the 
elementary symmetric functions of the quantities A(pi),---,A(p,) is an 
analytic function of the point p in M. Thus the function F on M.defined by 


À 
F(p, ža: : *, 2%) =l (Az, ` *, 2x) —A(p)) 
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is analytic on M. Clearly 
À 
F(r) =F (q, tu: + + te) = it (L—A(qi)) —=1. 


Also if (p,2,° ° -,2) is in A(S) then there exists 14, 151A, such 
that 2, == g (p1); °°; %e==9x(m). Hence F(p,2,' ' +,2,) has the factor 
Az, © 7,2%) —A(ps) = Altay + +, 2e) — A (91 (P): © ge (Ps)) = 0. Thus 
F vanishes on A(S) and F{r) =1. Therefore A($) is an analytic set, as 
was to be proved. 


DEFINITION 7. An n-dimensional frame L in a partially analytic space 
K is called spectal if there exists a countable family {Ma} of n-dimensional 
structure manifolds of K such that 


(a) MaC L for all g, 

(b) Each M, is an open set in L, 

(c) The dimension of the frame L— U Ma is at most n— 1, 

(d) U Ma is dense in L, 

(e) There exists a set N > L such that the level sets of Y on N are all 


countable and such that N is a countable union of structure 
manifolds of K. 


The family {Ma} is called a structural family for the frame L. 

It is clear that if L is a special frame of dimension n in a partially 
analytic space K then a proper map f= (fi,-:°-,f,) with REM, 1S t&n, 
from L into an open subset of C" whose level sets on L are all countable is 
special whenever L has a structural family {M.} such that f is non-singular 
at some point of each Ma. 


Lemma 2. Let g= (1, * -,gr), wth EU, 1£1<Rk, be a proper 
map of an n-dimensional special frame L in a partially analytic space K into 
an open subset U of CF. Then g'(p) NL 18 finite for all pa in U. 


Proof. Consider a point pọ in U. Since g is proper, there exists an 
analytic polyhedron Q with frame L defined by functions which are linear 
combinations of the functions gı,’ - -,g4 such that g7(p.) C Q. Since the 
dimension of Yon L is n, there exist functions fa: > :,f, in À defining an 
analytic polyhedron P with g-#(p,.) C P. By changing the functions fi,‘ -, fn 
slightly we may assume, by Theorem 1 of [1], that fi,‘ - -,f, have countable 
level sets on N. Thus f is a special map of P into Er. If we let h be the 
map (f,g) of P into E* X U, we see by Lemma 1 that h(P) is an analytic 
subset of Er X U. Thus 


T=h(P) N (EX {po}) =f (g> (90) ) X {Po} 
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is a compact analytic subset of En X U C C"* Therefore T is finite. Thus 
f(g*(po)) is finite. Since f is at moe À to.one, g (#0) is finite. This proves 
the lemma. 


THEOREM 5. If g (91° >` ‘,9x) 18 a proper map of an n-dimensional 
special frame L in a partially analytic space K into an open, set U C CH, 
where gE N for all i, then g(L) is an analytic subset of U. 


Proof. Since g is proper, g(L) is closed in U. Thus we need only check 
that g(L) is analytic at each point p, in g(L). Let U, be the closure in the 
topology of uniform convergence on compact subsets of K of the set of all 
polynomials in the functions g1,’ - -, gx, so that (K, Mo) is a partially analytic 
space. Let V be a small neighborhood of po with Ÿ C U. Since the map g 
is proper there exists an analytic polyhedron Q in (K, M.) with frame Z with 
Lng (V) CQ. By Theorem 1 there exists an analytic polyhedron P defined 
by functions f;,---,f, in M, with LAg'(V) CP CQ. Thus f can be 
changed slightly such that each f; is a polynomial function of g: © -, gx. 
Thus f is a proper map from an analytic polyhedron P D LM g*(V) into Er, 
such that there exist polynomial functions A,,' : -,A, on C# with 


fi(p) = Ag: (p), ` +> 9% (P)) 
for all p in K. Since P is an open subset of the special frame J it is itself 
.a special frame, so that by Lemma 2 f is a special map of P into E". By 
Lemma 1 we see that (f,g)(P) =A is an analytic set in Er XU, which 
clearly consists of all (A(p),p) for peg(P), where A== (A;,:::,A,). 
Let yi," ' *,y; be analytic functions defined on some neighborhood Q in 
Er X U of the point (A(pc),20o) whose set of common zeros is ANQ. 
Choose a neighborhood W of p, with WC 'F such that (A(p),p)€Q for 
all p in W. Let B be the set of zeros on W of the analytic functions 
y:(A (p); p) ` y (Ap) p). TE pe B then (A(p),p) € A so that peg(P) 
Cg(L). If peg(L)NW=g(P)NW then (Alp),pJ)EAND so that 
yı(A (p), p) =: ; =y (A (p), p) =0 and therefore p€ B. Thus g(L) N W 
== B so g(L) is analytic at the point po, as was to be proved. 


DEFINITION 8. A frame L in a partially analytic space K which is the 
union of a countable family of closed special frames only finitely many of 
which intersect any compact subset of L is called an embryonic frame. If K 
itself is an embryonic frame then K is called an embryonic space. 


For embryonic frames we have the following immediate corollary à 
Theorem 5. 


COROLLARY. If L ts an embryonic frame and f,,: : - ,f, in À define a 
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proper map of L into an open set U in CF then f(L) is an analytic une 
of U. 
As a corollary of this corollary, we obtain the following theorem. 


THEOREM OF REMMERT-STEIN. Let A be a k-dimensional analytic subset 
of an open set U C Cr. Let B be an analytic set in U— A of dimension at 
least k + 1 at each of tts points. Then BOU is an analytic subset of U. 


Proof. Let K — À U B and let I be the closure on K in the topology 
of uniform convergence on compact sets of all functions analytic in U. Thus 
(K,YX) is a partially analytic space. Clearly L=BMU is an embryonic 
frame in K. Let f be the inclusion map of L in U. By the above corollary, 

B=f(L) is an analytic subset of U, as was to be proved. 


4, Contractions of analytic spaces. The term analytic space will be 
used in the sense of Serre (see [5], p. 280). 


DEFINITION 9. Let K be an analytic space and Y be a closed algebra of 
functions everywhere analytic on K. Assume that K is holomorphically convex 
in the sense that the set § of Definition 4 is compact for all compact 8 C K. 
Let K, be the image of K under the natural map ¢ of K into C™. Since K 
is holomorphically convex, the map & is proper and K, is closed in O®, so 
that Ko is locally compact. Let X, be the subalgebra of C(K,) consisting 
of all f in C(K,) such that fogde MW. It is clear that (Ka, Mo) is a holo- 
morphically convex partially analytic space which we call the contraction of 
(K, N). 

Of course Definition 9 could be made for an arbitrary partially analytic 
space K, but we shall only apply the construction to analytic spaces. ‘The 
object of this section will be to show that (Ko, Mo) is actually an embryonic 
space. 


Lemma 3. With the notation of Definition 9, let M be a structure 
manifold of K on which W has dimension n. Then $(A) is a frame in K, 
of dimension at most n. 


Proof. The proof is by induction on the dimension d of Mf. If d-=0 
the lemma is clearly true, so assume that the lemma is proved for all d smaller 
than the actual dimension d of M. Choose fi,’ ' -,f, in Y to have rank n 
at some point of M, and let A be the analytic subset of M at which these 
functions have rank less than n. Thus A is a countable union of structure 
manifolds of K each of dimension less than d on each of which Y has rank 
at most n. By the induction hypothesis ¢(A) is a frame of dimension at 
most n. On the other hand, M—A can be covered by a countable family 


680 ERRETT BISHOP. 


{Ma} manifolds each of which is mapped by f1,: - *,f, onto a connected open 
set Lo in C” and on each of which f,,: - :,f and 2 have the same level sets. 
Thus Le is naturally homeomorphic to (Ma) ; the (Ma) are thus a countable 
family of structure manifolds of K, on each of which M, has dimension n. 
Thus ¢(Af—-A) is also a frame of dimension at most n. This completes the 
proof. 


Lemma 4. Let 8 be an analytic space whose set R of regular points ts 
connected and let X be an algebra of analytic functions on S of dimension ‘at 
most n at each point of R. Let M be any structure manifold of S. Then U 
has dimension at most n on M. 


Proof. If d is the dimension of § then every level set of Won R has 
dimension at least d— n at each point. Therefore, by a known result ([3], 
Exp. XIV), every level set of Y on S has dimension at least d—n at each 
point. Assume that the dimension of W on M is larger than n. Thus there 
exists f= (fa, * fus) in UW" having rank n +1 at some point of M, 
so that f(M) contains an open set U of C**. Now S can be covered by a 
countable family {Ma} of structure manifolds such that for each « either f 
has rank n-+1 at every point of Ma or at no point of Ma. Let {Ma’} be the 
subfamily of {Ma} consisting of those Ma on which f has rank less than n + 1. 
If p is any point in U then f-*(p) contains some level set of 2 on 9 and 
therefore has dimension at least d—n. By the theorem on the dimension of 
a countable union of closed sets, f+ (p) N Ma has dimension at least d—n for 
some æ. Since the dimension of Me is at most d it follows that f does not 
have rank n + 1 at all points of Ma, so that Me is some Me’. Thus U is covered 
by the sets f(df.’). Since f has rank less than n +1 at all points of Mod’, 
f(Ma’) is a countable union of closed sets of topological dimensions at most 
2n. Thus U is a countable union of closed sets of topological dimensions at 
most 2n. This contradiction proves Lemma 4. 


. TExOREM 6. With the notation of Definition 9, (Kọ Wo) is an em- 
bryonic space. 


Proof. The analytic space K is the union of a countable family {Je} 
of irreducible sets, only finitely many of which intersect any compact subset 
of K. Thus {¢(Ma)} is a covering of K, by closed frames, only finitely many 
of which intersect any compact subset of Ky. Thus it is sufficient to show 
that each (Ma) is an embryonic frame in Ky. It is therefore enough to show 
that p(T) is an embryonic frame in K, for each irreducible analytic subset 
T of K. We will do this by an induction on the dimension d of 7. The 
case d==0 is clear. Thus we assume that the statement has been verified for 
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all T of dimension smaller than the dimension d of the given T. Let 8 be 
the set of singular points of T, so that dimS<d. Since S is the union of 
of a countable family of irreducible analytic sets of dimensions less than d, 
only finitely many of which intersect any compact set, we see by the induction 
hypothesis that ¢(8) is an embryonic frame in Ky. Thus if ¢(9) —¢(T) 
then ¢(7') is an embryonic frame, as was to be proved. Therefore we may 
assume that (8) 54¢(7). We shall prove that the set Sı =7'1$*(¢(8)) 
is an analytic subset of K. To this end, let p be any point in K, and let U 
be a neighborhood of p such that Ü is compact. Since K is holomorphically 
convex there exists an analytic polyhedron P with frame K, defined by func- 
tions fi,‘ + -,f, in UW, such that 6(U) C P. Now let g be any element of AN, 
where N is any positive integer and let ĝ be the element of M,” corresponding 
to g. Since #(9) is an embryonic frame in Ky, b(S) NP is an embryonic 
frame in the partially analytic space (P,W’) obtained by taking W to be all 
uniform limits on compact subsets of P of functions in Wo. By the corollary 
of Theorem 5 it follows that (fa: © -,f,, 4) —A maps $(S) MP onto an 
analytic set B, in E” X CN, Hence the subset 


UU (Ao $)*(By) mm Ag — {pE U: (f:($(p)),° > fule(p)),9(p)) € Bo} 
of U is analytic. Now clearly 
UNE (p(S)) =) Ag, 
where the intersection is taken over all finite families g of functions in M. 
Thus UM ¢7(¢(8)) is an analytic subset of U. It follows that ¢-*(¢(S)) 
is analytic subset of K. Thus S;7'M ¢7*(¢(8)) is an analytic set. 

Now let & be the smallest of the local dimensions of all of the level sets 
of X on T. By a known theorem ([3], Exp. XIV), the set J of p in T such 
that the level set of X on T which passses through p has dimension & at p 
is an open set in T. Thus J intersects 7 — 8, so that À has rank d— k at 
some point of T — 8). 

Now 8, is the union of a countable family {Ma} of structure manifolds 
of K. Since the level sets of 2 on 8, have dimension at least & at each point, 
by Lemma 4 we see that  is.of dimension at most d—1-—% on each Mz. 
By Lemma 3 it follows that ¢(8,) is a frame in K, of dimension at most 
d—k—1. | 

Now let 8, be the set of all points in T— 8, at which Y has rank 
d—k—1 or less. Clearly 8, is an analytic subset of T—S,. Since T— 8, 
is a (connected) manifold, 8, is a proper analytic subset of T —S.. 

Now if Y had rank d—k or more on 8, at some regular point of 8, 
then Y would have rank at least as great on T — 8, at that point. Therefore 
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I has rank at most d—k-— 1 at all regular points of $,. Thus the dimensions 
of X at every regular point of 8, is at most d— k— 1. By Lemma 4 it follows 
that S, can be covered by a countable family of structure manifolds on each 
of which X has dimension at most d—k-—1. Thus (S;) is a frame in Ko 
of dimension at most d—k—1. If S,== 8: U 8, it follows that the frame 
(83) in K, has dimension at most d—k—1. If ST N p1(p(S:)) it 
follows that H == T — 8, is open and dense in T and that (84) — (83). 
Since M has rank d— k at each point of H, the level sets of X on H will all 
be k-dimensional submanifolds of H or countable unions of such submanifolds. 
Now since the level sets of X on H are closed in T, and therefore compact, 
each such level set will actually be a finite union of compact k-dimensional 
submanifolds M of H. Clearly the set À of all such M has the structure of a 
d—k dimensional manifold, and X gives rise to an algebra À of analytic 
functions on H whose level sets. on H are all finite. Also X has rank d—k 
at each point of À because X has rank d—k at each point of H. | 

Now if p, and p, are distinct points in H with A(p.)—h(p:) for all 
h in À, we may choose (fi,' +, far) —f in A4 having rank d—k at both 
pı and ps, 80 that there exist neighborhoods U, and Ua of p, and p: respec- 
tively each of which f maps homeomorphically onto the same open set V C CH. 
Thus there exists a unique analytic homeomorphism o of U, onto U, such 
that f and foo agree on Uy. If hE À then the set 


= {gE U1: h(g) =h(o(g))} 


is an analytic set in U;. Clearly f] Aa == A is the set of all g in Uy which 
are identified with some point in Us by all functions in I. If A= U, we 
write p:=#p2 This clearly gives an equivalence relation on H, and the 
equivalence classes form a set À which has a canonical structure of a d—k 
dimensional manifold in such a way that H is a covering manifold of Ê. 
Also À gives rise to an algebra X of analytic functions on À. If pix ps 
in Ê and h(p,) =h(p,) for all h in Ñ, define Ba just as A, was defined, 
with À replaced by À and 2 by Ÿ. Thus B is an analytic set in some 
neighborhood of pı and consists of all points in that neighborhood: which are 
identified by X with some point in a fixed neighborhood of p,. Since for each 
pı the number of possible p, is finite, it follows that there exists a neighbor- 
hood U of p, such that all points in U which are identified with some other 
point of H by all functions in N are a proper analytic subset of U. Thus the 
set W of all points in H which are identified with some other point in H by 

all functions in Wis a proper analytic subset of Ê. 
If y denotes the natural map of H onto À it follows that yi" (W) isa 
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proper analytic subset of H. As above we see that (y T(W)) is a frame iu 
K, of dimension at most d—k—1. With H,—H—y1(W) it follows 
that 6(T —H,.) == p(y1(W) U 84) is a frame in K, of dimension at most 
d—k— 1. Since H, is dense in T, #(H,) is dense in #(7). Clearly ¢(Ho) 
is in one-one correspondence with H—W. It is easy to see that (Ho) 
and H— W are actually analytically homeomorphic in a natural way. Thus 
$(H,) is a d—k dimensional structure manifold in Ko, at each point of 
which MW, has rank d—k. Since T—H, is closed in T and therefore in K, 
b(T —H,) is closed in Ky. Since by construction ¢(H,) and g(T—H,) 
are disjoint, we see that d(H,) is open in the frame $(T). It follows that 
(T) is a d—k dimensional special frame in Ko, as was to be proved. 
As a corollary, we obtain the proper mapping theorem of Remmert. 


THEOREM. If f is a proper analytic mapping of an analytic space K, 
into an analytic space K, then f(K,) ts an analytic set in Ka. 


Proof. Since the analytic structure of K, is defined by local imbeddings 
of K, onto EN for some N, there is no loss of generality in assuming that 
Kı == EY. Let K, be the contraction of (K,,%), where W is the algebra of 
all analytic functions on K,. Since the coordinates of the mapping f are in 
9, we see that f gives rise to a proper analytic map f of K, into EN, whose 
coordinates are in Mo. By Theorem 5 it follows that f(K,)=f(K,) is an 
analytic subset of EN, as was to be proved. 


5. Imbeddings and related maps. 


DEFINITION 10. Let K be a partially analytic space. A set SC UW is 
strictly of the first category if it is contained in the union of a countable 
family {8,} of nowhere dense sets having the following property. For each 
t there exists a compact set #, C K and a closed subset J, of (C(F4))* such 
that S; consists of all functions in AN whose restriction to F; is in Ja 


THEOREM 7. Let U and V each be a countable unton of structure 
manifolds of dimensions at most n of a partially analytic space K. Let 
f= (fa fan) im A" have countable level sets on U U V. For each p in U 
and q in V let there exist h in Y with h(p) h(g). Then the complement 
F of the set G==G(U,V) of all g in U”! for which (f,g)(U) and (f,g)(V) 
are disjoint is strictly of the first category in Ar. 


Proof. It is clearly enough to show that to each pin U and q in V 
there exist neighborhoods U’ of p in U and V’ of q in V such that the com- 
complement of G(U’, V’) is strictly of first category. This is clearly true 
unless f(p)=æf(q). Thus we may assume that U and V are mapped 
by f into the same open set T in O”. Let U=-UT, VæU Vy, where 
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{Ux} and {Vx} are countable families of compact sets. Let Tẹ consist of 
all g in #1 such that (f,g)(Ux) and (f,g)(Vx) are disjoint. It is clearly 
sufficient to prove that for each k the complement S; of Ty is strictly of first 
category. If we let J, be the closure of Sy in (C (Us U V;,))*** it is sufficient 
to show that 


(a) TZ; is dense in Ar", 
and 
(b) For each g in Ty the restriction of g to Ux U Vx is not in Jy 


We first prove (a). To this end, it is sufficient to show that the ‘set 
T of all g in X** such that (f,g)(U) and (f,g)(V) are disjoint is dense. 
Consider therefore g == (91,° ‘ *,9nii) In Art, Assume by induction on k 
that for each k, OS k&n- 1, there exist g,’,- --,g;’ arbitrarily near to 
ga` © ", gu respectively such that the set of points p in U with 


C) gi (p) "ge (P)) = Fag (9), + ge (G)) 

for some q in V is a frame L, of dimension at most n — k, and the same for 
the corresponding frame M+ of V. This is clearly true if k=-0. Thus by 
induction we may assume g,’,' - ,g4 already chosen, k <n- 1. The set of 
Ge” in À such that for each frame L of a countable family of frames of - 
dimensions at most n — k covering Ly and each frame M of a countable family 
of frames of dimensions at most n— k covering M, there exists a dense 
countable set of points p in L and a dense countable set of points q in M 
such that | 

Gis (P) E gues (VAP (F(P))) 


and 


qua’ (9) gx (U N f=(f(a))) 


by obvious category arguments has a complement which is a set of first 
category in A. Thus we may find gyi.’ arbitrarily close to gin. Now 
(f, Jus’) (M) is a countable union of locally analytic subsets of ('****, so that 
A=LN (f, gx’) (M) is a countable union of locally analytic subsets of L. 
Since by the choice of gr,’ the set A has no interior in L, the frame A has 
dimension at most n— k— 1. Since this is true for all L and M it follows 
that Lin and Mpu are frames of dimensions at most n—k—1. This com- 
pletes the induction. Letting k==n + 1 we see that (a) is true. 

To prove (b), notice that for each g in 84 the pair (f,g) identifies some 
point in U, with some point in Vy. The same property therefore holds for Jy. 
From this (b) is clear and the lemma is proved. 


COROLLARY. If L 1s an n-dimensional frame, if U separates points of L, 
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and if f€%" has countable level sets on L then the set T of all g m Ir 
such that (f,g) is one-to-one on L has a complement S which is strictly of 
first category in A, 


Proof. The set LX L—{(q,q): ¢€ L} can be covered bi a countable 
family {Us X Vz}, where U, and Vy are disjoint countable unions of frames 
of dimensions at most n. By the theorem, the complement of the set of all g 
such that (f,g) (Ux) and (f,g)(Vx) are disjoint is strictly of first category 
in X”, From this the corollary follows easily. 


DEFINITION 11. A point p in a frame L in a partially analytic space K 
is called an analytic point of L of dimension n and rank at most N if there 
exists a neighborhood U in L of p and fin AN mapping U homeomorphically 
onto an n-dimensional analytic subset of an open set S C CN such that for 
each A in X there exists an analytic function w on S such that 


h(p) =w(f(p)) 
for all pin U. Then f is called a set of coordinates at p and U is the corre- 
sponding coordinate neighborhood. 


THEOREM 8. Every point p of an embryonic frame L is an analytic 
point of L if U separates points of K. 

Proof. By the corollary just proved, there exist f,,- - *, fx in À mapping 
some neighborhood V of p one-to-one and properly onto an analytic set A C EN, 
Let H consist of all continuous functions h on A such that there exists g in 
A with g(qg) —h(f(q)) for all q in U, and let G be the set of germs at 
a=af(p) of H. Let F be the set of germs of all functions bounded and 
analytic in some neighborhood of z on the regular points of A, so F consists 
of the germs at z of all functions analytic on the normalization of A (see 
[5]). Let R consist of all functions in some neighborhood of z on A 
which can be extended to be analytic in some EN neighborhood of z. Thus 
&CGC F, and G and F are R-modules. By the remark at the top of p. 291 
of [5], the R-module F is finitely generated. Since R is noetherian, it follows 
that the sub-module @ of F is also finitely generated. Thus there exist 
Ja’ © *>9x in Y such that for each g in W there exist A,,- > +, hy in R with 


x 
(*) | F(t) = EM (DG (0 
for all t in AM V,, where V, is some neighborhood of z and 5 is the element 
in Œ corresponding to g in YM. Thus if {S,} is a decreasing sequence of 
neighborhoods of z whose intersection is z, we see that for each g in À there 
exists n—n(g) with 8, C V; and (h) Sn, where 


(h) = sup{| H (t)|: 1Si<h,ich,} 
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with h, as above. Hence Y — U un, where 

Hn = {gi n(g) =n}. 
Since each up is closed in M, some u, contains an open subset of Y, for other- 
wise X would be of first category. Thus actually 8, C Vy for all g in Ẹ for 
the right choice of V, Let S == Ia X CF, so that fo = (f, 91,‘ °°; gx) maps 
f> (Sa) NU properly onto an analytic subset of §. For each g in X we have 
(*), so that 


9(q) =È uE) eh), 
for all g in f :(8,) Q U, where 
p: (4, Zy : El) 


is analytic on 9. This completes the proof. 


COROLLARY 1. Every embryonic space K for which YU separates points 
admits an analytic space structure K, so that all functions in À are analytic 
on Ky. If K is holomorphically conver and if X separates points of K then 
À consists of all functions analytic on Ko. 


Proof. The first statement is an immediate consequence of Theorem 8. 
To prove the second statement, consider any 4 analytic on Ky. If S is any 
compact subset of K let P be an analytic polyhedron in K containing 8 defined 
by f= (fa'' ‘,fn) in Y”. By Theorem 8, we may assume, by adding more 
functions if necessary, that fi,‘ --,f, are a coordinate set of function at 
each point of P, and by the corollary to Theorem 7 we may assume that f 
separates points of P. Thus f maps P one-to-one onto an analytic set A C En. 
Let g be that function on A such that h(p) =g(f(p)) for all pin P. Since 
f is a coordinate system at each point of P and since h is analytic on Ke the 
function g on A can be locally extended at each point of A to an analytic 
function in some neighborhood’ of that point. As is well known, it follows 
that g can be extended analytically to #*. Thus g can be uniformly approxi- 
mated on f(S) by polynomials in the coordinate functions. It follows that h 
can be uniformly approximated on $ by polynomials in the functions f,,---, fr. 
Since $ is any compact subset of K it follows that A € À, as was to be proved. 
The author is indebted to Hugo Rossi for this argument. 


COROLLARY 2. Every holomorphically convex analytic space K admits 
an analytic proper map $ onto a holomorphically convex analytic space É such 
that 

(a) The algebra À of analytic functions on K separates point of K, 

(b) Wm {fog: fE N}, 
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and 
(c) There are enough analytic functions in X to give a coordinate set 
of functions at each point of K. 


Proof. This corollary is an immediate consequence of Theorem 6 and 
Corollary 1 of Theorem 8. 


THEOREM 9. Let p be an analytic point of dimension n and rank at 
most N in a frame L of a partially analytic space K, so that there extsts 
f= (fi, fa) in AN forming a coordinate set of functions on some netghbor- 
hood U of p and mapping U onto an analytic set A in an open set M of CN. 
Let g = (91° °°, Gn) be an element of Ar all of whose level sets on U are 
countable. Then the set T of all h= (hs, > -, hy) in AN such that (g,h) ts 
a coordinate set of functions at all points of U has a complement S in AN 
which is strictly of first category. 


Proof. We may assume that U is a compact subset of L. Let {Wz} be a 
sequence of compact subsets of U with U Wy = U. Let A,‘ - ',9 be analytic 
functions on M with g(p) = Gi (f(p)) for all pin U and 1&1& n. For each 
k let T, consist of all A in YY such that there exist analytic functions ka". hy 
on M for which h(p) —h(f(p)) for all p in U and 1Si<N with the 
property that (5,h) has rank N at each point of f(W4). Clearly T D N Tp 
Thus it is enough to show that for each k the complement Sy of Ty in WY is 
strictly of first category. If we let Jẹ be the closure of Ss in (C(U))* it is 


sufficient to show that for each k 
(a) Ty is dense in IN 
and | 
(b) For each A in T; the restriction of h to U does not belong to Jp. 


We first prove (a). To this end consider h in AY. By induction on j, 
07; N, we show that there exist functions hy’,---,hj in A arbitrarily 
close to Ay,‘ + -, hy respectively and h,’,- - +, h7 as above such that for each r, 
0Zr< N, the set of points in A at which the rank of (G, hy’,- - hf) on M 
is at most r has dimension at most max{—1,r-—7}, This is true for j = 0, 
for if g had rank r or less on a set BC A of dimension r + 1 then the level 
sets of g on the regular points of B would not be countable, contrary to the 
hypothesis on g. Thus we need only show how to find Ay’, assuming that 
I <N and h,’,---,hj have been found. For 0r<N let A, be those 
points in A at which the rank of (9,hy/,---,4/) on M is at most r. By 
the induction hypothesis either A, is void or dim A, S r— j. We consider 
K U Af as a topological space in which K and M are disjoint open sets with 
their given topologies. For ISi<N let the function jı be defined on 
KUM by fi(p)—filv) if pe K and f(z) az if z= (z, * +,2y) € M. 
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Similarly define the function f,,, on KU M by hai(p) =huı(p) for p in K 
and fyı(z) =R (z) for z in M, for a fixed choice of hy. Let % be the 
closed subalgebra of C(K UM) generated by the functions fac + +, fy, Rasa, 
so that À is a partially analytic space. If p is any regular point of A, — Ay. 
itis easy to see that the set of all fy.’ in 9 with the property that 
(Ihr, hf, hp) have rank r+1 on M at p form an open dense set 
in. Thus there exists À,” in J arbitrarily close to A,,, such that for each r, 
© 0<r<N, the functions (ğ, Å,- -,h/, fy’) have rank r +1 at a dense 
set of regular points of 4,— Amı Let Ay.” be the restriction of hy,’ to K 
and hy,’ the restriction of fy.’ to M. It follows that (4, hi’, + hu) can 
have rank r or less only on the union of A, and a subset of A, of dimension 
at most max{—1,r—7—1}; this union therefore has dimension at most 
max{—1,r—j,—1}. Thus Ap} has the desired properties. By putting 
j= N and r—N—1 we see that (g, h,- © -, hy’) have rank N at each point 
of A, thus proving (a). 

To prove (b), consider k in Ty., Thus h can be found so that (g, h) has 
rank N of all points of f( Wi). Now if h, in AN is close enough to À on the 
set U then by a theorem of Grauert and Remmert ([5], p. 291) ho can be 
made arbitrarily close to À on some fixed neighborhood in M of f(W;,). 
It follows that if k, is sufficiently close to A on U then hy can be found such 
that (g, ho) has rank N at all points of f(W»), so that ko is not in Sp. This 
clearly implies that A is not in Jx, thus proving (b). 

The following lemma replaces Lemma 6 of [1]. The proof is the 
usual proof of this type of lemma. 


Lemma 5. Let L be an embryonic frame, U an open subset of L, and 
S a compact subset of U such that for each p in U—S there exists f in 
A with 
| f(p)| > sup{| f(g) |: ae 8}. 
Let A separate points of U. Let 1EM. Let W, be the uniform closure of N 
in C(S). Then to every non-zero continuous homomorphism o of U, into 


the complex numbers corresponds p, in S such that o(f) =f (0) for all f 
in Yo. | 


` Proof. There exists an analytic polyhedron P with frame L, defined by 
functions f= (fi,---,f,) in À, such that SC PCU. ‘By adding extra 
functions to f if necessary, we may assume by Theorems 7, 8, and 9 that f 
is a set of coordinates at each point of P and that f maps P oneto-one onto 
an analytic set À C Er. Thus each function in W gives rise to an analytic 
function on A which can be extended to an analytic function on Æ”. It 
follows that if § is identified with the set f(S) C A then M, may be identified 
with the set of all uniform limits on f(8) of functions analytic in Er. Let zo 
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be the point z — (c(f:),° <- -,o(fs)) of E”. To prove the lemma it will be 
sufficient to show that zo € f(S), for then po can be taken to be that point 
of S with f(pa) ==2 To this end it is enough to show that for each z in 
E” —f(8) there exists À analytic on E” with | h(z)| > sup{| A(w)|:w€ f(S)}. 
This is clear if ze H*—A for then there exists h which vanishes on A but 
not at z If z€ A—f(9) then by the hypothesis of the-lemma there exists 
g in X with | g(p)| > sup{| g(q)|: qE 8}. Lf we let A be any function on Er 
with Mofa g on P, then h satisfies the requirement. 

CoroLtary. Under the hypotheses of Lemma 5 tf 9, and S are Pr 
closed sets with Sm S; U S: then the function equal to 1 on S, and 0 on S, 
te in Ao. 


The next theorem extends Theorem 8 of ray. The proof is the same. 


THRORBEM 10. Let K be a holomorphically conver analytic space such 
that 1EM and À separtes point of K. Let f= (fi,- > -,f,) be an almost 
proper map of K into Or, fE A. Let {8+} be a sequence of compact subsets 
of K such that U 8y =~ K and Sy C int Sin for all k. Let 


Jr {26 O*:|a Sk 1SisSn}. 


Let H, be any compact subset of f-*(Jx) which ts open in f*# (Jy) and contains 
(Sy N T (Je) ) U Hga. Write 


Qu [f (Jr) N Ern] — Hu 


for k21 and G—H,. For k=0,1,- > let às be any function in A and 
ex any positive number. Let T be the set of all g = (gu: °°, gx) m AN such 
that for all k, k=~0,1,-- - 


| ga (p) —Ax(p)]| <a, pin Gr 


Then T is not strictly of first category in UN. If the sequence {er} ts bounded 
and if 
inf{| àx(p)|: pE G} >o as kw 


then (f, gı) 18 a proper map of K into C™. 


Proof. Let {D,} be a sequence of compact subsets of K and Fy a closed 
subset of (C(Dz))% such that for each k the set F, of all g in AN whose 
restriction to D, is in F, is nowhere dense in WN. To show that T is not 
strictly of first category we must find g in T— UF, By re-ordering and 
padding the sequence {D,} if necessary we may assume that D, C H, for 
all k. We also assume that {ex} is a monotonely decreasing sequence. If 
z = (%,° * *,%y) is an N-tuple of complex numbers define |z |== max{| z; |}. 
We construct by induction a sequence g°, g',: -+ of elements in YN such that 
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(a) g+: Hgg for kZ1, 
(b) | g*(p)| <2** min{e, 8," > -, 8:1} for #21 and p in Ay, where 
& is the distance in (C(D,))* of g? +- -+ gt to Fẹ 
and 
(c) | 9%(p) ++ + ++ 9% (p) —Ax(p)| < te, pe Gk and k=0,1,--- 
To begin the induction take g°; == Ao, 9°s,' * -,g°w arbitrary. Assume 
that g°,- - -,g** have been constructed to satisfy the relevant conditions. 
Let U be a neighborhood of Hx, such that Hr = U NF (Jru). Thus for 
each p in U— Hy. for some t with 1=1<n we have 
| f(p)| > +12 sup{] f(g) |: ge Hrn). 
Since Gr U Ay == f> (Jk) N Hew we see for p in 
Heu — (Gr U He) CF (Sar) — f> (Jx) 
that 
|fi(p)| 2k+1> ke sup{|fi(g)|: gE BU Hi} 
for some 4. It follows from Lemma 5 that there exists r in U se 
near to 0 on H, and to 1 on Gy. Write 


Par (ga + Hg) 
and gu = 0,2 515 N. It is clear that if r is chosen correctly then g* satisfies 
(b) and (c). Thus by changing g* slightly we may also assume that g* 
satisfies (a). 
‘Define g = > g*. For each k this series converges. uniformly on H, 


because | g/(p)| < ge? for p€ Hy whenever j>k. Thus ge, since for 
any compact S C K there exists 7 with S C S,, so that S C A, if k is chosen 
so large that f(S;) C Jr. We see by (b) and (c) that for alpin Gy 


|g (p) —An(p)| S| 9%s(p) +: + gp) —Ax(p)| 
+ 2 |g) Stat E y <a, 
J=k+1 J=k+1 
Therefore g € T. Also the distance in (C(Dz))% of g to F4 is at least 


— $ sup{| gi(p)|: pE Dr C Ay} = 8 — 3 258, > 0. 
J=k+1 j=k+1 


This completes the proof that T is not strictly of first category. The rest of 
the theorem is proved as in [1]. 

We tum now to a consideration of certain imbedding properties. By 
Corollary 1 of Theorem 8 we see that every holomorphically convex embryonic 
space with a separating algebra Ÿ of analytic functions can be realized as an 
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analytic space which is holomorphically convex relative to the given algebra 
X, and by Theorem 6 in turn we see that the analytic space can be realized 
as a holomorphically convex embryonic space with a separating algebra X 
of analytic functions. For this reason Theorem 10 holds for arbitrary holo- 
mirpically convex analytic or embryonic spaces, and the following theorem 
also yields information for such spaces. 


THEOREX 11. Let K be a holomorphically convex analytic space such 
that LEW and X separates points of K. Let K have dimension at most n 
at each point, so that by Theorem 2 there exists an almost proper map 
f= (fu fa) EW of K into ©”. Let L, - +, Lx be a finite family of 
frames in K, and U,,: > -,U, open subsets of these respective frames, such. 
that there exist integers Ni,’ + - ,N3 such that each point p of Uy, 1S1i=k, 
is an analytic point of L; of rank at most Ny. Write 


N = max{n +1, Nat °°, Nz}. 
Then there exists g= (gi,'°*,gx) in UN such that 


(a) (f, 915° ° +, ni) separates points of K, 

(b) For each à, 11k, the functions (f,91,--°-,9x,) are coordi- 
nates at each point of U, 

(c) (f,91) is a proper map of K into Ct, 


Proof. By Lemma 2 the level sets of f on K are all countable. By 
Theorem 7 the set T, of all g for which (a) is not true is strictly of first 
category in YY. By Theorem 9 the set T, of all g for which (b) is not true 
is strictly of first category in AN. Thus 7, U T, is strictly of first category. 
By Theorem 10 there exists g in K—(7,UT,) which has property (c). 
This completes the proof. 

Now we would like to improve Theorem 10 by choosing g so that the 
mapping (f:," * *,fy,91) is proper on certain embryonic frames L in K, 
where y==dim L and (f1:*:,f,) is almost proper on L. Instead of 
showing that g can be so chosen we show in the next theorem that the map 
f can be chosen so that g, automatically satisfies the extra conditions. This 
theorem will at the same time be a considerable strengthening of Theorem 2. 


THEOREM 12. Let {L,} be a finite family of analytic sets of finite 
dimensions {y=y(j)} in a d-dimensional holomorphically convex analytic 
space K. Then tf U ts separating there exists f = (fı; - - fa) in Ad such 
that 


(a) For each j the mapping fi = (fs, - +, fy) of L; into C is almost 
proper, 
(b) For each j the functions fys, ` +, fa vanish on L. 
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Sketch of Proof. By decomposing each L; into its homogeneous-dimen- 
sional parts we may assume that each L, is a special frame. By lumping 
together all L; of a given dimension we may assume that the L; are special 
frames Lı, La,* + +, La of dimensions 1,2,---,d respectively. Finally, by 
enlarging the L; appropriately we assume L, C L C++ +:CLlg=K. 

Now let 9 be any compact subset of K for which S=8. We show by 
induction on k, 0S k S d, that there exist hı, > +, hy in À each of absolute 
value less than 1 on 8 such that for 1=3<% the functions hpr’ + "hr . 
vanish on L; and such that A,‘ --,h; define an analytic polyhedron P}; in 
L; with SOL,C P, Since the case k=0 is trivial, we may assume that 
Ant t,he have been found with the desired properties. Consider p in 
K—Iy.—8. Thus there exists w, in W vanishing on Ly, with wi(p) —1. 
Since S == 8 there exists wa in X with w2(p) =1 and | w,(q)wa(q)| <1 for 
all gin S. Thus there exist finitely many functions g,,---,gy in X which 
vanish on Lp and have absolute values less than 1 on 8 such that Ay, : "ge 
91° ` ‘, gw define an analytic polyhedron Q in Ly with S N ICQ. of the 
construction used to prove Theorem 3 of [1], we may successively reduce the 
number N of such functions g, obtaining at the last step functions h,’,---, he’, 
gi’ in A having the desired properties for the functions h,,- - +, hy at the k-th 
stage. Thus we may assume that the functions hi,’ + +, hg can be chosen for | 
each compact set 9 with S ==§. Once this is done the proof of Theorem 4 of 
[1] can be repeated word for word to construct the desired functions fa,- +, fa. 
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ARITHMETICAL NOTES, V. A DIVISIBILITY PROPERTY 
OF THE DIVISOR FUNCTION.* 


By ECKFORD COHEN. 


1. Introduction. Let k and n denote positive integers, k fixed, and let 
t(n) denote the number of (positive) divisors of n. The set of all n such 
that k|r(n) will be denoted Sx and, for real s = 1, the enumerative function 
(82) of S; will be denoted S(s). Sathe [5] has investigated S(s) for 
odd k > 1, obtaining the estimate, 


(1.1) Sixt) at as T>, 


where a, is a positive constant defined by (8.6). Sathe’s proof depends upon 
a result [5, (3)] of S. Selberg and Pillai which is substantially equivalent 
to the Prime Number Theorem. It is the purpose of this note to prove a 
refinement of Sathe’s estimate (Theorem 3.1). The method of the paper is 
elementary; in particular, no appeal is made to the theory of primes. 


2. Preliminaries. The characteristic function s(n) of a set S of 
positive integers n is defined by s(n) =1 or 0 according as n€ § or nés. 
The enumerative function S(x) of S is the summatory function of s(n), that 
is, S (<£) — >) s(n). In this note Q will denote the set of square-free integers, 
and the ee and enumerative functions of Q will be denoted g(n) 
and Q(x), respectively. The symbol a,(n) will denote the characteristic 
function of the set A; of the k-th powers. The Dedekind y-function is the 
arithmetical function, 


(2.1) bn) Zalda ¥(n)/n—= TI (1+ 1/7), 


where the product is over the prime divisors of n. The number of square- 
free divisors of n will be denoted #(n). 
We recall a previously proved lemma. 


Learara 2.1 ([2, Lemma 6.2]). For positive integral r, 
(2.2) Qr* (2) = E g(n) — B(r)2+ 0 (An) 


(m r}=1 


where B(r) == (6/m)r/4 (r). 
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Remark 2.1. Clearly B(n) is bounded. 

Next we note a trivial though fundamental principle. 

Remark 2.2. An integer n is untquely representable as the product of a 
k-free integer by a k-th power. ` 

Let t,(n) denote the characteristic function of the set Tyr of integers 
with a k-th power divisor whose complementary divisor is square-free and 
prime to r. Then by Remark 2.2 


(2.3) tar(n) = 2 an(4)q(8). 
| Gr) 

We deduce now an estimate for the enumerative function T’,,(z) of the 

sequence Tyre Let £(s) denote the Riemann £-function, s > 1. 


Lemma 2.2. For positive integral r and fixed kZ3 
(2.4) Turl)= E hr) = 8(r)(E)z + O (2*8 (r)) + O (20 (7)). 
Proof. By (2.3) and Lemma 2.1, 


Tr (2) = à a(d)q(8) = 2 a(n) Or" (z/n) 
(ra ý 


— B(r)z D a(n)n* + O(20(r) Z as(n)nè) 
ns „an 


= B(r)z n*+ O(B(r)c nt) HOT) E n¥?), 
#=1 i ngid nasal 
from which (2.4) results. | 
Let the integer n have the canonical factorization 
(2.5) Ne ph pesé, t==0 if n==1, 


where pı,’ ' *,p. denote the distinct prime factors of n. The set B of integers 
n in (2.5) with & > 1 for all 1 is the set of “square-full” integers. Let 
B(x) represent the enumerative function of B and b(n) its characteristic 
function. 

LEMMA 2.3. 
(2.6) . B(x) = J b(n) = O(a). 

„a2 

Proof. This estimate results from a much sharper approximation for 

B(x) proved by Bateman in [1] using an elementary approach. 


3. The main result. We introduce some further notation. The set of 
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k-free integers will be denoted Qr, while the set of k-full integers namely, 
the integers n in (2.5) with «= k (11S), will be represented by By. 
In particular, Q = Q and B == B}. If r is a positive integer =k, then Fk, 
will be used to denote the intersection, B, O Qr, and (ur the intersection, 
Fr NS. For simplicity, we write Fi Me, Ar Gus, and use g,(n) and 
G(x) to denote, respectively, the characteristic and enumerative functions 
of Gy. . 


Remark 3.1. It will be observed that gen) =1 if n is of the form 
(2.5) with 2 < a S k— 1 for alli and if k|r(n), otherwise 9,(n) == 0(k = 2). 
In particular, GC Fr. 

The following representation for s(n), the characteristic function of Sy, 
is basic for the main theorem. 


Lemma 8.1. If k ts odd and = 38, then 
(3.1) sx(n) = È gu(d)ime(8). 


Proof. It may be seen (Remark 2.2) that an integer n has a unique 
factorization of the form, 


(3. 2) N d- dads, (d, da) ES 1, d € Fy, de € Ax, ds € Q. 


Moreover, if n is defined by (2.5), then t(n) = (e,-+-1): ++ (e41), 
r(1)==1. Hence, in the factorization (3.2), since k is odd and > 1, 


nE Sy E= d E Gy. 
Thus, one obtains 
(mn) = È gx(di)axu(ds)q (ds), 

dıdady=n 

(du,da)=1 
which by (2.3) is the same as (3.1). 

We mention two simple results that will be required. (Convention: 

vacuous products will be assumed to have the value 1). 


Lemma 3.2. If e<1/r(r—1), then 
(3.3) I nee) (k2r=Z2) 


nal 
. n€ Fr, r 
18 convergent. 


Proof. We have 
k-i k-1 
Snes TT ( Z aea) LITE ((1/(r—1) —e)). 
nSz izr nSz 4=r 


RE Pry NEAL 


Thus the convergence of (3.3) is assured. 
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Lemma 3.3. If 2 = 2, then 
(3.4) > r(n)/n— O(log’ z). 


sigs 


For a much sbarper (elementary) estimate of the sum on the left of 
(3.4), see [4, Lemma 71.3]. 


We are now in a position to prove our main result. 
THEOREM 8.1. If k is a fixed odd integer = 3, then for r= 2 
(3. 5) Sir) = ar + O (at log? r), 


where 


(3.6) a(t) È ga(n)b(n)nt=6r*t (k) Sgn (n) /4 (n): 


Proof. We first remark that the series in (3.6) is absolutely convergent, 
by the boundedness of B(n) and the case r—2 of Lemma 3.2 with e==0. 


By Lemma 3.1, it follows that 
(2) == $ ann) = Z ge(4)tea(8) = E ge(n)Tan(z/n), 
nian din aXe 
and hence, by Lemma 2.2 and Remark 2.1, that 


Sr(a) —=£(k)@ E gela) E (n)a + O(a 3 gon) wl 
(3.7) Ze 
+O(A F gn(n)0(n)n9), 


Noting again that B(n) —O(1), one obtains 


EIMAn) = È p(n A(n) 0( X g()n). 


Appealing to Lemma 3. 2 (r=3), it follows (for some Cp > 0 depending on 
k alone) that 


Zgr(ninis E 1/nm— X 1/m X I/m 
di nee Lu n>{o/m)} 


me Pr,» me Fp, 


<O E mi—O(ri). 
mess 


Therefore | 
(8.8) EM (n)B (mn (ka +O (2A). 
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Noting that G, C B, one obtains by partial summation and (2.6) 
I ga (nr) nr Ur = 2 O(n) nf (1+1/n) >) + O(G,(2)a-UF) 
i | — O ( 2 B (n)n HH) + O(B(a)at/*) 
— 0( Intro) + 0 (2), 
from which it results that me 
(3.9) | 2 gin)n ur O (atk), 
To complete the proof, we note the following dels properties of 


O(n): O(n) is multiplicative, O(n?) = 6(n), and O(n) —O(r(n)) =O(n‘) 
for alle >0. Hence by Lemma 3.2 with r = 8, 0 < e < 1/6, one deduces that 


2 ge(n) O(n) nas 2 a) (n° Lie ae 2 6(m) m 


Ca meh, ‚3 
mefrs 


-0(2 O(n) /n) — ae 2 r(n)/2); 
therefore by Lemma 3.3, 


(8.10) 2 9x(n)6(n)n4 0 (log? 2}: 
The ieran follows on combining (3.7), (8.8), (3.9), and (3.10). 


Remark 3.2. For the case in which k is a prime, a direct evaluation of 
ax has been given by Sathe [5, Theorem 6]. For a much simpler, indirect 
evaluation of a, in this case, the reader is referred to [3]. 
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ON BOUNDARY VALUE PROBLEMS FOR LAPLACE’S EQUATION. 


\ 


By R. T. Sreney.* 


Introduction. The object of this paper is to formulate certain boundary 
value problems for Laplace’s equation in a way suitable for the representation 
of the boundary condition by a singular integral equation. This formulation 
is modeled to some extent on the Abel summation of Fourier series. The 
application. considered is to show that, for a first order boundary operator that 
“covers” the Laplacian, the index of the problem is zero. 

Section 1 describes the regions considered, and develops the results used 
to justify the representation of the boundary conditions by singular integral 
equations. Some lemmas used in this are proved in Section 3. Section à 
discusses the question of the index. 

The methods used here may prove applicable to wide classes of elliptic 
boundary problems. 


1. On the connection between u and ôu/ôn for a harmonic function u. 
Let k = 2, and G be a bounded region in k + 1 dimensional Euclidean space 
Ek, with boundary r. We assume that T is connected, and is almost a C» 
manifold, of dimension k. Specifically 


i) Tis a C, manifold; the unit normal at the point x in r is denoted 
by v(x) ; 

ii) there is a number r > 0 such that for every x in T the sphere of 
radius + about x + rv(x) intersects T only at x; 

iii) for each ¢ in OX |¢t|SSr, the points {x + {v(x) ; x in T} are all 
distinct and form a C, manifold [;, bounding the region G;; and | 

iv) if we introduce in #** orthonormal coordinates é,- -,& & with 
origin at the point x in T in such a way that the tangent plane to T at x is 
¢ = 0, then in a neighborhood of x, T can be represented by {= A(&,° : -,&), 
with h a C, function. 


These conditions are not independent, of course. 
It follows from these conditions that T, is of the same type as T, with 7 
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replaced by r—|t|. Since the point x’ on T, nearest to the point x on T 
is x’ om x -+ tY (x), v(x) is the normal to T; at æ + Wy(x). 
It will be convenient to write simply ¥ instead of V(x) in most contexts. 


Let do be the natural surface measure on T, and |T | = J. de. Fora 
function fin ZA(T), and x in E*!, let Pf(x) == ef f(y)|x—y |'*deo,, where 
r 


k+l 
c = 40 ((k — 1)/2) 0062, and | x — y |? == (m —yı)?’. Pf(x) is harmonic 
1 


when x is not on T; and since locally on T, P is dominated by convolution 

(in local coordinates) with a function in L*, Pf(x) is defined almost every- 

where on T. For each ¢ in 0< |t| S7 and x in T we define Pif (x) by 

Pif (x) == Pf(x +t). Lemma 1 proves that P,f>P,f m P(T), and in 

Le(T) it f is in (T) (1 ps0); here P,f is the restriction to T of Pf. 
An operator N, the normal derivative, can be defined on the range of Po 

by NP of(x) on DP f(x), where D, denotes differentiation with respect to t. 

>0- 


Lemma 2 shows that there is an operator K, (whose kernel is the adjoint of 
that for the double layer potential) such that D,P,f— f + Kof in Lr(T) as 
t— 0 —; the convergence is uniform if f is continuous. Thus NP, =I + Ke. 
The lemma shows moreover that if f is bounded, then K,f is continuous; and 
that the kernel of Ky is uniformly 0(| x — y |**). 

The operator P, on Z4(T) has trivial null space, as the following argu- 
ment shows. Since NP,==[-+K , the null space of P, is contained in that 
of I-+ Ky. This latter null space contains only continuous functions; for 
we can choose n so that the kernel of Ko” is bounded, so that if f == — Kof, 
then f= (—1)"K,"f is bounded, from which it follows by Lemma 2 that 
f= -— Kof is continuous. Thus if P,f—=0 for f in L!(T), then f is con- 
tinuous, and by Lemma 1 P,f is the boundary value in the classical sense of 
the function Pf in E*", It follows from the maximum principle that Pf (x) 
0 for all x in Et, Now if ¢(x) is any function in C, on E“1, with 
compact support, we have 


J, anne | | x —y |*A¢ (y)f(x) dydoa 


=o” J ag(y)Pily)dy—0. 
It follows that f(x) =0 on T.. 


We can also show that NP,f—0 only if P,f is constant. For we have 
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seen that if NP,f=0, then f is continuous; thus Lemmas 1 and 2 yield for 
u(x) = Pf(x) that 


o= f u ĝu/ðn = lim “woufin—lim | |vult— f | vel 


t> 0- -> 0- 
This shows that u= Pf is constant inside G, so that Pof Is constant. 
For f in Ze(T) and g in ZA(T) we have (N Paf, Pog) = (Pof, NPog) ; 
this can be verified by approximating f and g with continuous functions and 
applying the formula 


J Beaverton | OPI (VPA) = f Pof @Po/in), 


or by using the same formula on T; and letting t—>0—. Part of the same 
argument, with f == g, shows that (NP f, Pof) Z 0. 


If A is the averaging operator, i.e. Af(x) ref, f(y)do,, then 
ANP,=0; for by Lemma 2 


| { NPf—lim | D,Pf(x-+tv)doy (x =x +19), 
TE y i>0-J/T, 5 


and the latter integral is Í ĝu/ôn for a function u harmonic in T; and its 
interior. Now (4 -+ NP, has trivial null space. For if f is in L'(T) and 
(A + V)Pof = 0, then 0 = (A? + AN) Pof = AP of, which gives also VP f = 0. 
This last equality implies P,f is constant, and 0=AP,f shows that this 
constant is zero. Thus (A+N)P,=/J+K,+AP,—I+L, where the 
kernel «L(x,y) of L differs from the kernel of K, by a continuous function 
of y; and I -4+ L has trivial null space. 

Now we can construct a right inverse J, for À + N, using P, as para- 
metrix. Set J, == Po + PoF, where F is an integral operator to be determined. 
(A +N) =I + L+ F -4+ LF, so we seek F as a solution of (I + L)F =— L. 
F can be determined as an integral operator with kernel F(x,y) given by 


F(x,y) + J. L(x, 2)F (2, y)do,==— L(x,y). Since I + L has trivial null 
space when acting on L!(T), this equation has, for each y in T, a unique solu- 
tion F(x,y) in £*(T). The kernel F(x,y) constructed in this way has a 
singularity like that of L(x,y), and so defines an operator F on (T) such © 
that F + LF— L, as desired. 

From what we have shown about Po, any function P,f in its range is the 
boundary value of the harmonic function u == Pf in G, with du/én = NP of on 
T, both boundary values being assumed in the LP sense if f is in (T). 
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Thus any function Jof in the range of Jp) = Pa (J + F) is the boundary value 
of a harmonic function u—P(I+F)f, and on T ôu/ôn—NP;(I+F)f 
— NJ f —f— AJ,f. Since ANP, == 0, we find Af— A7 ,f or, since A? == A, 


1) i Ad of == Af. 
Thus ĝu/ĝn = f—Af. The function 


J(x,y)=c]a—y |+ e | | 2—3 |F (z, y) dos 
| r 
with x in H* and y in T, is then the Neumann function for @. 
The results we have just obtained can be formulated as follows. 
Taxorex 1. If fisin Le(T), 1S p<, then there ts a function u(x) 
harmonic in G, given by u=P(I-+F)f, such that 


J | Date +49) f(x) + Af P do 0, 
and i 
fi ule tty) Sof (a) pdo 0, 


as t—>0—, If f ts bounded, u(x + iv) — J f(x) uniformly. If f i8 con- 
tinuous, Dyu (x + tv) — f(x) — Af umformly. 


In order to state our next result, the uniqueness result corresponding to 
Theorem 1, in the best way, we need the formula 


1a) JAf—Af, 


or what amounts to the same thing, that J.6=¢ if & is constant. Suppose & 
constant, and let w==P(J+-F)d; then by Theorem 1 du/dn = d— Ad 0, 
This boundary value is assumed uniformly, so by classical potential theory u 
is constant. Hence on T, u== Jo is constant. To evaluate the constant, we 
take averages and use (1) to obtain Jop = A) == Ap — h, which estab- 
lishes 1a). 


We can now establish the following converse of Theorem 1. 
THEOREM 2. If u ts harmonic in G, and f ts a function in Lr(T), 
(lsSp<o), such that Í, | Diu(x -+ ty) — f(x) |do — 0 as t— 0 —, then 


there is a function g in LP(T) such that f, | u(x + tY) E oa uá as 
t—> 0—, and g = Ja (f + Ag). 


9 
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The theorem is easy to establish if we assume that éu/én and u assume 
uniformly their respective boundary values f and g. For if Du + tv) — f(x) 
uniformly as t—> 0 —, and for some g u(x -+ 19) — g(x) uniformly as t— 0 —, 
then the function v(x) —u(x) — P(I + F)f (x) satisfies 0v/0n = 0 on T, in 


the classical sense, so v is constant. Since f is du/dn, we, have Í, f= 0, by 
r 
(1), f PU+P)f= f Jof = f f=0. Then we can evaluate the constant 
r r T 
value of v by averaging it on T, which leads to v = Ag, u= P (I 4- F)f + 4g, 
and g = Jof + 4g —Jo(f + 4g). 

We can obtain the general result by applying this special case to the 
manifolds T; for t < 0. To this end, let x’ and y’ be on LP}, —r& t < 0, and 
let L,, F;, and J; be the operators on Z!(T,) with kernels 

Lay) =en A [12 —y dow 
+ (1—k)e(x’—y’) y(x) |x — y It 


2) 
Pay) ——L,(x’,y’) — Í. L(x, 8) F(a’, y) dov 


Tay) mola’ te f |x 8 HR, y) doe; 


these are for T; what L, F, and J, are for T. Then if Au == 0 in G, it follows 
that u and ôu/ôn assume their boundary values on IT; ey so that by 
our preliminary result we have on I; 


8) Um" f ula don f Ji(a',y) (u/n) (y) day. 
Now let v,(x) be such that Í p(x) doy =Í (x + ad: for every 


continuous function ¢. Then v,(x) — 1 uniformly inxast—0. Since v(x) 
is the normal to T; at x + iy (x), du/dn on T; is Du(x + ty(x)) ; thus relation 
(3) on T; can be written 


4) u(x hi) |" fi ule + #9) )04() do 
= [ie + (2), y Hr) Daly + 9(y)) 49) do, 


In order to obtain a limiting relation as é— 0 — define the operator Ji on 
` L (T) by the kernel 


5) J*(x,y) = Ji (æ + W(x), y+ tv(y¥) vy); 
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Define At on I(T) by Af=|rn |+ Í fvdo; and define uù on T by 


. u(x) =u(x+iv(x)). Then according to (4), 
6) us — Attu, — J'Dyu for —r St <0. 


Now by Lemma 3, || Jt—J, || > 0 as t—> 0 —, and the hypothesis of Theorem 
2 is that | Deus —f ] —> 0, where | : | denotes the norm of an operator on, or 
a function in, L#(T). It follows that J*Da,2J/,)f in L*(T), and that 
u; — Atus; does the same. 

Thus it remains only to show that there is a function g in L°(T) such 
that ug; it will then follow that Au, Ag, and g—Ag=—dof, or 


g == Jo(f + Ag), as desired. To find g, consider first I(t) = ER u. Then 
= f Dan |, f, so that I’(t) is bounded on — Zt < 0 and lim I (t) 
r r t>0- 
exists. Now from (6), lim [P| f (A) =r fe Jaf; we have: 
t0- 


just seen that lim f u; exists, so it follows that lim Atu; exists. Finally, we 
T 

obtain that u = Aîu; + JiDyu converges-in L'(T) tò g= lim Atu + Jof. 
f ; >- 

This concludes the proof of Theorem. 2. 


2. More general boundary value problems. Theorems 1 and 2 are 
existence and uniqueness theorems respectively for the L? formulation of the 
Neumann problem. In this section we consider more general first order 
boundary conditions, but require that @u/én exist on T in the L? sense, for 
some p> 1. This is reasonable if the boundary operator is actually of first 
order at all points of T. 


Specifically, we look for a function # such that 
i) Au—0 in G, 
B) ii) Dyu(%-+tv) converges in LP(T) as t>0—, for some 1 po, 
and | 


in) Bu+Tu=honT, 


where B is a first order differential operator with continnous coefficients, 
defined in a neighborhood of T; T is a bounded operator on Z#(T) ; and A is 
in Z?(T). In order to apply the theory of [3], we shall assume T is of class 
C;. Write Bu aôu/ôn + Vu, where a is a continuous function on T, and 
V is a continuous vector field on Tr. Suppose u is any solution of (8), and 
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denote the boundary value du/dn by f. Then, by Theorem 2, there is a g in 
LP(T) such that u(x + iv) — g as t>0—, and g=J,(f-+Ag). Writing 
& for f+ Ag, we have ĝu/ĝn == — Ad. Thus in the boundary condition 
Bu + Tu = h we can replace u by Jop, and obtain the equation aôu/ôn + Vu 
+ Tu—a(p— Ag) + Vid + TJop =h. Now it is easy to show (as in [2], 
Section II D), that VP, is a Co” singular integral operator on T with symbol 
i{V,6/| 81}, where V is thought of as a cross-section of the tangent bundle 
of T, § is a vector in the cotangent bundle of T, and { , } is the bilinear form 
relating the two. Moreover the operators F, TJ,, and aA are completely 
continuous. Thus H =al + VP, + (VP,F-+TdJ,—aA) is a Co” singular 
integral operator with symbol a + 1{V,§/|§|}; and the solutions u of the 
problem (8) are isomorphic to the solutions ¢ of the singular integral equation 


7) Ho=h 


by the isomorphism u =P (I + F)¢. 


The difference between the number of orthogonality relations that must 
be satisfied by A to guarantee a solution of (8), and the dimension of the 
space of solutions of the associated homogeneous problem: Au == 0 in G and 
Bu + Tu—0 on T, is called the index of the problem (8). We obtain the 
following result. 


THEOREM 3. If a++{V,§/|€|} does not vanish at any point on the 
cotangent bundle of T, and the dimension of T is = 2, then the index of the 
problem (B) is zero. 


Proof. With these assumptions, Theorem 3 of [3] asserts that the Fred- 
holm alternative holds for the equation (7), and hence for the original 
boundary value problem. Q. E. D. 


Remark 1. The hypothesis of Theorem 3 implies that a is non-vanishing 
on T, i.e. that B is nowhere tangential. If B is real, the condition that 
a-+1{7,%/|%|} vanishes nowhere is equivalent to the condition that B is 
nowhere tangential 


~ 


Remark 2. The condition that a+#{V,§/|€|} vanishes nowhere is 
equivalent to the condition that the boundary operator B covers the Laplacian, 
in the sense of Schechter (see [1]). 


3. The lemmas. In this section ||| T||| denotes the supremum for 
1 =p of the norm of the operator T on LP(T). This norm makes the set 
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of operators T for which ||| Z ||| is finite a Banach algebra. The operators 
P, and P; are described early in Section 1. 


Lexma 1. ||| Po>—P;||| 0 as t>0. If f is bounded, Pf— Pof 
untformly, and Pof ts continuous. 


Proof. The kernel of P,—P; is c|x—y|+*— c|x-+tv(x)—y|** 
== cQ (x,y), where x and y are points on T, and | x —y | is the distance from 
x to y in Er, Let p(x,y) = (x—y)/|x+t9—y| (v=v(x)). Then a 
simple argument, based on the fact that y lies outside the sphere of radius r 
about x + 79, shows that OSp2for0<|t|Sr. It follows from this that 
| 1—p | £1, and also |1—p|S|t|/|~+tv—y|S2|t|/|x—y|. Thus 
for the kernel of P,—P, we have cQ:(x, y), and 


| Q(x y) | = |2 —y | #|1—p** TER |x —y|**|1—p|, 
or 
i) | Q(x y) | 527 | x —y | min (1,2 |t |/|æ—y |). 
Now let ¢(s) be the characteristic function of 0=s=1, and set R(x, y) 
= $({a—y|[t|#)Q:(x,y), and Six, y) =Q:(%,¥) —Rıla,y). Then 
S;(x,y) vanishes for | x —y|=|t|#, so by (i) 
[Sea y) E te] | y PSS |e |i, 


and S(x, y) defines an operator S; with ||| S;||| —0(|¢|4). Using (i) again, 
we find that on each coordinate neighborhood R,(x,y) is dominated by a 
convolution kernel (in local coordinates), and this dominating kernel comes 
from a function in Z*(#*) whose norm is 0(|¢|1/*). Thus ||| P —P; ||] 
= 0 (] |1) as £— 0. 

Pf is continuous for f in ZY(T) and 4-20. If f is in L® as well, the 
above result shows that P,f converges uniformly to P,f, and hence that Pof 
is continuous. This establishes Lemma 1. 


Remember that D, denotes differentiation with respect to t. 
Lemma 2. If f is in P(T), 1Sp<o, then DiPif >K f +f in In 


norm, as t—>0—, where Kof(x) = f Ko(z,y)f(y)do, and for xv 
T 

K(x, y) = Dice | x + ty (x) —y |** evaluated at t = 0. Ky(x,y) is uniformly 

0(| x—y |1), and on TXT is a continuous function for xy. If f is 

continuous, D,P,f converges uniformly to Kof +f. If f is bounded, Kof ts 

continuous. 
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Proof. For t3<0, 
D,P f(x) — ame f (x + ty — y) 9 | a+ tv—y Ef (y) dos, 


where &-ß is the inner product of œ and B in E*", The kernel here is 
K(x, y) + B(x, y), with Kı(%,y) = (1—#k)c(x— 7) oN | x + iv—y te 
and B:(x,y) = (1—k)ct|x+itv—y|-**. Since T lies between the spheres 
of radius + with centers at x + 79, we have for x and y on T and |x—y| <r 
that |(«—y)-v|S|[x—y|?/r. Thus K,(x,y¥) is 0(|x—y|**) uniformly 
in x, y, and ¢, and an argument like that of Lemma 1 shows that if K; and 
K, are the operators with kernels K,(x,y) and Ko(x, y), then ||| K:— Ko ||| 
— 0 as ¿—> 0. As a consequence, if f is bounded then Kof is continuous, as 
the uniform limit of the continuous functions Kyf. 


We show next that B,(x,y) satisfies (i): for each 8 > 0, B:(x,y) — 0 


uniformly in x and y, for | x—y | > 8,as t—> 0; and (ii): f B(x, y) doy— 1 
uniformly as £—>0— (and to —1 as t—0+). Claim (i) is clear, so we 
turn to (ii). Introduce orthonormal coordinates (£,,- <, éw C) in EM“, with 
origin at the point x in T, so that == 0 is tangent to T at x; and choose « so 
that 0 <a < r, and for |x—y|<« I can be represented by == h(É:, : + -, ér) 
—h($). For simplicity of notation, we let § stand for the k-tuple such 
that (§,h(8)) = (&,: + -,&,h(§)) are the coordinates of the point y in 
TN {|x—y|<a}. Then referring again to the two spheres about x + rY, 
we have the rough estimate 


(r-—|8))/(7+]$|) Slat+on—y/*/((5/*?+#) 
S (r+ |8[)/(r—|8)), 
where | § Pan SE Also, in {|æ—y| <a} NT we have do, —v,($) d€, and 
vo(§)—>1 uniformly in x, as 5—>0. It is not hard to show that for 


t <0, Ge f a € |? -p 22)-Gn)/2ge am 1, and hence that for any 8> 0 
. E 


ame, su Bl? + 2)-4)/27d8—>1, as t>0—. Thus for any positive 
„n < 1 we can choose a positive §< a so that for all x and | Ẹ| <8 we have 
g? < |æ + tyy P/K PHE) y? and y< v,(8) < 7’; and then we can 
choose ¢ < 0 so small that y < ae f (] $j? + ¢)-@D/2d§<1. Now 
let U, be the neighborhood of x in D ojeg onto |é] <8. Then 
f sg BEY se uniformly in x as t->0; and with t< 0 we have for 
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f B; (x, y) doy = f (1—k)ct| a+ iv—y |-*-1y, (8) dé 
Ue Ela | 


that y3 < f s B,(«,y)doy <7*?. Thus property (i) of B;(x,y) is 
established. 5 ; 

Now B;(x,y) is clearly positive for t< 0, hence has the essential 
properties of an approximate identity. By a standard argument, B,f—f 
uniformly for any continuous function f. Then another standard argument, 
relying on the fact that continuous functions are dense in L°(T) for 1Æ p <K ©, 
shows that for fin IP, 1Sp<w, B fof in Æ norm. This, together with 
the results for K, establishes Lemma 2. 

It is easy to see that lim DPf=— + Kf. This with Lemma 2 is a 
formulation of the “jump” relations for the adjoint of the double layer 
potential. | | j 


Lemma 3. If Jt is the operator on L» (T) (1&p& œ) defined by the 
krenel (5), then for each p || Jt—J,]—0 as t- 0. 


Proof. With reference to the kernels ‘defined in (2), set 
Li(x,y) = Lisy uly) F(x, y) = Fi(x,y) u(y), 
and P#(x,y) =c | x — y | (y), 
where a’ =æ (x), y =y + (y) and 


J $0) — f p(y + ty(y) u(y) doy 


for continuous ¢. Then 
Pay) =— Li (x,y) — | L(x, 2) F(a y) dos 
r 


and PayPay Í Pi (æ, 2) F! (z, y)dos. We will achieve the 
desired result by showing in turn that ||| P*‘—P,|||— 0, ||| #—Z ||| — 0, 
| Fi—F|,— 0, and finaly | J'—J,],— 0. The first two cases are quite 
similar, and we discuss only P'—-P,. The kernel of this operator is 
c{| x’ — y |+*y,(y) — | x—y |**}, which is 0(|x—y|**) uniformly in x, 
y, and t, and for | x —y | = 8 > 0 converges uniformly to 0. Hence for any 
e > 0 we can choose 8 > 0 so that restricting the kernel to | x —y | <8 yields 
an operator whose norm on ZF(T), for all l= po, is <e/2. We can then 
choose À, > 0 so that, for | t| < to restricting the kernel to | x—y | = 8 yields 
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an operator whose norm on L”, for all ISp=Sw, is <e/2. Thus for 
[él to, ||| P*—Po|||<«. In the same way, ||| Z*—Z,||| 20 as t 0. 

Since I+ L has trivial null space, and L is completely continuous on 
I#(T), p -+ Lọ =y has a unique solution œ for each y in LP(T), ie. J+ D 
. is one to one and onto. For any fixed p in 1= p& œ, it follows from the 
complete continuity of L that the inf | $ + Ze Il, for | ¢],—1 is not zero; 
for if Jp, |, —1 and u + L,— 0, we can choose a subsequence ¢’, with 
Lo’, convergent, from which it follows that for some ¢ ¢’,— 6, with || D |, = 1 
and + Lọ = 0. This contradicts the fact that J+ L has trivial null space. 
Thus Z+ L has a bounded inverse and hence for sufficiently small 7, I + L’ 
has a bounded inverse that converges (in Z* operator norm) to (I+ L)*, 
as 2>0. Then From — (I + ZL) converges to F=— (I+ L), and 
Jt um: nt (T + Ft) converges to Ja ==P,(I+ F), as required in the statement 
of the lemma. 


t 
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AFFINE RINGS OVER RANK TWO REGULAR LOCAL RINGS. 


By Louis J. RATLIFF, JR. 


1. Introduction. An integral domain o is an affine ring over a 
domain I in case I is a Noetherian domain and o is finitely generated ov 
If o is an affine ring over J and if p is a prime ideal in o, then the quotient 
P == 0, of o with respect to p is said to be a spot over J, hence a spot P 
(Noetherian) local domain. If the completion (relative to the powers ol 
product of the maximal ideals) of a (Noetherian) semi-local domai 
contains no nonzero nilpotent elements, then P is said to be analytr 
unramified. 

A Noetherian domain J is said to satisfy the condition (SF) if 
separably generated affine ring o over J is such that the integral closure 
in its quotient field is a finite o-module. It is well known ([9], p. 267) 
a field satisfies the condition (SF), and recently Nagata ([4], p. 419) 
proven that a Dedekind domain satisfies this condition. Nagata’s pro: 
essentially based on the following two facts. 


1.1. Let o be an affine ring over J, and let o* be an integral doi 
which contains o and is a finite mann If p? is a prime ideal in o*, 
rank p* == rank (p* No). 


1.2. If P is a separably generated spot over J, then the integral cle 
of P in its quotient field is a finite P-module ([4], p. 417). 


It is known ([4], p. 414) that if a local domain P is analytically 
ramified, then the integral closure of P in its quotient field is a 1 
P-module. Hence statement 1.2 above is a consequence of 


1.8. If P is a spot which is separably generated over I, then 
analytically unramified ([4], p. 416). 


In this paper, generalizing the methods of Nagata [3,4], it is pr 
that statements 1.1 and 1.3 remain valid if J is a rank two regular 
ring which has an infinite residue field, and as a consequence it is pr 


* Received August 8, 1961. 
* This paper was written while the writer held a National Science Foundatio 
operative Fellowship, and constitutes the main results of his doctoral dissertation 
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that a rank two regular local ring which has an infinite residue field nn 
the condition (SF). 

For the remainder of this section the letter I will denote a rank two 
regular local ring which has an infinite residue field. 

Section 2 contains the definitions of most of the terms used in this 
paper. By employing some results of Nagata [5,6] it is proven in Section 8 
that if o is an affine ring over Z and if q is a maximal ideal in o, then the 
transcendence degree of o over J is equal to the rank of q minus the rank of 
qN T (in symbols, trd (0/7) = rank q — rank (qMZ)). Several corollaries to 
this theorem which are needed in Section 4 are then proven, and Corollary 2 
is the generalization of statement 1.1 above to the case where J is a rank two 
regular local ring. In Section 4 it is proven that statement 1.3 above remains 
true when J is a rank two regular local ring which has an infinite residue field. 
The proof is broken into three parts. Namely, let P be a spot which is 
separably generated over J. If P does not dominate J, then P is a spot 
which is separably generated over a Dedekind domain or a field, hence P is 
analytically unramified by Nagata’s result mentioned in 1.3 above. Secondly, 
if P dominates J and contains a set of elements which has a certain property 
(“property (T)”) defined below, then by means of a finite number of 
quadratic transforms of J it is shown that P is a subspace of a semi-local 
domain P* such that, if M* is a maximal ideal in P*, then P*y* is a spot 
which is separably generated over a Dedekind domain. Hence, by certain 
well known theorems on completions of a semi-local domain ([10], pp. 277, 
283), P is analytically unramified. Finally, if P dominates J and does not 
contain a set of elements which has the property (T), then it is necessary 
to derive some information concerning the structure of such a spot (Remark 
4.2 and Lemma 4.5). These structure theorems are generalizations of two 
theorems ([3], p. 86, and [4], p. 397) due to Nagata, and are used to show 
that there is imbedded in P a semi-local domain D such that P is a spot over 
D and D has the same quotient field as P. Then by using a recent result due 
to Rees [8] it is seen that P is analytically unramified by proving that D is. 
analytically unramified. Having proven that every spot P which is separably 
generated over J is analytically unramified, it follows that the integral closure 
of P in its quotient field is a finite P-module ([4], p. 414), and then Nagata’s 
proof that a Dedekind domain has the property (SF) carries over verbatim 
to prove that a rank two regular local rmg which has an infinite residue field 
has the property (SF). 

The author expresses his gratitude to Professor H. T. Muhly for his 
encouragement and many helpful suggestions. 
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2. Definitions and notation. All rings in this paper are assumed to be 
commutative rings with a unit element 1. 


A ring o has rank r in case there exists a chain 
(2.1) PCP CCH, 


of r-+1 proper prime ideals p; in o, and there does not exist such a chain 
with more than r-+1 prime ideals. (The symbol C is used to indicate 
proper inclusion). If p is a prime ideal in o, then the rank of p is the rank 
of op, and if a is an ideal in o, then the rank of a is the minimum of the 
ranks of the prime divisors of a. A chain (2.1) of prime ideals in an 
integral domain o is a mazimal chain of prime ideals in o in case the rank 
of y/piı is one (t==1,:  ',r), Po== (0), and pr is a maximal ideal in 0. 
The length of the chain is r. 

Let o be an integral domain. The integral closure o’ of o in its quotient 
field is the derived normal ring of o, and o is said to be normal in case p is 
equal to g. 

If a ring P has only one maximal ideal M, then this fact will often be 
displayed by the notation (P,M), and it is said that (P, M) is a quast-local 
ring. Let (P,M) and (Q,N) be two quasi-local rings. Then P dominates 
O(P= 9) in case PDQ and MNQ==N. If a quasi-local ring Pisa 
Noetherian ring, then P ts called a local ring. A Noetherian ring P which 
has only a finite number of maximal ideals is called a semt-local ring. 


Remark 2.1. Let P, Q, and À be local rings such that P is a spot over 
Q which dominates Q, and © is a spot over A which dominates R. Then P 
is a spot over À which dominates R. 

Let (P, Af) be a local ring, let 4,,- - -,y, be algebraically independent 
over P, and let R==P[y,,- > <, ye]. Then the ring Rar will be denoted by 
P (y, 7 Yt). 

A ring J is a ground ting in case I is a field, a Dedekind domain, or a 
rank two regular local ring which has an infinite residue field. The theorems 
which will be proven in this paper are known [3,4] if the ground ring is a 
field or a Dedekind domain. Therefore all future statements in this paper 
concerning a ground ring I are to be interpreted as statements about a rank 
two regular local ring which has infinitely many elements in tts residue field. 

Let (P, M) be a spot over a ground ring (I,m). A ring B contained 
in P is said to be a baste ring in P in case 1) P is a spot over B, and Bisa 
spot over 1,2) P = B, and B Z Iman, 3) B is a field, a Dedekind domain, or 
a ground ring, and 4) P/M is a finite algebraic extension of B/(M N B). 
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Remark 2.2. Let (P,M) be a spot over a ground ring (Lm). HP 
contains a basic ring (B,N), then P is a quotient ring with respect to a 
maaimal ideal of an affine ring over B. 


Proof. By the definition of a basic ring P = Ag, where A = B[b,,---, ba | 
and q is a prime ideal in À. Suppose that q is properly contained in q*, where 
q7 is a maximal ideal in A. Since P=B, anB=N, and since qf D q, 
q“NB=N. Hence the natural homomorphism of (B/N)[6.",- < -,5,’| onto 
(B/N)[b,*,- - -,b,*] has a nonzero kernel, where b? and b,* are the residue 
classes of b; modulo q and q* respectively. Therefore trd((4/q)/(B/N)) 
> trd((4/q*)/(B/N)). But B is a basic ring in P and P/M is isomorphic 
to the quotient field of A/q, so trd((4/q)/(B/N)) == trd((P/M)/(B/N)) 
== 0, hence trd((4/q*)/(B/N)) < 0, contradiction. Hence q is a maximal 
ideal in A, q.e.d. 

Let (R,N) be a local domain, and let (S, Af) be a spot over À which 
dominates K. Then Æ satisfies the dimension formula in case 


(2.2) rank S + trd((S/M)/(R/N)) == rank R + trd (S/R). 


An integral domain R satisfies the first chain condition in case every 
maximal chain of prime ideals in R has length equal to the rank of R. 
R satisfies the second chain condition in case every integral domain which 
contains À and is integrally dependent on À satisfies the first chain condition. 

A derwation D of an integral domain S is an additive endomorphism of 
the quotient field K of $ which satisfies the conditions 1) D(zy) = TDy + yDz, 
for all z,y€ K, and 2) there exists an element d in $ such that dDre &, for 
all re §. If Da==0 for every element a in a subdomain R of S, then D is 
said to be a derivation of S over R. 


8. The rank of an affine ring over a ground ring. As stated in 
Section 2 the statement that I is a ground ring is to mean that J is a rank 
two regular local ring which has an infinite residue field. However, the 
assumption that the residue field of a ground ring J is infinite is not needed 
in this section. 

Nagata [5,6] has proven two theorems which are stated as Remark 3.1 
for future reference. 


Remark 3.1. The second chain condition holds in a Noetherian domain 
I if and only if the first chain condition holds in the derived normal ring 
of J. Further, if I satisfies the second chain condition, and if P is a spot 
over I, then P satisfies the second chain condition and the dimension formula. 


AFFINE RINGS. 713 


Lemma 3.1. Let (I,m) be a ground ring, and let p be a prime 1deal 
in I. Then I, satisfies the dimension formula and the second chain condition. 


Proof. Since (0)C m is not a maximal chain of prime ideals in J, 
I satisfies the first chain condition. Since J is a normal Noetherian domain 
([10], p. 302), I satisfies the second chain condition (Remark 3.1). Since /, 
is a spot over J, Iņ satisfies the dimension formula and the second chain 
condition (Remark 8.1), q.e.d. 


THEOREM 3.1. Let 0112, - -,2,] be an affine ring over a ground 
sing (I,m), let q be a maximal ideal in o, and let qN I =p. Then trd(o/1) 
= Tank q — rank p. 


Remark. It is not difficult to show that there does not exist a maximal 
ideal q in o such that qMl== (0). Hence, if q is a maximal ideal in 0, 
then rankq==r+1 or r+2, where rtrd (o/I). Since no use is made 
of this fact in the remainder of this paper, the proof that q N J£ (0) will 
not be given. 


Proof of Theorem 3.1. Set P — oq and M = qP, so (P,M) is a spot 
over /,. Since 1, satisfies the second chain condition (Lemma 3.1), every 
maximal chain of prime ideals in P has length equal to the rank of P (Remark 
3.1), hence equal to the rank of Af. Since there is a one to one correspondence 
between the prime ideals in o which are contained in q and the prime ideals 
in P, every maximal chain of prime ideals in o which ends at q has 
length equal to the rank of q. By Remark 3.1 Iy satisfies the dimension 
formula (2.2), so rank P + trd((0/q)/(1/b)) ==rank Ip + trd(o/Z), since 
tra (P/M) / (Ip/plp)) = ted ((0/q)/(I/p)), and trä(o/T) —trd(P/I,). Fur- 
ther, o is finitely generated over J and q is a maximal ideal in o, hence 
trd((o/g)/(I/p)) = 0. Therefore 


trd(o/1) = rank P — rank I, = rank q — rank p, 


g.e. d. 
COROLLARY 3.1. Waith the same notation as in Theorem 3.1, if 
(0) =C qi C +++ Cqs=—=q is a maximal chain of prime ideals in 0, 
then s == rank q. i 


Proof. Proved in the course of proving Theorem 3.1. 


COROLLARY 3.2. Let o be an affine ring over a ground ring I, let o* 
be an integral domain which contains o and 13 a finite o module, and let p* 
be a prime ideal in of. Then rank p* == rank (p* No). 
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Proof. Consider a maximal chain of prime ideals through p* in o* 
. ending at, say, q*. The length of this chain is equal to the rank of q* 
‘(Corollary 3.1). Since o* is integrally dependent on o, the contraction in 
o of the ideals in this chain yields a chain of distinct prime ideals in o, 
and q*f\o is a maximal ideal in o. Clearly trd(o*/I) =trd(o/I), and 
që A I—(q*No)NI, so rank(q* NI) —rank((q* No)NI), hence rank q* 
—rank(q* No) (Theorem 3.1). Since the contracted chain of prime ideals 
has length equal to the rank of q*, it has length equal to the rank of q* No, 
hence it is a maximal chain of prime ideals in o. Therefore rank(p* No) 
= rank p*, q.e.d. 


COROLLARY 3.3. Let (P,M) be a spot over a ground ring I, let 
A=FP[6,,:*+,] be a finite P-module, and let p be a prime ideal in A. 
Then rank p == rank (p N P). | 


Proof. Let Q be a maximal ideal in A which contains p, and let P= 99, 
where q is a prime ideal in o = I[z] (—I[z,:-,2]). Since A is a finite 
P-module, each 6; is integrally dependent on P, hence there exist elements 
€ 0, € q, such that the elements 1,6; are integrally dependent on o. Set 
S = o[r#], so S is a finite o-module. Clearly A > 8, so 


Ae È 8 eam =n) ™ a m P, 


hence Sigang À, since the elements rE QNE. Therefore Ag = Son: 
Since 8 is a finite o-module, and since (p N 8) No (p N PYN o, rank(p N 8) 
— rank((p N Pı)N o) (Corollary 8.2). Since Ag and P are quotient rings of 8 
and o respectively, rank(p N S) — rank p, and rank((p N P) N o = rank(p N P), 
q.e. d. | 


COROLLARY 3.4. Let (P,M) be a spot over a ground ring I. Assume 
that P contains a basic ring (B,M), where B ts a rank two regular local ring 
which dominates I. Then rank P = trd(P/B) + 2. 


Proof. By Remark 2.2 P is a quotient ring with respect to a maximal 
ideal of an affine ring over B. Since B is a ground ring, and since 
rank(MNB) =rank N 2, rank P == trd (P/B) +2 (Theorem 3.1), q.e.d. 


4. Analytical unramifiedness of spots which are separably generated 
over a ground ring. The main part of this section is devoted to proving 


THEOREM 4.1. If (P,M) is a spot which is separably generated over a 
ground ring (I,m), then P is analytically unramified. 
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The proof of this theorem is attained by combining propositions 4.1, 4.2, 
and 4.3 below. 


PROPOSITION 4.1. Let (P,M) be a spot which is separably generated 
over (I,m). If P does not dominate I, then P is analytically unramified. 


Proof. Since P does not dominate J, the rank of M MJ is one or zero. 
Since a quotient ring with respect to a prime ideal of a regular local ring 
is a regular local ring ([7], p. 208), and since a rank one regular local ring 
is a local Dedekind domain, if rank M N I —1, then Iwan is a local Dedekind 
domain, and if M N I == (0), then Imxon is a field. Therefore P is a spot 
which is separably generated over a Dedekind domain or a field, hence P is, 
analytically unramified ([4], p. 416), q.e.d. 


Henceforth the statement that P is a spot over I will mean that P ss 
a spot which is separably generated over a ground ring I and which dominates 
I. Further, the letter t will consistently be used to denote the transcendence 
degree of P/M over I/m. | | 


Definition 4.1. Let (P,M) be a spot over (I,m). A set of t elements 
Y:,' ',y: In P is said to have the property (T) in case the residues of the 
yı modulo M are a transcendence base for P/M over I/m, and the y; are 
algebraically dependent over J. 


Definition 4.2. Let (P,M) be a spot over (I,m). If P contains a set 
of element which has the property (T), then P is said to be a spot of type 
one. P is a spot of type two in case P is not a spot of type one. 


COROLLARY 4.1. If (P,M) is a rank one spot over (I,m), then P ts a 
spot of type one. 


Remark. There exist rank one spots which dominate I. For example, 
let m = (a,b)I, let R==/[b/a], and let p be a rank one prime divisor of aR. 
Then R, is a rank one spot which dominates J. 


Proof of Corollary 4.1. By Remark 3.1 I satisfies the dimension formula 
(2.2), so ¢==trd((P/M)/(I/m)) = 1 + trd (P/I), hence every set of elements 
in P whose residues modulo M are a transcendence base for P/M over I/m is 
a set of element which has the property (T), hence P is a spot of type one, 
qed. : i i 


Lemma 4.1. Let (P,M) be a spot of type one over (I,m), let 
Yı °°, 4+ be a set of elements in P which has the property (T), and let 
S= Ilys: y]. Then m8 is a prime ideal in S, and P dominates Smg. 
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Proof. Let P == 0,, where p is a prime ideal in o =J[z] (—1{2,"::,2,]). 
Let o be the restriction to $ of the natural homomorphism from P onto P/M. 
Since P= I, P/M is isomorphic to (I/m) (25, © +, 20), S/{MNS) is iso- 
morphic to (I/m)[yı’, : -< y] (the ’ indicates residues modulo M), and 
kero =M NSD m8. Conversely, if f(y) is in kero, then all coefficients 
of f are in m, since the y; are algebraically independent over I/m. Thus 
kero—ms$, so mS is a prime ideal, hence P= Simnas = Ins, qe. d. 


Lemma 4.2. Let (P,M) be a spot over (I,m), let P’ be the derwed 
normal ring of F, let M,,::-, M} be the totality of maximal ideals wn P’, 
let 0, be elements in P’ such that 6:==8y (M/) (ij—1,: ::,h), and let 
A==P[6.,:-:°,0,]). Then A is a semi-local domain which has exactly h 
maximal ideals Wü My NA. Let P;= Ago, Then the derived normal ring 
Pi of Py ts Peay. 


Remark. The fact that P’ has only a finite number of maximal ideals 
is proven in [2]. 


Proof. Set Qu M/A. Since A is integrally dependent on P, the 
derived normal ring A’ of A is equal to P’, hence each Q; is a maximal ideal 
in A, and the Q; are distinct by the choice of the 4. Therefore there exist 
at least A maximal ideals in A. If Q is an arbitrary maximal ideal in Á, 
then there exists a maximal ideal W in P’ such that W’ N A =Q, since P 
is integrally dependent on A. Since W” is one of the M7, Q = H’ N A =Q 
Thus there exist exactly À maximal ideals in A. Also A is Noetherian, since 
P is Noetherian, hence A is a semi-local domain. Fix i and set R == Py, 
N = M; R, and pm N NP? (E contains P/, since R is normal). Then 
R= (P;), If q is a maximal ideal in P/, then q N A’ =q N P = M, 80 
(Pija Z RÈ (P/), hence p= q, and Pë = (Př) =R, q.e.d. 


Remark 4.1. With the same notation as in Lemma 4.2, if d,: : -, de 
are elements in P/, then S=—=P,[d,,---,d,] is a spot over I, and rankS 
= rank P. Further, trd((S/0)/(1/m)) = trd((Pi/Mi)/(I/m)), where Q 
and M, are the unique maximal ideals in S and P; respectively. 


Proof. The proof that S is a spot over I follows from Remark 2.1 and 
the fact that P/’ is a quasi-local domain, and rank § — rank P by Corollary 3.3. 
The last statement is clear, since the d, are integrally dependent on P4. 


Lemma 4.3. Let (P,M) be a spot of type one over (I,m). There 
exists a semt-local domain P* which is contained in the derived normal ring 
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of P such that 1) P* contains P and is a finite P-module, and 2) if MF is 
a maximal ideal in P*, then P*x* is a spot which is separably generated over 
a Dedekind domain. 


Proof. Let P’ be the derived normal ring of P, and in the notation of 
Lemma 4.2 let A == P[6,,---,@,]. Then by Lemma 4.2 A is a semi-local 
domain which has À maximal ideals Q; == M/NA, P/ is a quasi-local domain, 
and-by Remark 4.1 P, is a spot over J (t= 1,---:,h). Let y, : :,7. bea 
set of elements in P which has the property (T). Since the ð; are integrally 
dependent on P, it is clear that y:,- - +,y: are elements in P, which form a 
set which has the property (T). Further, if an element d is in the derived 
normal ring of P,, then there exists an element re A, ré Q; such that rd is 
an element in the derived normal ring of A. Hence, in view of Remark 4.1 
it is sufficient to prove the lemma in the case where the derived normal ring 
of P is a quasi-local domain (and in this case the ring P* is a local domain). 

Let L and F be the quotient fields of P and I respectively, let (Es, My) 
be the valuation ring of a real discrete valuation v of L such that A, = P 
(existence of R, is proven in [1]), let w be the restriction of v to F, and let 
(Tes No) be the valuation ring of w. Then clearly T, =I, hence w is 
not trivial on F. Let Ÿ,,---,Ÿ; be indeterminants, and extend w to 
IF] (=I[¥1,:--,¥:]) by defining w(g(Y)) —min{#w(r:) ; 7, is a coeffi- 
cient of g{Y)}. Since %,° ',Yy; are elements in P which form a 
set which has the property (T), there exist polynomials f(F) in /[7] 
such that f(y)=0 and reducing modulo M the equation f(y) —0 it 
is seen that all coefficients of f(Y) are in m. Among the polynomials 
f(¥) such that f(y) —0 let g(¥) be such that w(g(¥)) is a minimum 
(such a polynomial exists since Te = I). Let g(Y)=—SrM(TY), where 
M,(7) is a monomial with a coefficient which is a unit in J. Then w(g(Y)) 
> 0, so it may be assumed tat each 1,€ mê, and that at least one 1, ¢ m**. 
Let m= (a,b)!. Then r= $ rya*sb/, and since at least one mE mb, at 
least one fy is a unit in I. Set o({Y)—=SiryMi(V), so g(F) = E pY) tb, 
Further, w(¢,(Y)) =0, for some j, hence d,(y) 0. 

Under the unimodular transformation b, == 6, @, == a— cb, where c is 
a unit in J, the coefficient of 0,6 in g(¥) is Sid; (Y)c®i. Since I/m is 
an infinite field, there exist values of c such that the coefficient of 6,8 
(= 2 2 r;cP)M,(Y)), is such that for at least one t $ rych- is a unit in J, 


hence $ ¢;(y)c#4540. Thus it may be assumed that the coefficient pall) 
of 68 in g(Y) has the property that w(ds(Y)) —0, hence (Y) has a 
coefficient which is a unit in J. Therefore dg(y) is a unit in Sms, where 


10 
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S—1[y," : y] (mS is a prime ideal by Lemma 4.1). By Lemma 4.1 
PE Sms, hence da(y) is a unit in P. Hence, from 


0 = g (y) = pp (4) bP + pea (y) ta +: ` : + poly) a, 
it is seen that b/a is integrally dependent on P. 

Set Pa = P, P, == P,[b/a], and let M, be the maximal ideal in P. 
Since P’ is a quasi-local domain, P, is a local domain contained in P’ which 
is a finite P-module and which dominates P. Set 1,—1, J= I [b/a], 
l =J imon =J mon; and m = (MNJ). Then (Pı, M) is a spot 
(which is separably generated) over (Z, mı), and P, =Z. (I is called the 
first quadratic transform of I along w. It is known ([4], p. 404) that J, is 
a regular local ring which dominates J, and rank I, S rankZ7. Let I; be the 
first quadratic transform of Ixı (k= 1) along w (assuming rank Ir > 1). 
Then J; is called the k-th quadratic transform of I along w). If rank, = 1, 
then the theorem is proved. If rank/,==2, then y.,---°,y; are elements 
in P, which form a set with the property (T), Rp = Pa, Ty Z I, and the 
derived normal ring of P, is P’, so the above process can be repeated. Let 
gı(Y) be an element in J,[Y] such that g,(y) —0 and w(gi(VY)) is a 
minimum. Then w(g,(Y))> 0. Since 1,€ mê C abl, r, == au, where mE L, 
80 g(Y) =—aff (Y), where f(Y) = S'ull;(F). Since g(y) = 0, f(y) = 0, hence 
w(g(¥)) > w(f(Y)) Zw(g.(¥))>0. Since w(g(¥)) i an integer, in a 
finite number of steps, say k, rank J; == 1, where Zx is the k-th quadratic trans- 
form of I along w, and P» is a spot (which is separably generated) over Iņ. 
Since I, is a regular local ring of rank one, I; is a local Dedekind domain, 
q.e. d. 


PROPOSITION 4.2. Let (P,M) be a spot over (I,m). If P ts a spot 
of type one, then P ts analytically unramified. 


Proof. Let P™ be the semi-local domain constructed in Lemma 4.3, 
and let M* be a maximal ideal in P*. Then P*y* is a spot which is separably 
generated over a Dedekind domain, hence P*y* is analytically unramified 
({4], p. 416). Since the completion of P* is isomorphic to the direct sum 
of the completions of the P*y* ([10], p. 283), P* is analytically unramified 
Since P* is an integral domain which is a finite P-module (Lemma 4.3), the 
completion of P is a subring of the completion of P* ([10], p. 277), hence 
P is analytically unramified, q. e.d. 


COROLLARY 4.2. Let (P,M) be a rank one spot over (I,m). Then P © 
is analytically unramtfied. 


Proof. By Corollary 4.1 P is a spot of type one, q.e. d. 
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Let (P, M) be a spot of type two over (I,m). The every set of ¢ elements 
Yi," °°, 4: in P which map modulo M onto a transcendence base for P/M 
over I/m are algebraically independent over 7, hence the ring B = I(y1,°--, +) 
is a basic ring in P. (B is a rank two regular local ring, since the 7, are 
algebraically independent over J). Since P is a spot over I, P = 09, where q 
is a prime ideal in an affine ring o over J. Since P/M is isomorphic to. the 
quotient field of o/q, there exist y.,---,y:€0, € q such that the y; map 
modulo Af onto a transcendence base for P/M over I/m. 


Definition 4.3. Let P = [ùq be a spot of type two over (J,m). A basic 
ring Bin P is a special basic ring in Pin case B=/(y,,' - -,4¢), where 
Yi," °°; Ye are elements in o, not in q, whose residues modulo q are a trans- 
cendence base for o/q over I/m. 


Remark 4.2. If P is a spot of type two over J, then P contains a special 
basic ring. 


Remark 4.3. Every special basic ring in P is a rank two regular local 
ring. | 


Lemma 4.4. Let (P, M) — (09, 404) be a spot of type two over (I,m), 
let rank Pr, and let (B,mB) be a special basic ring in P, where 
B =I (Ya: y). Then there exist r-—-2 elements in q which are alge- 
braically independent over A==I[y,,- < - yi]. 


Proof. Since P is a spot of type two, r>2 (Corollary 4.1). Since 
rank Pe=trd(P/B) +2 (Corollary 3.4), trd(0/A) = r—2. If r= 2, then 
there is nothing to prove, so it may be assumed that r > 2. Hence there exists 
an element z, € o which is transcendental over A, and it may be assumed that 
#,¢q. Then the residue z,” of zı modulo q is algebraic over A/(qN A) (by 
the choice of the y). Let f,’(2,’) =0 be a (not necessarily monic) minimal 
equation of 2, over A/(q MA), and let f,(z,) 2,540 be an element in q 
which maps modulo q onto f,’(z,’). Since z, is transcendental over A, x, is 
transcendental over A. If r==3, then the lemma is proved, so it may be 
assumed that r > 3. Then there exists an element 2,€ 0 such that Za 18 trans- 
cendental over A[z.], and it may be assumed that 22 € q. As above let f,(2) 
== v, be an element in q which maps modulo q onto a minimal equation 
fo’ (22°) == 0 of z? over A/(qN A). Then zz #z,, 2.540, and since Zs is 
transcendental over Alz, |, z} is transcendental over A[z,], hence x, and 2, 
are algebraically independent over A. Hence in r—2 steps the required 
elements are obtained, q.e.d. 
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Lemma 4.5, Let (P,M) be a spot of type two over (I,m), and let 
rank Peer (r= 2). Then there exisis a special basic ring B* in P and 
elements 2,,° °°, 2-2 in M which are algebraically independent over B* such 
that P is a finite separable algebraic extension of B*[z,- > +, 2-2]. 


Remark. The proof of this lemma is a direct generalization of Pi 
proof of Proposition 8 ([4], p. 397). 


Proof. Since P is separably generated over I, when the characteristic 
of I is 0 the lemma is true by Lemma 4.4, so it may be assumed that the 
characteristic of I is p50. Let P= o and let B—17(y:,; > :,y) be a 
special basic ring in P (B exists by Remark 4.2). Let A==I[y.,---,y¢], 
and let æ,:::,2,.2 be elements in q which are algebraically independent 
over A (Lemma 4.4). Then trd(o0/Al[a.,:- -,2-2]) ==0, hence trd(o/Z) 
=t -+ (r—2). Let n=—mt+r—-2, let w= n (11, -,r—2), and let 
Wray, (t=1,:::,t). Since P is separably generated over J, let 
D,,- > +, Da be a maximal linearly independent set of derivations of o over I 
(existence is proven in ([4], p. 390)). Let,‘ - `, uy be elements in o such 
that Dywu,;540 if and only if 1-7. It may be assumed that u;—1€q 
(j—1,: ::,n), since otherwise the elements 1+ uja? (4€ q) are such that 
D,(1 + war) 540 if and only if i=j, and (1+ u,a?)—1 are in q. Set 
Zy=mtwpu;, Then Dy,£0 if and only if t=}, hence 2:,° ° :,2, are a 
separating transcendence base for o over J. Since u;——1€ q, 2/ = es == 10; P 
(where the ’ indicates residues modulo q). Now w/?—=0 (j——1,---+,r-—2), 
and the wf? (j==mr—-1,---,n) are a transcendence base for 0/q over I/m. 
Therefore the ring B* == J(2,1,- * *, Z4) is a special basic ring in P, and the 
elements 2,,° ° *,2.. are elements in q which are algebraically independent 
over B*, q.e. d. | 


PROPOSITION 4.3. Let (P,M) be a spot over (I,m). If Pisa spot 
of type two, then P ts analytically unramified. 


Proof. Let rank Pur (r2=2). Let (B,mB) be a special basic ring in 
P such that there exist elements 2,,: © -,a,. in M such that P is a finite 
separable algebraic extension of C*— B[z,,: : -,x,,] (Lemma 4.5). Set 
Q* = (mB, 2," `, 2ra) 0#, Cu O*%g*, and Q—Q*C. Since B is a regular 
local ring of rank two (Remark 4.8), and since the % are algebraically 
independent over B (Lemma 4.5), (C,Q) is a regular localy ring of rank r, 
and P=C. Let E be the quotient field of C, and let L be the quotient field 
of P, so L is a finite separable algebraic extension of F. Hence, since C is 
a normal Noetherian domain, the integral closure 0 of C in L is a finite 
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C-module ([9], pp. 264-265). Therefore the integral closure D of C in P isa 
finite C-module. Since P is a spot over B, there exists elements d4, : > ', dg € P 
such that P is a quotient ring with respect to a prime ideal of the ring 
CId,:-:,d,|l, and since the d, are algebraic over E, there exist elements 
€ C such that the elements &d;€ D, hence the quotient field of D is L. 
Since P = Dimon) = C, M N Dis a maximal ideal in D and there exist elements 
es," © *,ex € L such that P is a quotient ring with respect to a prime ideal 
of Diman len: * *,¢x]. Hence by a recent result due to Rees [8], P is 
analytically unramified if D (yp) is analytically unramified. Since D is a 
finite C-module, D is a semi-local domain, hence Dan) is analytically un- 
ramified if D is ([10], p. 283), and since C” is a semi-local domain which is 
a finite D-module, D is analytically unramified if C” is ([10], p. 277). Hence 
to prove that P is analytically unramified it is sufficient to prove that C” is 
analytically unramified. 

Since L is a finite EPEK algebraic extension of E, let u be an element 


in © such that LS Ev, and set H = $ Cut Then H is an integral 


domain which ee C and is ee in 0”, hence H is a semi-local 
domain with quotient field Z. Let F be the total quotient ring of the com- 
pletion of H. Since 0” is a finite C-module, there exists a nonzero element 
de C such that dC’C H. Since the completion of C is a regular local ring 
([10], p. 302), d is not a zero divisor in the completion of H ([10], p. 277), 
hence F contains the completion of C’. Let K be the quotient field of the 


completion of C. Then it is seen that Pm Kul. Since F is a finite 


dimensional algebra over K which contains the op eon of C’ and is con- 
tained in the total quotient ring of the completion of C”, F is the total quotient 
ring of the completion of C’. It is a straight forward verification that F is 
isomorphic to LOK, and since L is separably generated over FE, DOSE con- 


tains no nonzero ipoe elements ([9], p. 195). Therefore C’ is aol, 
unramified, hence P is analytically unramified, q.e. d. 


Propositions 4.1, 4.2, and 4.3 constitute a proof of Theorem 4.1. 
It is known ([4], p. 414) that if a semi-local domain P is analytically 
unramified, then the derived normal ring of P is a finite P-module, hence 


COROLLARY 4.3. If P is a spot which is separably generated over a 
ground ring I, then the derwed normal ring of P ts a fintte P-module. 


As mentioned in the introduction, Nagata’s proof that a Dedekind domain 
has the property (SF) is essentially based on statements 1.1 and 1.2. Since 


722 LOUIS J. RATLIFF, JR. 


Corollary 3.2 and Corollary 4.3 are respectively the generalizations of these 
statements to the case where / is a rank two regular local ring which has an 
infinite residue field, Nagata’s proof carries over verbatim to prove 


THEOREM 4.2. If o is an affine ring which ts separably generated over 
a ground ring I, then the derived normal ring of o is a finite o-module. 
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UNIFORMLY BOUNDED REPRESENTATIONS, IL* 


Analytic Continuation of the Principal Series of Representations 
of the nX n Complex Unimodular Group. 


By R. A. Kunze? and E. M. STEIN.? 


0. Introduction. This paper is the second of a series devoted to the 
study of uniformly bounded representations of classical groups and the 
application of these representations to analysis on these groups. 

In the previous paper [8], this was carried out for the special case of 
the 2X 2 real unimodular group. Two related results were basic. The first 
dealt with the analytic continuation of the ‘ principal series’ of representations 
—leading to a family of uniformly bounded representations defined in a strip. 
The second result applied the analytic family of representations to obtain a 
‘ Hausdorff-Young Theorem’ for the group together with its implications for 
the characterization of representations. 

Our purpose here is to carry out the analytic continuation of the prin- 
cipal series in the case of the group of n X n complex unimodular matrices. 
The problems dealing with the continuation for other semi-simple groups 
and the problems connected with the Hausdorff-Young Theorem will be con- 
sidered in future papers of this series. 

We consider the group @ of nX n complex unimodular matrices, and 
its diagonal (i.e, Cartan) sub-group C, whose entries we denote by 
C= (C1, C2, * *, Cn), CEC. Let À denote a continuous character of the sub- 
group ©. Then 


ee 


Where 51,32," ` *,S, are complex numbers and m,,m2, - -,m, are integers; 
both sequences are uniquely determined if we require that s,+s.+---+s, 
= 0 and 0 S m, + mit: oma <n. (We call the integer r, r—= m, + ms 
+: + mn, OSSr<n, the residue of the character A.) Notice that the 
character À is unitary if Re(s;) 0, j=, +n. 


* Received August 31, 1961. 
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Gelfand and Neumark have shown how to construct an irreducible unitary 
representation for each unitary character A. This leads to the ‘principal series’ 
of representations ; these are the representations which arise in the Plancherel 
formula for the group. They are constructed as follows. l 

For each such À the representation a— T (a, À) is realized as a multiplier 
representation on L(V), where V is the sub-group of @ consisting of matrices 
which have ones on the main diagonal and whose entries above the main 
diagonal vanish. The representation T (a, À) is defined by 


(0.2) T (a, À) : f(v) > K (va, à)f (vã) 


where K is an appropriate multiplier and the mapping v — vä may be thought 
of as a generalization of fractional linear transformations which occur when 
n =}. 

= Now the multiplier appearing in (0.2) depends on À and thus on 
81 82>° * *,8 - This dependence may in fact be seen to be analytic. Thus we 
can obtain in a trivial sense an analytic continuation of (0.2). This naive 
analytic continuation is, however, not the right one for a variety of reasons. 
The simplest of these is that the resulting operators are not uniformly 
bounded, in fact not everywhere defined on L?(V) when Be(s;) +0.* 

The natural analytic continuation may be motivated by the following 
considerations. 

We quote two known facts about the representations (0.2), (when 
Re(s;) =0). The first is that they already irreducible on a certain sub- 
group G, of G. The second fact is that T(-,A) and T(-, pA) are unitarily 
equivalent representations for any character A and any permutation p of the 
character (1.e., element of the Weyl group of G). 

It is convenient to group the characters À into n distinct classes— (their - 
residue classes). The class to which any character belongs is determined by 
the unique integer r, OS'r<n, for which m, ma + ma +: Hm =r. 
Or put another way, the class is determined by the action of A on the center 
of G. | 

We come now to what is in effect a basic result of this paper. The 


* It is possible to bypass the last objection and obtain by analytic continuation 
everywhere defined (but not uniformly bounded) representations by reformulating the 
representations (0.2) in terms of the maximal compact sub-group. See Harish-Chandra, 
“ Representations of a semi-simple Lie group IJ,” Trans. Amer. Math. Soo., vol. 75 (1953), 
p. 241. It should be added, however, that in this sense there are infinitely many “ ana- 
lytic continuations” of the principal series. Only by adding certain natural considera- 
tions can one find a unique analytic continuation, which in addition, enjoys the further 
properties which are described hereafter. 
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representations T'(-,A,) and T(-+,A,) for which A, and A, belong to the same 
class are equivalent when restricted to Gy. This is remarkable in view of the 
fact that they are already irreducible on Go. Thus there exists a unitary 
operator, W(A), so that if we define R(a,A) by 


(0.3) R(a,) == W(A)T (a, A) W-(A) 


and if we fix a€ G, then R(a, À) depends only on the class of A (and thus in 
particular is constant as a function of Sı, Sa’ - -,S,). In view of the already 
quoted irreducibility of T(-,A) restricted to Ge, the representations Æ(-,A) 
so determined are unique. We call these the normalized principal series. It 
is these representations that can be continued analytically in the parameters 
of À while 7’(a,rX) and W(A) separately can not. 

The discussion above insures the existence of W(A) and thus Æ(a,à) 
a priori, but tells us nothing about their concrete properties which are necessary 
for analytic continuation. We need first, therefore, construct W(A) in explicit 
terms. 

In order to get an idea of how to go about this, we recall, as mentioned 
above, that T(-,à) and T(-,pA) are unitarily equivalent; therefore R(-,A) 
and (f+, pA) are unitarily equivalent. Using the fact that R(a,A) = R (a, pà) 
for a€ Œo, it follows (from the irreducibility on @,) that R(a, A) = R (a, pà) 
for all a€ G, and finally W- (pà) W(A)T (a, À) =T (a, pA) W (A) W (pà) for 
all p in the Weyl group. 

This shows that an explieit determination o£ W(A) brings with it a 
similarly explicit description of the intertwining operators A(p,A) defined 
by A(p,A)T'(a, à) = T (a, pr) A(p, a). 

We reverse the heuristic argument described above and begin our study 
by obtaining the intertwining operators A(p,A) in a concrete fashion. It 
turns out that this task is much simplified when we restrict ourselves to the 
n— 1 permutations Pı, Pa,‘ * *, Pn1, Where p, corresponds to the transposition 
(r,r-+1) of the symmetric group on n letters. These n-—1 permutations 
generate the whole Weyl group. It is then found that the operators A (p,, À) 
can be given by singular convolution integrals whose kernels are carried on 
one-dimensional (complex) sub-groups of V (see Theorem 1, Section 4). 

A basic property of the operators A(p,A) is that although they do not 
commute in general, they satisfy certain fundamental commutativity relations 
(see Theorem 2, Section 5). These commutativity relations are a reflection 
of the relations satisfied by the generators pi, Pa, * +, Pa of the Weyl group. 
The actual analysis of the commutativity relations is rather complex but is 
simplified by reducing the problem to the case of the 3 X 3 group by a change 
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of variables. In this sense the 3 X 3 group is already the general case, because 
here we must deal with the non-commutativity of the sub-group V (3), which 
makes the Fourier analysis on L(V) difficult. 

Once the properties of the operators A(p,A) are obtained, we can then 


define the operators W(A). ‘These are given by products of n(n —1) 


A(p,A), (see 6.5) and 5.17)). We then prove in Theorem 3 (Section 6) 
the basic properties of the normalized prinicipal series for unitary A. 


operators 


Our next task is the analytic continuation of this series. The problem 
of analytic continuation is tractable because of the following two considera- 
tions, 1) It suffices, in effect, to continue one parameter only keeping the 
others fixed. ‘That this allows us to obtain analytic continuation simul- 
taneously in all parameters follows from the lemmas of Section 8. 2) The 
group @ is generated by the sub-group G, and a fixed element pe G. Since 
the H(a,rA), a€ Go, have trivial (1.e., constant) analytic continuations, it 
suffices to consider the analytic continuation of the single operator R(p,A). 
Here use is made of the lemmas of Section 7. 


The resulting uniformly bounded representations are defined when the 
parameters 81, Se’ ` *,S, Vary over an open ‘tube’ in the complex hyperplane 
S1 +8.+:--:-+58,=—<=0. Their basic properties are set forth in Theorem 4 
of Section 9. 


In Section 10 we calculate the ‘trace’ of these representations which 
allows us to prove in particular the following: (1) R(-,A) is unitary if and 
only if X == p(A), where A is the complex contragredient character of A, and 
p is some element of the Weyl group. Hence #(-,A) is unitary if and only 
if it corresponds to an element of the principal or complementary series. 
(ii) If A’s4p(A), then although R(-,A) is uniformly bounded, it is not 
equivalent to a unitary representation. | 


1. The principal series. In this section we recall relevant facts about 
G and the construction of the principal series. Detailed proofs of most of 
the results we state below may be found in the book by Gelfand and Neumark 
[3 ].5 

Let GL = GL(n) denote the group of all complex non-singular matrices 
of degree n. In what follows we shall need to consider the following sub- 
groups of GL. = 


® In stating the results of Gelfand and Neumark we have found it convenient to 
use a notation which is different from theirs. 


UNIFORMLY BOUNDED REPRESENTATIONS, II. 


G == @(n): the unimodular sub-group. 


C = C{n): the (Cartan) sub-group of diagonal matrices c = [¢,, Ca, : 


in @. 
U == U(n): the upper triangular unipotent matrices 


I the, >> Um 


Al oo 


uy, = 0 for 7 > k and ul. 
V = Vin): the lower triangular unipotent matrices 
1. 0 0 0 
Vex 
i eee À 
v= 0 for j < k and ve 1. 
For each a in GJ, let 


j es im) 
key Fes ny Em 

be the determinant of the submatrix of a formed from rows ja - 
columns kı’ *,kn of a. Put 

; 7 1 >>. s} 

D;(a -( 1+ ) 
(1.1) j(@) j gti -n 
Du (@) = 1. 


Then in order that a may be expressed as a product 


(1.2) a = ucv, uC U, vE V, c diagonal 


TRT 


ii Ch 


$ 3 Im and 


it is necessary and sufficient that D,(a) A0 for 1Sj=n. The matrices u, 


v, and c are then uniquely determined as follows: Let 


. , 1 ce © . 
(1.3) Da = LT hace 


Pp gti cony 
(1.4) Da(a) = (3 Ae! 2 Live 
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Then u, v, and c are given by 


(1.5) eta) j<k 





(1.6) me) j>% 


„_Da(a) 

* Din (a)’ 
If a€ GL and all the determinants D;(a) are different from 0, we shall 

say that a is decomposable. The diagonal matrix c in (1.2) will be called 

the diagonal part of a and will be denoted by diag(a). It should be noted 

that diag(a) belongs to C, i.e., has determinant 1 if and only if a is in G. 
The elements v of V are parametrized by the real and imaginary parts, 

Lin, Yæ Of their entries v. The measure dv obtained by taking the product 

of the differentials 

(1.8) dv — dandy, 7 >k 

is both left and right invariant; so V is unimodular. 

In the 2 X 2 case, V may be identified with the additive group of complex 
numbers, and ŒL then acts on V as the group of linear fractional transforma- 
tions. In the general case GZ acts on V in a similar fashion. We shall now 
describe this action. Let a be a fixed member of @L. Then for v in FV, the 
determinants D,(va) are polynomial functions of the entries væ of v. Thus, 
with the exception of a lower dimensional set of measure 0, the product va 
» ig decomposable; the exceptional set of elements v depends on a. If va can 
be expressed as a product wey with w€ U, w € V, and c’ diagonal, then this 
can be done in only one way and we shall put 


(1.9) va mv’, 
In the 2 X 2 case, vã is the element of V defined by 


(1.7) lSj&n R 


1.10 un „ia TO, 
( ) ( an Yzılıa + Ge 


When n is arbitrary, there are still some instances in which vã is easily 
described. For example, if c is diagonal, vē == cuc, and for any vE y, 
VV, = VU. 

' Let ve V, aE GL, and suppose va is be If 6 is any member 
of GL, then vab is decomposable if a only if (v&)b is; when this is the 
case it is then true that 


(1.11) | ua = (vd) 6. 
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When n==2, the mapping v— vã induces a transformation of the real | 
parameters corresponding to vz, whose Jacobian is equal to 
| | det a |? | varda + aaa |*. 
Thus the measure d(v@) is given by 
(1.12) d(vä) = | deta |?- | Vardas + Gee |* dv. 


In the general case, the measure d(v&) is obtained as follows: Let u be the 
character of the diagonal sub-group of GL given by 


i 


(1.13) p(c) = TI | g [#20 
rl 
For each decomposable a in GL, let 
(a) —a(c) 


where c is the diagonal part of a in the decomposition (1.2). Then with a 
fixed, »(va) as a function of v is defined on all but a set of measure 0 in V; 
and 

(1.14) d(vä) — p(va) dv. 


This is proved in [3] for the case in which a has determinpant 1. The 
general case may be deduced from this with the aid of the following observa- 
tions. (i) If a€ GD and b is a non-zero scalar multiple of a then a and b 
determine the same transformation of V; furthermore, (1.6) and (1.7) 
show that the digaonal parts of va and vb differ by a multiplicative factor. 
(ii) ifa€ GL then (deta) "ae G. (iii) In (1:13) the sum of the exponents 
is equal to 0. | 

If À is any character of the diagonal sub-group of GZ its domain of 
definition may be extended as above. Thus if a= ucv with u€ U, ve V, and 
c diagonal we shall put 


(1.15) Aa) =Ale). 
After this extension A is no longer multiplicative but has the following 


properties. If c is diagonal and a is decomposable, then ca and ac ‘are 
decomposable, and 


(1.16) Alca) ==A(ac) == A(c)A(a). 
If ve F then A(v) —1, and 
(1.17) | © A(vab) == A (va)a[ (vä)b] 


whenever va and vab are both decomposable. 
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We shall say that a character of C is unttary if it maps C into the 
multiplicative group of complex numbers of absolute value 1. To each con- 
tinuous unitary character À of C is associated a unitary representation 
a— T(a,r) of G on the Hilbert space, La( V) of square integrable functions 
on V. These representations are known as the principal sertes and are defined 
for fm L,(V) by | 
(1.18) T(a,ı)f(v) == A (va) (va) f (vã). 


2. The decomposition V — ZZ’. In this section we decompose V into 
the product of two sub-groups Z and Z’ and study the action of G on V in 
terms of this decomposition. 

Let ? and m be integers such that ee eer and m—Il<n—1. 
For each a € G, let d be then X n matrix specified by the following conditions. 


(i) én—ay, ISj,k<m. 
(ii) ber 1, k<l or kom. | 
(ii) dy,==0 in the cases not covered by (i) or (ii). 


We shall denote by à the submatrix of a formed from the entries ax, IS j, 
km. The mapping v—> ù, ve V is a homomorphism of V onto a sub- 
group Z==Z(l,m); Z is contained in V and is isomorphic to V(m—l+1) 
via the mapping z—> 4. Let 2’=Z(l,m)’ be the kernel of the homomorphism 
v— ù. The n X n identity matrix is the only element of V which is common 
to both Z and to Z’. Moreover, an easy computation shows that ùtw € Z’ 
for each v in V. Thus to each v€ V there correspond unique elements z and 
z such that | 


(2.1) var, 2E€2, EL’. 


To illustrate we consider the case n==4. A typical element of Z(2,4) has 
the form 


1 0 ~ Q 
0 1 0 © 
0 LET 1 0 


O Viz Vas 1 
whereas a typical element of Z(2,3)’ has the form 
1 0 0 0 
Ver 1 0 0 
va 0 1% 
1 


Var Vag Vus 
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We shall denote by dz the invariant measure in Z obtained from the 
product of the differentials (1.8) 


AZ 4% —_— AX dy jk l= k < 7 = mM. 


Since Z’ is a closed normal sub-group of V, it follows ([9; p. 133]) that 2’ 
is unimodular and also ([9; p. 119]) that 


(2.2) dy == dz dz 


where dz’ is a suitably chosen invariant measure on Z’. We shall not need 
the explicit form of dz (actually, here the most obvious candidate for dz 
works). 

If b == is non-singular, the mapping z—> zb is well defined and carries 
Z into Z. The transformed measure d(z5) is obtained as follows: Let prm be 
thet character of C defined by 


m 
(2.3) Hm = TT | cy #2), 
; j=l 


It then follows from (1.13) and (1.14) applied to the case n—m—l-+1 
that 


(2.4) d(25) — pm (ab) de. 


For certain a in G, b==d@ is non-singular, and the mapping z— 24, 2€ Z 
coincides with the mapping z— zb. We shall be interested in two sub-groups 
of G whose elements have this property. One of the sub-groups is the diagonal 
sub-group C. For suppose c€ C. Then z¢==¢ 2c for each z in Z, and since 


(cze) jk = Cy Zu Cr 


it is evident that c and € induce the same mapping of Z into Z. The other 
sub-group we shall call U*—=U*(l,m). It contains U and is obtained as 
follows: Let X =X (l,m) be the sub-group of G consisting of all x such 
that z—t The mapping z—>z, x€ X is an isomorphism between X and 
G(m—1-+-1). In addition, denote by Y = Y (l,m) the kernel of the homo- 
morphism u =ù, u€ U. It is then easily seen that X N F == {1,}, that X 
is in the normalizer of Y in G, and that the product, XY 18 a sub-group of G. 
We shall put U*—XY. To illustrate we again consider the case n—4. A 
typical element of U*+(2,3) has the form 


1 Us Ur Un 
0 Un On Un 
0 Us: Uss Use 
0 0 0 1 
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Let us now determine in general how an element of U+ acts on Z. To do 
this we ask when an element zy of U* is decomposable. Since zyr!e U and 
cy = yx: x it follows that zy is decomposable if and only if z is decom- 
posable ; furthermore, the elements c and v in the decomposition (1.2) of ay 
depend only on z. On the other hand, since X is isomorphic to G(m—1I-+-1). 
it is evident that c and v are members of X and in fact that v€ Z. From these | 
observations we obtain the following result. 


Lemma 1. Let 2€Z, c€X, and ye Y. Then zıy ts decomposable tf 
and only +f zx is decomposable. If 2x and zey are decomposable then 


(1) sey <= 2b € Z 
(2) diag (sry) = diag (zz) EX. ` ` 


3. The operators A(p,%). In this section we shall use the decomposi- 
tions V == ZZ in defining a class of operators A(p,A) in L(V). These 
operators play a crucial role in our work on the representations of G. In order 
to understand something about their group theoretic significance it will be 
necessary to introduce some terminology. 

Let k be an integer such that 1 =k n—1, and Z=Z(k,k-+1). Let 
p= Ppr be the element of X == X (k,k--1) which satisfies 


(3.1) | _, 


Suppose in addition that M, ms,‘ -,m, are integers, that 8,8, * -,8, are 
complex numbers, and that À is the character of O given by 


(3.2) ate) =T (Er) Tete 


We shall now obtain an explicit a a for the function TE 


k+ik j 


Hence the mapping 2 Zyrık is an isomorphism between Z and the additive 
group of complex numbers; to simplify the notation we shall also denote 
Zk+ by 2 We use this convention in the statement of the following lemma. 


t For further clarification of the role of the matrices p, see the discussion at the 
beginning of Section 4 and in Section 6 following equation (6.4). 
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Lemma 2. Suppose z€ Z, u€ U, and that à is defined by (3.2). Then 
for 25€ 0, 


Maik 8k41-8) 


ap) =a lep) = (pep) Te 


Proof. Since U*t=— XY we may write u= qty, cE X, ye Y (actually 
z= ùú). Thus zup=zeyp==zep(p'yp). Because Y is normal in U*, 
pyp€ Y, and it follows from Lemma 1 that zup is decomposable if and 
only if zzp is decomposable. 

In addition we have 

T= Û == [1 Ur 
Lo 


Now if we also write x for ugg, it follows that 


PS AOL RE bee eal: 


Hence if 25<0, 


a | H 


Lol 1 0 
2 


zťp == 


pd 


0 z] z241 il 
—z 





From this we see that zup and zp are decomposable if and only if z = Zr 0; 
if this is so, diag (zup) — diag (zp) =a c € X, 


1 
|, 
z 0 
and by (1.15) 
Mer My 
A (eu) (ap) =A lo) = (EP) a [ren 


Now let x be the character of C defined by (1.18). Applying Lemma 2 
we obtain 


mem 
(3.5) y(m,s) el, - r) a 5 2 [atean 


The operators A(p,A) are defined in L(V} at least formally by the 
integral 


(3.4) A (BAEO) = -rry f A7 (ep) ah (ap) (50) de 





11 
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The factor y(A) =y (mz — Mrs) 8i— 8x4), Where for any integer m and 


complex number s 
Im | =") 
r( L | 
r(! m | +2 — *) 
2 

To study the operators A(p,A) we introduce another class of operators. 
If m is an integer and s is a complex number, 0 < Re(s) < 1, we define an 
operator A(p,m,s) in L(V) by 


1 2 i -2+8 t g 
(8.6) Alp mst) = (rar) a Lette) de 


As we shall show, the integral in (3.6) is well defined and A(p,m,s)f€ L2(V) 
for a dense set of functions f in Z,(V). Thus (3.4) will define an operator 
in La( V) whenever 0 < Re(8,— 8x41) <1. For the domain D of the operators 
A(p,m,s) we shall take all bounded Baire functions with compact support. 


(3.5) y(m, 3) = il lar 28 


LEMMA 8. Let m be an integer, s a complex number, 0 < Re(s) <1, 
and f an element of D. Then 


(1) (8.6) converges absolutely for all ve V; 
(2) A(p,m,s)fe L(V); | 
(3) the mapping s— A(p,m,s)f has a unique extension to Re(s) —0, 
so that as a function of s with values in L(V) it is continuous in 
0S Re(s) <1; 

(4) «sf Re(s) —0, the operators A (p, m,s) are ısometric and extend 
(uniquely) to unitary operators on L.(V) ; 

(5) tf Re(s,) = Re(s,) == 0 then 

A (P, Ms $1) À (P, Me, 82) = A (p, my + Ma, Si + 82) 
for all integers m, and ms; 

(6) A(p,0,0) =I = the identity. 

Proof. (1) If f is a function on V, it follows from (2.1) that we may 
` write f(v) == f(2e’) —f(z,7). In addition, if f is integrable (2.2) shows 
that 

ff(v)du= f [f(z 2) de de’. 


Thus if we identitfy z with its entry 2,12 and use the fact that Z is isomorphic 
to the additive group of complex numbers, we may rewrite (8.6) as 


1 w \" -3+3 
0) Apm te?) =) old 
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In this integral w is a single complex variable, and dw is the 2-dimensional 
element of area. If we take absolute values in (3.7) and disregard the 
multiplicative constant, we have 


| A (p,m, 8) f(z, 2’)| Sf] w [| f(z + w, 2) | dw 
where So = Res), 0< So <1. Therefore 


| A (p,m, 8) f(z, 2’) | 


<f lol (tetue)|du+ f lott fau) aw 


We shall denote the first integral by g.(z,2) and the second by ge(z,2’). 
Since 0 < 8) < 1, | w |-*+% is integrable over the unit disc and square integrable 
over the set where |w| >1. Because | f(w,2’)| is bounded and has compact 
support as a function of w, it therefore follows that the integrals defining 
91, G2 exist for all z, z. This proves (1). 


(2) Let K be a compact set containing the support of f(z,2), K, the 
projection of K on Z, and K, the projection of K on Z’. Then K,, Ks are 
both compact and have finite measures | K, |, | K|. Denoting lub |f | by M 
and using Young’s inequality, we obtain 


2,2) |? d| E, 2480 day)? 
Sigar EN wlan): <0 


f | 92(2, 2) |? dz S M? | Ky 





af PERI <o. 
Jwr 
U g(z,7) = A (p, m, s) f(z, 7), it follows that 
f| g(2,7)|? dz = Constant: M° (| Kx | + | E: |°). 
Note that f (2,7) =0 £7 ¢ K». Hence g(z,2’) = 0 when 7€ Ka. Therefore 
f flg(z 2) |? dzdz = Constant: M?(| K, | + | E: |) | K2 | <% 





which proves (2). 


(3) Let t be a complex variable. Then the Fourier transform of 
f(z, 2) with respect to the z variable is the function f(t, 2’) given by 


(3.8) F(Z) = A fer Retinf(z,2)de. 


Let us put H.(w) = 





gelto] (2) wi, «20. We need the 
y(m, 8) | w | 
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following fact (see Bochner [1], p. 39). If 4-40 


lim fÊ (w) et Rdw (5) H 

We shall also put ge(2,7) — fHe(w)f(z—w,7)dw for «20. Then 
A(p,m,s)f(2,2) == go(z,2’), and the argument used in (1) and (2) shows 
that ge e> 0, also belongs to L,.(V). Applying the dominated convergence 
theorem, we see that g.(z,2) — g,(z2,2) for each 2,7. For «220, ge is 
dominated by the L(V) function 
| | wW [7 #+80 
| y(m, 8) 

A second application of domianted convergence shows that ge—> go in 
L(V). We now denote by §,(t,2) the Fourier transform (3.8) of g.(z,#), 
e==0. By the Plancherel theorem, we see that ĝe(t, z) — go(t,2) in the 
L,(t,#) norm. On the other hand, 


felt, 2’) = 2r: A(t) f(t,2), «> 0. 


h(a, 2) = f | F(2—w, z) | dw. 


Since 2r: H,(t) (y |¢\-*, t>40, we find that 


(3. 9) : (A (p; m, s) f)^ == ĝo (t, 2’) -y | erde, a). 


It follows from the Plancherel theorem that we may use (8.9) to extend the 
definition of A(p,m,s)f to all s in the strip 0 Re(s) <1. To prove the 
continuity of A(p,m,s)f as a function of s with values in Z,(V) it is then 
sufficient to show that 


MOMENT ET 


as 8s—> 8, 0 = Res) <1, OX Re(s,) <1. We recall that f is bounded and 
vanishes outside the compact set K; hence, f(t,2’) is bounded and vanishes 
when z’ € Ky. Thus the above expression is bounded by 


Constant- ff. lee — | t fn |3 dt ae’ 


+S Svea! |t [e — | t [e |e] P(E z) |? di de’, 


An easy application of the Lebesgue dominated convergence theorem shows 
that both integrals tend to 0 as s— 4}. 
It is obvious that the mapping s— A (p, m,s)f has at most one continuous 
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extension to the strip O= Re(s) <1, and the proofs of (4), (5) and (6) 
follows immediately from (3.9) and Pl man theorem. This concludes 
the proof of Lemma 3. 


4. The intertwining properties of the operators A(p, À). Let S be 
the sub-group of G which is generated by the unitary matrices p= pp, 
1=k=n—1. Then 8 is contained in the normalizer of C, and there is 
little difficulty in showing that 9 is finite. For the purposes of this paper it 
will be convenient to refer to 8 as the Weyl group. 

If À is a character of C and q€ 8, the mapping c>A(q tcp), c€C is 
again a character. We denote this character by gd. Let us now suppose 
a—>T(a,\) and a— T(a,À) are two members of the principal series. Then 
by a fundamental theorem of Gelfand and Neumark [3] these representa- 
tions are unitarily equivalent if and only if there is an element g of $ such 
that A, == gÀ. 

Their proof of this result is in part abstract, and in part quite concrete; 
however, it yields only the existence of the intertwining operators.° In this 
section we shall exhibit specific intertwining operators between the repre- 
sentations a> T'(a,A) and a— T (a, pà), p—=m, 1SkSn—l. 

Let À be the character of C defined by 


(4.1) Me) TTY oy 


where Mi, Ma,' ° +, My are integers and si, Sa,’ * -,8, are complex numbers 
such that OS Re(s;) <<4,1Sjsin. If p= pr 15k Sn—1 we shall put 


À (p, À) =A (p, My Miris 8k — 8x41) 


It follows from Lemma 2 and (3.4) that A(p,A) is independent of the 


representation of À given by (4.1). One can also see this directly. For if 
we also have 


ae) (TE) Tal 


where mi, M2 C, Mn are integers and 3'1, #2, * -, 5’, are complex numbers 
then there is an integer l and a complex number w anah that m; == m’; -+l and 
smg Hw, 1S7>=Sn. Hence 


My — Mj = M jM a and Sj — Sj me 8G — SF pur, Lyn. 


nme 


"The Weyl group as it is usually defined may be identified with a quotient group 
of 8. 
° In recent note (Doklady 1960, vol. 131, pp. 496-499; also Soviet Mathematica 1960, 


vol. 1, no. 2, pp. 276-279) Gelfand and Graev have announced some results dealing with 
integrals of the type (3.4). 
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When Re(s,— 8x41) == 0, A(p,X) is unitary on L,(V) (Lemma 3) and 


otherwise A(p,A) is unbounded—with domain D consisting of all bounded 
Baire functions vanishing outside compact subsets of V. 


We recall that every continuous unitary character of C has the form - 


(4.1) where 8,,82,° * -,8, are purely imaginary, i.e., Re(s;) —0, 1 Sj &n. 


THEOREM 1. Let G be then Xn compler untmodular group, À a con- 
tinuous unitary character of the diagonal sub-group, and a— T(a,A) the 
corresponding member of the principal series. Then if p= pr, 1 SkSn—l. 


(4. 2) A(p,A)T(a,X) =T (a, pr) À (p, À) 
for all aE G. 


Roughly speaking, the maïn idea of the proof is to first establish (4.2) 
for a class of non-unitary characters. The necessity for this arises from the 
fact that the operators A(p,A) are not given explicitly by (3.4) when A is 
unitary. The result is then obtained for unitary characters by a limiting 
argument. In the proof we shall need a series of lemmas. 

If p= py, 1 Sk Sn—1, let pp be the character of C defined by 


(4. 8) mp(c) = | Cx iy | Chat = 

Limuma 4. Let 1=k=n—1, pop, and Z=Z(k,k 4-1). Suppose 
zE Z, and a=cu,c€O0,ue U. Then 

(1) d(2d) — pp(2a) dz; 

(2) (zu) = (eu) ; 

(8) le) — pè (c) (pcp). 

Proof. (1) By definition, mp is the character pix. given by (2.8). 
Thus if b == å, it follows from (2.4) that d(zh) = w,(zb)de. On the other 
hand, since b == ċù, 24 == (20) 2h, z€ Z. Hence, d(24) =p(2b)dz. We 
also have 1(20) = po(cc zou) =pp(c)up(c zou). By (4.3), up(c) — pp(6), 
and Lemma 1 shows that u,(ctzcu) = py(ctzct). Thus 

Hip (20) — pp (6) up (0 Tac) — pp (ad). 

(2) Suppose zu is decomposable. Then by Lemma 1, diag(zu) == € 
belongs to X(k,k-+1). Hence cxey1—1, and from (1.13) we find that 
pCO) — | où [EOD | cays [2D — | on |? | oen | une). Thus pleu) = pe) 


= pp(C) = (zu). | 
(3) It is easily verified that (p™ecp)s= Cp, (pep), and 
(ptep); = 0 for 754k and jék+1. Thus 
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på (C) (prep) = | où E | ou [P| cn A | op [arm 
= | ox |? | Cu |? 
= (6). 
This establishes (3) and concludes the proof of Lemma 4. 


Let a be a decomposable element of G and À a continuous character of C. 
In order to simplify the notation we shall set 


(4.4) K(a, À) = d(a)p8(a). 


If a is not decomposable, we put ÆK(a,A) —0. It follows that 


(4. 5) K (va, à) = A(va)pi(va), ve V, ae G 
and that 
(4.6) K (ap, +) == A (2p) pà (zp), 2€ Z. 


We recall that D is the collection of all bounded Baire functions vanishing 
outside compact subsets of V. For fin D, let 


(4.7) T (a, A)f(v) = K (va, d)f (vã). 


It will also be convenient to denote the character contragredient to a 
given character A and À”. Thus 


(4.8) X (c) =A(e*), ce C. 
In the next three lemmas we suppose the following: 
(i) pp, 1SkSn—t. 
Gi) a€G, FED, and ge D. 
(ii) is given by (4.1) and 0 < Re(si— su) < 1. 
(iv) M = (pa)’. 
In addition, we shall denote the inner product 
Sfilv)fa(v) do 
of two functions fı, fe in De(V) by (fa fa). 
Lemma 5. Suppose T(a,r)f€ L(V). Then the integral 


J, K (zva, A) K (z’p,X)f| (zv)äldz 


erisls for almost all vin V, A(p,Ä)ge L2(V), and 
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(T'(a,A)f,4(p,4)9) 
=- f MO Í, K (ava, A)K (ep, 4) fl (zv) a] de. 


Proof. By Lemma 8, A(p,Ä)ge L,(V), and an easy computation shows 


that 

(4. 9) K(z°p,x*) _ Kap, x) 
ya) y) 

Thus 


(T(a,a)f,4(p,À)9) 
5), K (va, A) f (vã) du J, E (sp, X+) g(a) de. 
Now, K (va, A)f (va) K (z*p, à ™)ğġ (zv) is a Baire function on V X Z and 
(4.10) Í, | K (va, à)f (va) | dv { | K (2tp,r*) 9 (atv) | dz <œ. 


Thus, by Fubini’s theorem 


TABU) f f K (wa, a)K (erp, d+) f (0d) g (v) dede. 


VXZ 


Since the homeomorphism (v,2) — (zv,2) is measure preserving, 


(L(a,r)f,A(pd)g) = | f K (eva, A)E (7p, Nt) ff (#0) a] g(v) dode. 


VxZ 


The stated result now follows from a second application of Fubini’s theorem. 


Lemma 6. Suppose T(a*,1,)gE L(V). Then the integral 
[LE (va, pa) (op, x") FL (0d) Jde 
exists for almost all v in V, and 
(ANAT (as NDS Hd f K (0a, pr) (ep, 2°) fla (0a) Jde. 
Proof. By Lemma 3, A(p,A)f€ L,(V). Thus 
(A(p,A)f,T(a7, x) 9) 


=y J A (BADE (OK Wa) g (009) de. 


g 
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On the other hand, since d(v@) = p(va) dv, 


(A (p,A)f, T (a7, 31) g) = SA (m A)T (wa) E|(va)a,Aılg(v)a(va) dv. 


By (1.17), K[(v@,i,] = Ar’ (va)ut(va), and as A, = pà we find that 
(Alp, )f,T(a*,a1)9) 


ay J A ee AdH (04) K (00, pr) (0) do 


-z f, Jod f K (va, pr) K (a *p, +) f[z(vd) | de. 


Lemma 7. Suppose both T(a,r)f and T{at,A,)g belong to L(V). 
Then 


(T'(a,a)f, 4 (p,A)g) = (A(p,A)f, T(a*,h)g). 
Proof. It is easily verified that 
(4.11) K(z'p, X*) = (—1)"rmmak (zp, dA). 
By Lemmas 5 and 6, it is therefore sufficient to show that for almost all v 


(4.12) f K(zva, A)K (ap, A)f[(zv)&] dz -Í K(va, pa)K (zp, A*)f | 2(va) | dz. 
In order to do this, we first observe that Conon to a, there is a 
measurable subset Va of V such that (i) V—V, has measure 0, (ii) the 
integrals in (4.12) exist for ve V,, and (iii) va is decomposable for each 
vE Va. To each ve Va there is a corresponding element b == uc in UC such 
that va == b(vä). In addition, there is a measurable subset Z,,, of Z, depending 
on v and a, with the property that Z—Z,, has measure 0 and ab is decom- 
posable for each 2€ Zea- Since the mapping 2—zb carries Z into Z and 
d(25) = up(zb)dz (Lemma 4), it follows that the second integral in (4.2) 
is equal to 


(4.18) f, Klum pr) KL (26) p, AIFI (ab) (va) Jus (2b) dz 


If z is a fixed element of Z,a there are matrices u, and c in U and C 
respectively such that zu = uc (zt). Since b== uc, zb = zuc = cc: C(zu)c 
emU,c,¢(zb). Thus diag(zb) —=c,c and zva == zb (vi) ==u,: cic- (25) (va). 
It follows that zva is decomposable, that diag(zva) — c,c, and that (zv) 
= (2b) (vã). -Tence upon comparing (4.13) with the first integral in (4.12) 
we see that it is sufficient to prove 


(4.14)  K(ap,rX*)K (cc, À) = K (c, pd) up (cc) KT (26) p, a]. 
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Now from the definition (4.4) of K and the multiplicative properties 
(1.16), (1.17) of the functions A, x it follows that 


KT (26) p, À] == Kfc-1(24)cp, À] 
=K (0, *)K| (at) p- pop, A*] 
== K (0, A“) EK (pep, A+) K| (2t) p, 1%]. 
By Lemma 1, K (zp, X!) mu K (zup, d+), and on the other hand, 
K (zup, x") = K (zu, À) KT (2) p, A+] 
— K(¢,,A7)K[ (zt) p,rX*]. 
From this we obtain the relation 
K| (26) p, à>] = K (4,7) K (prop, At) KE (c1, 4*) K (zp, A). 
Therefore (4.14) reduces to the condition 
K (61,4) K (¢1, A) pp (C1) 
= K (0%, A)KE (c, pr) pp (c) K (et, 47) K (pcp, A+). 
The left side of (4.15) equals x(c)u(c:*), and this equals 1 by part (2) 
‘of Lemma 4. 
In the right side of (4.15), the product K(c, pA) K (pep, xt) 
== (c) (pcp), while K (c*,A)K (0, A>) — på (c>)på(c*). Thus the right 


side of (4.15) reduces to pp(c)uw4(c)pi(p tcp), and this equals 1 by part. 
(8) of Lemma 4. This finishes the proof of (4.12). 


\ 


(4.15) 


Lemma 8. Let À be a continuous unitary character of C and p= px, 
1Sksn—1. For 0<s<% and cEC, let A® (c) =| ce |*a(c), and 
Au) (C) | Cesar l'A (D tcp). Then, corresponding to each a in G, there exist 
subsets D(a, à) and D(a, pr) of D with the following properties. 

(1) D(a,rA) and D(a, pa) are dense in L(V). 

(2) For f in D(a, à) 

nm | T (a, à)f—T (a, A®)f |z = 0. 

(3) Forgin D(a, pà) 

mi | T (a, pA) g — D(a, A) 9 a= 0. 


Proof. Let poe Then by (1.7) and the definition of T (a, NOTI it 
follows that 
T (a, A®9)f (v) =|k(v)]’T(a,A)f(v) 
— [h (v) Jeu (va) pi (va) f (vã) 
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where h(v) = PAD . We also have 
T (at, M®)f (v) = [h (v) JT (a, pa) f(v) 
where h,(v) = By ; 








Let E be the collection of all functions f in Z,(V)) with the property that 
hi- T(a,A)f belongs to L,(V). Since h is measurable and T'(a, À) is unitary, 
E is dense in L(V). I£fisin D and «> 0, standard measure theoretic argu- 
ments show the existence of a function fe in D such that ||f— fele <e and 
[IEF] ae. Hence | P(a,a)fa(v)|S|T(qa)f()| ae, and 
therefore fe belongs to E. Let D(a,A) = DOH. What we have just done 
shows D(a,A) is dense in L(V). 

If fe D(a,À) and 0<s< 4 then 


(4.16) A)| T(a,a)f(v) |S (Ho) +1) | F(a, a)f (0) 
for all v in V. In addition, 
+ RAF) |A (v) |* T (a, A)f (v). 


Since the right side of (4.16) is a function in L(V), it follows from the 
Lebesgue dominated convergence theorem that 


amii T (a, A)f— T (a, A®)F Ia 0. 


Now let D(a, pà) be the collection of all functions f in D such that 
h- T (a, pr)f belongs to L,(V). Then the validity of (3) and the fact 
that D(a“, pà) is dense in L(V) are seen by exactly the same arguments 
as we have used above. 


Proof of Theorem 1. We suppose p= px, 1S k S n— 1, and that À is 
a continuous unitary character of C. Let AG), AG), D(a,r), and D(a, pà) 
be defined as in Lemma 8. Then in order to verify (4.2), it is sufficient 
to show that 


(A (p, A)T (a, à)f, g) = (T (a, pa) A (p, A), 9) 


for f€ D(a, à) and g€ D(a, pà). Now (5) and (6) of Lemma 3 tell us 
that the adjoint, A(p,A)*, of A(p,A) equals A(p,Ä). On the other hand, 
the adjoint of the unitary operator T (a, pà) equals T (a, pà). Thus, to 
prove the theorem, we need only show that 


(4.17) (T (a, A)f, 4(p,X)g) = (A (p,à)f, T (a, pà)g) 
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for f € D(a, À) and g € D(a", pa). Let 0 < 8 < 4, fE D(a, À), and g € D(a", pa). 
Then both T(a,AW)f and T(a,,)g belong to L(V). In addition, 
AL) = [p-rA®], i.e., A is the contragradient of p-A®. It follows from 
Lemma 7 that 


(4.18)  (L(a,r)f, A (p,AM)g) = (A(p,d) 7, T (a4, 4) 9). 


As s tends to 0 through positive values, the left and right sides of (4.18) 
tend to the left and right sides respectively of (4.17) (Lemma 3 and Lemma 
8). This concludes the proof of Theorem 1. 


5. Commutation relations satisfied by the operators A(p,A). Let 
p—pr and q=p, 1Æj,k£n—1 Then by (4.2), 4(ga)T(a à) 
= T(a,gk)4(q, À) for all unitary characters À It follows that 

A(p, GA) A (g,A)T (a, À) = 4 (p, ga) T (a, ga) 4 (9, a) 
== T (a, px) A (p, a) 4 (q, À). 
Here we have used the fact that (pg)A=p(gA). Thus A(p,gA)A(q,A) is 
an intertwining operator for the representations, a — T'(a, À) and a —> T (e, pga). 
Let us now suppose that 1Sk Sn — 2% and that q == Pru, p= py. It is easy 


to see that pqp == qpq. Thus we can write down two intertwining operators 
for the representations corresponding to À and pqpà, namely 


A(p, pqr)A(g, pr)A (p, À) 


and A (q, pgdA)A(p, gaA)A(q,4). We shall show that these apparently distinct 
operators are in fact identical. That they differ by at most a scalar factor of 
absolute value 1 is clear from the fact [3] that the representations of the 
principal series are irreducible. Our proof will not use irreducibility. We 
present it because it brings to light additional properties of the operators that 
will be used later on. 

The operator A(p,A) equals A (p, m — Mur, 8x — 82,1) Where À is given 
by (4.1) and Re(s;)—0, 1=Sj=n. From the definition of q, it follows 
that A(p, qà) = A (D, Mk — Merz, Sc — Sure). Similarly, 


A(q, À) = A (q, Mis — Mia, Skya Skee) and 
A (q, pà) = A (q, Mn — Mises Sk — Skre). 
We also have 
A (p, gpÀ) = Á (P, Miri — Mia, Ser — Bra), and 
A (9, pgr) == À (9, Mi — Mesi Se — Sear) 
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Using these relations we see that the equality of the above intertwining 
operators for all A is equivalent to the validity of 


A (P, Mis 81) À (9, Mı + Ms, 81 + S2) A (D, Me, 82) 
=A (9 Me, 82) A (p, My al Ma, Sı T 82) A (9; Mi, $1) 


for all integers mı, m, and all complex numbers sı, s;—subject to the condi- 
tions, He(s,) == 0, He(s.) <0. If we replace mı, 8: by — mı, — s, and use 
(5) of Lemma 3 we find that (5.1) is equivalent to 


(5.1) 


E A (P, — Mi, — 8,)A (q, — m, — S1) A (Q, M2, 82) A (P, Ma, 82) 
; — À (q, Me, S2) À (p, Me, 82) A(p,—m:,—5,)A (q, — M, — 81). 


By (5) and (6) of Lemma 3 
A (p,— Mi, — 8) A (9, — m, — 8) = [A(q, My, s,)A(p, my, s1) J>. 


Thus (5.2) is equivalent to the statement that the unitary operators 
A(g,m,s)A(p,m,s), Re(s)==0 form a commutative family ;" however, the 
operators A(g,m,s) and A (p, m, s) do not commute (when p == Pr, q = Pru). 


THEOREM 2. Let p= p, and q=p, 1Z<k<j3<n—1. Then the 
operators A (q, m, S) A (p, m, 8), Re(s) =0, m an integer, form a commutative 
family of unitary operators on L(V), and A(q, m, s) commutes with A(p, m, s) 
for all m, s tf and only if 5—k > 1. 


Proof. Suppose ;}— k > 1. Then it is easily seen that the matrices in 
Z(k,k +1) commute with those in Z(7,5-+1) (see Section 2). From this 
observation and (3.6) it follows by a simple argument that A(p,m,s) com- 
mutes with A(g,m,s). 

We suppose now that j == k + 1 and consider the decomposition V = ZZ’ 
where Z == Z (k, k -+-2). Then Z is isomorphic to V(3) and contains the 
subgroups Z (k, k + 1) and Z(k+1,4+2). In addition dv — dzdz’, and if 
f is a function on V, we may write f (v) =f (22’) —f(2,7). Iff is a bounded 
Baire function with compact support on V, and 0 < Re(s) <1, it therefore 
follows from (3.6) that 


(5.88) Ame) = Af (ra Jla f (acs, 2) de 


and 


1 Zk4ı -2+8 -1 
(5.8) Alp maf) = f ( D) Teen er fat, 7) dan 


| Ze | 


"The various equivalent forms of (5.1) were pointed out to us by W. F. 
Stinespring. 
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In (5.38) and (5.3b) the integration is extended over the sub-groups 
Z(k,k +1) and Z(k<+1,k +2) respectively. Thus neither of our operators 
affects the second variable 7, and it is therefore sufficient to prove the 
remainder of the theorem in the case n—3. Thus in what follows we shall 
consider the group V(3) consisting of all complex matrices of the form 


1 0 0 1 0 90 
v=| va 10|=|u 1 0 
Ver Vsz 1 Vs v, 1 


We shall sometimes denote an element v of V(3) by(1, 02,03). If w 
= (103, We, Ws) then 


(5. 4) WY mer (Wy + Vy, Wa + Va, Wa F Vs + Wat) 


and w = (— w,,— Ws, WiWa—Ws). The sub-groups-Z(1,2) and Z(2,3) 
are given as follows: Z (1,2) consists of all elements of the form z, == (2,,0,0) 
while Z(2,3) is the set of all elements of the form (0, 72 0). Rewriting 
(5.3a) and (5.8b) with the aid of (5.4) we obtain 


(5.50) Alma) flo) S (Y la bettas) de 


-s (EY z |-*+8 f (V — 2, Ve, Us) dz 


and 


(5.5b)  A(q,m,s)f(o) CO) f C2, "| aa 2 f(ariv) des 


= aad (Ey z -2*8 f (v1, ve — Z, Va — 203) dz. 


When Re(s) —0, A(p,m,s) and A(g,m,s) are defined as in Lemma 3. 


To analyze the products A(g,m,s)A(p,m,s), Re(s) =0, it will be 
convenient to introduce another unitary operator Æ, which is closely related 
to the Fourier-Plancherel transform on V(3)—studied by Godement in [4]. 
In defining E we first denote by E, the unitary operator characterized by the 
condition 


(5.6) Ef (V1, V2, rl, Vas Vs), Us 0. 
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It follows easily from the classical Plancherel theorem that there is a unique 
unitary E on Z,(V) such that 


1 : 
(5.7) Ef (U1, Vay Va) = Gr)? f ge" Releswstusioa (Y, Wo, Wg) Weds 


whenever fE L2(V) and f(v:,w:,w3) is integrable with respect to wae, ws. 
We now put Es E, En. 


Lemma 9. Let Res) —0 and fE L,(V). Then 





Tr n 
(5.8) EA (q, m, 8)f (01, Va, Us) = ( m ) | vav, |? Ef (V1, ve, Va). 
| Usd; | 
Proof. Consider first the case in which 0 < Re(s) < 1 and f is a bounded 
function with compact support. Then by Lemma 3, A(g,m,s)f€E L.(P). 
Let us put 
g~ els] ( 2 y 
H.(2) = —— | — gae eZ 0 
9 = NET nz: 
and 
Je(V1, Ve, Va) = fH. (2) fF (v1, Vo — 2, Vs — 201) dz. 


Then go == A(p,m,8)f, and. > go in La(V) ase—>0. The argument showing 
this is similar to one given in the proof of Lemma 3. If e> 0 we have 


S S| de(s V2, vs) | dusdus 
< f dvadvs f| He(z)| |F (V1 ve — 2, vs — zv, | dz 
— f| H.(2)| dz f] f (v1, ve — 2, va — zv) | dvadvs 
— f| He(z)| dz: f| FG, va, vs) | dvedus 
< +0. | 


Hence we may use (5.7) to compute Eege Interchanging the order of 
integration and changing variables in the resulting triple integral, we find 
that 
Esge(v) = f (01, Va, Va) fH. (z) e-tRel(ostvebs)#] 72, 
Thus by (5.6) | 
Ege(v) = Ef (v) [He(2) the) dz, 


Mes 0, | HA(g, m,s)f—Hg. 2720 and 


VaDı 


S'He(s)e these) dz > 
VeUt 


m 
) | vað, |78, vað, 50. 
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It should be noted that (5. 8) holds for all f in L(V) whenever Re(s) == 0. 
It follows that 


Usd 


LA (q, m, 8) f (01, Va, Us) = (ret) | vv, | Ef (v3, va, Us). 


We now let s—s, where Re(s,) —0. Since E is bounded, Lemma 3 shows 
that EA(q,m,s)f— HA(q, m, 8 )f in L(V). On the other hand, the right 
= ) | Vav, |» Ef (v4, v2, vs), both 
pointwise and in the norm. This proves (5.8) when f is bounded and has 
compact support. The validity of (5.8), for all functions in L(V), now 


follows by routine arguments. 





side of the above equation tends to ( 


Lemma 10. If Res) =0, A(p,m,s) commutes with E. 


Proof. Let f (Vi, Va, vs) == 9 (V1) h (v2, vs) where g and h are bounded and 
have compact supports. Then from (5.5a) and Lemma 3 we see that 
A(p,m,&)f =m (A(m,s)g)h, 055 Re(s) <1, where A(m,s) is the operator 
A(p,m,s) in the case n=-2; thus we have 


(5.9) A(m,s)g(vs) CO f (a) 2|-**9(v,—2)dz, 0< Re(s) <1. 


It now follows easily from (5.7) and (5.6) that HA(p,m,s)f = A (p, m, s) Ff, 
0<Re(s) <1. Since A(p,m,s) is bounded, for Re(s) —0 and finite sums 
of functions of the form gh are dense in L,(V), it follows that A(p,m,s) - 
commutes with # whenever Re(s) — 0. 

We have already defined the operators A(m,s) on L,(v.). It will be 
convenient at this point to introduce another family of operators B(m,s). 
These are defined on L2(v,), when m is an integer and Re(s) = 0, by 





(5.10) B(m,s)#(8) = (oP) Pos "fm. 
It should be noted that B(0,0) is the identity operator and that 
B (mu, 81) B (me, 82) = B (m: + Ma, 81 + 82). 


Now let Re(s) «0 and suppose f€ L(V). Then upon replacing f by 
E-A(p,m,s)f in (5.8) and using Lemma 10, we obtain the relation 


HA(q,m,8)A(p, m, 8) EF (1, Va, Va) 


ee y Vs CD v |A (p, m, 8) f (1, V2, vs). 


(5.11) 
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In (5.11) we next set f = gh where g € L,(v,) and hE La(s, vs). Rewriting 
the right side of (5.11), with the aid of (5.10), we find that 
EA (9 Mh, s)A (p, M, 8) Hf (1, V2, Vs) 


= (Dr)! Vg [-8 (B(m, s) A (m, s)g(vı) )h(v, vs). 


Thus the operators A(g,m,s)A(p,m,s) form a commutative family if and 
only if the operators B(m,s)A(m,s) do. We shall finish the proof of 
Theorem 2 by showing that this is indeed the case. We should also remark 
that B(m,s) does not commute with A(m,s) if m40 or 540. 


(5.12) 


Lemma 11. Let V = V(R). Then the unitary operators B(m,s)A(m, s) 
on L(V), m an integer, and Re(s) —0, form a commutative family. 


Proof. For each complex number 3-20, let L, be the operator defined 
on Baire functions f by 
Lf (v) =f (ev), ve y. 
Then Ly? Ls: and since {| f(v)|?dv-—=|2|?f| f(z*v) |?dv, L is bounded 
on L;(dv); on the other hand, L, is easily seen to be unitary on the space 
Le(]v |*dv). A straightforward computation shows that | 
z 


(5.13) l Bm) ( A 


Y | |B(m, 8). 


Next consider A(m,s)f where 0 < Re(s) <1 and f is a bounded function 
with compact support. A simple argument by change of variables shows 


14m, Lt (7) "| 14 Cm 8)f 
Using statement (3) of Lemma 3, we then obtain the relation 


(5.15) LA(m,s)L a |z pima (8) = 0. | 
Combining (5.18) and (5.15) we find that 
(5.16) L,.B(m,s)A(m,s) = B(m,s)A(m,s)L,, 250. 


In order to finish the proof, it will suffice, in view of (5.16), to show that 
the operators Le, 340 generate a maximal abelian (self-adjoint) algebra of 
bounded operators on L,(dv). We shall prove this with the aid of the iso- 
metric mapping, M of L,(dv) onto L,(|v|* dv) which takes f(v) into vf (v). 
Jf 2540, we have L,Mf(v) = Mf(riv) =r of (ev) zt ML f(v). Thus 


12 
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LM —2'ML, or ML,M"==zL,. Hence the weakly closed algebra generated 
by the operators ML,M-! on L,(|v |-*dv) coincides with the algebra generated 
by the unitary operators Ls; since | v|-?dv is a Haar measure on the multi- 
plicative group of complex numbers, it follows, by a well known result, that 
the translations L, generate a maximal abelian algebra on L,(| v |-?dv). 


This concludes the proof of the lemma and the proof of Theorem 2 
as well. 


COROLLARY. If m is an integer and Res) =0, let J(k,m,s), 1=k 
S&S n— l, be the unttary operator on L(V) given by ' 


(5.17) J (k, m, s) = Á (Dea, M, 8): + "A (Pes, M,8)A (Pr, M, 8). 


Then for fixed k, the operators J(k,m,s) obtuined by varying m and s form 
a commutatwe family. 


Proof. Since J(n—1,m,s) = A (Pu, Mm, S), the corollary in this case 
follows from Lemma 3. If n> 2, J(n—2,m,s) = A (Pn; m,8)A (Pn-s, M, 8). 
This case is covered by the theorem. We may therefore suppose n > 3 and 
assume by induction on n— k that the corollary is true for 2=kSn—1. 
Let us put X, =J (k, m, 8:1) and Yr—J(k,m.,8:). We note that X, com- 
mutes with Y, if and only if XY p> == Yy Xk. Now 


X, == XA (Pas M, 81) A (Pi M, 81) 


and Y, es YA (Pa Mo, Sa) À (Pa, Mis Gh Setting By; = A (pi, Mks 8x); 1 = 1; 
k=2, we find that 


£Y = X BaBa Bit Ba t Ya. 


Now by Theorem 8, Ba BuBa Bas == BioBot BaBa and By X,——X5By.7; 


moreover, By Yyt=—=Y,7B,,. Thus X,Y: tu B 1% 3Bo0 Ba YaB, and 
and since Bast commutes with Bay, 


X,Y yt = Bi VB. 


By induction, X, commutes with Ya; hence X,Y, == PX. 


6. The normalized principal series. This section is devoted to the 
construction and study of a series of unitary representations of G which we 
shall call the normalized principal series. Before describing these represen- 
tations it will be convenient to make several notational conventions. 


oe; 
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Let A be a continuous unitary character of the diagonal sub-group of @. 
Then we can write . 


n C4 M 
(6.1) Mc) =I 4) lal ce 0 
l gaa \| ol 
where Mi, Ma, © *, Mp are integers and 8:,8:,° * ',Sa are complex numbers 


such that Re(s;) 0, 1js2n. Moreover, we can choose m; and s; so that 


(6.2) | 0SEm<n 
j=1 
and 
fh 
(6.3) Ds 0, 
JA 


Furthermore, this can be done in only one way; that is, (6.1), (6.2), (6.3) 
determine m; and s; uniquely. In what follows, we shall always assume these 
conditions are satisfied. Therefore, we may write À == (M, °°, Ma3 $15" °°; Sn). 
Let us also put m,+:-:+m,—r and 


(6.4) res À == (0, «+ ,750,7+-*, 0). 


We shall call the character res À the residue of A. The characters therefore 
split up into n distinct classes according to their residues. 

Let py, 1 =k SS n—1, be the unitary matrix given by (3.1). We recall 
that Pı Pe, °°; Pn- generate a finite group § which we have referred to as 
the Weyl group. If we regard the elements of G as acting by right multi- 
plication on complex n-tuple space then pg sends (w1,: ` +, Wx, Westy’ © "> Wn) 
into (w1, + *,— Wri Wk’ * *,w,). It follows that S is essentially the 
symmetric group of degree n. If 


Asm ms Mo May” "HM an * "5 Sn) 
then it is easily verified that 
Per er (m, eg Mks Mks’ Mn," Sid" " "5 Sy) 


where pyA(c) =A(pr'cpr), CE C. Hence if g is any element of S it follows 
that A and gA have the same residue. . 

If A == (ma, © t, Mn 81, * *,8n) denote by J(k, A) the operator J (k, mx, 8x) 
defined by (5.17), and set 
(6.5) WA) = J (1,A)7(2,A)- > oJ (n—1,A). 
Furthermore, if a— T(a,A\) is the representation of the principal series 
corresponding to A, let 


(6. 6) R(a,rA4) = W(NT(a A) WA), a€ G.: 
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Since W(A) is a unitary operator,.(6.6) defines a continuous unitary repre- 
sentation a —> R(a,r) of Gon L(V). These new representations a—> R(a, A) 
are, by construction, unitarily equivalent to the corresponding representations 
a—T(a,r) of the principal series. We shall call this new series of repre- 
sentations the normalized principal series. . 


The following theorem which describes the behaviour of R(a, A) as a 
function of A is one of the main results of this paper. 


THEOREM 8. Let G be the complex unimodular group of degree n and 
A the collection of continuous unitary characters of the diagonal sub-group C. 
Denote by G, the sub-group of G which consists of all those elements a € G 
with the property that a, —=0,1<j<n—1. If ac Gand XE A, let R(a,d) 
be the operator of the normalized principal series defined by (6. 6). 


(1) Then for each fixed a €. Go, R(a, À) as a function of À depends only 
upon the residue of A; in fact | 


(6.7) . R(a,rA) = R(a, res À) = T (a, res À) 


where T (a, res À) is the operator (1.18) of the principal series, corresponding 
to the element a € G, and to the character res À, given by (6.4). 


(2) In addition, 
(6:8) R(a,A) =R (a, gr) 
for all ac, AEA, and q in the Weyl group 9. 


Remarks. (i) If we allow the elements of @ to act as before on complex 
n-tuple space, then G, is the largest sub-group of G leaving invariant the 
n— 1 dimensional subspace of vectors (w, - -,w.) for which 10, == 0, 
Moreover, in the proof we shall show that a given element of @ is either in 
Go or in Gps: The study of the dependence of R(a, À) on À for a general 
element a€ @ is therefore reduced by (1) to the study of the operators 
E(fn-1,4). In particular, the problem of the analytic continuation of the 
operators Æ(a,A) to non-unitary characters is essentially reduced to the 
problem of the continuation of the operators R(p, 1, À). 


(ii) Given part (1) of the theorem, part (2) follows from the result 
of Gelfand and Neumark [3] that the representations of the principal series 
are irreducible when restricted to @. For the representations of the nor- 
malized series are then also irreducible on G , and moreover, the represen- 


"Mi 
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tations corersponding to A and gà are unitarily equivalent. Thus there is a 
unitary operator B(A) such that 


B(A)B (a,4) = R(a, gd) BA), aE G. 
But since À and gà have the same residue, R (a, à) = R (a, qå), a€ Go. Hence 
B(1)R(a, À) =R(a A) BA), @€ Go. 


Because the representations are irreducible on G, it follows that B(A) 18 a 
non-zero scalar multiple of the identity. Thus A(a,A) == R(a,qà) for all 
ac G. 

On the other hand, it is not difficult to prove (2) directly, and we shall 
give a proof which does not use the irreducibility of the representations of Go. 


Lemma 12. Let S be the group generated by pi, ps, ``, Pa and H 
the lower triangular sub-group, i.e., the set of all a€ G such that az == 0 
fori <k. Then @ is a finite union of double cosets of the form HgH where 
q is an element of 8. | 


Proof. See Gelfand and Neumark [3]. 
Lemma 13. G, ts generated (algebraically) by H and py, De, © `, Pr- 


Proof. Let @, be the sub-group of G, consisting of all elements a such 
that ann = 1 and ay —0,1<j<n—1. Then G,’ is isomorphic to G(n—1) 
and contains pı,' ' ",Pm-a. Moreover, it is easily seen that every element of 
G, can be expressed as the product of an element of G,’ with one in H. The 
lemma follows easily from these observations and the result of Lemma 12 
applied to G(n—1). 


LEMMA 14 G= Go U GopasG. 


Proof. Let ac G. Then by Lemma 12 there is an element g€ 8 such 
that a € HgH. Let us suppose that a is not a member of @,. Then Lemma 13 
shows that g is not a member of the sub-group S’ generated by pi’ © +, Du. 
It follows that there exist elements g’, q” in S’ such that q = Q Paq” and 
hence that a€ Gps: This is most easily seen from the interpretation of 
of § as the ‘symmetric group’ together with the folowing fact about permu- 
tations: If + is a permutation of the integers 1,2,- - -,2 which does not fix n 
then there exist permutations +’, #” fixing n such that r—7(n—1,n}r" 
where (n—J1,n) denotes the transposition interchanging n and n—1. 

Tf w is a non-zero complex number we shall find it convenient, in what 


follows, to adopt the notational device of writing [w] for rae 
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Lemma 15. Let m be an integer, Re(s) =0, andiSkSn—1. Then 
for each.c € C and XE A 


© | | 
T (e, A) A (Pr m, 8). 








(6.9)  A(pyme)T(c A) = | =. ck |" 


Proof. Let e denote the identity character. Then since A(vc) =A(c) 
for each À in A and v in F it follows that T(c,A) =A(c)T(c,e). Hence 
A(c)T (c, Ax) =à (e)T (c, À) for all A,A, in A. Using this relation and (4. 2) 
we find that 


(6.10) Ang rors, A) = ‘Pe SP). Te, À) À (px, Ax). 


If Ay = (ma, «+, Maj 815 °°, Sn) an easy computation shows 


Ar (pe Cpe) —[ Se IT | 
ale) Ck+1 

In addition, A (Pr, A1) == À (px, Me — Miss, Se — Sk). Now choosing A, so 

that m == My — My and $ == 8 — 84,1 and substituting into (6.10) we obtain 

(6.9). 


27178 








Cx+1 


Lemma 16. Let 1<j,k<n—1, q == p; and p=p. If m ts an 
integer and Re(s) — 0, let M(g,m,s) be the operator on La(V) given by 


(6.11) M (q, m, s)f(v) = Copa] | os |" Fo). 
In addition, let 
(6. 12) PG, m, 8) — M (q, m,s)T(g,«) 


where T'(g,e) is the operator of the principal series corresponding to q,«. 
Then 


(6.13) A(p,m,s)T(p, m, s) = T(p,— m, —s)A(p, m, 8) ; 
(6.14) A(p,m, 8)T(q, m’, 5’) = T'(g, m’,8’)A(p, m, 8) if |k—j|>1; 
(6. 15) A(p, M, s)T(q, m, s’) Bus T(Q, m + m’, 8 + s)A(p, m, 8) if | k— j | == 1. 


Proof. Let À == (mi, ` +, 1n551,° * *,8,). Then (1.18) and Lemma 2 
show that 


(6. 16) T (q, À) = T (q, my — Min, 85 — Sp): 
We also have the relation 


A (p, À) — A (P, Me — Mauss 8% — Stax)» 


UNIFORMLY BOUNDED REPRESENTATIONS, II. 755 


Furthermore, 
T(P, pà) a T (p, Mj Mj Sj — 83) ; 


Putting these observations together and using (4.2) we obtain (6.13). 

If |k—j|] >1 then T(g,A) =T (q, pa) and (6.14) follows immediately 
from (4.2). 

In proving (6.15) we shall suppose j—=%k-+-1, the argument being 
entirely similar in the case k=j+1. If m, s, m’, and s’ are given we can 
always choose À so that m == my— Mu, S= Sk — Sp, M == My — Mya, and 
S = Sk, — Sue. Then it is also true that m m == mr — me. and s+ 8’ 
== 8y — 84, Moreover, 


T (q, pr) = T (q, Mi — My+2; 8x — Ska) 
From these relations and (4.2) we obtain (6.15). 


Proof of Theorem 3. (1) Since R(a;as, À) = R(a,A)R(a,X) for all 
Qi, d in G and À € A, the validity of (6.7) for a, a in Ge implies its validity 
for their product aaa. Now H— VC, and by Lemma 13, G, is generated 
by Pu’ `’, Paa and H. Thus it suffices to prove (6.7) when a€ V, a€ C, 
and a == p; 1 S&S] S n— R. 

Let us suppose first that a€ V. Then in (1.18) A(va)p (va) ==1 for 
all ve V. Thus T(a, À) =T (a, àz) for all M, Ag in A. Using this relation 
and (4.2) we find that the operators A (pk ċ m,s) commute with T'(a,A). 
The operators J(k,m,s) given by (5.17) therefore commute with T'(a,A) 
and hence by (6.5) we see that W(A) also commutes with T(a,A). Thus 
R(a,ÀA) =T (a, à) and we have established (6.7) in the case that ae F. 

We now assume that a==ce C. We also suppose A= (mm, - +, Mn; 
S° © 58) and that conditions (6.2) and (6.3) are satisfied. Then rewriting 
(6.1) we find that 











n-1 | a 8 
(6.17) A(c)= II] | ie resA(c) 
k=l LLC Cisi 
where 
ar = Ma + + My 
Br s ++ 


Now let us observe that the operator J(j, ms, s;), defined by (5.17), contains 
À (px, M, 8;) as a factor if and only if 7 Sk=n—.1. Thus the factors of the 
form A(px,m,s) in the product (6.5) are precisely those of the form 
A (px, My 8), 17k. It therefore follows from (6.9) that 


VO)TCAWO BA Fear). 


BA 
A(c) 
Hence W (A)T (e, A) W (àA) = = T (ce, res À). 
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We shall now prove (6.7) for a==p; where 1=j=<n—2,. Since 
Ls j=n—2, we see from (6.16) that T'(p, res À) =T(p,e). Thus it will 
suffice to show that 


(6.18) W (A) T (pr à) =T (ppe) W (A). 
Let A= (Mis * °, Mn3817 * *,8n). Then by (6.16), 
T (pr À) == T (Pr my — Miris 85 — Sp) 
and by (6.14) 
(6.19) J (k, T (pyr) =T(pr A) (k, à), 1+1<k=n—1. 
From (6.15) and (6.18) we see that | 
(6.20) TG+LAT (ps à) = Tps mp8) (G+ LA). 
Using (6.13), (6.15), and (6.14) we now find that 
(6.21) J (J, A)T (ps Ms 85) =T (py, e)J (p; À). 
By similar computations with (6.13), (6.14), and (6.15) we also find that 
(6.22) INT) =T(pye)I (kA), Sk <j. 
Finally, we observe that (6.18) is implied by equations (6.19) through 
(6.22). 


(2) If (6.8) holds for qı, qz in S, then using the fact that (g:g2)A 
== qı (QÀ) for all À we see that it is also valid for qıg.. It therefore suffices 
to prove (6.8) for the generators, px of S. Suppose then that k is fixed and 
let p= pp} Then #(a,A)=&(a,prA) if and only if 


W(A)T (a, A) WA) = W (pa) T (a, pa) W (pa). 
This condition is equivalent, however, to the condition that 
W (pr) >W (A)T (a, A) =T (a, pa) W (pry =W (à). 


To prove this it will suffice, in view of (4.2), to show that A(p,A) 
= W(pA)*W(A). We shall prove the equivalent condition 


(6.23) . W (pa) = W(A)A(p,d)>. 
Now A(px,A) = A (px, Me — My, Sk— 8x41) and hence by Lemma 3 
A (pas A) == A (Pr, Men, Ski) À (Pr, — Mx, —Se) 


(6.24) 
== A (Dr, — Mx, — Sz) À (Pr, Mrs Skar) 
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Thus J(n—1,1)4(ps:,À) tes J (n— l1, Pnà), and when 1=j<n—2, 
J(j,A) = J (j, Parr). It follows from (6.5) that (6.23) holds when £—n— 1. 
Now suppose 1=k=n—%2 Then 


J (k +1, mu, Siar) A (Pr, Mess Stir) = d (he, Miris Seer). 
It follows from (6.24) that 
J (k, A)T (k + LA) A (pr, À) = J (k, x, Sx)J (k, Masry Sir) À (Pr, — My — 8x). 


Furthermore, the corollary to Theorem 2 shows that J (k, mx, Sr) commutes 
with J(k, miss, 8x1), and since J(k, mx, SE) A (Pr, — Mx, — 8x) = d (k + 1, my, 8x) 
we see that 


(6.25)  J(k,A)J (k + 1,A)A (pe, À) Te (k, per) (k + 1, pià). 


In addition, A (pa à) commutes with J(j,A) when k-+1<j<n—1, and 
J(j,A) =J (j, prà) whenever |k—j|>1. From these observations and 
(6.25) we conclude that W (prà) = W (AJA (Pr, A)". 


7. Lemmas on analytic continuation of certain operators. The results 
of this section as well as those of the next will be used in Section 9 to con- 
struct uniformly bounded representations of G. The main idea of this 
construction is to continue the operators F(a, Aà), of the normalized principal 
series, analytically in the parameters specifying A. 

We begin by recalling some standard definitions and results concerning 
analytic operator valued functions. Let H be a Hilbert space and s— P(s) 
a function defined in a domain D of the complsx plane whose values are 
bounded operators on H. Then P(-) is said to be analytic in D if s— (P(s)f, g) 
is analytic in D for all f, g in H. By a well known theorem of Hille ([7]; 
p. 53) such a function is continuous in the uniform operator norm and has a 
complex derivative, again in the uniform norm. From this it follows that 
if P(-) and Q(-) are analytic operator valued functions in D, then so is their 
product s—> P(s)Q(s). 


Lemma 17. Let y(m,s) be defined by (3.5) and s =a + ib. Then there 
18 a constant K independent of m and s such that 


(7.1) mp SEE Lm +18 s, ie 


Proof. Let c= m: and 2 -5 z -+- ty. Then 


ilmale?  T(e—z) piez 
y(m, 8) T(c—1+2) ui ou T(c+z)' 
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To estimate the factor Herat we use Stirling’s formula (see Titchmarsh 
[10; p. 151]) which implies that log T (w) — (w— +) log w + w is uniformly 
bounded in any sector of the form — vr + € S arg w <7r—e (for fixed e > 0) 
the logarithms being principal values. In this connection we also make use 
of the following easily verified estimates. 





(7.2) (o—2—#)log(2=*)i sa, —4<2<}. 
(7.3) etz Hl (Is 121, —4<e<4 


From (7.2), (7.3), and Stirling’s formula we find that 
log T(c— z) —logT(c-+2) 
= — 2z log | c— iy | +1(2e— 1)arg(c—ty) + 2z + B(z) 


where B(z) is uniformly bounded in — 4 < Re(z) <4. At this point it is 
a straightforward matter to derive (7.1) from (7.4). 

In the next three lemmas we shall be concerned with the analytic con- 
tinuation of various combinations of the operators A(m,s) and B(m,s) 
treated in the last part of Section 5 (cf. equations (5.9), (5.10), and 
Lemma 11.) 

Lemma 18. Let m be a fixed integer and L,—=L;,(v) where v is one 
complex variable. Then the operator A(m,s)-B(m,s) initially defined on 
L, for Re(s) —0 can be continued into the sirip 0S Re(s) <1 in such a 
way that 


(7.4) 


(1) for each f, g in L, the function 
s—> (A(m,s)B(m,s)f,g) 
ts analytic in 0 < He(s) < 1 and continuous in 0S Ras) <1. 
(2) | A(m,s) B(m, s)| S Ka+ | m+ 01) 
where s == a + 1b, 0<az d <1, and ||| denotes the usual operator norm. 


Remark. Part of the interest of this result lies in the fact that the 
natural continuations of A(m,s) and B(m,s) are unbounded operators for 
0 < Res) <1, but nevertheless their product A(m,s)B(m,s) remains 
bounded. 


Proof. Let D denote the linear space of all bounded, compactly sup- 
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ported functions in L, which also vanish in a neighborhood of the origin. 
If f and g belong to D and Re(s) =0 let 


(f, 9,8) — (A(m, 8) B(m,s)f, 9). 
Then since A(m,s)*==A(—m,§) (see Lemma 3) it follows that 
(F, 9,8) = (B(m,s)f,4(—™m, 5) 9). 
Next we shall define (f,g,3) when 0 < Re(s) <1. To do this we first put 


(7.5) B(m,s)f(v) (777) lt), OS Re(s) <1. 


Then B(m,s)f € La, and if f(v) —0 when | v | < 8 it follows that | B(m,s)f | 
<=%'|f|. Hence, by dominated convergence, s> B(m,s)f is continuous in 
0 = Re(s) < 1 as a function with values in La. By Lemma 3, s— A(—m,5)g 
is also continuous as a function from 0 = Re(s) < 1 into La. Thus setting 
(7.6) (f, 9,8) = (B(m,s)f, A (— m, 5)g), OS Re(s) <1 


we see that ®(f, g,s) is continuous in OS Re(s) < 1. Furthermore, ®(f, g, 8) 
is uniformly bounded in any strip of the form 0 Re(s) Sd, 0<d<1. 
For the explicit form of the Fourier transform of A(—-m,5)g, which is given 
in the proof of Lemma 3, shows that 


| 4(—m, 5)9 l5 | 4(—m,@)g ja 8==0+4+10,0£ a <1. 
Thus in 0< Re(s) Sd 
(7.7) 18g] E8 lF le Sup | A(—m,a)g la <o. 
The bound given in (7.7) is of course dependent on f and "9. 

We now suppose 0 < Re(s) < 1, and in order to simplify the notation 
we shall as before write [v] for > . Then from (7.6), (7.5), (5.9), and 
the fact that 7(— m, 5) = (—1)™y(m,s) we find that 

y(m,s)®(f,9,8) = f [u] | v Flo) do f Talr | 2 [299 (0 + 2) da, 


In the integral with respect to z, we make the transformation z— vz —v and 
obtain 


(7.8)  y(m,s)B(f, 9,8) = ff(v)du f [z—1]™ | 2—1 [g (zv) dz. 
Thus 
| y(m,s)®(f,9,8)| S SI f(v)| dof] 2—1|-** | g(zv)| dz 
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where s =a -+ ib and O0 <a<1. Now setting 
h(v) = f |2 —1 [70 | g(2v) | de 
and using Minkowski’s inequality for integrals we find that 
lh ja 5 f|2—1 [ES] g (2w) |]? dv]? de = Ka’ | g |l 


where Ky = f|z—1 |s ]|z|>dz and is uniformly bounded in any closed 
interval contained in (0,1). In fact K,’ is continuous as a function of a in 
the open interval (0,1). Thus 


S| f(r) | dof |a—1 |1] g(20)| da SK If lelg la 
and setting | 


F(s) = ff(v)dvf [z—1]” | 2—1 |g (2v) dz, 0 < Re(s) <1 


we find that the integrals defining F are absolutely convergent in 0 < Re(s) 
< 1. Moreover, because of the boundedness of K,’, Fubini’s theorem shows 
that 


J, F(s)dx = 0 


for every triangle A contained in the strip 0 < Re(s) <1. Thus F is analytic 
in 0 < Re{s) <1. Now in view of the analyticity of 1/y(m,s) and (7.8) 
it follows that ®(f,g,8) is analytic in 0 < Re(s) <1. I Re(s) —0 and 
s is fixed, the definition of æ shows that 


fg9>®(f, 9,8) 


is a sesqui-linear form on D. Thus, since s> (f,g,s) is analytic in 
0 < fe(s) <1 and continuous in 05 Ke(s) <1, for fixed f,g in D, we 
see that 

f g > ®(F, 98) 


is also sesqui-linear when 0 < Re(s) <1. This follows because a function G 
is identically 0 if it is analytic in 0 < Re(s) < 1, continuous in 0 = Re(s)< 1, 
and vanishes when fe(s) ==0. 

Next we shall obtain a bound for ®. First of all we see from Lemma 17 
and the estimates given above that 


(7.9) | ®(f,9,8)| SEA +| m| +l pelf lg ls 
where 8— a + tb, 0 < a < 1, and K, is independent of f and g; however, K, 
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does not remain bounded as a—>0. In order to get around this difficulty 
we shall use a standard Phragmén-Lindeléf argument. 
We fix d so that O<d<1. Then in (7.9) we may assume without 
loss of generality that K,=1. Now consider the function ®, defined by 
(5) =K (+ |m] +) (filles), 0S Bo(s) <1. 

When Re(s) = 0, the operators B(m,s) and A(—m,S$) are unitary. Hence 
from (7.6) we find that | &(f,9,s)| = | f |: | g I», Re(s) —0. Therefore 

| $.(s)|S1, Re(s) =0. 
And from (7.9) it follows that 

|æ (s)| <1, Re(s) =d. 


In addition, (7.7) shows that æ(f, g, s) is uniformly bounded in 0S Re(s) = d; 
thus $, is also uniformly bounded in 0 Re(s) = d. We conclude that 
| (s)| 1, 0S Re(s) Sd. This shows that (7.9) can be replaced by the 
stronger estimate 


Sgp SEA |m] +) fall lg tle 


(7.10) 
s—a+ib, 0Z<azd<1. 


Since (7.10) holds for a dense class of functions f, g there is for each s in 
0 < Re(s) <1, a unique sesqui-linear form . 


f g —> ®:(,9,8) 
defined for all f, g in L, which extends 


fg —> E(f, 9,8) 


and satisfies (7.10). Because the uniform limit of continuous (analytic) 
functions is still continuous (analytic) the function 


s—> &,(f, 9,3) 


is continuous in 0 Re(s) <1 and analytic in 0 < Re(s) <1, for each f,g 
in Ly. Let A(m,s)B(m,s) denote the operator on ZL, which is defined 
by ®(",-,8). It is then apparent that the operator valued function 
s—> A(m,s)B(m,s) satisfies (1) and (2). This concludes the proof of the 
lemma. 

We now define another operator C(m,m’,s,s’) on L= L(v), where v 
is ane complex variable, by setting 


762 R. A. KUNZE AND E. M. STEIN. 
C(m, m’, 8, 8’) 
(7.11) 
—A(m,s)B(m + m’,3 +s’) —B(m+ m’,s+s’)A(m,s). 
Here we assume that Re(s) =Re(s’) = 0 and that m and m’ are integers. 


Lemma 19. Let m, m’ and g be fixed. Then the operator C(m,m’, s,s’), 
initially defined on La for Re(s) =0, can be continued into the strip 
—1< Re(s) <1 in such a way that 


(1) for each L g in L, the function 
s> (O(m, m’, s,s’) f, 9) 
is analytic in — 1 < Re(s) <1, and 
(2) | C(m,m’,3,9)||[SKa(1+|m|+|m’|+[0[+ |8"|)* 


where ||-| denotes the usual operator norm, s=a-ib, #10", and 
—1<a<l. 


Proof. The proof is similer to part of the proof of Lemma 18, and we 
shall therefore omit some of the details. We begin with functions f, g both of 
which are bounded, vanish outside a bounded set, and are 0 in a neighborhood 
of the origin. For such functions f, g we put 


aiy CLIE +f Amg) 
— (Alm, s)f, B— m, — m’, —§ + 3)g) 

where 0S Re(s) <1. Then 

D(f, 9,8) = (C(m, m’, 8, 8’) f,9) 


when Re(s) —0. On the other hand when 0 < Re(s) < 1 we find, by rewriting 
the integrals, that 


y(m, 8) ®(f, 9, 8) 
= f fav" | 2—v | (v) 9 (e) (ol Lo [ree — [La] | g |) dudz. 
Now by means of the transformation v — zv, z—> z we obtain the relation 
(7.13) y(m,s)®(f, 9,8) 
= [2] Jef [Oo | 1— o [ef (ao) 9 (2) (Lom |v -= — 1) dode 


which holds when 0 < Re(s) <1. We shall show next that the integral in 
(7.13) converges absolutely whenever f, g belong to L: and —1< Re(s) <1. 
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Let I, denote the integral over the set where | v—1|< 4 and J, the integral 
over the complementary set. To estimate J, we use the inequality 


(14) [ol |v 1] SE (1+ | mm’ | ++ lei] 


which is valid for |v —1|S4, s=a +ib, s’—1b’, and —1 <4 <1 H 
follows from (7.14) that 


JL |SKA+|mtm HH f f FED |o—1 dvds. 
By Minkowski’s inequality for integrals, 


ISK A+] mw |+] HDI Ng lf f tele 


_K(i+mtm|+|e+8 IF alg lo —ı < a 
Now consider I,. Notice that 


| 1— [v] |v free | Sis fol, s= a + tb 








and that 
Jo—1 [es K(1+[e |), |e —1] 23. 
Hence 
L| SK(i+|m+m’|+|6+0']) 
ff If(vz)g(z) [A+ lv) (+ Te (+) dude. 
a jo-a|za 


PFIED OD G+ Tv |) (1 + |v |) dodz 
SElflelgkeflelt=G+| ola |e le)d 


and f|v[*(1+]v|)**(1+[v|*)dv <% if a <1. These estimates show 
that the integral in (7.13) is bounded by 


Kell timm | +i +o [IFN lg le 


for —1 <a < 1 and all f,g in La. Furthermore, the above argument, in 
which we obtained the estimates for |7, | and |I,|, can easily be modified 
to show that the integral in (7.13) is analytic as a function of s in 
— 1 < Re(s) <1. From (7.12) it follows that $(f,g,s) is continuous in 
OZRe(s) <1. Hence we may use the integral in (7.13) to define 
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y(m,s)&(f, g,8) for —1< Re(s) <1. Then from the above estimates and 
Lemma 17 we conclude that 


(7.15) [EG SKAH] miti HH DAF g lls 


for —i <a <1 and all f, g in L Thus statements (1) and (2) of the 
lemma are satisfied by the operator ('(m,m’,s,s’) which is defined by the 
form æ(:,:,8). 


| Next we define another operator by setting 
(7.16) H(m,m’,s, 3’) = A(m, s)B(m + m’,s + SJA(— m, —s)B(— m, — 3). 
Here we assume that m and m’ are integers and that Re(s) == Re(s’) —0. 


LEMMA 20. Let m, m’ and # be fixed. Then the operator E(m, m’, s, 8’), 
inittally defined on L, for Re(s) ==0, can be continued into the strip 
—1<Re(s) <1 in such a way that 


(1) for each f, g in La, the function 
s— (E{m, m’, 8, SYF, g) 

ts analyiic in —1 < Re(s) <1, and | 

(2) Emm, <Ra+ |m|+ m’| + [bo] 4/0) 
where s =a -+ ib, ! mth’, and —1<a< i. | 

Proof. If Re(s) ==0, (7.11) shows that 
* A(m,8)B(m-+ m’,s-+8) = C(m, t + B(m + m',s-+ s)A(m,s). 
Hence rewriting (7.16) we find that 


Ei (m, m’, 8, 8’) == O(m, m’, 8, 3°). A (— m, — 8) B(— m,—s) + B(m’, 8‘). 
In view of the two preceding lemmas we may now extend the definition of 
E(m, m’, 8, 8’) by setting | 


(7. 17) E(m, m, 8, 8’) TEn C(m, m, 8, )A(— mM, — 8)B(— Mm, $) T Bim’, s’), 
i —1<Re(s) £0. 


On the other hand when Re(s) = 0, it is possible to rewrite (7.16) in another 
way. For it is easy to see that 


A(m,s)B(m+ m’,s+ 9’) -C(—m,—m’,—s,—8’) 
= H(m, m’, 8, 8’) B(— m’, —s’) —I. 
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Hence 
E(m, m’, s, 8’) 
= A(m, s)B(m, s) : B(m’, s)C(m, m’, s, #)B(m’,) + B(m’, 8’). 


By Lemmas 18 and 19, the right side of this equation is well defined for 
0=Re(s) <1. We shall put 


(7.18) E(m, m’, s, 8’) 
— A(m, s)B(m, 5) - B(m’, )C(—m, — m, — s, — 9) B(m’, s’) + B(m’, 8), 
OZ Res) <1. 
- To prove (1) let us suppose f and g are fixed functions in La. Let 
d, (8) = (B(m, m’,s,9’)f,g), 0S Re(s) <1. 
Also let 
P(s) = A(m,s)B(m,s) and Q(s) == B(m’, #)C(— m, — m’, — 3, — S)B(m’, S). 


It follows from Lemmas 18 and 19 that P(s) and Q(s) are analytic in 
0 < Re(s) <1, and hence so is their product s—> P(s)Q(s). From (7.18) 
we conclude that®, is also analytic in 0 < Re(s) < 1. Now suppose Re(s,) = 0: 
Then 


(P(s)Q(s)f, g) — (P (8) (80) f, g) + (Q(8)f —9 (so) f, P(s)*g) 


and Lemma 18 shows that (P(s)Q(s)f,g) > (P(s0)Q(80)f,g) a8 S—> so. 
On the other hand, it also shows that || P(s}! is uniformly bounded in every 
compact subset of 0 = Re(s) <1. Hence, since Q(s) is uniformly continuous 


1(Q(s8)f —Q (80) f, P(s)*g)| SK | O(s) —O (so) | If le lg la 0 
as s—> so It follows that ®, is continuous in 0 Re(s) <1. Next we put 
D_(s) = (E (m, m’,s,9)f,g), —1 < Re(s) <0. 
Then, by arguments similar to those just given, it follows that ®_ is analytic 
in — 1 < Re(s) < 0 and continuous in — 1 < Re(s) 0. Since 6,(s) — &_(s) 
when Re(s) =0, ®, and ®_ are analytic continuations of each other. This 


proves (1). Finally, we observe that (2) follows from (7.17), (7.18), the 
fact that B(m’,s’) is unitary, and the bounds given in Lemmas 18 and 19. 


8. Some lemmas on several complex variables. The first result we 
prove here is similar to well known theorems (cf. Bochner and Martin, Several 


13 
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Complex Variables) on the analytic continuation of functions of several com- 
plex variables, but deals with functions initially defined on a set which is 
considerably thinner than those which appear to have been treated in the 
literature. 

LEMMA 21. Let Gaza * °,%mn) be a given function of m variables 
(z; = z; + iy,), intially defined and continuous on the set where Re(z,) —0, 
j==1,8,:::,m. Suppose that for every fixed j, and fixed iti, Ya * "Wa, 
Mn, x i ? Wm 

| G(s, © Whon Win" °°» Ym) 
as a function of z; is analytically extendable into the strip | Re(z;)| < 1 and 
satisfies |G|<1 there. Then Q is extendable into the tube 


|e, | + |z| +--+ ]an| <1 (ps arbitrary) 
is analytic there, as a function of the m variables, and satisfies | G| <1 there. 


Proof. Let G(ty., ya," : : Um) = G (iy) and D=} ja 


It then follows easily from our assumptions that for each 7 
(8. 1) Sup | DPG (iy) En, n—0,1,2,- 
y j 





| Let H(z) = (2 — 2%) *(2— 4)? `- (2 — 2). Then 


. (k41)! 
DEH (i) = (2—ty))* — ty;)* ‘A (ty). 
Now putting F (ty) = G(ty)H (ty), we find that 
a pe ME, BE a 
D; F (ty) H (ty) ATEN ST (2 — iy)” D; G (iy). 
Hence by (8.1) and simple estimates 


(8.2) DFE (n +1)! | A (iy) |. 


Let f(A) == fets F (ty) dy where <y, A> == #11 + Yade + + Ymàm. Then 


integrating by parts, we find that 
AP f(A) = fete DPE (ty) dy. 


Thus in view of (8.2) and the fact that H is integrable, there is a constant 
A such that 


(8.3) Sup [AFF (A)| S 4(n +1)! n—0,1,28," >- > 


J 
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It follows that F can be expressed in terms of f by means of the Fourier 
inversion formula. Thus 


. 1 -I<y,A> 
F (ty) sf F(A) dd. 
Next we set 
F(z + y) = atl get (À) dA. 


We shall show that this integral converges absolutely whenever z-+1y is in 
the tube described above. Let x be fixed and such that 213 | = wl. 


Then for each À, |<z,A>| Sp max | A; |. 
feo fase E e mean ala 


Now using (8.3), we see that 


formerly last m+2)! (ee 


= K(n+m+2)!<o. 
Since the series 
(n+ m+ 2)) un 
2K ar 
is convergent, it follows that 
fer | F(A)| dA <o. 


Thus the integral in (8.4) is absolutely convergent, and the function F(z) 
a= F (21, 22," * ',2m), which it defines, is analytic in the tube X | Re(z;)| < 1. 
We now set 

F(z) 
F(z) THGY > | Re(z,)| =: 

Then G is an analytic extension of our original function into the tube. To 
show that |@|=1 we suppose that there is some point z such that 
| G(z.)| > 1. We then consider the function 


ve À 
ge ay 


where w == @(z,) and A is chosen so that Sup | G(ty)| <1. The function G 


then satisfies our original conditions on G but obviously cannot be extended 
so as to be analytic at z. Hence | G| <1. 
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Lemma 22. Let T be a linear map of C" to Cr such that T(R") == Re, 
and let T be the tube in C" consisting of all z == g + iy such that |z; <1. 
Suppose G is an analytic function defined on T with the property that 
G(ty) = G(ty’) whenever Ty —= Ty, Then there ts a unique analytic func- 
tion F defined on T(T) such that 


(8.5) _ F(Tr)== G(z), zET. 


Proof. We may suppose the null space of T has dimension k where 
k>0. Then since T(R")C T(R?) there is a linear map ww of R? 
-onto the null space of T which sends real vectors into real vectors. Fix v€ R* 
and for a €T, let H(z) = @(z2 +1) —G(z). Then H is analytic in T and 
H (ty) = 0 for all y € KR". Since T is a tube and is both open and connected, 
it follows by analytic continuation that 


(8.6) G(z+w) =((z), ZET. 
Now fix zET and let . 
T= {we Rt: DHE} 


Then T, is an open connected tube in R* which contains the set Re(w) = 0. 
In T, we define a function K by setting K (w) = G(z+w)—G(z). Then 
K is analytic in T, and by (8.6) K(tv) — 0 for all ve RF. Thus, by analytic 
continuation, we see that G(2+%) = ((z) for all we Ty. In other words, 
G(z) == G(2’) whenever z and 2 belong to T and Tz—=T7. It follows that 
there is a unique well defined function F on T(T) which satisfies (8.5). 
Furthermore, our assumptions on T imply that T(T) is an open convex tube 
in €. Now let s’ be a fixed vector in T(T). Then there exists a vector 7 
in T and a non-singular linear map L of C? into €" such that Ls’ ==z and 
TL is the identity on C?. If s is sufficiently close to s’, F(s) —G(Ls). It 
follows that F is analytic in a neighborhood of s’ and hence that F is analytic 
in T(T). 

In our application we shall not use Lemma 21 directly but a slight 
variant of it. We shall be concerned with a function F (Su 8%,' © -,8,) initially 
defined in a subset of the complex hyperplane s,+s,-+:-++s,—=0. Our 
problem as before, will be to extend F so that it is analytic in a larger set. 
We shall say a function defined on a subset of ı +. +: +,=0 is 


analytic if it is analytic in the usual sense as a function of the »—1 complex . 


variables Sy, 82,° °°, Sma (with Sp == — 81 — 82 —' * *— Sma). Before stating 
our result it will be convenient to introduce some notation, Let 0< d= 1, 
S; =— d; -+ ib; and B(d) denote the smallest convex set in the real hyper- 


N 


f 
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plane a, -+ a +: :+a==0 which contains the points (a, —a,0,° > *,0), 
— À <a < d, and all permutations of these a 

Now let J (d) denote the tube in s, + se+---+8=0 whose basis is 
B(d), i.e., the set of all points (a, + 1b:,: - ut) where (dy, @2,° ` *,Qn) 
eB(d) and 6,+0:-+:-:-:+0,—0, but otherwise the b’s are arbitrary. 
Then J(d) is an open convex subset of s,+s,-+- :+s—0, and with 
these conventions our result can be formulated in the following way. 


LEMMA 23. Let F be defined and continuous on the set where 
S 82 +0 and a;=0, j= 1,2,- :,n. Moreover, suppose that 
for every pair j,k, ISj<kSn and fixed ibı tba: ` ',tba (such that 
> bj) == 0) the function 


Fale) =F (ibp -ibs ib * +, iba) 


as a function of the one complex variable s =a + ib has an analytic extension 
into the strip —d < Re(s) <d and | Fy,(s)| S1 there. Then F has an 
analytic extension to the tube J (d) which satisfies the condition | F | 1. 


Proof. Set mtl, label the coordinates of points z= g -+ ty 
in C” with two indices jk, 1Sj<k=Sn, and let T be the linear map of C” 
onto the hyperplane s, +8, +: < `+ S= 0 which is given by the equations 


S= d D 28 —d Dd 2 LSj7=n. 
k>j Rj 


Put G(iy) =F(iTy). Then it is easily seen that Lemma 22 applies to G 
and hence that @ can be extended analytically into the tube T whose basis 
is the set S| z;| <1. Now let p—n—1 and T be the map T followed by 
the projection ($1, 82,° °°, 8a) — (81, $2," * *>Si-1). Applying Lemma 22 and 
the observation that T(T) —J(d), we easily obtain the conclusion of 
Lemma 24. 


9. Analytic continuation of the normalized principal series. In this 
section we consider the problem of the analytic continuation of the repre- 
sentations a—> R(a,à) which are intially defined for unitary characters by 
(6.6). We shall obtain, in the end, a larger family of uniformly bounded 
representations, some of which are again unitary (the complementary series) 
and others which are not. 


Let J be the ‘tube’ J (1) which is described in the paragraph preceding 
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Lemma 23. We denote by A* the set of all characters A of the diagonal sub- 
group Č of @ having the form 


(9.1) Mo) = (7) lal, ceo 

gat \ | o | 
where Mı, Ma,’ °°, Mn are integers and 382° * *,% are complex numbers 
satisfying 


(i) OS dm <n, 
(ii) (81, Sa," © +, 8) EJ. 
We shall use the notation 
hem (11, Ma’ +5 Mn 3 81, Say `- 8a) 
for the character given by (9.1). 


It is clear that A* contains the set of all continuous unitary- characters 
of C, i. e., those which in addition to the above satisfy the condition Re(s;) — 0, 
j= 1,2,- n. As in Section 6, we shall denote the set of unitary charac- 
ters by A. _ | | i 

A given complex or operator valued function 


F(X) = F (my, Mmg ' "3 Mas $1, sg ° 8) 


defined on A* will be called analytic if for fixed Mi, ms," * * , My it is complex 
analytic as a function of 51, 32° * *, Sa-i | 

Having made these conventions we are now in a position to state our 
main theorem. 


THEOREM 4. Let G be the complex unimodular group of degree n, C sts 
diagonal sub-group, A the collection of continuous unitary characters of C, 
and A* the larger collection defined by (9.1). If a€ G and A€ A, let R(a,d) 
be the operator of the normalized principal series given by (6.6). Then for 
each fixed a€ G, the operator valued function | 


À— h(a, À) 
initially defined on A can be extended into A* in such a way that 
(1) té ts analytic in A*; 
(2) for each fired À € A* | 
a—+>R(a,r), a6 G 


ar, 
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is a continuous uniformly bounded representation of G on L(V), V being 
the group of lower triangular unipotent matrices in G; 


(3) f 8 is the Weyl group, the representations a—R(a,À) are 
invariant under 8 in the sense that 


B(a, gd) —R(a,d) 
for allae G, AEA*, and ge S, where qà ts the element of A* given by 


(gà) (c) =Alrteg), ce C. 


(4) if the contragredtent of a character in A* or an operator on L(V) 
is denoted by a prime then 


R(a, X) = Ba, AY 
for all a€ G and all XE A*. = 


Remarks. (i) In the proof of (2) we obtain an explicit but by no 
means best possible bound for the representation a— R(a,A). Our estimate 
may be described as follows: Let à = (mi, Ma, * *, Mimi S1,82,° m) € AF. 
Then there is a real number d such that 0 > and — d < Re(s,) <d, 
j= 1,2,  ',n. We show that 


Sup | R(a,a) | SRH] 


where ||- ||- denotes the usual operator norm, K«& is independent of À, and 
H(A) is the analytic function on A* defined by (9.9). 


(ii) Let AE A* and a€ G. Then d’(c) —A(e*), ce C and R(a,A)’ 
is the adjoint of R (a, à). Thus À is unitary if and only if A= ’, and in 
this case, statement (4) simply says that the representations of the normalized 
principal series are unitary. On the other hand, it is well known that G has 
another series of unitary representations, the so-called complementary series 
whose members are determined by certain non-unitary characters of C. 


In the present situation, we obtain the complementary series, more 
precisely representations unitarily equivalent to the complementary series, in 
a very simple fashion. In fact the following result is an immediate conse- 
quence of (8) and (4) above. _ 
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COROLLARY. Let AEA* and suppose there ts an element gEeS such 
that N = qr. Then a-> R(a,d) is a unitary representation of G. 


In the proof of the theorem we shall need a number of lemmas. 


Lemma 24. Let p= Pn: where py. ts the element of the Weyl group 
defined by (3.1). For Re(s) —0 and 


A= (My, Me,” i * 3 Mn; 101, 402, ` *, ibn) E À, 
let 


(9.2) Q(A,8) = E (p, m,‘ © +, Mn Dy, +, Daa + S, 104 —8). 


Then for fixed à, the operator Q(Xs) can be continued into the strip 
—1< Re(s) <1, in such a way that 


(1) for each f, g in L(V), the function 
s—> (Q(A,8)f,9) 
is analytic in — 1 < Re(s) <1, and 
(2) IASI SKOHE my] +] 05|) +181) 
where s =a + ib, —1 <4 < 1. 
Proof. By (6.6), 
Ríp, À) = WOA)T(p, A) WA) where WA) == J (1, A) (2,à) - : J(n—1,A) 


and 
(9. 3) J (k, À) rs A (Pa) Wr, tby) re A (Pr, Mr, tbr) A (pis Mr; tbr). 
Let us put 


W,Q) = JL À): - -J (n — 2, A), Tı(p, A) = J (n— 1, YT (p, A) (n — 1, AE, 
and 


(9.4) AA) = Ta (p, ma, > +, Ma jibi © p ibua FS, ns). 


5 That these representations are unitarily equivalent to the representations of the 
complementary series may be seen as follows: The two pairs of representations have the 
same characters as may be seen from formula (10.4) and the trace formula on page 115 
of [3]. Thus it follows by a theorem of Harish-Chandra in [6] that the representations 
are untarily equivalent. 
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Then R(p, À) = W,(A)Tı(P,A)Wı(A)*, and it follows from (9.3) that 
W,(à Jis independent of ibp; in fact, W,(A) = Wim, > +, Ma-23 101, ° ibn). 


Thus 
(9.5) Q (A, 8) = Wi(A)Q1(A, 8) Wi (A), Reis) — 0. 


Since W, (à) is independent of s and unitary, it will suffice to prove statements 
(1) and (2) of the lemma for Q, instead of Q. In doing this, we first note 
that 


T (p, À) = T(P, Ma- — Mn, ba- — ibn) 
woe M (2, — My, — bn) T (D, Mpa, Dn) 
where M (p, — Mn, — ibn) and T(P, Mn- tbn) are given by (6.11) and (6.12) 
respectively. To simplify the notation we set 
Mai = M, bn- == b, M = — Ma- — My, and b’ = — bpi — dy, 
Then by the multiplicative properties of M 
T (p, A) = M (p, m + m, ib + ib’) T (p, m, ib). 


Thus T i(p, À) == A(p, m, 1b) B(p, m + m’, 1b + 1b) T (p, m, ib) A(p, — m, — ib). 
Moreover, (6.13) and (6.12) show that 


LT (p,m,tb)A (p,-—m,—1b) = A(p, — m, — 1b) T (p, — m, — tb) 
= Á (p, — m, — tb) M (p,— m, —tb) T (p,e). 
Now setting 
(9.6) Lim, m’, ib, ib’) 
== L(m, m’, ib, 1b’) 
== A(p, m, sb)M(p, m + m’, ib + ib’) A(p, — m, — ib) AM (p, — m, — ib) 


it follows that T,(p,A) = LI (m, m, ib, tb) T (p,e). Since b’ == — by. — da, 
i.e, since b’ =m b, +--+ +--+ buz we see from (9.4) that 


(9.7) Qi (A, S) == L(m, m, 1041 + 5,10’) T (p,€), Re(s) —0. 


Let us consider the operator L(m, m’,1b,1,1b’). To study its action we 
use (as in the proof of Lemma 3, Section3) the decomposition 


L(V)=l(2ZX 4’), Z—Z{(n—1,n). 
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We recall that this representation of £.(V) arises from the expression of V 
as the semi-direct product ZZ’ and that Z is isomorphic to the additive group 
of complex numbers. If fe L,(V) we can therefore write f(v) —f(z,7). 
Let us suppose that f(z,2’) =g{z)h(z) where g€ L;(Z) and ke L,(2’). 
It is then easily verified that 


(9. 8) Lim, m, tbn- 10’) f(z, 2’) == Em, m’, bna 10’) 9 (2) : hi) 


where H'(m, m’,1b,-1, 1b’) is the operator defined by (7.16). 


Hence upon applying Lemma 20, we see that Æ (m, m, iba -+ 8,10”) can 
be continued so as to be analytic in — 1 < Ke(s) < 1. In addition 


| E(m, m, tbe. + 5,16) | EKG +|m|+|m’|+)b.+0/+ ||) 


where $ em @— 1b and —-1l<a<1. It now follows easily from (9.8) that 
Lim, m’, iba + 8,15”) can be continued so as to be analytic in — 1 < Re(s) < 1 
with the same (operator) bound as E(m, m’, bn + 3,16’). In view of (9.7) 
and the fact that T(p,«) is unitary the same can be said of Q,(A,s). To obtain 
the bound given in (2), we need only observe that |m| + |m’|=%(% |m |) 
and that |’ | S E |b;|. This concludes the proof of the lemma. 

Since we frequently need to refer to the following elementary result, we 
shall state it as a lemma. 


Lemma 25. Let F, and F, be analytic complex or operator valued func- 
tions defined on A*. Then FF, tf F (A) = Pin) for all AE A. 


LEMMA 26. Let H(A) == H (my, Ma, + +, Mn5 81 8a,° * +> 8) be defined 
for XC AF by 


(9.9) Ha) = G-+ 21m D I Ba)? 


If 0 << d < 1 let A*(d) denote the set of all À € A* such that — d < Re(s;) <d, 
j= 1,2,- n. Then the operator valued function R(p,r) initially defined 
for À € A can be continued into A* in such a way that 


(1) for each f, g in L,(V), the function 
À (EB (pA), 9) 
is analytic in A*, and 
(2) [EA | SK | AA), rA€ A*(à) 


where Kg ts independent of x. 


mandy o> 


UNIFORMLY BOUNDED REPRESENTATIONS, II. 775 


Proof. Let = (ma, -",ma;tba, © tiba) € A. Then if —1 < Re(s) <1 
we shall put 


A (My, ° | +, Mn; Wi g An + S, ba — 8). 


It follows that à € A*. Now in view of (9.2) and Lemma 24 we may extend 
the domain of definition of R(p,A) by setting 


(9.10) R(p, ds) =Q (a8), —1 < Re(s) <1. 


Next we define our operator for permutations of às To be specific, let us 
suppose kı, ka," © *,k, is a permutation of 1,2,---,n. Then there is an 
element g of the Weyl group, i.e. an element q of S such that 


qa == (Ms ° +, Mx, 3 Vus ` n 


By Theorem 8, R(p,A) == R (p, qà) for all À in A. We may therefore obtain 
an extension of our operator, which is invariant under S, by setting 


(9.11) B(p, q'à) =B (p, à), —1< Re(s) <1. 


From the bound given in Lemma 24 it is easy to see that || Q(,s)| 
<= K,|H(A)|. Thus since H is invariant under permutations it follows at 
once from (9.10) that 


(E(P g A) || EK E (q A)| 


To simplify the notation, let A’ denote the set of all characters of the form 
GA, AE A, GES. Then A’ can also be described as the set of all characters 
in A* of the form 


(9.12) à= (mas Marta > Dis, + +, 4b, —5,- + +, tg) 


where 1&7 < kn and —1< Re(s) <1. At this point we have succeeded 
in defining À(p, À) for all characters À in A’. Furthermore we have the bound 


(9.13) | R(p,A) || S Ke| H(A)) 


where À has the form (9.12) and s=—a4 ib. If f and g belong to L,(V) 
and A€ A’ we set 


(9. 14) BF, 9, À) == (R(P,A)f,9). 
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If0<d<1and Kë = Sup Ka it follows from (9.13) that 
-d<a<d 


(9. 15) [DA| SK | H(a)| IF lelg lle ý 


for all A€ A'N A*(d), i.e. all À if the form (9.12) where —d < Re(s) < d. 
Next we fix f and g and show that æ(f,g,A), as a function of A, can be 
extended analytically into A*(d). In doing this, we may of course assume 
that If lelg las40. We put 


= PCF, g, À) TRT 
P Tilden PE 


Then for fixed m,,: © -,m, and fixed b;, ba: : -,5, the function 
F(s) = F (m, ' ty Mn} t +, 1b) HS, > +, 50) 


is analytic in — d < Re(s) <d. This follows from Lemma 24, (9.10), (9.11), 
(9.14), and the fact that 1/H is analytic in A*. Furthermore Fp is bounded 

by 1. It now follows from Lemma 24 that F has an analytic extension into 
A*(d) which is also bounded by 1. Thus #(f,g,À) has an analytic extension 

to A*(d) which satisfies (9.15). Moreover, since 

A* == |) A*(d) 
0a 

our argument shows that ®(f,g,) can be extended into A*. IfA€ A is fixed, 

it follows from (9.14) that f,g— B(f,g,X) is a sesqui-linear form on La( V). 

By Lemma 25 the same is true for any fixed À€ A* In addition N 


EFA | SK| AA) IF alg Île 


for all À in A*(d). Therefore, ®(-,-,A) defines for each A€ A*, a bounded 
operator which we denote by R(p,à). It is then clear that Æ(p,A) satisfies 
statements (1) and (2) of the lemma. | 


Proof of Theorem 4. (1) Let A= (my, Ma, + +, Mn 81,82, * * , 8n) € A, 
and r— my. Then, extending the definition given in Section 6, we shall 
put 

Tes Aes (0-70 0% 420) 


and call res À the residue of A. Suppose now that a€ Ga, the sub-group of all 
elements a such that d4 = 0, 1&7 S n—1. Then in view of Theorem 3, we 
may define R(a,A) in a consistent, in fact analytic, fashion by setting 


(9.16) R(a, À) —R(a, res). | $ 
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On the other hand if a€ G and is not a member of Go, then, by Lemma 14, 
a€ G,pG, where pm na. We can then write a= bpb with b and b in Gy. 
By (9.16) and Lemma 26, the function 


À— £(b, A) R(p, A) BO’, 2) 
is analytic in A*. In addition 
(9.17) R{a, à) == R(b,A)R(p,A)R(b", À), ACA. 
It follows from Lemma 25 and (9.17) that the function 
A> R(b,A)Æ(p,1)R(E", À) 


depends only on a and not on the particular choice of b and 6’. It is therefore 
natural to extend the definition of R(a,A) by setting 


R(a, À) =R (b, A)R (p, A)R (b, A) 
for each À € A, 


(2) Let a and b belong to G. Then by (1), R(a,A), R(b,A), and 
K(ab,A) are all analytic, as functions of A, in A*. Since the product of two 
analytic operator valued functions in again analytic, R(a,A)R(b,A) is analytic 
in A*. Furthermore, 


(9.18) R(a,\)R(b,\) —R(ab,À) 


whenever A€ A. Applying Lemma 25 we see that (9.18) holds for all A€ A*. 
This shows a—> Ra, À) is a representation. 

Next we show that when A is fixed the operators R(a,A) are uniformly 
bounded as functions of a€ G. If a€ Go, then R(a,A) is unitary and hence 
| #(a,A)||==1. On the other hand, if a€ G and is not in Go, a= bpb’, as 
above, with b, b in Gy. It follows that | R(a,A)|| = || R(p,A)]|, and for the 
bound of R(2,X) we have the estimate given by Lemma 26. 

Now suppose f, g are fixed functions in Z,(V) and that {a,} is a sequence 
of elements in @ tending to the identity. Let us consider the sequence of 
functions 

By (A) = (R(ax,À)f,g), AE AF. 


We shall show that for each fixed A, there is a subsequence F,, such that 
F,,(A) (f,g). From this it is easy to conclude that for each fixed A, 
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a—> (R(a,r)f,g) is continuous, and this being true for each f, g it will 
follow that a— R(a, à) is (weakly) continuous. If 


A == (My Mas ' ' Mini 8, 82° * +5 Sn) € AF 
then we can find d, d’ so that 
(9.19) —d < Re(s;) <d, rei. Ld, 1S] Sn. 
Let A (Mi, Ma’ © ",Mm;d,d’) be the set of all characters in A* of the form 
Aw= (Mi, Me," * hn 3 81, 82," " ‘> 8n) | 


which satisfy (9.19). Now fix m,,m2,: : ",m., d and d and set A’ 
= A (Mi, Ma ` ‘;,Mn;d,d'). Then from the bound given in Lemma 27, it 
follows that there is a constant K independent of k such that 


(9.20) | F(A) SE. AEN. 


Since the functions F+ are analytic in A’ and satisfy (9.20) they are equi- 
continuous there. Hence there is a subsequence Fy, which converges uniformly 
on A’ to a function F which is also analytic in A’. We shall show that 
F(A) = (f,g) for all A€ A”. .To do this we make use of the known fact that 
the representations of the principal series are continuous. From this and 
(6.6) we see that a—> R (a, À} is continuous whenever À is a unitary character, 
i.e. When AE A. Hence F(A) — (f,g), if AE A. In particular, this implies 
F(A) = (f,g) for all AC AN A’. Thus by analytic continuation we see that 
F(A) — (f,g) for all AE A’. 


(3) Let a be fixed in G and q an element of §. Then R(a, qà) is 
analytic as a function of A and so is #(a,A); in addition( these functions 
agree when AC A. By Lemma 25, Ka, qà) == R(a,A) for all AE A*. 


(4) Suppose a is a fixed element of G. Then to prove R(a, A) = R(a, À) - 
we must show that #(a,A’) == R(a 1,1). Let f,g€ L(V), and put F(A) 
== (R(a,1)g,f). Then F is analytic in A*, and if À (mi, Ma, © +, Ma; 
$1, 82, ° ‘s 8n) 


F(X’) ) == F (my, Mas” E Mn; — Si Sa; Ts ek 
It follows easily that F(A) is analytic, as a function of A, in A*. In addition 


(9.21) P(x’) = (f,E(a, X)g), À € Ar. 
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On the other hand, if À is unitary then A—A’ and R(a,À) = R(at,A)*. 
Thus we have the relation 


(9.22) (Ba, 2)f,g) = (f,R(a, N)g), A € A. 


Since both sides of (9.22) are analytic in Ar (as functions of A), it follows 
from Lemma 25 that (9.22) holds for all A€ A*. This being true for every 
fand g in L(V). we conclude that R(a-1,A)*— R(a, X), AE A*. 


10. Traces and equivalences. In the first theorem of this section we 
obtain a generalization of a trace formula due to Gelfand and Neumark, [3: 
p. 93]. With the aid of this formula we then determine the conditions under 
which two representations of our family 


a> R(a, à), AC A* 


are equivalent. In particular we show that not all of our representations are 
equivalent to unitary representations. 

We begin by recalling some rather standard facts. If & is a Hilbert 
space and A is a bounded operator on &, the Lp norm of A is defined by the 
equation 


(10.1) | A |p = [trace (A*A PP Tr, 1S p< 
and 1A ||, ts the usual operator norm, | A]. If | A, <œ then tr(A) 


= trace (A) exists, | tr(4)| < | À |x, and À is said to be of trace class. On 
the other hand, if A and B are any two bounded operators on 9% then 


(10.2) | 4B lp SIA lol Bl, 1SpSe. 
Next, let AG AF and a€ Œ. If a has distinct characteristic values 


Cas Ces © ‘y On let c= [ci Ce," * t, Ch] and 
| A(p rep) | 
10.3 ent A 
where D(a) —=[] | c;—c, |? and p ranges over 8. If a does not have distinct 
1% 


characteristic values set # (a, À) —0. Then y(a, À) is a well defined measur- 
able function of a. 
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THEOREM 6. Let f be the convolution of two bounded functions with 
compact support on G. For each À € A*, let 


BEN = J R(aa)f(a) da, 
Then R(f,À) is of trace class and 


(10.4) RFA) = f- ¥(aa)f(a)da 
where (a, à) is defined by (10.3). 


Equation (10.4) is a generalization of the formule of Gelfand and 
Neumark [3: p. 93]. 


THEOREM 6. Let A, and às belong to A*, and suppose A is a bounded 
operator on L,(V) with a bounded inverse such that 
R(a, à) == AR (a, `) A, ae G. 
Then there is an element q tn the Weyl group, S such that ài = qà», and 
then, by Theorem 4, R(a,A1) — R (a, Az), a€ G. 


On the other hand, suppose A€ A* and that 
a—> AR (a, à) A” 


is a unitary representation, where again A is a bounded operator on L,(V) 
with a bounded inverse. Then a— R(a,d) is already a unitary representation, 
and there is an element q in S such that N =qà. Thus tf N LaX for all 
qE 8, a— R(a,r) is not equivalent to a unitary representation. 


For the proofs of these theorems we require a series of lemmas. 


Lemma 27. Let U be a compact group and u>R(u) a continuous 
representation of U on a Hilbert space 9. Suppose 


sup | R (u) || 5 M. 
“cU 
Then there exists a bounded invertible operator B on Y such that 
(1) IBIZA, | B*| SY, and 


(2) u—>BR(u)B- is a unitary representation of U. 
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Proof . Let v€ Y and suppose ||z||==1. Then for we U, 


aa S (R*(u) B(u)a, 2) £ Me. 





Hence if A == Í, R*(u)R(u)du and the measure of U is properly normalized 
U 


1 
Me = (Az, x) = M?. 
If B is the positive square root of A then | B | <H and | B+ | = df as well. 
Part (2) now follows by the usual argument [2]. 


Lemma 28. Let f be a bounded function with compact support on G 


RFA) = f fa)R(a, d) da, A€ A” 
and 
K, = sup | B (a, À) |. 


Then || R(f,A) |» < Ky’, where J; is a constant depending only on f and 
not on À. 


This is the key lemma.° 


Proof. Recall that R(a,A)|c, is unitary and irreducible1° Hence 
F(a, à) is completely irreducible in the terminology of Godement [5]. Let 
U be the unitary sub-group of G, and u—> D(u) a continuous irreducible 
representation of U. Let n(D) be the number of times that D occurs in the 
reduction of R(a,A)|v. Then since R(a,A) is completely irreducible it 
follows from a theorem of Godement [5: Theorem) 2] that n(D) = degree (D). 
Moreover, by Lemma 27, there exists a bounded operator B, such that 
[B S Ky | B> | SK), and 


P(a,) = B,R(a,r) By 


is unitary when restricted to U. Since | Pia, Aa) S|] By || | BCe,A)| | Bit À, 
it follows that 

sup | P(a,A) || = K, 

aeG 


° The proof makes use of ideas occurring in paper [6] of Harish-Chandra, 
"See (9.16), Theorem 3 and subsequent remarks. This is the first place where 
we use the irreducibility of the principal series on Gp. 
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Because P (a, À) is equivalent to F(a, A), n(D) is also the number of times 
D occurs in the reduction of P (a, A) |v. 


Now let S be the closure of the support of f. Then $ is compact and 
so is U-8. Fixing À and setting P (a) —P(a,A) we then have 


Pr— f. f(a)P(a)dam f du f (ua) P(ua)da 


From this it follows that 


|P, la] f da f f(ua)P(ua)du las f f ua)? (wa) du | da 
Hence, since Í, f(ua) P (ua) du mn ( J f(va)P (u) du) P (a) it follows from 
(10.2) that 
| PrleSeup | P(a)le f 1 fi f(ua)P(u)du fa da 
We now estimate | J f(ua)P(u) au la Let u—>L(w) be the left regular 


representation of U. Then D occurs exactly degree (D) times in L. Since 
n(D) = degree (D) it follows that 


| J (ua) P(u)du ls SI f Fua) Ludu. 
In addition, the Peter-Weyl theorem shows that 
| f f(ua)L(w)du a= f, | f(ua) |? dui S sup |F). 
Hence because f has its support in § 
J US fua)P(u)dulada— fof flwa)P(u)du ada 


< | f |a meas (U: 8) 


ne 


TA 
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Combining these estimates we find that 
| [| Pr la = Ki. 
However, R(f,À) = B\"1P;,B;, Thus 
LEGA) la SS À Bat lo À Pr la | Ba le = Kx7r 


which proves the lemma. 


Lemma 29. Let f—fi* fa where fı and f, are bounded functions with 
compact support on G. Then for each À € A* 


RG, A) J f(a)R(@,r)do 
is of trace class, || R(f,A) |ı = Ky’, and 
A— tr B(f,a) 
ts analytic in AF. 


Proof. Since f—fi#fs, R(f,A) = R(f1,A)R(f2,À). Hence | R(f,A) lı 
= | R(fi,A) |l2 | R(fs À): by Schwarz’s inequality, which is valid in the 
present situation. The preceding lemma now shows that 


| (Cf, A) [a SS A, = BQ’. 


Thus tr R(f,A) is well defined. 


Let 91,93, * *, be a fixed orthonormal basis for L(V), and let Pa be 
the orthogonal ER on the subspace spanned by 9,9% ° © ",9n. Then 
- if A is any operator on L(V) of trace class we know that 


tr (4) = lim tr(P,APy) 
and Eee, AP,)|<=||4 |. Furthermore 
(10.8) tr(P,AP,) — x (Agu gr). 


Now let F,(A) = tr(P,R(f,A)P,) and F(A) =tr(R(f,A)). In view of 
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(10.5) and the fact that À— R(a,A) is analytic in A*, and hence that 
A—> R(f,A) is analytic there, it follows that Fa is analytic in A*. We also 
have the estimate 


| Fa(a)[ S| RGA) la S Ey. 


Since K, is uniformly bounded over every compact subset of A*, the same 
is true of the sequence (A). As F,(A) — F(A) for every A€ A*, it there- 
fore follows that F is analytic in A*. 


Lemma 30. Let f be a bounded function with compact support on G 
and w(a,A) the function defined by (10.3). Then the function 


(10.6) H(A) = f f(a)y(a, x) da 
is analytic in AF. 


Proof. Recall that if à= (mi, Ma, * *, Ma5 81,82,° * *,8) then 
# Cj y” 
A(c) == leji. 
O= (ar) te! 
Furthermore 


HA) =F Se FO da 





and Fe is integrable and has compact support. The analyticity of H, i.e., 


the existence of the complex derivatives = oe A follows by straight- 
{ 1 ni 

forward differentiation under the integral sign, these operations being justified 

by the absolute convergence of the integrals in question. 


Proof of Theorem 5. If À is a unitary character, then by its definition 
a—R(a,A) is unitarily equivalent to the corresponding representation 
a—>T(a,r) of the principal series. Thus if f is the convolution of two 
bounded functions with compact support on G then 

tr Af, A) = tr T(f,A), AC A. 


On the other hand, Gelfand and Neumark have shown that 


tr T'(f,d) = Í, iojo À) da = H(A). 
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But if F(A) =tr R(f,A) then F is analytic in A*, by Lemma 29 while H is 
analytic in A*, by Lemma 30. Since F(A) == H(A) for À € A, i.e., for unitary 
characters, it follows from Lemma 25 that F (à) == H(A) for all À in A*. This 
finishes the proof of Theorem 5. 


Proof of Theorem 6. Suppose R(a,A,) —AR(a,A.)A™* where A is a 
bounded operator with a bounded inverse. Then if 


R(f,a) = Í. f(a)R(a,A)da, X€ A* 


it follows that, R(f, A) = AR(f,A:)4", Now let f be the convolution of 
two bounded functions with compact support. Then E(f, à} and R(f,A,) 
are both of trace class and by a standard property of the trace we see that 


tr(R(f, A1) ) == tr(R(f, àa) ). 
Thus by Theorem 5 


(10.7) Lx) —4 (a as) If (a) da —0 


By a simple limiting argument (10.7) also holds whenever f is bounded and 
has bounded support. Hence y (a, A1) =y (a, àz) a.e. From this, (10.3) 
and the continuity of A, and A, we conclude that 


2 (PA) (c) == 2 (paz) (c) 
P 
for all diagonal matrices c in G. But since distinct characters are linearly 
independent, it follows that A, == QÀz for some q€ 8. 
Now suppose a—>T(a) is a unitary representation of G and that 
T(a)<=AR(a,A)A. Then since T* (a) = T- (a) = T (a>), we see that 
A*-IR (a,A)*A* == AR(a1,A)A+ 


or in other words, that 
R(a,A)*A*A == A*AR (at, À). 


But when a€ Go, R(a, À) is unitary and irreducible. This implies A*A = cl, 
where c>0. After proper normalization we may therefore assume A is a 
unitary operator. Hence a—> R(a,à) is a unitary representation. It follows 
from Theorem 4 that R (a, à) = R(a, à) where A is the contragredient of A. 
Thus by the first statement of the present theorem, A” = qà for some q in S. 
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R. H. Bing has posed the question: if a point-like decomposition of Es 
yields a 3-manifold, must it be E? Another question would be: if Y is a 
3-manifold and f maps E, onto Y such that point inverses are point-like, then 
must Y be E,? If a set is point-like, it is cellular (see [2]) and by the con- 
tinuity of Cech homology, must have the homology of a cell, i.e., must be 
acyclic. Thus by Corollary 2, these two questions are the same. At any rate, 
the question is partially answered here. The author thanks R. McMillan for 
his assistance. 


THEOREM 2. Suppose that Y is a contractible 3-manıfold with a locally- 
finite triangulation and that any finite subcomplex of Y can be semilinearly 
embedded in E,. Suppose f maps E, onto Y with each F'(p) a compact 
absolute retract (1.6. contractible and locally contractible). Then Y ts homeo- 
morphic to Ez. 


Proof. If Y is the monotonic union of closed 3-cells, each containing 
the previous in its interior, then Y is homeomorphic to Es. Thus it will suffice 
to show that for each compact subset N of Y, 3 a 3-cell containing N. 

Suppose N C Y is compact. By Theorem 1, f!(N) is compact. Let 
M be the saturation of a closed 3-cell containing f'(N). Let 0 be the 
unbounded complementary domain of M and note that r,(0) 0. Since f is 
compact, Smale’s theorem (see [5]) applies and ra(f(0)) 40. Now by the 
sphere theorem ([4] and [7]), there exists a polyhedral 2-sphere 9 in f(0) 
which cannot be shrunk to a point in f(0). It plus its bounded complementary 
domain I($) can be embedded in E, by hypothesis, and by Alexander’s theorem, 
S must bound a 3-cell; thus SU Z(S) is a 3-cell. Since 8 can be shrunk in 
SUI(S), ICS) Of(M) $, and since M is connected, f(A) C I(S) and 
therefore NCI(8). Q.E.D. 

The Poincaré conjecture is equivalent to the following: if Y is a con- 
tractible 3-manifold, then each compact subset of Y can be embedded in Es. 
This is contained implicitly in [3]. R. McMillan and J. Kister have con- 
structed a contractible 3-manifold such that each compact subset can be 
embedded in Z,, but the manifold itself cannot be (yet unpublished). 
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